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15. The development of at­
tachment and attachment­
related competences: a dy­
namic model 

Abstract 

This chapter introduces a method for 
building mathematical dynamic systems 
models of early mother-infant interaction, 
particularly those forms of interaction 
that are closely related with the attach­
ment phenomenon. After an introduction 
to dynamic systems building in develop­
mental psychology, especially dynamic 
growth modeis, an overview is given of 
developmental mechanisms and phenom­
ena pertaining to the development of at­
tachment. These mechanisms are then 
used to build a dynamic model which 
simulates the growth ofbehavioral vari­
ables such as proximity seeking or avoid­
ance. These variables grow in interaction 
with changes in matemal beha vi or and 
sensitive responsiveness. The dynamic 
model produces various kinds of growth 
pattems, in addition to multi-modal dis­
tributions of end states. It also demon­
strates a strongly non-linear relationship 
between the growth of the attachment 
variables at issue and sensitive re spon­
siveness. The concluding section reviews 
some of the ways in which dynamic 
model building may contribute to re-
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search and theory building in a field like 
attachment development. 

Introduction 

Attachment is a complex, qualitative phe­
nomenon. Those who study attachment 
'in the wild' know that it shows a variety 
of forms and properties and that it con­
sists of a broad range of aspects and vari­
ables. In this paper, however, I shall dis­
cuss an extremely impoverished notion of 
attachment which, in short, boils down to 
just a few quantitative variables. It is not 
my aim to argue that this particular view 
pro vides a de eper or more valid theory of 
attachment than the existing theories, 
which, in general, do more justice to the 
complexity of the phenomenon. I believe, 
however, that a considerable, ifnot over­
stretched reduction of a natural phenome­
non is sometimes necessary to allow one 
to perform certain theoreticalor empiri­
cal exercises that may help shed a new 
light on old issues. The main function of 
the simplification is to all ow me to pres­
ent a formal model of the growth of at­
tachment and of its effect on the growth 
of competencis in the infant. 

It is a model which is based on princi­
pIes derived from non-linear dynamics 
(see Van Geert, 1991 ; 1994; Thelen & 
Smith, 1993; Smith and Thelen, 1994 for 
overviews). An important property of 
dynamic models is that they conceive of 
the mechanisms involved in the most ge­
neral form possible. By doing so, these 
models can describe processes in the 
form of well-known mathematical for­
malisms. This is what distinguishes a dy­
namic model from a simulation in the 
traditional sense (although the distinction 
is gradual rather than categorical). A case 



in point is the application of mathemati­
cally derived indicators of discontinuous 
change ('catastrophes') to the domain of 
conservation development (Van der Maas 
& Molenaar, 1992) or to the domain of 
social phenomena such as conformity, 
aggression or love (Tesser & Achee, 
1994). Many dynamic models deal with 
iterative processes, that is, processes that 
take their preceding product as the input 
for a new process (although it suffices for 
a model to take time into account in order 
to qualify as a dynamic model). Such it­
erative mechanisms are of ten responsible 
for the non-linear quality of dynamic mo­
dels. 

The model of attachment I shall dis­
cuss in this chapter is based on a simp Ie, 
iterative concept of increase or decrease. 
This is the growth model, which was ori­
ginally developed by the Belgian 19th 
century mathematician and demographer 
VerhuIst. 

A growth model of attachment 

The generalized growth model 

A growth model offers a mathematical 
description of a growth process, that is a 
process of increase or decrease of a nu­
merical variabIe. It states that any next 
level of that variabIe is a function of three 
values. The first is the (or, more pre­
cisely, a) previous level. The second is a 
parameter of change, the growth rate. 
The third parameter forms the expression 
of all the available resources that alto­
gether support the growth ofthat variabIe 
and help maintain its level. This is the so­
called carrying capacity of an environ­
ment with regard to the variabIe at issue 
(for an extensive description, see Van 

Dynamic model of attachment 234 

Geert 1991,1994). Ifgrowth is conceived 
as a process that occurs in discrete epi­
sodes (for instance, discrete reproductive 
seasons in animaIs, or discrete leaming 
events in development), the model can be 
stated in the form of an iterative equation 
which displays interesting non-linear 
phenomena. Whereas the growth rate 
controls the speed of the process, the re­
source term controls its (eventual) equi­
librium level. The delay between the 
cause (e.g., a reproductive season, a lear­
ning experience) and effect (the conse­
quent increase or decrease of a popula­
tion or of a skill or knowledge level) con­
trols the nature of the attractor state, 
which can be either a point attractor (an 
equilibrium level), a cyclical attractor or 
a chaotic attractor. An attractor state is 
literally the state, level, or property to 
which a dynamic system is attracted to . A 
capital on an interest account at a bank, 
for instance, grows exponentially at a rate 
equal to the interest. lts attractor is infin­
ity (if it is left on that account forever). 
The growth of a human body, on the 
other hand, depends on things like food 
intake or physical exercise. But no matter 
how much one eats (within certain viabIe 
limits, that is), a pers on 's body will stabi­
lize around a maximum weight. If that 
weight is fixed, it corresponds with a 
point on the weight scale (say, 175 kilo­
grams). In that case, the person's body 
weight has evolved towards a point at­
tractor. If the weight goes up and down, 
we can say there exists a cyc1ical attrac­
tor. If that cyc1e is irregular but neverthe­
less has some underlying regularity 
(which may be very hard to find) we call 
it a chaotic attractor. 

It is easy to use the basic growth equa­
ti on as a building block for more compli-



cated models dealing with connected 
variables. For instance, it is highly likely 
that a tutor adapts his or her level of in­
struction to the level of knowledge or 
skill of the pupil. On the other hand, we 
may expect that the level of knowledge or 
skill is a level of the demands made and 
the instruction given. Thus it is possible 
to express the growth in both the level of 
instruction and the level of skill as a sys­
tem of coupled growers. The skilllevel, 
for instance, is represented in the form of 
an equation that takes as its input a previ­
ous level and the level of instruction pre­
sented. 

It is important to note that, as far as 
the relationship with empiricalor me a­
surable variables is concemed, most of 
the parameters involved in the growth 
model are concatenated dimensions. By a 
concatenated dimension I understand a 
one-dimensional representation of a 
multi-dimensional process. The resources 
needed for the growth of cognitive com­
petence, for instance, are multi-dimen­
sional in that they are both intemal and 
subject-dependent, as well as extemal 
(environmental). Moreover, they may 
take a variety of forms. Nevertheless, 
they all contribute to a one-dimensional 
value, namely the equilibrium level of the 
growing variabIe. The same is true for the 
growth rate. For instance, a variety of 
factors contribute to the rate with which 
new knowledge is appropriated (all sup­
port factors assumed to be equal): speed 
of information processing, size of work­
ing memory, available knowIedge, and so 
forth. All these variables contribute to the 
rate with which knowledge grows, and 
which can be expressed in the form of a 
single parameter. 

Growth models operate with numeri­
cal variables that represent psychological 
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properties. For instance, we can model 
part of the attachment process by describ­
ing the increase of a quantitative property 
'experienced security'. The growth levels 
are mathematical abstractions. Their as­
sociation with empirical data should be 
established separately. For instance, some 
variables act only as hidden variables, 
necessary for the model to work but im­
possible to measure. Their function is to 
explain the changes in observabie or 
measurable variables. It is also likely that 
numerical variables can only be me a­
sured in the form of qualitative nominal 
distinctions. For instance, if variables 
such as proximity seeking or avoidance 
cluster into multi-modal distributions, we 
can probably determine whether a child 
falls in the avoidant or in the non-avoid­
ant class, but we have no means to mea­
sure the exact degrees or levels of avoid­
ance. The task of the growth model is to 
finally lead to testable predictions that 
critically distinguish between competing 
models. 

What shall we model? 

Attachment is a complicated and maybe 
also rather diffuse qualitative phenome­
non. It cannot be reduced to a few simple 
quantitative variables. On the other hand, 
the study of attachment, for in stance in 
the Strange Situation, requires that, 
among others, a small number of quanti­
fiabie variables are observed and scored. 
For instance, children differ in the degree 
in which they avoid contact, resist inter­
ference from their mothers, and so forth. 
Empirically these variables are probably 
far from the ideal of a neat numerical 
scale, but at least for the sake of model 
building we can pretend our measure-



ments are crude approximations of nu­
merically scaled variables. That is, a sig­
nificant part of the study and description 
of attachment boils down to measuring 
and describing quantitative variables. 
They are the variables we will address in 
this model building exercise. 

A core finding of attachment research 
is that attachment falls apart in various 
types. The classic A, B, and C types rep­
re sent differences on a variety of constit­
uent dimensions. For instance, babies 
differ on avoidance, maintaining contact, 
resistance after separation, fear for 
strangers, seeking contact and proximity, 
exploratory behavior, and so forth. If 
these differences were gradual, we 
wouldn 't have found any types or clus­
ters, but rather anormal unimodal distri­
bution over the variables. If the types are 
real, we should expect to find variables 
that naturally cluster into bimodal or 
multi-modal distributions. 

Which assumptions do we make? 

Types of assumptions 

I shall make a distinction between two 
kinds of assumptions. The first are the 
general model assumptions, which, in our 
case, will be adapted from dynamic 
growth theory. I shall discuss these as­
sumptions in the next section, where I 
deal with the model itself. The second set 
of assumptions comes from the domain 
and phenomenon that we intend to model, 
which is attachment development. These 
assumptions can be divided, first, into a 
subset which is common to a large vari­
ety of comparable phenomena. We may 
think about genera I assumptions concern­
ing learning, instruction, help, informa-
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tion processing and so forth. A second 
subset contains assumptions specific to 
the domain in question: attaChment mod­
els are about actions, behaviors and prop­
erties of a dyad, more particularly the 
mother-infant pair. 

There exists a considerable literature 
on what may be called the antecedents of 
attachment, in particular secure attach­
ment. These antecedents are traditionally 
sought in characteristics of the mother. 
For instance, ifthe mother is affectionate, 
positive and avoids intrusive vocaliza­
tions she is likely to make her infant 
grow into a securely attached person 
(lsabella, 1993; Roggman et al. 1987). A 
very important characteristic of matemal 
behavior is sensitivity, a concept which is 
discussed and defined elsewhere in this 
book (see for instance Van IJzendoom et 
al., 1992). Sensitivity pertains to reading 
the infant's behaviora1 signals and re­
spon ding to them promptly and ade­
quately and it is affected by the infant ' s 
behavioral properties (Ainsworth, 1983; 
Bretherton, 1987). 

Assumptions regarding mother-infant 
interaction 

In his study of mother-infant interaction 
with preterms, Wijnroks (1995) has pre­
sented a review of the studies carried out 
on this topic and has formulated a theo­
retical model. Wijnroks describes mater­
nal contribution in terms of the quality 
and quantity of the help, support and in­
formation the mother gives to her child. 
The help, support or information given 
can be analyzed in terms of intensity and 
frequency. For both aspects we can claim 
that the relationship with an eventual de­
velopmental effect is probably curvilin­
ear. The quality of the information and 



help given is expressed in aspects such as 
contingency and appropriateness. Both 
quality and quantity ofthe help and infor­
mation given dep end on the following 
two variables. Tbe first concern is the 
exact timing, i.e. , when is help and infor­
mation given, relative to the infant's ac­
tivity. Tbe second is the adaptation of 
help and information to the infant's state 
of arousal. Tbe infant' s contribution to 
the developmental process is supported 
by various aspects. For instance, infants 
differ as to their natural sociability and 
exploratory tendency. Tbey also differ 
with re gard to speed and quality of infor­
mation processing. Infants have different 
optimality ranges as far as arousal, tim­
ing, length and content ofthe mother's 
intervention is concerned. 

In this model there still exists an 
asymmetry between the mother and the 
infant. Tbe mother acts basically as the 
'sender' , the infant as the 'receiver'. Tbe 
notion of sensitivity, however, requires 
that the infant on his turn acts as a 
'sender' and the mother as a 'receiver' . 
Tbe sen der-receiver model involves an 
inadequate metaphor, in that it presup­
poses a form of turn-taking that is not or 
at best only moderately present in 
mother-infant interaction (Fogel). What 
we see is an ongoing, continuous adapta­
tion of one participant to the other. How­
ever, the model I am going to present 
does not describe attachment growth by 
modeling the processes taking place dur­
ing single social 'frames ' (e.g., an actual 
interaction between a mother and her in­
fant focusing on feeding or playing). Tbe 
model proceeds by single steps. Each step 
is conceived as the result or summary of 
an interaction ' frame ' (although one 
should realize that the boundaries be­
tween consecutive frames are not always 
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very sharply distinguished). Tbe continu­
ous nature of the mother-infant adapta­
tion is simulated by letting the infant- and 
the mother-part change simultaneously, 
in answer to the preceding conditions. 

Tbe simultaneity of the process does 
not imply that a form of asymmetry be­
tween mother and infant is nonexistent. 
Tbe major asymmetry between mother 
and infant is that the mother's range of 
control reaches considerably farther than 
that of the infant. Tbis is especially true 
for processes in which a form of teaching 
takes place, ai ming, for instance, towards 
learning cognitive skills. 

The structure of a growth model of at­
tachment 

Tbe growth of attachment dimensions is 
conceived of as an ongoing, iterative pro­
cess of adaptation. It is a form of co-ad­
aptation, in that the infant adapts to quali­
ties of the environment, primarily medi­
ated by the mother, whereas the mother 
adapts to the infant. Adaptation is not 
always a positive property. Mother and 
infant may co-adapt to a form of interac­
tion which is highly intrusive or even 
aggressive and with a high amount of 
avoidance and withdrawal from the in­
fant. 

Tbe model I shall present here is an 
adaptation of a simple model aimed at 
describing basic features of educational 
interactions (Van Geert, 1991, 1994a). A 
more complicated version has been dis­
cussed in the framework of the 
Vygotskyan notion of the zone of proxi­
mal development (Van Geert, 1994b). 
Tbe choice of this particular model does 
not imply that I see the emergence of at­
tachment as the outcome of an explicit 



process of teaching or education. In my 
view, the basic property of an educational 
interaction, which makes it suitable as a 
model for attachment development, is the 
fact that a more mature person interacts 
with a less mature one in a process of 
mutual adaptation, with a basically be­
nevolent intention from the side of the 
more mature person. In general, educa­
tional interactions are goal-driven, but 
they don't need to beo Many aspects of 
such an interaction are not covered, and 
need not be covered, by explicit and con­
scious aims or educational goals. When I 
use the term 'educational' in the frame­
work of attachment theory, I basically 
refer to the mutually adaptive and bene v­
olent nature of a continuous interaction 
process. 

A first major assumption is that if in­
teractions are se en in the framework of a 
growth process, educational interactions 
are basically about resource manage­
ment. A significant part of the resources 
that contribute to the growth of a psycho­
logical variabIe are under the control of 
the educator. The mother's problem is to 
adapt those resources to the growth level 
of the child in such a way that the child 
profits optimally from those resources 
and shows the expected psychological 
growth process. Help given by the mo­
ther, for instance, is an important re­
source function. The amount of help 
given, and the form of that help should be 
adapted to the child' s growing level, for 
instance of the mastery of some particular 
skill. The basic idea is that there exists an 
optimal distance between the child's ac­
tual developmentallevel and the mother­
dependent resources that contribute to 
further developmental change. 

Infants differ as to the optimality 
ranges they display (Wijnroks, 1995). 
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For instance, some infants may have a 
narrow arousal range, which imp lies that, 
if one goes beyond the boundaries of that 
range, the support may no longer have 
any effect (or even turn into a negative 
effect). This means that they are more 
vulnerable to an overstimulation effect 
than infants with a more robust arousal 
system. Infants differ also with regard to 
the speed and intensity of information 
processing. That is, they differ with re­
gard to the parameter that govems the 
speed of leaming, namely the growth 
rate. Smart infants mayalso have a big­
ger optimality range, in that they are ca­
pable ofbridging a bigger gap between 
what they already can and the level of 
help or information given and therefore 
progress with bigger 'steps', so to speak. 

A second major assumption is that 
mother-infant interactions are not just 
determined by the properties and needs 
of the child alone. They are also deter­
mined by the mother's 'habits', which is 
defined as the mother's usual or preferred 
way to interact with a child. This assump­
tion implies, among others, that the cur­
rent help, support or information given 
depends on the preceding level of help, 
support or information, thus accounting 
for a certain, mother-dependent continu­
ity. 

The psychologie al meaning of the 
model parameters 

In this chapter I shall refrain from a tech­
nical presentation of the model and con­
fine myself to a qualitative description, 
particularly of the psychological meaning 
or correlates of the parameters employed 
(interested readers can find more details 
in the Appendix). In its simplest form the 



model consists of two coup led equations 
(or more precisely, two groups of coupled 
equations). One refers to the infant's role 
and properties, the other to the mother ' s. 

Infant parameters 

The first equation specifies the change in 
an infant variabIe. For instance, we may 
assume that the level of security in the 
attachment relationship is a variabIe that 
increases from an initial state level to 
some (eventually temporary) equilibrium 
level. Other examples are the probability 
that an infant will actively seek the com­
pany ofits mother, or the infant's ten­
dency to avoid contacts with the care­
taker. I repeat that it is not necessary that 
we can measure those variahles with the 
same level of accuracy that the model 
needs in order to perforrn its computa­
tions. What matters is that the results oh­
tained with the model can be mapped, in 
one way or another, onto empirical, ob­
servable variables. For instance, a contin­
uous model variabIe such as the level of 
security can eventually be mapped onto a 
dichotomous classification into securely 
and insecurely attached infants. 

An essential parameter is the growth 
rate, that is the amount of progress made, 
given a certain amount of help and sup­
port. The growth rate is an abstract, con­
catenated variabIe which covers psycho­
logical aspects such as the child' s speed 
of information processing, the ease with 
which he or she adapts to a particular sit­
uation (involving cognitive style proper­
ties such field dependence), but also the 
infant' s sensitivity towards particular 
kinds of signals or information (for in­
stance, some infants may he more sensi­
tive to the social than to the object-re-
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lated dimensions of a problem situation). 
Growth rate is moderated by two other 
model parameters which relate to the op­
timal range of effective experience. 

When given help, support or informa­
tion, children may differ as to the most 
effective distance between that help and 
their actuallevel of development. Some 
children require help that is very close to 
what they already knowand master, 
whereas others thrive only if the help 
(and the information or challenges pre­
sented) are relatively far ahead from their 
present level. Determinants of the opti­
mum gap are psychological factors such 
as intelligence, but also more functional 
aspects such as the particular knowIedge, 
schemes and representations a child al­
ready has and which help him or her to 
structure and retrieve information from 
experiences. Thus, in addition to growth 
rate per se we should reckon with an op­
timal distance aspect, which differs 
among children. But optimal distance 
alone is not enough. 

When presented with challenges that 
are too high for their capacities, some 
children get easily fatigued or over­
aroused or loose their interest, whereas 
others are less sensitive and go on trying 
to cope with the problem (which, given 
the fact that it is far beyond their current 
scope will seldom lead to success, or to 
any progress, for that matter). Similarly, 
when confronted with help that is too 
close to what they already manage (for 
instance, when the mother does things for 
the child he can do himself), some chil­
dren will get bored very easily, even be­
come angry, whereas other children pa­
tiently follow the well-meant but ineffec­
tive interventions of the adult. Wijnroks 
(1994) summarizes some ofthe literature 
on the relationship between intensity of 



stimulation given by the mother and 
arousal level in the infant. If children are 
too aroused, they will insufficiently profit 
from the stimulation given. Although 
Wijnroks concludes that regulation of 
arousal is better explained by the quality 
ofthe mother's stimulation than by the 
infants arousal regulation ability, he also 
points to the fact that preterm infants 
have a more problematic arousal regula­
tion pattem than full terms which makes 
it more difficult for the mothers to pro­
vide high quality stimulation. We may 
conclude, therefore, that there exist indi­
vidual differences in the optimal distance 
range, that is, in how far the stimulation, 
help or information given may diverge 
from the optimallevel and still have a 
positive effect on the infant's develop­
ment. 

Maternal parameters 

The second equation describes the evolu­
tion of the resources that contribute to the 
growth (or decline) ofthe infant variabie 
at issue. Examples of such a variabie are: 
security, the tendency to seek proximity, 
the likelihood that an infant will explore 
an environment on his own and without 
support, and so forth. Since a resource 
level technically corresponds with a (po­
tential) equilibrium level of the variabie 
it affects, we can represent the resources 
along the same dimension as the variabie 
itself, notwithstanding the fact that the 
resource level is the result of a great 
many, eventually independent influences 
and factors. I stated earlier that an inter­
action between a mother and an infant 
basically deals with resource manage­
ment, more precisely with attempting to 
adapt the resources to the infants continu­
ing development. We can therefore con-
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ceive of the resource level as a represen­
tation ofthe mother's interactional activi­
ties (which are 'educational' in the broad 
sense of the word). Of course, the re­
source level also depends on intemal re­
sources present in the infant, but for the 
sake of model building we can pretend 
those factors are constants. Thus in the 
equation describing the resource adapta­
tion Iconfine myself to parameters that 
refer to psychological properties of the 
mother. Those properties are of two 
kinds, frrst, perceptual, second, focusing 
on actual activity. 

The perceptual aspect is related to the 
mother's ability to make areliabIe esti­
mation ofthe infant's needs, that is, the 
infant's current developmentallevel, 
arousal state, interest, and so forth. In­
fants may of course differ in how clear 
and consistent they are in signaling these 
properties, but for the sake of simplicity I 
refrained from adding this infant-gov­
emed variation into the equations. Moth­
ers may differ in how sensitive they are 
to the infant's developmental signais. 
Moreover, they may show biases, for in­
stance by overestimating either signs of 
success or signs of failure . 

In addition to the perceptual aspect, 
there are parameters that affect the action 
component. Notwithstanding the fact that 
a mother has made areliabie estimation 
of her infant's needs, she may not react 
adequately. That is, mothers may differ 
with respect to their talent to act in accor­
dance with the situational demands. For 
instance, some mothers may be relatively 
impatient, and give the infant little oppor­
tunity to try his own things. Others may 
be too placid and cling to a laissez-faire 
attitude that leaves the initiative entirely 
to the infant. Mothers may give help that 
is either simply too far from what the in-



fant can assimilate, or that is too close to 
what the infant can already accomplish 
without help. We may expect that moth­
ers who can reliably estimate their in­
fant's needs are in general also capable of 
adequate action. Whatever this associa­
tion, it is probably weak enough to allow 
for a considerable variation between the 
perceptual and actional parameters. 
It should be noted that the probability of 
an adequate reaction also depends on the 
mother's investment of time and effort 
into the educational process. Mothers 
may be very busy with other things than 
just this particular infant. They simply 
don't have the time to respond to what­
ever signal the infant emits. Some moth­
ers may have time, but are simply not 
motivated to pay much attention to the 
educational task. These variations in in­
vestment exist between mothers, but also 
'within' subjects. That is, we may expect 
rather considerable variation across time 
(just consider a mother being ill for some 
time, or busy finishing her dissertation). I 
do not pretend that a mother should al­
ways be there for her child (and I even 
assume that too much interference is pro­
bably not good at all). However, what­
ever the optimal investment in terms of 
time or effort spent in the educational 
process, we should reckon with consider­
able within- and between-subject varia­
tions (again I should add that children 
differ in what they experience as an opti­
mal investment, but I have kept this fac­
tor constant in the model). 

The reader may be struck by the fact 
that nowhere in this list of properties the 
concept of sensitivity or sensitive re spon­
siveness can be found. The answer to this 
omission is that sensitive responsiveness 
is a variabIe which expresses arelation 
between the educational activity of the 
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mother and the activity of the infant. I 
fully agree with those authors who view 
sensitive responsiveness as an interactive, 
not an individual property (Hoeksma & 
Koomen, 1991). In the model, sensitive 
responsiveness can be defined as the 
match between the optimal help level of 
the infant and the actual help given, 
which is represented by the second main 
variabIe in the model (see also the Ap­
pendix for technical details). This match­
ing level corresponds with a psychologi­
cal property of the mother, namely her 
ability to correctly estimate the child' s 
actual needs and her ability to act accord­
ingly. 

Common parameters 

The model simulates the growth process 
in the form of a series of steps. Each step 
corresponds with an 'encounter' between 
mother and infant (or 'frame', in Fogel's 
terminology, see Fogel, this volume, and 
Fogel, 1993). Not all encounters (what­
ever their nature) lead to an effective in­
teraction. For instance, an infant may ex­
press its need for proximity or support, 
but the mother may lack the time to actu­
ally respond. Or, alternatively, a mother 
may try to help an infant who is not par­
ticularly willing to accept the help, or 
even withdraws from the mother. Put dif­
ferently, there is a certain probability that 
an interaction goes no further than just its 
initiation, or that it has no effect on either 
mother or infant, because (at least) one of 
the participants does not respond or with­
draws. This probability is based on two 
parameters. One is the probability that a 
mother actively engages in the interac­
tion, which depends on factors such as 
available time, effort, and so forth, but 
also her belief in how independent her 



infant should be and whether or not she 
should respond to even the slightest sig­
nal from the infant. A second parameter 
is the infant's tendency to en gage in the 
interaction, which is probably mostly af­
fected by the infant's tendency to avoid 
contact, or withdraw. 

The parameters described in the pre­
ceding sections are constants, i.e., num­
bers with a fixed value. It is unlikely, 
however, that the infant's effective 
growth rate, for instance, is similar over 
all interaction situations. Information 
processing qualities, which I associated 
with the abstract growth rate notion, are 
likely to vary, for instance as a conse­
quence of varying levels of effort, fa­
tigue, interest and so on. These varia­
tions, although eventually regular in their 
own right (cyclical fluctuations in interest 
and effort, for instance), can best be con­
ceived of as the cause of random devia­
tions from the fixed parameter values. 
Thus, instead of writing equations with 
fixed values we shall employ randomized 
values. The constant value can be seen as 
the average of a series of randomly vary­
ing values. 

Special attention should be given to 
the randomization of the help-and-sup­
port variabIe, the growth of which is pri­
marily based on matemal parameters (ba­
sically because I have kept the eventual 
influence by infant parameters constant, 
such as the interpretability ofthe infant's 
behavior). We may assume that help and 
support given are not just functions of the 
mother's influence. Occasionally her ed­
ucational and didactic interventions are 
supported and intensified because she 
obtains the help of a mate. On a different 
occasion her interaction with the infant is 
counteracted because somebody else (her 
husband for in stance) calls for her atten-
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tion. Sometimes she uses tools (such as 
picture books or toys) that enhance the 
infant' s attention, but it is equally likely 
that these objects sometimes diminish the 
effectiveness of the interaction, for in­
stance because the infant is not particu­
larly interested in them or dislikes them. 
Put differently, on top ofthe random 
variation of the parameters I add a certain 
amount of random variation to the help 
and support variabIe itself. All the ran­
domization parameters can be manipu­
lated, thus accounting for individu al or 
family differences in fluctuations of the 
quality of the educational interactions. 

Sensitive responsiveness 

I have stated earlier that sensitive respon­
siveness is a property that emerges in the 
interaction between mother and infant. 
Since this interaction is the product of the 
parameters and the rules of interaction, 
we may conceive of sensitivity, or, more 
precisely, sensitive responsiveness, as a 
'dependent' variabIe. An optimally sensi­
tive mother can be defined as a mother 
who manages to keep the help, support or 
information given to the child at the 
child' s optimum level, that is, at a level 
the child will maximally profit from. 
Since sensitive responsiveness is a prod­
uct of the interaction process, it may 
vary, and eventually vary considerably, 
over the course ofthat process (see the 
Appendix for a more technical descrip­
tion of how sensitive responsiveness has 
been defined and ca1culated in the 
model). It is possible, therefore, that sim­
ulations produce 'mothers ' that show a 
high level of sensitive responsiveness for 
a certain period of time, and then alto­
gether lose their sensitivity and subse-



quently pay only Iittle attention to the 
child' s particular needs. 

What is a sensitive mother sensitive 
to? A mother can be sensitive to the 
child's progress in competencies such as 
language, social understanding or prob­
lem solving, and stimulate her child in 
acquiring more words, higher syntactic 
proficiency or social skills. But the 
mother can also be sensitive to things 
such as the child's tendency to withdraw 
from an interaction, or its unwillingness 
to seek proximity. For instanee, the 
mother may see the child's withdrawal as 
an expres sion of its ingratitude or what­
ever other negative personality trait of 
her infant she thinks responsible for its 
behavior. She may instantly respond to 
the child' s withdrawal, for instance by 
punishing it, or forcing it to come back 
and join the activity. This, no doubt, will 
increase the child's unwillingness to en­
gage in interesting activities with his 
mother. That is, the mother is positively 
responsive to the child's withdrawal ten­
dency in that she's sensitive to the occur­
rence of withdrawal and is actively en­
gaged in stimulating and enhancing this 
tendency (aithough her conscious mind 
probably tells her she's doing the oppo­
site). 

Summary and conc/usion 

In a nutshell, the model contains two 
growers, that is, two variables that grow 
towards an equilibrium level. One is a 
behavioral variabIe in the child, for in­
stance, the child' s ability to cope with 
social situations involving unfamiliar 
people, his tendency to seek proximity, or 
the level of some cognitive skill. This 
variabie grows towards an attractor state 
which is a function both of the environ-
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ment and of the child him- or herself. In 
the present model the child-dependent 
aspect is kept constant. This fact allows 
us to experiment with the environmental 
aspects alone. The latter are mode led in 
the form of psychological and action-pro­
perties of the mother. They consist of 
aspects such as the quality of the 
mother's estimation of her child's needs 
and abilities, the rate with which she 
adapts her help, intervention and infor­
mation to changes in the child's behavior, 
and so forth. Concepts such as sensitivity 
are covered by several model parameters 
and are essentially dependent on the con­
ditions that the child brings in into the 
interaction (and those conditions are, in 
their turn, affected by the ongoing inter­
action). 

Results of simulation experiments 

Basic properties ofthe simu/ations 

The time scale of a simulation 

A single simulation of the model is based 
on 2000 consecutive steps. Since each 
step represents a particular interaction 
'frame' or learning encounter the real 
time scale of a simulation (or 'run' of the 
model) depends on our estimation of how 
many of such frames occur on average 
during a day. Let us assume that an inter­
action frame amounts to such interactive 
activities as a cornrnon lunch, putting the 
child to bed or in bath, playing, the 
mother's trying to keep her infant quiet 
while's she's having a chat with her 
neighbor, mother and infant looking in a 
picture book, and so forth. Assume that 
we have estimated the average number of 
such interactions at about 20 a day. This 



implies that a single run of the model 
(2000 steps) spans about a hundred days. 
It is not unlikely that our 20-a-day esti­
mation is much too optimistic. If it is, we 
must adapt the length of the models and 
the parameters used to whatever we con­
sider arealistic estimation of the ongoing 
mother-infant interaction. Our model 
shouldn't cover a time stretch which ex­
ceeds the period during which the mecha­
nisms held responsible for the emergence 
of attachment are operational. 

Forms of random variation across simu­
/ations 

An important aspect of the present dy­
namic growth model is that it implies a 
certain degree of randornness. This ran­
dornness accounts for a variety of inter­
esting phenomena, which I will discuss in 
later sections. Let me first explain the 
nature of the randornness applied in the 
simulations. 

Basically, there are three sources of 
random variation in the simulations. Two 
of them refer to intra-subject random­
ness, that is, random variations that occur 
within a single run. 

The first depends on the successful­
encounter probability parameter. Recall 
that the model makes a distinction be­
tween successful and unsuccessful en­
counters or interaction frames. An unsuc­
cessful one does not go any farther than 
just an unsuccessful initiative, for in­
stance. The encounter probability has the 
fonn of a randomly distributed dichoto­
mous variabIe (there either is an effect or 
there isn't). It is detennined by either the 
mother's possibilities to respond to the 
infant or the infant's tendency to with­
draw from an interaction initiated by the 
mother. 
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A second source of intra-subject ran­
dornness lies in the random variations of 
the parameter values across steps (or en­
counters). A particular chosen parameter 
value (such as the infant's growth rate r) 
is nothing but an average value. It's real 
value depends on things like effort, atten­
tion, fatigue, and so on, whose variation 
may eventually be systematic (e.g., cycli­
cal). Since I cannot control for these dy­
namic variables in the present model, I 
treat them as random variability. 
The third source of randornness deals 
with the distribution of parameter values 
in (simulated) populations ofmother-in­
fant dyads. In order to simulate a popula­
tion, I start with fixed parameter values 
(e.g., I choose an infant growth rate pa­
rameter r=0.1). A population consists of a 
certain number of cases (separate runs of 
the model) with parameter values that are 
randomly picked from a (quasi-)nonnal 
distribution around the chosen default 
values. By increasing the random varia­
tion parameter I can manipulate the varia­
tion in the simulated population. By set­
ting this randomization parameter to zero 
I can simulate the effect of 'repeated 
lives', that is, I can compare the effect of 
intra-subject randornness upon variables 
such as the outcome of the growth pro­
cess or the correlation between sensitive 
responsiveness and peaks in the growth 
variabIe. 

Simulations of attachment growth 

Base-fine simu/ations 

The first check on a dynamic model is to 
see whether or not it works. The minimal 
requirements are, first, that the model 
produces systematic growth pattems of 
either increase or decrease. Second, it 



should generate deficient trajectories un­
der parameter conditions that we consider 
deviant or deficient and nonnal trajecto­
ries under nonnal parameter conditions. 
By 'nonnal' trajectories we understand 
trajectories that lead to a successful 
growth of the behavioral variabie we sim­
ulate. What we call 'successful' depends 
on our expectations of what the nonnal 
pattern should beo For instance, we may 
either expect a smooth S-shaped increase 
towards a stabie equilibrium, or a rela­
tively sudden peak in the behavioral vari­
able at issue (for instance withdrawal ten­
dency or fear for strangers), followed by 
a gradual move towards a (lower) equi­
librium state. 

The model does not simulate qualita­
tively specified patterns. It shows how a 
variabie, whatever its nature, changes in 
relation to other variables. In the case of 
an attachment model, the simulated vari­
able could be the child's inclination to­
wards seeking proximity, the probability 
it avoids contact with his mother, and so 
forth. In order to justify the names given 
to the variables (e.g., variabie A is prox­
imity seeking), those variables should 
have all the relevant dynamic properties 
of the empirical phenomena to which 
they refer (e.g., A should react to its 
model-theoretic environment in the same 
way as proximity seeking should react to 
its empirical environment). 

Let me first give an overview of the 
qualitative growth patterns that emerge 
from the model simulations. One particu­
lar parameter represents the rate with 
which the (simulated) mother adapts to 
changes in the behavior of the child. I 
took a valuè which presents a significant 
risk for deficient trajectories. The ques­
tion I tried to answer was: which qualita­
tive patterns wil\ emerge for parameter 
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constellations that vary randomly around 
this particular, potentially deficient 
value? The results were as follows. About 
half of the cases (51 % out of 484 runs) 
showed a zero pattern. That is, the 
growth level of the behavioral variabie L 
remained about the same as its initial le­
vel. This means that with deficient pa­
rameter sets growth doesn't get offthe 
ground. The initial state level is a stabie 
attractor (more precisely, there's a certain 
range around that level that serves as a 
small regional attractor). The remaining 
cases (49%) that led to an effective 
growth process showed the following 
variation in patterns. Sixty-eight percent 
(68 %) of the successful cases showed a 
peak pattern. That is, the behaviorallevel 
grows towards a peak and then falls back 
to a lower level. There are two patterns. 
About half of the cases evolve towards a 
stabie end state (Figure 1, top left). These 
end states are approximately nonnally 
distributed with a mean which is about 
.75 (recall that the inbuilt final equilib­
rium is 1). These end states are 'frozen' 
states in that the growth rate has dropped 
to zero (on average). This happens be­
cause the support (the attractor state basi­
cally caused by the mother's activity) has 
fallen away completely. This is an inter­
esting finding in that it was in no way 
built into the model: in a considerable 
number of cases the matemal support for 
a certain kind of behavior disappears. It is 
interesting to see that this down swing can 
have two different effects. lalready men­
tioned one: the child's behaviorallevel 
with regard to some habit, skill or compe­
tence, remains stabie. There exists a sec­
ond possibility which occurs in about half 
of the cases that show a peak trajectory: 
the regression in the supporting matemal 
behaviors is adapted to the rate of change 
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Fig. l. Four growth patterns of a behavioral variabIe, with associated help-and-support and sensitivity levels; 
although sensitive responsiveness is an important factor for determining the course and rate of growth, it is 
certainly not the only factor: growth is determined by a dynamic interaction between the variables, leading to a 

variety of growth patterns. 

in the child's behavior. This leads to a 
mutually supported downswing of both 
the behavior and the support (see for in­
stance Figure I, bottom right). and the 
support (see for instance Figure I, bottom 
right). 

The remaining 32% ofthe successful 
trajectories falls into two patterns. One is 
an ordinary logistic pattern: the behav­
ioral level L is attracted by the attractor 
state. This either locks the attractor state 
into some oscillating equilibrium, or the 
attractor state disappears af ter a while 
and leaves a 'frozen' equilibrium level of 
L. The logistic pattern (S-shaped in­
crease) occurs in 22% ofthe cases. The 
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remaining 10% consists of sudden jumps: 
the L-level stays approximately the same 
for quite some time, while the attractor 
state steadily increases. Then a sudden 
jump follows, which brings the L-Ievel in 
the proximity ofthe attractor (Figure 1, 
top right) . 

The basic hypothesis, that the model 
produces a rich set of growth trajectories, 
which can be expected in real psycholog­
ical growth, can be confirmed. One 
should note, however, that the richness of 
the patterns depends very much on 
whether or not the parameter values are 
at a point which marks the boundary be­
tween various qualitative 'regimes'. For 



the present simulation I have chosen a set 
ofvalues around such a boundary, thus 
allowing for a maximal qualitative vari­
ability. Small random fluctuations will 
push the trajectories in one or another 
pattem, thus exploring a rich variety of 
forms. Many of the combinations of pa­
rameter values produce smaller varieties 
of growth pattems. I shall discuss a few 
of those pattems in the coming sections. 

(Multi-)modality of the distributions 

Any empirical typology that describes 
development of types (inter-subject typol­
ogy) or stages (intra-subject typology) 
should be based on one or several multi­
modal distributions of distinctive proper­
ties. For instance, if children develop in 
stages, we expect significantly more chil­
dren in a stage than at a level between 
two stages (see Van der Maas & 
Molenaar, 1992). Attachment occurs in 
various types (the famous A-B-C typol­
ogy) based on a few distinctive proper­
ties, such as proximity seeking, fear of 
strangers and so on. We may expect, 
therefore, that those properties show a 
multi-modal distribution in a population, 
once the attachment pattem has emerged. 
Even,tually, the pattems result from bi­
modal distributions of distinctive features 
(the behavioral dimensions on which the 
pattems are scored). 

Our simulations clearly show bi- and 
eventually multi-modal distributions, not­
withstanding the fact that all of the pa­
rameters are either normally or evenly 
distributed. The present model has a sec­
ond source ofmulti-modality, which lies 
in the randomized nature of how the pa­
rameters affect the growth pattems. Re­
call that the parameter values with which 
the model operates are just averages. 
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Their actual value varies randomly from 
step to step (or from leaming encounter 
to leaming encounter, or from interaction 
to interaction). The random variation is 
caused by the intervention of any influ­
encing factor that is not covered by the 
model or by any of its parameters. By 
means of a randomization parameter, one 
can control the amount of variation, for 
instance, ranging from very small to very 
substantial. In one sim uia ti on of 1000 
cases I applied a fully randomized distri­
bution of all the parameters involved 
(within certain general boundaries, e.g. 
keeping the initial state levels confined to 
a - broad - low range). The distributions 
of the following variables were plotted: 
average level (averaged over the 2000 
steps in each simulated case), the maxi­
mal level of each case (which gives an 
idea ofthe eventual peaks) and, finally, 
the end state (the average value ofthe last 
50 steps in each simulated case). The re­
sulting bimodal distribution is most ex­
plicitly present in the maximum state (or 
peak state) distributions (see Figure 2). 
Average and end state show bimodal dis­
tributions where the second modality is 
smeared out over a much larger range 
than the first one. 

Theoretically, there are three equilib­
rium or attractor levels in the model. One 
is a level close to the initiallevel (or 
some other very low level). Another is 
the maximum level, based on the equilib­
rium level built into the help and support 
function. The third and most interesting 
is an equilibrium level somewhere be­
tween the minimum and maximum lev­
els. It depends on the ratio between the 
child's growth parameter and the adult's 
adaptation parameter (the parameter that 
govems the rate of adaptation of help, 
support and information to the perceived 
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Fig. 2. An example of a bimodal end 
state distribution. The sharp frequency 
peak at the low end refers to a large 
number of cases where the behavioral 
variabie didn't get offthe ground. The 
second mode takes the form of a nor­
mal distribution with a peak at about 
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amount of progress or change in the in­
fant). In dynamic terms, the model has 
three attractors and two separatrices, 
that is, lines that mark the boundary be­
tween trajectories that will evolve to­
wards a particular attractor. If the model 
is entirely deterministic, the parameter 
values determine at which side of the 
separatrix a particular trajectory will fall, 
that is, towards which attractor it win 
evolve. If the model is randomized, the 
random fluctuation will have only minor 
effects as long as they stay sufficiently 
far from the separatrices. However, in the 
vicinity of a separatrix, a small random 
fluctuation may have a dramatic effect, in 
that it may push the process 'over the 
rim', so to speak, and into a new attractor 
basin. 

Do we always find bi- or multi-modal 
distributions? The answer is, not really, 
or more precisely, the bi- or multi-modal 
distributions are not always equally clear. 
For instance, ifthe successful interaction 
probability is set to its default value 
(50%) clear bimodal distributions are 
found when the additional intra-subject 
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randomness is fairly low (low in compar­
ison to an arbitrarily chosen default 
value, which has no intrinsic psychologi­
cal meaning and is just atechnical cali­
bration point). If the successful encounter 
probability is high (say 75 % or more), 
bimodal distributions can be found with 
the 'default' randomness parameters. 
This example serves just to illustrate the 
fact that although bimodality is a general 
and frequently occurring phenomenon, its 
distribution over the parameter space de­
pends on a variety of factors . 

Where does bimodality come from in 
the trajectories? It may re sult from one 
part of the trajectories zooming in on a 
low end state level and another part pro­
gressing towards a much higher level. 
But it mayalso result from an oscillation 
in all the trajectories between a low level 
and a high level (Hartelmann, 1995). 
From a general inspection of the patterns 
resulting from many different parameter 
values it seems that, although the first 
scenario (two end states) occurs particu­
larly if intra-subject randomization is 
low, the major scenario is one in which 



the variabie at issue shows a single major 
peak and then falls down to some low or 
intermediate end state. This pattem corre­
sponds to what one expects from attach­
ment research: the typical attachment 
pattem occurs quite suddenly, lasts for 
some time, and then either partially or 
completely disappears. It goes without 
saying that the underlying feeling of se­
curity or perceived competence does not 
disappear together with this particular 
behavioral expression. It is taken over by 
alternative forms or expressions of secu­
rity, social anxiety or whatever. Ifthe 
infant growth and matemal adaptation 
rates are high and if the model has high 
intra-subject randomization parameters, 
the trajectories tend towards oscillatory 
pattems, showing repeated peaks of dif­
ferent lengths and heights. 

The association between sensitive re­
sponsiveness and the growth of behav­
ioral variables 

In the model, sensitive responsiveness is 
a product variabie which is computed 
from the match between, on the one hand, 
the mother's accuracy to 'read' her 
child's progress or developmentallevel, 
the nature of her reaction (the magnitude 
ofthe adaptation to the child's growth or 
change), and, on the other hand, the 
child' s optimal level of help, support or 
assistance. What is the relationship be­
tween the growth of a behavioral variabie 
(such as the probability of avoidance or 
proximity seeking) and the level of sensi­
tive responsiveness? 
As a preliminary answer to this question, 
I present the analysis of some combina­
tions of parameter values. The analysis 
can be compared with the work of an ar­
cheologist who, instead of excavating the 
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whole site, confines himself to digging a 
few ditches and from there on tries to 
anticipate the structures he shall find if 
the whole field is opened. Each simula­
tion has been based on 300 runs. In gen­
eral, this number more than suffices to let 
the computed correlation values stabilize 
around a narrow range. Each run is based 
on a new set of parameter values, ran­
domly drawn from a sample that roughly 
approached anormal distribution around 
the parameter values that were chosen as 
the anchoring points for a particular sim­
ulation. For each parameter, the range of 
variation was -.3 to +.3 of its assigned 
value. From the simulations it can be 
conc1uded that the majority of parameter 
combinations possible in the dynamic 
model yields correlations between either 
average level, end level or maximum 
growth level on the one hand and sensi­
tivity on the other that are within the sig­
nificant range (which I arbitrarily de fine 
as correlations bigger than .3). 

Now that we have seen that there ex­
ists a correlation between sensitivity and 
growth of a behavioral variabie, the sec­
ond main question is, is there any general 
line specifying the relationship between 
sensitivity and the outcome of simula­
tions? 

A first interesting conc1usion is that 
simulations with no intra-subject random­
ization of the parameters, except for the 
successful encounter probability, show 
fairly low correlations. This is so because 
the outcomes are determined by the dis­
tribution of successful encounters over 
the entire range of steps. If, accidentally, 
successful encounters are in frequent at 
the very beginning of the growth process, 
the trajectory aims towards a low end 
state. Once it enters this particular attrac­
tor basin it is very difficult to get out of 



it, basically because the adaptation is al­
most entirely determined by fixed adapta­
tion rules and less by randomized factors 
that might push the process out of this 
basin. One may conclude, therefore, that 
under the present probability conditions, 
the first stage is highly decisive as to 
which growth pattem will result. 

A second conclusion pertains to the 
relationship between the level of intra­
subject randomization and the resulting 
correlations. We have seen that if intra­
subject randomization is zero, the corre­
lation is low (r is around .2). Figure 3 
shows the complex relationship between 
randomization level and out­
come/sensitivity correlations (for the set 
of parameters I have arbitrarily chosen as 
my default set). 

Let me now reinstall the default ran­
domization parameter (which, as I ex­
plained earlier, is a more or less arbitrary 
anchoring point) and experiment with the 
relationship between sensitivity and 
growth level under varying values 0f the 
growth rate variabIe. 

Fig. 3 . Plots ofthe eorrelation between growth 
and sensitive responsiveness with a varying ran­
domization level (Ieft) and a varying growth rate 
(right). Whereas inereasing growth rate results in 
a Iinear decline ofthe eorrelationallevel, an in­
ereasing randomization leads to a non-Iinear pat­
tem with two loeal minima (one at level I, the 
other at level 6). The number I on the x-axis re­
fers to the default parameter value (e.g. , the value 
0.5 ofthe growth rate axis represents a growth 
rate which is half the default value used in the 
simulations). 
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The simulation results in a linear rela­
tionship between sensitivity and level, 
beginning with a high positive correlation 
(.54) for the lowest growth rate chosen 
(halfthe default) and ending with a nega­
tive correlation (-.3) for a growth rate 
twice the default. 

IfI vary the encounter parameter (that 
is, the parameter determining the proba­
bility that an 'encounter' will evolve into 
a successful interaction), I find a non-lin­
ear relationship between level and sensi­
tivity when I hold the randomization at 
the default level, but for a low random­
ization rate, the relationship is clearly 
linear and proportional to the encounter 
probability. By varying the optimality 
parameter we find that the relationship 
between level and sensitivity is U-shaped 
for simulations with a default randomiza­
ti on value. With a low randomization, 
however, the relationship is linear (with 
the line somcwhat bent) and runs oppo­
site to the increase in the optimality 
value. 
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Finally, experimenting with the arousal 
range parameter results in an inverted U­
shape relationship between level and sen­
sitivity. 

What can we conclude from this short, 
somewhat arbitrary but probably highly 
confusing list of relationships between a 
'dependent' variabIe (the growth level of 
a behavioral tendency, skill, ability or 
whatever) and sensitivity? Some relation­
ships are linear, others are curvilinear, 
still others are non-linear in a more com­
plex way. However, all these simulations 
have been based on a single model of 
mother-infant interaction. They differ 
only in what part of the parameter land­
scape they explore, not in the underlying 
mechanisms and principles. Thus taken 
as a whoIe, they provide strong evidence 
for the non-linearity ofthe relationships 
between growth level and sensitivity that 
the present model pre di cts (and deduc­
tively generates in the form of simula­
tions) . 

Of course, one can easily get away 
with this conclusion by stating that the 
simulations show that the relationship 
between growth and sensitivity is 
context-dependent, which is not very sur­
prising anyway. One should make a dis­
tinction, however, between actual con­
texts featuring in a developmental pro­
cess (realor simulated) and context in the 
sense of particular combinations of 
model parameters. In the first sense, the 
context-relatedness of development a­
mounts to an almost trivial observation. 
In the second sense, however, (context as 
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the set of parameters that govern a partic­
ular process) context-dependency is far 
less trivial. We have seen that the nature 
and form of the association between sen­
sitivity and growth is a non-linear prop­
erty ofthe model, and, more importantly, 
that the relationship between the parame­
ters and that association is a systematic 
property ofthe model (and notjust a ran­
dom connection). The present simula­
tions provide only a first approximation 
of the hidden structure of the model, just 
like the few trenches dug by an archeolo­
gist show little more than a crude estima­
tion of what the excavation site may re­
veal. 

Dynamic models of interaction: some 
conclusions and discussion 

Summary 

In this chapter I have presented the out­
lines and backgrounds of a dynamic sys­
tems model of early mother-infant inter­
action applied to (some highly abstracted 
aspects of) attachment development. The 
model is based on a combination of an 
existing non-linear growth model with a 
set oftheoretical statements about ex­
pected relationships between empirical 
variables. The statements are derived 
from the literature on attachment and the 
learning of early competencis. Our simu­
lations showed that the simulated vari­
ables (a particular behavioral variabIe or 
tendency, an ability, and so forth) can 



grow in a variety of ways. They can in­
crease more or Ie ss linearly (with random 
fluctuations added), grow in an S-shaped 
form, or show one or several sudden 
growth spurts. Af ter that they can stay at 
an equilibrium level, but also remain at 
their peak level for only a little while and 
then glide downward either to an inter­
mediate stabIe level or to a level close to 
their original starting point. The latter 
may occur only once, but also repeatedly. 
Which pattem will be followed is, to a 
certain extent, a coincidence, but one 
whose chances are dependent on which 
parameter values are actually used. 

In the simulation studies I concen­
trated on two issues. One was the ex­
pected bi- or multi-modality of the distri­
butions, an expectation which is justified 
by the fact that attachment pattems occur 
in types. Bi- or even multi-modality 
proved to be the rule rather than the ex­
ception. I should add, however, that in 
many cases where such multi-modality 
was found it was more explicitly based 
on temporary peaks than on a sharp divi­
sion of end states across a simulated pop­
ulation. The second issue pertained to the 
nature of the relationships between sensi­
tivity and growth (for in stance the growth 
of the tendency to withdraw trom an in­
teraction situation, or the growth of secu­
rity or of the ability to do something one­
self, without help). I found that 'locally' 
specified relationships (i.e., for one par­
ticular parameter varying) where often of 
the standard linear, curvilinear or (in­
verted) U-shaped form. As a whoIe, how­
ever, that is, with all the local contexts 
combined, the model specifies a strongly 
non-linear relationship between sensitiv­
ity and observed growth. 
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The function of non-linear dynamic 
model building 

In this chapter, I haven 't built any models 
of concrete empirical data from experi­
ments, and neither did I present new dis­
coveries ofhow attachment and related 
infant competencis develop. What is this 
all good for? The answer to this question 
pertains not only to mother-infant inter­
action modeIs, but to the relationship be­
tween dynamic mathematical model 
building on the one hand and develop­
mental theorizing and research on the 
other. 

First of all, non-linear dynamic model 
building provides a computational justifi­
cation for the theoretical claims of a 
model. For instance, if I claim that a cer­
tain relationship between two variables 
suffices to explain the sudden emergence 
of a third, I need a computational model 
to formally or deductively demonstrate 
that my claim is right. This demonstra­
tion has of course no bearings on the em­
pirical truth of the claim. The computa­
tional, deductive test is only a meager 
substitute for a real-life experiment. But 
since such experiments are so difficult to 
carry out (and also provided that they can 
be performed, which is not always the 
case in developmental psychology or the 
social sciences in general, for that matter) 
it is much more convenient to test the 
claims of the theory in the form of a dy­
namic systems model that can be tested 
in the computer. It is basically a test for 
the theoreticallegitimacy ofthe if-then 
statements that any model implicitly con­
tains: if such-and-such mechanisms and 
conditions apply, then such-and-such ef­
fects will result. 

The second function is heuristic. Very 
of ten, dynamic models of existing theo-



ries produce not only the expected pat­
tems (linear increase, for instance) but 
also unexpected ones, such as sudden 
growth spurts, temporary regressions, 
peaks, cycles, and so on. These pattems 
of ten make theoretical and empirical 
sense, albeit in a vague way perhaps, but 
they were not explicitly expected simply 
because the theoretical models used did 
not allow for a deductively based and 
exhaustive search of the possibilities im­
plied in those modeis. The fact that dy­
namic models can show, for instance, that 
a threshold crossing in one or other pa­
rameter produces a different growth pat­
tem (for instance, a single S-shape tums 
into a step-wise pattem or eventually a 
cycle) makes them very suitable for ex­
plorative theorizing. The function of such 
theorizing is to guide and inspire our em­
pirical search for new or altemative de­
velopmental pattems. 

The heuristic value not only extends 
to the domain of hypothesizing, that is, 
the formation of hypotheses about which 
type of developmental trajectories will 
eventually be found. It also applies to the 
methodological issues. For instance, it 
supports and justifies the demand for 
much more detailed longitudinal studies 
that collect time series data from individ­
ual children in a quest for the underlying 
pattems of change. 

In our simulations we have seen that 
correlations between sensitive respon­
siveness and the growth and equilibrium 
of a particular developing variabie is not 
unequivocal. In some domains of the pa­
rameter space correlations are linearly 
related to some control variabie, in other 
parts the relationship is U-shaped. More­
over, also the direction of these relation­
ships (increasing, decreasing, inverted U 
or straight U, monotonic or complex ... ) 
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differs for different regions in the param­
eter space. From this one may conclude 
that the present dynamic model justifies 
all possible, eventually contradicting em­
pirical findings . Of course it does not: 
what it tells is that empirical relationships 
make sense only given certain parameter 
values and sets. As long as those condi­
tions are not explicitly taken into ac­
count, the results may eventually remain 
seemingly contradictory. One way out of 
this methodological impasse is to no lon­
ger concentrate on comparative group­
based research designs and instead focus 
almost exclusively on single-case studies. 
This is what happened with language de­
velopment research in the seventies, 
when researchers tumed massively to 
studies of single children. At present, the 
results of all these individual studies have 
been collected in an electronic data base 
(Childes) and now allow for generaliza­
tions and group comparisons. 

The third function ofnon-linear dy­
namics is to provide empirically testable 
models of quantitative and qualitative 
phenomena of developmental change. For 
instance, it is possible to describe lexical 
and syntactic growth in the form of a 
simple logistic growth model which fits 
very weIl with the available empirical 
data (Van Geert, 1991 ; 1994a; Ruhland & 
Van Geert, 1995). It should be noted that 
this is a form of 'high level ' model build­
ing, 'high level ' in the sense that abstrac­
tion is made from the actual neurological, 
cognitive or sensory-motor processes that 
constitute the acts of leaming or develop­
ment underlying the empirical phenom­
ena at issue. Growth modeling claims 
that an abstract conceptualization in 
terms of overarching growth processes 
pro vides a good generalization of what 



happens in a wide variety of developmen­
tal domains. 

The fitting of theoretical curves to in­
dividual growth trajectories is but one of 
the possible empirical applications of 
non-linear growth theory. A second form 
of application attempts to explain group­
based phenomena of longitudinal change. 
Examples are correlations found among 
groups or variables, but also of different 
kinds of relationships among variables 
(linear, but also curvilinear, U-shaped, 
inverted U-shaped and various non­
monotonic and non-linear relationships). 
I have presented several examples of this 
variability by simulating collections of 
individu al trajectories under specific con­
ditions of randomization. 
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Appendix 

The first equation describes the growth of 
a behavioral variabIe in the infant. lts 
eventual equilibrium state is given by the 
help and resources invested by the adult: 

L'+I = L, + L,· < (1 + D_R· rand_I+
1 ) . R, -

L ,· (1 + D_R· rand_I+
1 ) . R, / 1<,) (eq. 1) 

• L, and L'+I are the levels of a behavioral 
variabIe in the infant at times tand t+ 1 

• (1 + D_R· rand_I+
I ). R, is a variabIe, 

randomized growth rate 
• rand_I+

1 is a nonnally distributed ran­
dom number between -1 and + 1 with 
standard deviation .4 and mean 0 

• D _Ris a parameter that damps the ef­
fect of the random number 

• R, is the optimized growth rate (equa­
tion 2) of the variabIe L 

• I<, is the local attractor state of L, which 
is a function of the behavior of the 
mother, I<, equals M, unless M, < 0, in 
which case I<, is equal to a minimal 
equilibrium level 

R, = < R_L - I 1<,-1/ L'_I - L_OPT) I . 
R_DAMP . ( 1 - 1<,) ) . Av, (eq. 2) 
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• R _Lis a fixed growth rate parameter 
(e.g. R_L=O.l) 

• L _ OPT is an optimality value; for in­
stance ifL_OPT=1.5, the value ofR, is 
maximal if 1<,-1 is 1.5 times bigger than 
the value ofL'_1 

• R _DAMP is a parameter which damp­
ens the effect of the optimality variabIe; 
the bigger R_DAMP, the smaller the 
range within which R, still has a signifi­
cant value 

• A V, is a binary parameter which has 
value 1 if a randomly drawn number is 
smaller than the value of an avoidance 
parameter, and 0 in all other cases 

(for a more detailed discus sion of compa­
rabIe equations I refer to Van Geert, 
1994b). 

These two equations describe the infant's 
part ofthe model. The mother's part of 
the model is represented by an attractor 
state equation. The attractor state should 
in no way be seen as a property of the 
mother herself. It is a property of the situ­
ation, more precisely ofthe infant' s po­
tential for development (more precisely, 
for growth in the infant variabIe at issue). 
The attractor state variabIe is directly 
dependent on the mother 's educational 
activity and therefore represents matemal 
properties, such as the mother's ability to 
adapt her actions to the needs of her in­
fant. 

Basically, the attractor state equation says 
that the level of the attractor state grows 
towards a final equilibrium as a function 
of, first, the preceding increase (or de­
crease) in the behavioral variabIe, and, 
second, the quality and magnitude of ma­
temal actions aiming at changing this 
behavioral variabIe (note however, that 



the mother need not have a conscious 
goal representation, the goal is a property 
of the system). 

Mt+1 = ( Mt+M,· [( 1 +D_RAND_M· 
rand.I+

1 ) . R_EFFECT'+I . ~Lt . ( 1 + Mt)] 
) . ( 1 + K_R· rand. I+

1 ) (eq.3) 
• Mt+ I , the attractor state level as defined 

by matemal influences; the actual at­
tractor K.+I is a function ofMt+1 (see 
equation 1) 

• D _ RAND _Mis a randomizing parame­
ter, specifying the degree in which the 
rate of change is randomized; it can be 
used to specify specific matemal biases 
(see further) 

• R_EFFECTt+1 is a composite growth 
rate parameter 

R_EFFECT'+I = Bt+1 . D . (1 + D_R · 
rand. I + I ) 
For Bt+1 a number from a Bemouilli 
sequence, i.e., a sequence where l's 
and O's occur with a fixed random 
probability B; and D a parameter 
describing the average rate of 
increase, given a certain increase in 
the behavioral variabie L 

• ~Lt is the increase or decrease in the 
behavioral variabie Lover the preced­
ing encounter; in the model I usually 
use the relative increase, that is, the 
increase divided by the previous level 
ofL 

• K _Ris a parameter determining the 
amount of contextual randomization 
upon the attractor level; contextual ran­
domization is that part of the random 
variation that does not depend on ran­
dom variation in either matemal or in­
fant parameters 

As a starting point of simulations with 
these equations one can take any initial 
level of Lo and Mo. For instance, as initial 
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level of L take a small number which is a 
fraction of 1, for instance 0.01. As initial 
level of Mo I take a number which is a 
random fraction bigger than the value 
chosen for Lo. 

The sensitive responsiveness score S for 
the mother in any particular simulation 
can be computed with the following 
equation. Let sensitive responsiveness S 
be defined as the mother providing just 
that kind of help, support or information 
that is optimally suited to the child's 
needs and possibilities. This optimality 
point is defined by the OPT parameter. If 
the maximum score is arbitrarily set to 1, 
it follows that 

If ( Li . OPT ) / Mi = 1 then S( 1) = ( Li . 
OPT) / Mi == 1 (maximum) (eq.4) 

(By S( 1) I mean the sensitivity score 
computed by this particular, i.e., first, 
method) 
When is sensitive responsiveness mini­
mal? Ifhelp, support or information 
given by the mother is at the same level 
as the child' s current developmental 
level, or even bel ow that level, we can 
say that the mother is completely insensi­
tive to what the child would need in order 
to make any progress (this reasoning is 
only partially true; it may be necessary 
for a mother to just followor mirror the 
child every now and then, to enable the 
infant to relax or present him with a 
model of what he' s doing; but this should 
be what it is, namely an exception). 
Thus 

ifLi ~ Mi then S(1) = 0 (minimal) (eq. 5) 

Since the fraction from equation 4 may 
also be bigger than 1, and since 1 is the 



maximum value of S( 1), we need to 
transfonn all values bigger than 1 into 
values smaller than 1. This can be done 
by subtracting the part bigger than 1 from 
the maximum value, which is 1: 

if ( Li . OPT ) / Mi > 1 then S(2) = 1 - ( ( 
Li . OPT ) / Mi - 1 ) = 2 - ( Li . OPT ) / Mi 

el se S(2) = ( Li . OPT ) / Mi (eq.6) 

Given equation 5, we know that S(2) ap­
proaches its minimum value if L ap­
proaches M (or vice versa), which im­
plies that 

S(2) = 0 ifLi = Mi 

which implies that 

( Li . OPT ) / Mi = OPT (eq. 7) 

Since OPT is, by definition, bigger than 
1, the main condition from equation 6 
applies, and therefore S must be minimal 
if 

S(2) = 2 - OPT (eq.8) 
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This implies that the range between the 
maximum value of S and its minimal 
value must equal the maximum value (1) 
minus the minimum value: 

RangeS(2) = 1 - (2 - OPT) = OPT - 1 
( eq. 9) 

In order to compute a sensitive respon­
siveness score which ranges from 0 to 1, 
we have to rescale the currently com­
puted S(2) values such that the value of 
(OPT -1) corresponds with the value 1. 
Given that if L>M S(2) is by definition 0, 
we may simplify the rescaling as follows: 

ifLi > Mi then S(3) = 0 

else S(3) = 1 - ( 1 - S(2) ) / ( OPT -1 ) 
(eq.l0) 

(Recall that S(2) refers to sensitivity as 
computed with the if-statement from 
equation 6). 

I have used equation 10 to compute the 
sensitive responsiveness score for each 
step of a simulation. 




