MACROECONOMIC EQUILIBRIUM IN A MONETARY
ECONOMY!
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Consumption and investment are determined at equilibrium where a monetary au-
thority sets rates of interest and accomodates the demand for money. Intertemporal
substitution determines the impact of the nominal rate of interest on the rate of infla-
tion, which differs between the short and the medium run. An increase in the rate of
interest augments revenue from seignorage and, as a consequence, reduces the deficit
of the public sector. Due to the cash-in-advance constraint, an increase in the rate of
interest implies an increase in the effective price of consumption and, as a consequence,
a decrease in consumption; the capital stock required decreases, and the effect applies
retroactively to all dates, when the productive capacity is accumulated.
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1. INTRODUCTION

The keynesian apparatus? served long as the primary analytical tool for macroeco-
nomic and monetary policy. Following the new classical revival in macroeconomic
theory,® keynesian analysis fell in disrepute: it failed individual optimization and
market clearing; under uncertainty, it failed rational expectations. The difficulties
encountered in providing equilibrium foundations for keynesian arguments stem
from two, related, failures of the model of general competitive equilibrium:* the
failure to account for the formation of prices and transactions out of equilibrium;
and the failure to allow for money, a medium of exchange.

! This text presents results of the Belgian Program on Interuniversity Poles of Attraction ini-
tiated by the Belgian State, Prime Minister’s Office, Science Policy Programming. The scientific
responsibility is assumed by its authors. The Commission of the European Communities provid-
ed additional support through the Human Capital and Mobility grant ERBCHRXCT940458 and
the Marie Curie fellowship ERBFMBICT961100. The paper was prepared for presentation in
the conference on “Theory of markets and their functioning”, sponsored and hosted by the Royal
Netherlands Academy of Arts and Sciences, in Amsterdam, on 1 - 3 July, 1998. This work would
not have been possible without prior joint work and long conversations with Jacques Dréze. A
referee made perceptive and helpful comments.

*Hicks (1937), Keynes (1936).

3Lucas (1972).

*Arrow and Debreu (1954), McKenzie (1954).
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Fix-price equilibria® did not address the formation of prices, but did account for
transactions away from competitive equilibrium prices with individual optimiza-
tion and effective market clearing; they allowed for keynesian analysis,® but the
treatment of money and expectations remained unsatisfactory. The conundrum as-
sociated with money in general equilibrium arise out of accounting considerations:”
money, in positive supply, generates purchasing power that the initial holders of
money wish to expend for the purchase of commodities; if the transactions of indi-
viduals satisfy an overall budget constraint, aggregation over individuals indicates
that market clearing is not possible.

Equilibrium models of monetary economies consider situations in which an ag-
gregate budget constraint need not be satisfied; this is the case in models of overlap-
ping generations,® where the infinity of individuals may prevent aggregation,? or in
models with cash-in-advance constraints'® where, over an infinite horizon, a budget
constraint may fail even for individuals.!! Models of overlapping generations allow
for interesting exercises in macroeconomic and monetary policy;'? the multiplicity
of equilibria that characterizes economies of overlapping generations may explain
differences between keynesian and classical arguments and predictions concerning
the effects of active policy.!> Models with cash-in-advance constraints have provid-
ed the main analytical framework for the equilibrium analysis of macroeconomic
and monetary policy;!* but the literature has focused on explicit, recursive solu-
tions that do not allow, among others, for heterogeneous agents, which limits the
interest of the models.

Banks that issue balances and distribute their profits as dividend to shareholders
circumvent the distinction between inside and outside money and allow for money
in general equilibrium.!® Open market operations effect changes in the supply of
money either as an autonomous policy choice or in order to accommodate demand
at set rates of interest. Macroeconomic and monetary policy can be studied at
equilibrium.

Modern monetary theory has focused away from the liquidity services provided
by money and on the role of money as a unit of account. Monetary policy has
real effects by modifying the structure of payoffs of assets when the asset market is

®Benassy (1975), Dréze (1975).
6Malinvaud and Younes (1977).

"Hahn (1965).

8Allais (1947), Samuelson (1958).
®Geanakoplos and Polemarchakis (1990)
19Clower (1967).

11Grandmont and Younés (1972, 1973).
12Grandmont and Laroque (1975, 1976).
13Geanakoplos and Polemarchakis(1986).
L ucas and Stokey (1987).

15Dréze and Polemarchakis (1998), Dubey and Geanakoplos (1992).
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incomplete’® or the information revealed by prices when individuals are asymmet-
rically informed.!'” The importance and interest of such considerations notwith-
standing, the argument requires money to maintain a positive price at equilibrium.

Here, an elementary macroeconomic model of a monetary economy serves to il-
lustrate the macroeconomic effects of monetary policy at equilibrium. The central
bank sets the rate of interest and supplies balances, through open market opera-
tions, in order to accomodate demand. Seignorage, transferred to the government,
is the only source of revenue for public expenditures. In particular, the impact
of the rate of interest on the rate of inflation depends on the possibility of in-
tertemporal substitution and differs between the short and the medium run. If the
intertemporal distribution of output is fixed and, as a consequence, substitution
is not possible, an increase in the rate of interest curbs inflation in the short run,
but feeds inflation in the medium run; with intertemporal substitution and the real
rate of interest determined by the real side of the economy, the rate of inflation
increases with the rate of interest. Since seignorage is transferred as revenue to
the government, an increase in the rate of interest augments revenue from seignor-
age and, as a consequence, reduces the deficit of the public sector. Due to the
cash-in-advance constraint, an increase in the rate of interest implies an increase
in the effective price of the consumption good and, as a consequence, a decrease
in consumption; the capital stock required to produce the good decreases, and the
effect applies retroactively to all dates, when the capacity required to produce the
output at ¢ is accumulated.

2. THE ECONOMY

Dates are t = 1,...,T,T + 1. Agents in the economy are the private sector,
a representative consumer and a firm, and the public sector, the government and
a central bank or monetary authority. Exchange, production and consumption
occur at dates t = 1,...,T; date t = T + 1 serves only for purposes of accounting.
Commodities are a non-produced factor of production, labor, I;, and output, y;,
that is consumed, ¢, or stored, k;, if storage is possible. The wage rate is w; and
the price of output is p;. The rate of inflation is 7, = (peg1/p:) — 1.

The firm produces the consumption good at each date with labor as the only
input according to the decreasing returns to scale technology

=10 0<a<l, L>0.

'®Cass (1985), Geanakoplos and Mas-Colell (1989).
""Lucas (1972), Polemarchakis and Siconolfi (1993), Polemarchakis and Seccia (1998), Weiss
(1980).
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The firm demands labor,

. (T«Ut)E
lt:al—a _ 5
Pt

supplies output,

a

a-1
Yt = a& (Eu_t) ’
Pt

and generates profit,
vy = (1l —a)aT—= (—t) Dt
Pt
that it transfers to the consumer as dividend at date ¢, as it accrues.
The consumer is endowed with /; units of labor that he supplies inelastically in
order to consume. His utility function is

T
B s ¢ 50y 0 ) :Zﬂt’llnct, B8>0, ¢ >0.
t=1

Nominal bonds, b; serve to transfer purchasing power across dates. Bonds traded
at date t are redeemed at date ¢+ 1; the nominal rate of interest is r;. The real rate
of interest is py = ((1 + r:)/(1 + 7)) — 1. Money serves as a medium of exchange.
The central bank sets the rate of interest and supplies balances, M;, through open
market operations in order to accommodate demand. The profit of the bank,
seignorage r; M, is transferred to the government at date ¢t 4+ 1, as it accrues. The
rate of growth of the money supply is p; = (Myy1/M;) — 1.

The budget constraints of the consumer are

picr + by +my <wily + vy,
pce+be+my <wly + (L4 rimy) by +mey +vp, t=2,...,T,
0 < (1+rr)br + mr.
The liquidity constraints are
pece S ymy, Y > 1,

where « is the velocity of circulation of money. The cumulative interest factor
is By = (1 +r;) x Ry_y, with Ry = 1. The budget constraints of the consumer
aggregate to

Pt 4 Tt
¢+ E —my; < W,
e R T iRy
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where W = ¥ T _w yh 2] 4+ 5T RS = 39 £ is the wealth of the individual
discounted to date 1.
The demand for consumption by the private sector is

_1=8 4,1
Ct = T 3
1—g el
where
Y(L4r) 41
ap=—">"
YR
The demand for money balances is
m: = w
v

The government does not levy taxes; the only source of revenue for the govern-
ment is the seignorage transferred by the central bank. The government uses its
revenue to finance public consumption, g; > 0, and it incurs debt, d;, in order to
reallocate revenue across dates. The budget constraints of the public sector are

nmg+d <0,
pege +dy < (14 rimq)dicy + 1My, t=2,...,T,
0 < (14 rr)dr + reMr;

they aggregate to

> sy

t=1

Government consumption at the terminal date can be interpreted as surplus of the
public sector.

2.1. Fzchange

Neither the consumption good nor labor are storable; the economy is, essentially,
an economy of pure exchange and intertemporal substitution is not possible, which
may reflect rigidities in investment. Equilibrium requires that the goods market
clears:

¢+ gt = Ui,
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the IS curve, as does the labor market:
Iy = 7t;

the money market clears a fortiori, since the bank accommodates demand:
my = M,

the LM curve, while the bond market clears as a residual.

LEMMA 2.1: There exists an open set of competitive equilibrium paths of di-
mension T + (T — 1), indezed by the path of nominal rates of interest, r1,...,rr,
the path of public consumption up to the terminal date, ¢1,...,97-1, and the price
level at the initial date, p;.

PROOF: The argument is constructive. The supply of output is determined by
the supply of labor which is inelastic.

Public consumption at the terminal date, the surplus of the public sector, is
determined by the solvency condition

0 < g — X0ErapErs 1 C

where

=St (-t )
=Py e W) +rt )

obtained from the demand by the private sector for consumption and money bal-
ances and the market clearing condition in the market for output.

With output and public consumption determined, private consumption is de-
termined as a residual. With the private consumption determined, the first order
conditions for intertemporal optimization or, equivalently, the consumption de-
mand function determine the path of prices of output up to the initial price level,
pi1.

The initial price level can be set arbitrarily, with no effect on the equilibrium
allocation. The path of wages is determined by prices so that the demand for labor
coincides with the inelastic supply. With the path of prices and the path of private
consumption determined, the demand for money by the individual is determined,
which the monetary authority accommodates.

The construction is well defined as long as

0 < gr <yr.

Since rates of interest are non-negative, gr < yr; the condition 0 < gr is satisfied
for an open set of paths of rates of interest and government consumption up to the
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terminal date. Q.E.D.

With the price level at the initial date, p;, set, the central bank accomodates the
demand for balances, Mj; alternatively, with the supply of balances at the initial
date, M, set, the price level, p;, adjusts. Equilibria are distinct if the paths of
individual consumption, ¢j,...,cr or equivalently, since output is exogenous, the
paths of public consumption, gi, ..., g7 are distinct.

PROPOSITION 2.2: There exists an open set of distinct equilibrium allocations
of dimension T, indezed by the path of public consumption up to the terminal date,
G1,--.,97—1 and the rate of interest at some date.

PROOF: Since output is determined by the inelastic supply of labor and private
consumption is determined as a residual, it suffices to consider the path of public
consumption up to the terminal date, g1,...,g7_1, as well as public surplus at the
terminal date, gr. By Lemma 2.1, government consumption at each date up to the
terminal one enters as a free variable in the construction of equilibria.

It remains to show that the rate of interest at any date affects non-trivially
public surplus at the terminal date; indeed, since, seignorage finances government
consumption, an increase in the interest rate at any date results in an increase in
public consumption at the terminal date,

@ — yT ﬂt—T ’72(1 + T'T)yt > 0
or,  (140)? (YA +r7) +rr)(v(1 4 7o) +74)%(y: — 9¢) ’
t=1,....,T—1,
991 _ Gimmm?yT
a’r'T 1+C ’
this is the case. Q.E.D.

The allocation at equilibrium does not depend on the level of prices or, equiv-
alently, the supply of money at the initial date; this is a consequence of the as-
sumption of flexible prices. Since output is exogenous, an alternative to the spec-
ification of public consumption, gi,...,g7r_1, is the specification of consumption,
C1,...,¢7_1; in either case, the distribution of output at the terminal date must
be determined endogenously, since there are no direct transfers of revenue between
the private and the public sector; seignorage is endogenously determined at equi-
librium.

Rates of interest at all but one date fail to affect the allocation at equilibrium;
this is due to the determination of individual consumption as a residual and the
fixed level of output at each date resulting from the inelastic supply of labor and
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the absence of intertemporal transfers of output. The rate of inflation along an
equilibrium path is

(v@A +re) ) (ye — g1) -1, t=1,..,T—1,
(Y(X + 7e41) + reg1) (Yeg1 — Ge41)

7 = B(1+ re41)

while the rate of growth of the money supply is

(A+r)+r)
(Y(X + re41) + rea)

pe = B(L+re41)

PROPOSITION 2.3: Across equilibrium paths, an increase in the rate of interest
causes a decrease in the rate of inflation in the short run,

Omi_1

ar,

but an increase in the medium run,

aﬂ't

— >0, t=1,...,T -2,
87’}

except for the terminal rate of interest, which does not affect the terminal rate of
inflation,

0mr_1

=0.
BrT

PROOF: By direct computation, for t =2,...,T — 1,

Omi_q __ (Y(L 4 re-1) + rem1) (yi-1 — gt-1)
o T ) B ER s R
om, . B +7)(1 + Tt41) (Yt — gt)

ory (Y(L + 7e41) + re41) (Y41 — ge41)

>0,

0
Tt o0, s=1,...,0—1t+1,...,T;
or,
fort=T -1,
0rr_1 (v(1 + r7-1) + r7-1) (y7-1 — 97-1) O9T
=p(14+r - >0,
or, P T ) r =g on

s=1,...,T -2,
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orr_y 8 1+ +rr) (yr-1 — 97-1)
orr_1 "(y(L+rr)+rr)  (yr —g7)
(v(1 4 rr—1) + rr—1) (Y71 — 97-1) 991
+8(1 +rr) (yA+rr)+rr)  (yr—g1)* Orra

>0,

and

0rr-1

BrT

=0,

since

<ﬂ(’y(1 + rr_1) + rr_1) (Yr-1 — gT—l))—l onT_1
(y(1+rr)+rr)  (yr —97) Orr

a4 (1+r7) dgr

" (y(l+rr)+rr)  (yr —gr)Orr

(Fers (14 C)(yr — gr))

((¥rr)+r7)
(1+C)v(1 +rr) +r7)(yr — 97)

(14r7) r
Al (14 Cyr + vr(5riiyes + ©)

(14 C)y(1 +rr)+rr)(yr — 91)

Q.E.D.

Interest acts as a tax levied on consumers subject to a cash-in-advance con-
straint: the effective price of consumption is p;((7(1+7:) +7¢)/7R:). In the absence
of investment possibilities and, hence, of intertemporal substitution, individual con-
sumption is determined as a residual, after output has been reduced by government
consumption; the effective price of output adjusts for the demand of the individual
to coincide with the quantity available for consumption. An increase in the rate of
interest, r;, requires a reduction in the price of output, p;, for the effective price of
consumption to remain unaffected, and as a consequence, a decrease in the rate of
inflation in the short run, 7;_;, but an increase in the rate of inflation in the medi-
um run, 7. The failure of the rate of interest to affect prices and rates of inflation
in the long run, s > t + 1, or to have retroactive effects, s < t, is an artifact of
the separability implied by logarithmic preferences. The constancy of the terminal
rate of inflation is harder to account for.

2.2. Investment

Alternatively, output is storable. The investment technology, storage, is linear
with productivity p. Output from storage is

gt+1=(1+p)kt7 t=1,"'aT—17
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and investment is
it=kt+1—kt, t=2,...,T—1,

with 23 = k; and kr =
Profit maximization in investment requires that

147
1+7rt

1+p2> = 1ymens L =1
with equality as long as the non-negativity constraint does not bind; in particular
when k; > 0. Equilibrium in the output market requires that

a+g+ii=y, k >0,
cet+gtti=yi+pki1, k20, t=2,...,T -1,
cr+gr=yr+ (1 + p)kr-1,

the IS curve, while equilibrium conditions in other markets remain unchanged.

With positive investment at each date, the dimension of the set of equilibria
remains unaffected, but the dimension of the set of distinct equilibrium allocations
as well as comparative statics are different.

One restricts attention to values of the structural parameters of the economy:
discount factor, 3, the productivity of investment, p, the velocity of circulation of
money, v, the endowment of labor, I;, and the productivity of labor, a, such that
equilibrium paths of the rate of interest, r;, and public consumption, g;, exist, with
k; > 0,for t =1,...,T — 1. Rates of interest and the productivity of investment
determine the path of prices up to the initial price level,

R,

pt=mp1, t=2,,T

Private consumption at equilibrium is

o= AL=B)BA+p)) T y(1+re) Ly
t (1-p47) (Y(1+r) +re) (2 (1+ P)"l) e

s=

Public consumption, surplus, at the terminal date is determined by the solvency
condition

0<gr

=(1+”)T_l<(‘éﬂ(t—11£1ﬂ;?) (1::)%)@: Ao ) :”g (1+5) t“>
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The capital stock at equilibrium is

t

ko= (1+p)%(ys —9gs —c5), t=1,...,T 1

s=1
The price level depends on the initial stock of money,
M,
h=—"">
y1— g1 — ki

while the rate of growth of the supply of money supply is

(14 71) + e

Mt+1 _ Pt+1Ct+1
(14 7e41) + 11

M, DiCt

=p(1+ 7't+1)7

PROPOSITION 2.4: There exists an open set of distinct equilibrium allocations
of dimension T + (T — 1), indezed by the path of government consumption up to
the terminal date, g1,...,97-1, and the path of rates of interest, ri,...,rT.

PROOF: Government consumption up to the terminal date enter as independent
variables in the construction of equilibria. It remains to show that the rate of
interest at every date affects non-trivially individual consumption at some date;
indeed, since

A0 L Ty, )
Ore (1-57) (Y(1 +re) +1¢)? ; (14p)" <5
t=1,...,T,
this is the case. Q.E.D.

With the real rate of interest determined by the investment technology, the
nominal rate of interest has a simple effect on the rate of inflation,

o 1+p)1>0, ifs=t,
or,

0, otherwise.

An increase in the rate of interest has an immediate, depressing impact on consump-
tion, dc;/0r: < 0, and no retroactive or medium or long term effects. Government
consumption at the terminal date increases with the rate of interest at any date,

9gr _ r-18719(1 = B) v L )
o = U T G ) <§(1+p>s-l >
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due to the positive effect of the rate of interest on seignorage and, hence, on gov-
ernment revenue.

PROPOSITION 2.5: Across equilibrium paths, an increase in the rate of interest
at date t leads to a decrease in the capital at dates s =1,...,1.

PRrROOF: By direct computation,

Ok _ (1= BB N1+ ) r
or, (e R e (Z ive) <
8= Luusgl, t=LaenyT— L Q.E.D.

An increase in the rate of interest implies an increase in the effective price of
the consumption good and, as a consequence, a decrease in consumption at date
t; the capital stock required to produce the good decreases, and the effect applies
retroactively to all prior dates, when the capacity required to produce the output
at t is accumulated.

It is of interest to consider equilibrium paths along which the non-negativity
of the capital stock, k; > 0, or, alternatively, a non-negativity constraint on in-
vestment, 7, > 0, is a binding constraint; equivalently, equilibrium paths that are
characterized by excess productive capacity. Along such paths, the comparative
statics switch between the comparative statics of an exchange economy, at dates
with a binding non-negativity of investment, and the comparative statics of an
economy with production, at dates with positive investment.

3. CONCLUSIONS AND EXTENSIONS

The model extends to encompass economies under uncertainty, in which the role
of money as a unit of account is fundamental. In economies with nominal rigidities,
in which the price mechanism does not attain market clearing or an optimal allo-
cation of resources, the argument for active monetary policy is compelling and it
is of interest to characterize improving interventions. In an economy with multiple
currencies, the exchange rate may substitute the rate of interest as the instrument
of monetary policy.!®
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