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Evolution of Turbulence as a Function 
of Initial Flows on a Beta Plane 

Abstract 

The evolution of the wavenumber spectra and energy balances in turbulent 
channel flows on a beta plane is considered using a three-layer isopycnal model. 
The initial conditions for the experiments are selected from an analytical study 
of the stability of three-layer channel flows representative of various oceanic gyre 
regimes. Experiments are integrated for 400 days following initialization of the 
various flow states with superimposed white noise perturbations. In most of the 
states there is an initial adjustment period which follows the linear wave growth 
expected from the analytical computation. This is followed by a cascade to 
larger scales and a filling in of the wavenumber spectra. The onset of steady iner
ti al ranges in the model spectra occurs as an event-like shift that occurs earlier 
in westward flows than it does in eastward currents. For stabie or near neutral 
initial conditions the spectra only have a limited region th at might be termed 
inertial. These stochastically forced turbulent states without additional energy 
input from the mean flows exhibit low PE spectral slopes, k- 3 or less. The 
higher energy runs where the turbulence is dominated by energy input from 
baroclinic instability exhibit steeper PE spectra, '" k - 5. Energetics of these states 
are also discussed along with comparisons with observed oceanic energetics and 
energy spectra based on satellite altimeters. 

Introduction 

Spectral closure theories for turbulence following KolmogorofT (1941) have cen
tred attention on various inertial ranges which arise depending on the 
controlling factors in the flow (cf Vallis, 1992 for an up to date review of 2-D 
theories). Spectral theories for oceanic turbulence have made various predictions 
conceming the wavenumber structure expected (cf Chamey, 1971; Rhines, 1977; 
Salmon, 1982). Early attempts to verify these predictions we re thwarted by sam
pling of dynamical variables that was inadequate to span the range of spatial 
scales required to resolve these inertial ranges (Dantzler, 1976). Observations 
th at did resolve an adequate range of scales were made for "passive" variables 
such as sea surf ace colour or temperature (Denman and Platt, 1980; Gower et al., 
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1980). One might also consider using mooring data in combination with 
Taylor's advection hypothesis to reconstruct wave number spectra. Again, the 
results would at least be suspect. The availability of sea level height 
measurements from satellite altimeters has changed this state of affairs by 
providing abundant spatial data (Fu, 1983; Le Traon et al., 1990; Forbes et al. , 
1993). A representative set of spectra averaged in 100 squares in the South 
Atlantic from Forbes et al. (1993) is shown in Fig. 1. There is a broad range of 
spectral slopes from k - 2 in the quieter northeastem subtropical gyre to values 
with slopes near k - 4 in the Agulhas and BraziljMalvinas regions. Individual 
satellite tracklines in the Brazil and Agulhas have slopes of k - 5 (not shown). 
Similar results in the North Atlantic are given in Fu (1983) and Le Traon et al. 
(1990). In the present study the goal is to explore the dynamics behind this 
range of spectral fall-offs. This will involve both characterizing and understand
ing the relationship between wavenumber spectra of surface height and kinetic 
energy (KE) since most turbulence closure theories predict the slope of KE spec
tra while altimeters sample the surf ace height (1'/) variability. 

A starting place is Fu's (1983) analysis and its relationship to Chamey (1971, 
1973). Chamey's analysis explicitly suggests that both KE and PE have a k - 3 
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Fig. 1. Sea level height wavenumber spectra by ten degree square for the South Atlantic subtropi
cal gyre from Forbes et al. (1993). Data are based on individual satellite tracldine data spectra 
averaged over the squares shown. Altimeter sea surf ace height anomalies are from the GEOSAT 
mission. The dashed line through each spectrum indicates the 104 cm/( cycle km) energy level. 
Spectral slope lines are given for reference. 
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spectral dependence below the radius of deformation (R D ). This is concise within 
the bounds of quasi-geostrophic theory as demonstrated by Hua and Haidvogel 
(1986). In contrast, Fu's suggestion that the KE spectra should be k - 2 times the 
PE spectra, i.e. ,,2 ~ k - 5, is intuitively based on the geostrophic relation. More 
formally, if we assume that both PE and KE are locally transferred in wavenum
ber space in the inertial range and that the eddies are in near geostrophic 
balance, then PE ex: ,,2 and K E ex: k - 2,,2 or ,,2/ e at each eddy scale. Fu's scaling, 
PE ~ k - 2KE, is only consistent with Charney's assumption of equi-partition 
between KE and PE for L ~ R D near the radius of deformation. Charney's result 
is consistent with the quasi-geostrophic result that as L -+ R", KE -+ PE. For 
this problem the appropriate scaling parameter to consider is the Burger num
ber, B = R~/ L 2. Quasi-geostrophic theory predicts KE/ PE ex: B for baroclinic 
motions, exactly the relationship of Fu (1983 j. This relationship is borne out in 
observations of individual rings (Olson , 1991). This scaling requires extension 
theoretically into more nonlinear parameter domains as suggested by Cushman
Roisin el al. (1992) and Tang and Cushman-Roisin (1992) and observationally 
to a larger range of oceanic eddies. 

Theories for spectral slopes associated with different inertial ranges arise from 
assumptions made about the dynamical controls on turbulent cascades. The k - 3 

solution follows from the assumption th at it is enstrophy dissipation th at is the 
controlling factor (Kraichnan, 1967; Salmon, 1982 j. Charney's (1971) contribu
ti on is the extension of this to geophysical flows. An assumption that there is a 
separate range controlled by an energy flux to larger scales leads to a k - 5/ 3 spec
trum (Salmon, 1982) which is analogous to the th ree dimensional turbulence 
result of Kolmogoroff ( 1941). Various other inertial ranges have been 
hypothesized. Rhines (1975), for example, suggests k - 5 based on a similarity 
theory for turbulence on a p-plane. His treatment assumes the relevant similarity 
variables are the wave number and the short Rossby wave group velocity, 
E = E(k, Cg); Cg = P/2k 2

• Accepting the Rhines (1975) formulation for the 
kinetic energy spectra and applying the quasi-geostrophic scaling gives a k - 7 

spectra for PE. Of course, there is nothing in the Rhines case that distinguishes 
between PE and KE. One could assume that the similarity holds in PE and 
therefore PE '" k - 5 and KE '" k - 3

• A full range of Rossby waves in spectra I 
space would have variabie KE/ PE ratios under the arguments above and are 
expected to have dispersive dynamics. Note that an ambiguity in whether KE or 
PE scales to the similarity variables does not appear in the case of the k - 3 

arguments for two or quasi-two dimensional flows described in the previous 
paragraph. Those results are based on enstrophy arguments and therefore can 
be directly tied to the KE spectra. Another alternative, within the rules of the 
similarity arguments, would be to invoke P without any assumption of Rossby 
wave dynamics. Following the arguments of Nof (1981) concerning the 
planetary induced motion in coherent vortices, if E = E(k, P) then by similarity 
E ~ k -4. Finally as pointed out by Fu (1983), the existence of fronts must be 
considered. Andrews and Hoskin (1978) obtain k - 8/ 3 for inertial ranges in flows 
involving significant frontogenesis . A view of fronts as steps or "edges" in 
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property distributions will alternatively produce k - 2 spectral slopes through 
Gibb's phenomenon (Phillips, 1971). 

The wealth of different potential rationale for the spectral fall off and the 
altimeter observations of a range of spectral slopes in various porti ons of sub
tropical gyres (Fig. 1) suggest a division of the gyre into different dynamical 
regimes. These different regimes may reflect changes in the manner in which the 
turbulent field is forced (H ua and Haidvogel, 1986; Le Traon et al. , 1990). The 
changes across the gyre may reflect the difTerences between eddy fields which 
arise from instability of the mean flow versus areas where the eddy field is 
derived directly from wind forcing (Le Traon et al., 1990). Here a set of numeri
cal simulations exploring the linear stability space for various flow conditions 
found in ocean gyres will be explored to test the conjecture that flows forced to 
turbulence via local instability have higher spectral fall-off rates than flows for
ced either by random winds (Le Traon et al., 1990), or in the present case by 
random initial perturbation fields superimposed on a flow. 

Choice of mode Is 

The basic choice of models is meant to pro vide a fairly complete set of ocean
like flows while retaining some analytic capability. The analytic calculations 
allow the stability of various flow regimes to be addressed. These are then used 
to specify initial conditions for primitive equation simulations. Both computa
tions consider a three layer isopycnic, periodic channel model with unequal layer 
mean thicknesses and reduced gravities typical of subtropical gyre circulations. 
These give radii of deformation of 30 km for the upper layer and 46 km for the 
second layer. The analytic solutions are from a linearized, quasi-geostrophic case 
(HalliweIl et al. 1994) with the same model geometry. The linear formulation 
follows the development of Davey (1977, see also Pedlosky, 1979) except in the 
choice of unequal layer thickness. The model configuration is the minimum 
needed to capture the various shears across the upper interface representing the 
upper thermocline and the lower isopycnal surface representing the deep main 
thermocline. The stability space along with schematics of the isopycnal (inter
face) geometries for the four quadrants of the space are shown in Fig. 2. The 
various letters on the diagrams in Fig. 2 indicate the numerical simulations com
pleted using the isopycnal model of Bleck and Boudra (1986) and Boudra et al. 
( 1988). The numerical model is a primitive equation formulation with 
Lagrangian vertical coordinates. Here it is used in a zonally-periodic p-plane 
channel geometry, 20 km grid, and Laplacian viscosity (KH = 100 m2/s). 

The simulations are initialized with a given interface profile and th en pertur
bed with a deformation process which sharpens the flow in the central channel 
(Boudra et al., 1988; Halliwell et al., 1994). This is followed by the addition of 
white noise perturbations to the meridional velocity field. The points in the 
stability space (Fig. 2.) are based on zonal ave rage conditions following the 
deformation step. Following the initial deformation step and the addition of the 
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Fig. 2. The linear stability space for the initial conditions used in the numerical simulations. The 
axes indicate the shear in zonal velocity across the upper (S I ) and lower (S2) interfaces. The 
geometry of the interface slopes for these cases are shown to the side of each quadrant in the upper 
diagram with con tours of Iinear unstable wave growth rate. The lower panel shows the wavelength 
of maximum growth rate. The letters on the diagrams show the shears relevant for the model runs. 
The basic geometry of the two pycnoclines in each quadrant of the diagrams is shown schema ti
cally with the upper figure (y positive northwards). Full discussion of the Iinear model and its 
application to conditions in subtropical frontal zones (case C) can be found in Halliwell et al. 
(1994). 

white noise perturbations, the simulations are no longer forced. In this sen se 
these are spin-down experiments and can never reach a formal equilibrium state. 
The model simulations are integrated out to 411 days in each case. Further 
elaboration of both the analytic and numerical models can be found in the dis
cussion of a set of experiments representing the subtropical convergence frontal 
zone in the Atlantic (Fig. 2, point C) which is the essential objective of the 
Halliwell et al. (1994) study. 

Spectra I evolution and energetics 

While each point in the stability regime evolves difTerently, overall the behaviour 
can be broken down into points that fall in the stable or near neutral domain 
(E,F) and those that are unstable (A,B,C,D). The final spectra of the sea surface 
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height as diagnosed in the model at 411 days for each of the six points in Fig. 2 
are shown in Fig. 3a. The neutral and stabie conditions produce spectral peaks 
associated with the resonance in the channel and an underlying slope of k - 2 in '7 
(Fig. 3a). This would suggest under Fu's (1983) hypothesis th at the kinetic energy 
spectrum is close to the initial perturbation spectrum and essentially white. The 
model , however, produces a very steep KE spectrum with slopes between - 5 and 
-6 (Fig. 3b). For the unstable cases all ofthe '7 spectra approach ",k - 5 in 
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Fig. 3. a) End state surface height spectra for the various model runs for the stability space 
shown in Fig. 2. Data are for the last portion of each of the runs when the spectra are nearly at 
equilibrium (200-400 days). Two spectra approximately 100 days apart are shown for each case. b) 
Kinetic energy spectra on day 411 for cases A and E. 
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a range of wavenumbers between k ~ 3 x 10 - J and 10 - 2 km - I (100 to 300 km j. 
The upper portion of this wavenumber range has a KE spectra I slope of - 3 in 
the simulations (Fig. 3b j. There is little indication of a - 5/3 range in any of the 
cases although the model geometry may not be adequately large to allow th is to 
develop. The spectra at smaller scales tend to fall ofT more rapidly as one reaches 
the dissipation scales in the model. The latter scale is estimated as the place in 
the kinetic energy spectra where the Reynolds number becomes one, i.e. 

-;;
;::, 

450 

350 

300 

.g 250 
~ 

QI 

E 
~ 200 

150 

100 

50 

Case B TI· Wavenumber Autospectrum 

o 5 10 15 20 25 
Wavem.LTnber (cy / 1000 kTn) 

Fig. 4. Spectra evolution for sea surface height for case B as a function of time. The plot is con
structed from individual spectra calculated at 15 day time intervals. The base-IO logarithm of the 
spectral density is contoured. For a discussion of the major time periods in the evolution of the 
turbulent spectra see the text. 
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R E = UL 2/KH = 1. From the kinetic energy spectra in the simulations and K H = 
100 m2

/ s the dissipation range corresponds to wavenumbers k '" 2x 10 -1 km - I 
or L", 30 km. The overall Reynolds number in these simulations exceeds 3000. 

The evolution of the spectrum over time for case B is shown in Fig. 4. The less 
unstable case (D) has a more wave-like structure throughout the model run as 
compared to the more unstable cases (A,B). All of the unstable cases eventually 
evolve into similar near-equilibrium states although the transition to this state 
occurs at different times (Fig. 5). The near-neutral (E) and stabIe cases (F) also 
equilibrate but with very different final states as noted above. 

The initial hundred days of each run is dominated by slow energy transfers 
associated with the linear growth phase and the initialonset of nonlinear but 
inefficient wave-wave interaction processes (Figs. 4,5). The early periods as dis
played in Figs. 4 and 5 essentially follow the linear growth curves expected from 
theory. This is followed by a sharp transition period which is relatively short 
(Fig. 4) and involves peak energy transfers as shown for cases A, Band C in 
Fig. 5. These energy transformations involve large transfers of mean potential 
energy to the eddy field and the creation of significant new mean kinetic energy 
in the form of jets which will be discussed in more detail below. This transition 
period is followed by a long quasi-equilibrium period where the spectra are of 
nearly constant form (Fig. 4). The energetics in this final equilibrium period of 
cases A and C involve an end of the transition of eddy kinetic to mean flow 
energy and a more or less steady set of conversions of potential energy to both 
kinetic energy pools. Case B although it is fairly steady in spectral space is still 
very variabie in terms of energy transformations (Fig. 5). The potential vorticity 
fields for cases A and B for three periods spanning transition are shown in Fig. 6. 
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Fig. 5. Energy conversions for cases A, B, and C showing the energetics of the major periods of 
deve10pment as in Fig. 4. The energy conversions inc1ude conversion of potential to mean 
(P -+ dK M) and eddy (P -+ dK E) kinetic energy and the conversion of mean to eddy kinetic energy 
(KM -+ dKE ). Note the differences between the three cases. The influence of Pinstabilizing the 
energy conversions in time is evident for both case A and C (eastward shear across one interface) 
in contrast to the sharp oscillations in the P -+ dK E , K E -+ dKM conversions for case B (westward 
shear in across both interfaces). components in case B 
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Fig. 6. Potential vorticity (X 10 - R m - I s - I) for the upper layer in the channel at three different 
times spanning the transition to turbulence for cases A and B. Note the inhomogeneity along 
channel in both cases at the end of initial phase of flow evolution (day 135). The transition is also 
very different between the short wave dominated cases (A,C) and B as obvious fr om the selected 
scales at days 180 and 255. It is the zones of concentrated potential vorticity gradient, when 
averaged along-channel, that correspond to the surface intensified frontal jets. In this sense there 
are not continuous jets but net mean tlows made up of a series of jet streaks. The more 
homogeneous regions in the potential vorticity maps are the locations of the barotropic mean 
zonal flows. 

Transition to turbulence and the quasi-equilibrium states 

The transition period in Fig. 5 is associated with a strong transfer of energy back 
into zona I mean flows in the channel from the eddy field and peak transforma
tions between potential and eddy kinetic energy. Similar transitions are observed 
in all of the unstable cases. As noted above, the nature of these transfers varies 
with position in the stability space. While the different cases (A,B,C,D) all re ach 
similar spectral forms, the route to turbulence and the energy partition between 
potential and kinetic in the final eddy field differs substantially. In the cases 
dominated by short wavelengths (A, C, D; Fig. 2; Halliwell et al., 1994), 
coherent eddies that appear at the time of transition are near the radius of defor
mation. These features emerge from the flow in a localized region of the channel 
in case A and then slowly expand to fill the channel through interaction with a 
set of fronts that are produced along the channel front at the time of transition 
(Fig. 6). While these fronts are not continuous features they show up as velocity 
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jets in the along channel mean flow. The final eddy field in case A is very 
barotropic with a KE to PE ratio of five. Case B has slightly longer wavelengths 
in the initial eddy field (Fig. 2) and represents a westward flow in both of the 
upper layers th at is not stabilized by beta. Even though the linear growth ra te 
for B is less than either A or C, it enters the nonlinear equilibration stage 
(Fig. 5) at approximately the same time and the energetic conversions during 
this phase are considerably more intense. Case B does not settle down to a 
steady set of energy conversions even though the spectrum reaches a constant 
form suggesting a steady state cascade range that began weil before the dashed 
line in Fig. 5. Transition in case B is marked by the breaking of a train of waves 
as opposed to the coherent eddy formation process in case A (Fig. 6). Case B is 
even more barotropic (K E to PE ratio of 7) and again has along channel fronts 
which lead to channel average zonal jets (Fig. 6, day 255). The other cases (not 
shown) are less barotropic in the eddy field and have transitions which are a 
mixture between the case A and B extremes in the character of transition with 
respect to waves versus coherent features . 

The spectral character of the final states has al ready been shown in Fig. 3. 
There are several questions about these states and the manner in which they are 
reached that deserve further comment. First of all, how is the energy partitioned 
and does the sealing suggested by Fu (1983) actually work? Calculations of the 
kinetic energy spectra (Fig. 3b for cases A and E) as compared with the poten
tial energy spectra agree with that predicted by the k - 2 PE sealing hypothesized 
by Fu ( 1983) in the case A, B, C and 0 model runs. The neutral and stabIe cases 
(E, F) do not obey this sealing and have kinetic energy spectra that are steeper 
than their '7 spectra. The isolated peaks in these spectra suggest dominant wave 
numbers tied to a combination of initial conditions and the initial perturbation 
structure. The suggestion is that there is not a weil developed inertial range in 
these cases. The model spectra bound those observed in the altimeter data. In 
fact the full set of observed spectra along GEOSAT altimeter tracklines falls exactly 
between - 2 and - 5. The ten degree averaged spectra in Fig. 1 have a more 
truncated wavenumber range due to the band averaging perforrned. 

Conclusions 

This is a preliminary report on attempts to understand the nature of the ocean 
eddy field based on analytical stability space analysis and long spin-down mode 
simulations with a compatible primitive equation model. The results compared 
to the available observations of the ocean interior are promising in the sense 
that the resulting spectra bound those observed from satellite altimeters. The 
nature of turbulence in the locally stabIe domains which correspond to the low 
spectra fall-otTs in the observations demand more work to determine to what 
extent the eddy variability is wind-forced or is either advected or propagated 
into the mid-gyre from distant unstable regions. The fact th at unstable states, 
even in proximity to the stability boundaries in the linear problem, approach a 
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k - 5 PE cascade range and a k - 3 KE supports Fu's (1983) hypo thesis. In addi
tion all of the initial problem experiments approach Charney's (1973) case in 
terms of energy equi-partition and then exceed it in all unstable cases except 0 
with the KE dominating the PE by factors of up to seven in case 8. This 
suggests very barotropic final states for the eddy field in the very unstable cases 
(A, B, and C). All of the highly turbulent cases produce pronounced zonal mean 
flows in the channel. These intense zonal flows are marked with surface inten
sified jets embedded in more barotropic flows. The creation of rectified flows has 
long been appreciated in turbulence theory (Starr, 1968; Vallis and Maltrud, 
1993) although their role in governing the transition to turbulence and the 
dynamics of turbulent cascades is still an important area of investigation. 

The simulations presented here are preliminary and need to be followed up 
with a further exploration of parameter space. A set of simulations cutting across 
the linear stability space are currently underway. An even more relevant issue 
would be to consider the forced equilibrium states that can reach true equi
librium. While means of doing this without full ocean basin simulations is 
currently being considered, it is not simple to design such calculations. 
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