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That is: if the debt limit has not been reached and e} > &, consume &' — ¢
and repay € + (€} — &), but never repay more than the outstanding debt; i.e.,
never save.

3. If d, > d for some o < s, set y, = e} — ¢ and

1
by = —=[d* — m].
p
That is: if the debt limit has been reached, consume €’ — ¢, use ¢ to service
the existing debt, and roll the debt over to the next period.

By construction, this consumption/portfolio plan satisfies the spot budget con-
straints at every date event. Moreover, this consumption/portfolio plan never
leaves a debt as large as d* at any date event. This consumption/portfolio plan
also satisfies the debt constraints. To see this, note first that because € < m, a debt
of d* can be carried forever. (Use € of the endowment to repay part of the debt and
and sell (1/q})(d* — €) units of the riskless bond, leaving a debt of (1/¢})(d* — ¢)
next period. Because ¢! > p, the next period’s debt will not exceed d*.) But then
any debt less than d* can be repaid in finite time.

To obtain a lower bound for U}(y*) we estimate how long the consumption/port-
folio plan is likely to continue before hitting the debt constraint. To this end, write
M = supel, and set 2 = & — ¢'; z is an iid process with mean 0 and variance at
most M. If the debt limit has not been exceeded at the date event s, then the
change in debt from s to st is (1/p)z, at the date event s (debt increases if z, > 0
and decreases if z; < 0), except that debt is never allowed to become negative.
Thus the debt limit d will not be reached before |3 z;| > d/2.

Set

A= MY?(1— p)~1/2
m?

M(1-p)
Recall that H is the set of all infinite histories. For h € H, write

Zr(h) = Z Zh,-

t<T

To =

Let Hy be the set of histories b € H such that |Z7(h)| < § for every T < To. If
trader i follows the plan y*, " in the history A € Hp, he will consume at least & —¢
at every date T' < Tp and at least 0 thereafter, so his utility in history & will be at
least

To-1 o o
(1-p) ; prui(E —e) = (1 — p™)'(e —e).
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(Recall that u'(0) = 0.) Our specifications of A, T, imply that AT? = d/2 and
2M/A? =1 — p, so Lemma 3.2 guarantees that

d
Prob {§1n<aj‘>§|ZT(h)| > 5} <l-p

Hence Prob(Hp) > 1 — (1 — p) = p, so consumer i’s expected utility if he follows
the plan ¥, ¢* will be at least

U(s") 2 p[1 = ] ui(e —¢)
=p [1 — p#z-ﬁ)] ui(éi —e). (2)

Taking logarithms and applying L’Hospital’s rule, we see that

lim p (i —P5 =0.
p—1
Hence
},glllng( z') > u'(e —¢) (3)

for each ¢. Because € > 0 is arbitrary, it follows that
ll)l_ll[}lgf U,(z*) > u'(e") (4)

for each .
As we have already noted, our assumptions guarantee that the constant alloca-
tion (&') is Pareto optimal, so we conclude that

hmsup ’U’ : i(éi)l =0 (5)
p—1 E
for each z; this is the desired result. Q.E.D.
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