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1 Introd uction 

In this paper we are concerned with the effect of smal! noise in dynamical systems, 
in particular in nonlinear and chaotic dynamical systems - the noise we consider 
is , what is sometimes cal!ed system noise: at each time there is some uncertainty 
concerning the next state (for simplicity we only con si der systems with discrete time). 
There are several examples which motivate such a study: 

Firstly, we may think of (simple) mathematical models, like the Navier-Stokes 
equation describing the mot ion of a fluid, but ignoring the effects due to the molecular 
motion. This molecular mot i on (and other possible effects which are not taken into 
account by the Navier-Stokes equations) is then considered as noise. For this type of 
noise see e.g. [3]. 

Secondly, twisting the first example, we can consider a numerical scheme, "sol ving 
the Navier-Stokes equations", as a determinist ic system and the "real solution" , or 
maybe rat her the "real fluid mot ion" , as a more or less random perturbation of the 
numerical solution. These differences between numerical solutions and exact solutions 
can be made very smal! in the case of systems with a finite dimensional state space, 
but for systems described by partial differential equations, this "numerical noise" can 
be much bigger, since then one also has to approximate the infinite dimensional phase 
space by a finite dimensional one. 

Thirdly, one may think of a system, whose laws of mot ion are unknown to us and 
for which we derive in a phenomenological way a (simple) deterministic model as a 
first order approximation (this situation is quite close to the situation considered in 
the first example, but here the "deterministic approximation" is somewhat arbitrary 
due to the absence of "laws of nature"). The deviation between model and reality is 
then considered as noise. 

In al! these examples there is the important question: how wel! does the system 
with noise approximate the system without noise and vice versa. This question has 
at least two different aspects: 

Firstly, how wel! can the system with noise be used to predict the short term 
behaviour of the system without noise and vice versa. We talk here only about short 
term predictions because we know that in the case where the dynamics is chaotic, 
predictions over long time intervals are impossible, due to the sensitive dependence 
on initial conditions. 

Secondly, how wel! can the system with noise be used to predict the long term 
statistical properties of the system without noise and vice versa. For the moment we 
do not want to give a precise definition of the "long term statistical properties" , but 
in the numerical experiments which we shal! discuss, it will be clear what we mean, 
and in the final section we go into a somewhat more fundamental discussion. 
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Figure 1: The attractors for the logistic system for Jl in [3.5,3.75] . 

It is important to keep the difference between these two criteria in mind. This 
difference is also related with the point that the criteria for a good mathematical 
model dep end on what one wants: there are reasonable mode Is to predict the we at her 
for, say, the next day, but, iterating such a prediction procedure and then averaging 
over the time to get information about the climate, gives completely non-realistic 
results [9] . 

The purpose of this paper is to give a discussion of the above problems. We base 
this discussion mainly on some numerical experiments with the logistic system. We 
also provide an example (also related to the logistic system) showing that one can
not make a sharp distinction between systems whose deterministic approximation is 
chaotic or not. This implies in my opinion that one has to be very careful wh en as
signing numerical invariants, like dimension and entropy, to a system, the dynamics of 
which is not completely deterministic, via an estimate of an underlying deterministic 
dynamics. 

2 A numerical example 

We consider the Logistic system, defined by the map <Pil (x) = Jlx(l- x) for values of Jl 
between 3.5 and 3.75. First we represent the attractors of this system without noise . 
In figure 1 the horizontal axis is the Jl-axis (from 3.5 to 3.75) and the vertical is the 
x-axis (from 0 to 1). For each of the Jl values the following procedure was followed: 
from a more or less arbitrary initial value of x (here x = .5) we iterate the map <Pil 100 
times without plotting anything, then we calculate another 200 iterations for which we 
plot the corresponding points in the (Jl, x )-plane. The idea is that af ter the first 100 
iterations we are on the "attractor" in the sense that the consequences of the particular 
choice of the initial point are no longer visible. So what is represented graphically are 
those x-values which continue to occur. This same method of representing graphically 
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Figure 2: The attractor of the logistic system as in figure 1, but with uniform noise 
in the interval [-.005, .005J. 

the dynamics of the logistic system was used e.g. in [IJ and by many other authors. 
In figure 2 we follow the same procedure, only we add, each time we apply the map 
'fip., a noise term with average zero and which is uniformly distributed between -.005 
and +.005. We see that all fine structure is washed out, even fine structure on a scale 
much bigger than the amplitude of the noise. 80 here we have two systems which 
are very close, in the sen se that one can use one to predict what the other will do 
after one iteration (with an accuracy of .5%), but if we are interested in the question 
which x-values will continue to occur af ter many iteration for a given value of 1-', then 
it is very misleading to use one system as a model for the other. Even if we decrease 
the noise term by a factor 10, see figure 3, there is still fine structure lost on a scale 
bigger than .5% (the first noise level) . 

In the next section we want to give an explanation of this dramatic "noise ampli
fication" . 

Comparing figure 1 with figure 2 we can see that at least in this case it does not 
make much sen se to try to find out whether a "deterministic approximation" of a 
given system with small noise is chaotic or has a periodic attractor. In a later section 
we shall substantiate this point with rigorous arguments. 

3 Mechanisms of noise amplification 

3.1 Linear attractor with noise 

We first consider the case of a point attractor of a linear system to which we add 
noise . This is well known in the theory of linear stochastic systems, e.g. see [7], but 
we present it here because it explains part of our numerical experiment in the previous 
section. 
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Figure 3: The attractor of the logistic system as in figure 2, but with uniform noise 
in the interval [-.0005, .0005]. 

Let <p : IR -+ IR be a linear contract ion by a factor À, so <p(x) = ÀX, with IÀI < 1. We 
consider <p as the generator of a dynamical system and we add uncorrelated noise with 
average zero, standard deviation sd, and maximum absolute value m . For an arbitrary 
initial point x(O) we then get an evolution of the form x(n) = <p(x(n - 1)) + E(n) , 
wh ere E(n) is the contribution of the noise at time n. For large values of n, x(n) 
will have average zero, standard deviation sdi Jil - À2 1, and absolute value at most 
m/(l -IÀI) . 

This follows from the fact that 

x(n) Àx(n - 1) + E(n) 

À2x(n - 2) + ÀE(n - 1) + E(n) 

À3 x(n - 3) + À2 E(n - 2) + ÀE(n - 1) + E(n) etc .. 

80 for large n and x(O) fixed, we have the following approximation: 

x(n) '" L ÀiE(n - i). 
i~O 

Due to the fact that IÀI < I, the error in this approximation goes to zero as n goes 
to 00. 

This simple calculation shows that a weak contraction (IÀI close to one) leads to a 
strong noise amplification. We have calculated the effect on both standard deviation 
and maximum absolute value: from the statistical point of view the standard deviation 
may be more relevant but for the graphical representations we gave, the maximum 
absolute value could be more important (at least if we take very many iterates). 

The above calculation applies to our numerical experiment in the fOllOwing way. 
For many values of the parameter I-l there are periodic attractors with contracting 
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factor (as such one can define the derivative of <P~ at a point of a periodic attractor 
with period n) going to 1 in absolute value. Near these parameter values one expects, 
on the basis of linear approximations, astrong noise approximation. These parameter 
values at which the contracting factor in absolute value reaches 1 occur in the following 
places: at the values of period doubling (e.g. see the left hand side of figure 1 where 
we see successive doublings from period four to eight, then to sixteen, etc.) and in 
general at the endpoints of the intervals in the p.-axis for which <PIL has a hyperbolic 
periodic attractor (also in the right half of figure 1). Where the absolute value of 
the contracting factor actually reaches 1, our calculation, based on a linear system, is 
clearly no longer valid. Below, we discuss, and illustrate with numerical experiments, 
the situation at the so-called Feigenbaum value (this is the p.-value which is the limit 
of the p.-values for which the successive period doublings, refered to above, occur) -
for this value of p., the logistic map has an attractor on which the logarithm of the 
absolute value of the first derivative is in average equal to zero. In agreement with the 
above arguments we see in a numerical experiment a very strong noise amplification. 

3.2 Small domains of attraction 

By the above arguments we have explained part of the noise amplification but not 
all: apart from parameter values at which the contracting factor is arbitrarily close 
to one in absolute value, there are also parameter values at which the contracting 
factor is even zero. Here our argument, based on linear approximation, gives no 
noise amplification. It turns out however that, due to nonlinearities, the connected 
components of the domains of attraction of periodic orbits, the period of which is 
not too low, can become extremely smalI, so that even small noise is capable to drive 
a point out of the domain of attraction of the periodic attractor. Below we shall 
illustrate this effect by a a numerical experiment. 

4 N oise amplification illustrated by numerical 
experiments 

4.1 Noise amplification for J1 at the Feigenbaum value 

As we have mentioned before, the Feigenbaum value F is the limiting value to which 
the p.-values converge for which we have transitions from periodic at tractors of period 
2n to period 2n+1. In the numerical experiments we use for F the value 3.5699457, 
based on [1] . The map <P F has a sealing property. To formulate this sealing property 
we define the renormalization transformation T for a mapping <P of the real line to 
itself as: first replace <P by <p2 and then apply a conjugacy, magnifying the "state 
space" IR by a factor À -1 with center in .5, where À = - .3995 . .. is one of the 
Feigenbaum constants. So 

(T<p)(x) = À-l((<p2((x - .5)À + .5)) - .5) + .5 . 
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Figure 4: The attractor of the logistic system at the Feigenbaum value. A magni
fication has been applied by a factor which depends exponentially on the horizontal 
coordinate. 

According to the scaling property, the result of repeated application of the period 
doubling operator to CPF gives attractors which converge (and even converge very 
quickly). Assuming that the convergence is immediate, this means that if we magnify 
the "attractor" of CPF by a factor >.-1 from the cent re x = .5, and restricting to the 
interval [0 , IJ we get the same picture. We first illustrate this scaling with a numerical 
experiment, which we repeat later with noise added in a next experiment. The result 
of the first experiment is given in figure 4 which was obtained in the following way. In 
each verticalline we plot the attractor of cp F in the same way as we plotted attractors 
in figure 1. The value of f-L is now fixed (at F) ; on the horizontal axis we have the 
magnifying factor: if we count the pixels on the horizontal axis from 0 to 639, then 
for the oth pixel we have x ranging from 0 to 1; this range decreases in an exponential 
way: for each 100 pixels it decreases by a factor 1>'1 . So we expect to see a periodicity 
in the sense that shifting 100 pixels to the right and turning the picture up side down 
should give the same picture again (in the "limit"). This periodicity is indeed clearly 
visible. (In order to compensate for the fact that when making the x-range small 
most points will fall outside the picture, we also increased the number of iterations 
exponentially when moving to the right on the horizont al axis: a factor 2 for each 100 
pixels.) 

Now we repeat the same experiment but with noise added. One may ask how to 
decrease the maximal amplitude of the noise (which we always take to have average 
zero and uniform distribution between ± its maximum amplitude) as a function of 
the magnifying factor so that the visible effect remains the same. According to the 
computations in [2], one has to reduce the maximum amplitude by a factor .151 for 
each period corresponding to the renormalization (so in our case a factor .151 for each 
100 pixels on the horizontal axis) . The result is given as figure 5. 
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Figure 5: The attractor of the logistic system at the Feigenbaum value as in figure 4, 
but with noise added. 

We see that the relative effects of the noise remains the same (as far as one can 
conclude from the figure). Since the calculations in the above paper are based on the 
standard deviation, and not on the maximal absolute value of the effect of the noise, 
this indicates that it is the standard deviation which is important for this graphical 
representation. 

The factor .151 implies that the ratio between the variance of the effect and the 
variance of the noise goes to infinity for small noise: each reduction of the length scale 
with .3995, the absolute value of the scaling constant .x, corresponds to a reduction 
of the standard deviation of the noise by a factor .151. So for Jl at the Feigenbaum 
value we have a very strong noise amplification, at least for small noise. 

4.2 Small basins of (strict) attraction of the superstabIe 
period 5 orbit 

Here we show with a numerical experiment how the effect of "small basins of at
traction" works. We investigate th is for the value of Jl for which th ere is a periodic 
attractor with period 5 and contract ion factor O. This value is obtained by sol ving 
the equation <p! (.5) = .5 - the periodic attractor of period 5 can be seen in figure 
1, see also figure 2 and 3, near the right border. We call this Jl value S (periodic 
points with contraction factor 0 are of ten called Super stabie); we use the numerical 
approximation S = 3.73891. It is known that for al most any initial point x E [0, 1], 
in the sen se of Lebesgue, the corresponding evolution <Ps (x) converges to the periodic 
attractor of period 5. This convergence can however go in 5 different ways dep en ding 
on the value of i (modulo 5) for which limn --+ oo <psn+i is equal to .5; we say that there 
are 5 different phases in which one can convergence to the period 5 attractor. The 
regions for which the different possibilities occur are strongly inter woven so that if 
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Figure 6: The regions in [0, 1] of initial points with different phase of convergence to 
the super stable attractor of period 5. 

one takes an initial point with not to great accuracy, it is unpredictable which of the 
five cases will occur (like in the case one throws a dice where also the outcome is 
unpredictable or at least hard to predict). These different regions are separated by 
a set which has Lebesgue measure zero, but still is uncountable and forms a Cantor 
set. These types of situations we re studied by Grebogy et al. [5] as fractal basin 
boundaries. 

In order to visualize this aspect we show in figure 6 the map which assigns to 
each point x E [0,1] the phase in which it converges to the periodic attractor in the 
following way. The horizont al axis represents the points of the unit interval [0, 1] for 
each of these points we calculated 2000 iterates of the map <.ps to arrive (practically) at 
one of the five points of the attractor (which of the five determines in which ph ase we 
approach the attractor ). In order to get a clearer visual representation we represent 
the result by a vertical line, above the x-value in question on the horizont al axis, 
connecting the point of the attractor with the point with height .5 (the vertical axes, 
like the horizontal axis, represents the interval [0,1]) . To this we add the diagonal so 
that we can find the domains of strict attraction: with this we mean the connected 
intervals around each of the 5 points of the periodic attractor , consisting of the points 
which remain forever (under iteration of <.ps) in phase with the corresponding point 
of the periodic orbit. These domains of strict attraction can be seen in figure 6 as 
the plateaus intersecting the diagonal (because the number of iterations (2000) is a 
multiple of the period (5)) . We see that this domain around .5 is rather big, but the 
others, especially for the highest and lowest value of x, are very small. This means 
that in these domains a small am ou nt of noise can "break" the periodicity. So here 
we have a form of noise amplification which is due to nonlinearity. 
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5 Ambiguity of the dynamical class of a 
determinist ic approximation 

11 

In this section we point out the difficulty in principle to decide the question whether 
a system (with only smalI) noise has an "underlying deterministic dynamics" which 
is chaotic or not. We shall discuss this in a context as simple as possible, but the 
implications also hold for more general systems. 

We consider dynamical systems with state space IR or a closed interval in IR and 
with discrete time (like in the case of the logistic system). We suppose that the 
dynamics of the system is given in terms of a probability measure on the state space 
(defined by the density of the points of a typical evolution of the system) and a 
probability measure on the Cartesian product of the state space with itself (defined 
by the density of the pairs (x(n), x(n + 1)) of successive states for a typical evolution 
of the system). These measures, which arp defined and discussed in more detail in 
the next section, are denoted by MI and M 2 respectively. From the measure M 2 one 
can obtain the conditional probability measures M z , for x in the support of MI: M z 

describes the probability distribution for x(n + 1), given that x(n) = x. 
Giving a deterministic approximation of such a stochastic system means to replace 

(or to approximate) the conditional probability distributions M z each by a single 
value cp(x) which is the image of x under the function defining the deterministic 
approximation. There are various ways of approximating a probability distribution 
on IR by a single number: one can take the average (or expectation value) or one can 
take the median (the value such that the probability of being smaller than this value 
is .5). In the present context, where we are thinking in terms of nonlinear systems, 
and where one usually considers systems equivalent if they can be transformed into 
one another by a nonlinear change of coordinates (or conjugacy), the only good choice 
seems to be to use the medium value since that is independent of the linear structure 
in IR and only depends on the order structure. This choice of the medium value 
to construct a determinist ic approximation is not very essential however: also if one 
uses expectation values the construction below remains valid (but the arguments need 
slight modifications) . 

For the formulation of our result we need one more definition. If we have a system 
with noise in the above sense, i.e. with a one dimensional state space and described 
in terms of the probability measures MI and M 2 , we define the square of the system 
as the system with the same state space, the same measure MI, but the measure M 2 

replaced by the measure Mt defined by the density of the pairs (x(n) , x(n + 2)) for 
a typical time series of the original system. If the original system were determinist ic 
and defined by the map cp, then the squared system would also be deterministic and 
would be defined by the map cp2 - this is why we call this construction "squaring the 
system". In other words, squaring a system means that we consider two time steps 
of the old system as one time step of the new system. 

Example There is a determinist ic system such that, with arbitrarily small perturba
tions one obtains systems (with arbitrarily small noise) such that the deterministic 
approximation is not chaotic while the deterministic approximation of the square is 
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chaotic. This determinist ic system is defined by a map which has a saddle node whose 
(locally) unstable set returns, under iterated plication of the map, back to the (local) 
domain of attraction of the saddle node (with criticality in the sense of [6], see below). 

This is the sense in which the question whether a system with small noise is chaotic 
or not is meaningless (at least in some cases): the answer should not change when 
squaring the system. 

Remark: Before starting the actual construction, we observe that for hyperbolic sys
tems, e.g. see [4], one does not expect such examples. This is due to the fact that 
such systems are structurally stabie, though structural stability only holds for C 1_ 

small perturbations while we may have here even CO-small perturbations. 

Construetion For the construction of this example we need a one parameter family 
1/1" of maps of the interval such that for 11 < 0 almost all points of the interval are 
attracted, when iterating 1/1", to an attracting orbit of period k, while for 11 > 0 
there is no orbit of period k j moreover we assume that for 11 = 0 the period korbit 
undergoes a saddle node bifurcation and that the (locally) unstable set of the saddle 
node orbit returns, under repeated iteration of 1/1" to the local basin of attraction of 
the saddle node with criticality (with this we mean that the iterate of 1/1" which maps 
the local unstable set of the saddle node back to its local domain of attraction has 
critical points whieh we assume to be non-degenerate). Due to this last property, 1/1" 
has chaotic dynamics for arbitrarily small positive values of 11, e.g. see [6] for the 
saddle node cycle with criticality. 

Examples of sueh one parameter families can be obtained from the Logistic family 
in the form 1/1" = 'PI'{") for some reparameterization J1.(II): if we consider e.g. the 
J1.-interval on which 'Pil has a periodic attractor with period 5, then, when J1. moves 
out of the interval to the left (i.e . towards lower values) then the period 5 orbits 
disappear through a saddle node bifurcation, which has all the required properties. 

From this one-parameter family of mappings we obtain a two-parameter family of 
systems with noise: for an evolution of such a perturbed system, denoted by 'lig,,,, 
given x(n) , the corresponding probability distribution for x(n+ 1) is a uniform distri
bution on the interval with endpoints 1/1,,(x(n)) ±ê (in fact the construction is slightly 
more complicated: the distribution is uniform on such an interval, but with respect to 
a new coordinate which is adapted to the saddle node bifurcation in a way which we 
describe below). All these systems can be obtained from 1/10 by small perturbations 
(if ê and 11 are close to 0) . It is clear that the deterministic approximation, as dis
cussed above, of the system 'lig,,, is again given by the map 1/1" (note that the not ion 
of determinist ie approximation is invariant under changes of coordinates). Next we 
square the system 'lig,,, and denote the map , defining its deterministic approximation, 
by 1/1:,,, . It is not hard to see that, for ê -+ 0, 1/1:,,, converges (with derivatives) to 1/1~. 
This implies that, for ê sufficiently smalI, also 1/1: " has a generically unfolding saddle 
node bifurcation, and has, for II-values arbitrarily close to the value for which there 
is a saddle node bifurcation, chaotic dynamics. The important point, which we shall 
prove below, is that for positive ê, the map 1/1: 0 has no orbit of period k, in other 
words, the saddle node bifurcation occurs for ~egative II-values. This implies that 
there are arbitrarily close to zero values ê > 0 and 11 < 0 such that the dynamics of 
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'l/;; 11 is chaotic. This means that for these values we obtain the announced systems 
with non-chaotic deterministic approximation while the square has a deterministic 
approximation with chaotic dynamics. This is because the mean of the second iterate 
of a stochastic system need not be the same as the second iterate of the mean of the 
same stochastic system. 

80 the only thing left is the proof that 'l/;;,o has no periodic point of period k near 
the period k periodic saddle node of Wo. We first consider the case that k = 1, where 
the saddle node bifurcation occurs at a fixed point, say at x. Then, for v near zero 
and x ne ar x we have 'l/;II(X) = x + a(x - X)2 + bv plus terms of higher order, where a 
and b are non-zero and have the same sign. This means that for v = 0, all points ne ar 
x, except x itself, move in the same direction. This implies that for 'l/;; 0 all points 
near x, including x itself, move in the same direction implying that we' are already 
beyond the saddle node. 

In the case k > 1 we denote the points of the bifurcating periodic orbit by 
{Pl, ' " ,pd so that 'l/;O(Pi) = Pi+l , where the indices are taken modulo k. Then, 
near each of the points of the periodic orbit , we define the "positive direction" to be 
the direction in which the points move under 'l/;~ for small v > O. Then we construct 
smooth maps Ai from neighbourhoods of Pi to neighbourhoods of Pi+l in such a way 
that Ai (Pi) = Pi+l, such that in Pi the derivative of 'l/;o is equal to the derivative of 
Ai (note that this implies that Ai maps positive directions to positive directions), 
such that Ak 0 Ak- l o· .. 0 Al is the identity on a neighbourhood of Pl, and such that 
for all points x near Pi, but different from Pi, 'l/;o(x) can be obtained from Ai(X) by 
shifting it in the positive direct ion (for this last requirement it is enough to adjust the 
second order derivatives of the maps Ai in the points Pi) ' Once we have these maps 
Ai we choose a new coordinate such that, with respect to this new coordinate, the 
maps Ai are, on small neighbourhoods of Pi, affine (this can be done by taking a Cl 
small perturbation of the standard coordinate on IR). If we use this new coordinate 
to define the systems with noise, then the arguments, used above for the case k = 1 
remain valid. 

6 General formulation for higher dimensional 
systems 

In this section we discuss how to formalize the different concepts which came up in 
connection with the numerical experiments discussed before. We want these con si der
ations also to be applicable to systems of dimension bigger than one. Even for higher 
dimensional systems, the dynamic behaviour can often be described in terms of time 
series {x(n)}nEN with x(n) in lR. One can think of a determinist ie system defined by 
a rule 

x(n) = f(x(n - 1),···, f(n - k)), 

or one may think of a dynamical system with state space P, evolution map 'P : P --+ P 
(i.e. if the state at time n is pEP, then the state at time n + 1 is 'P(p)) and read out 
function Y (i.e. if the state at time n is P, then the corresponding value of the time 
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series is x(n) = Y(p)). By the reconstruction theorem, see [10] and [8], both these 
interpretations of time series from deterministic dynamical systems are essentially 
the same. We disregard here the possibility that different initial states (in the above 
interpretations the first kvalues of the time series, respectively, the first value pEP 
of the evolution in P) can lead to completely different time series due to the fact that 
they are in the domains of attraction of different attractors. 

7 Reconstruction measures and predictability 

The following considerations concerning time series are independent of the question 
whether they are generated by deterministic or stochastic dynamical systems. Our 
main concern is to give a correct description of the two aspects of mathematical 
models as mentioned in the introduction. They were good for either predicting one 
time step ahead, or good for predicting the long term statistical behaviour. For similar 
considerations see [11]. 

First we define the notion of stationarity. We call a time series stationary if for 
each continuous function g : ]Rk -+ ]R the average 

N 

E(g) = lim N-I L g(x(i),· ·· , x(n + k)) 
N .... HKJ 

i=l 

is weil defined and finite (for all k) . We note that this definition is somewhat different 
from the usual definition in the theory of stochastic processes. The present definition 
has the advantage that it can be applied to one single time series instead of an 
"ensemble". What follows below, however, also makes sense with the usual definitions. 

The above averages define a Borel probability measure J.Lk on ]Rk, for each k, such 
that for each g as above, E(g) = J gdJ.Lk - these measures have bounded support. The 
existence of these measures follows from the theorem of Riesz. The heuristic meaning 
of these measures is the following: if a region in ]Rk has a heigh density for the measure 
J.Lk then it of ten happens that one meets in the time series a segment of k successive 
values which define a vector which belonging to that region. So the measures J.Lk 
des cri be the asymptotic properties of the time series in the sense that they describe 
the statistics of the occurrence of finite segments. Since vectors, having as components 
k successive values of a time series, are called k-dimensional reconstruction vectors, 
we call J.Lk the k-dimensional reconstruction measure. 

From the k+ 1-dimensional reconstruction measure, one obtains the order k predic
tion measures PZ1 ,''',Zk for (Xl, ... ,Xk) in the support of J.Lk: PZ1" " ,Zk is the probability 
distribution, according to J.Lk+I, of the last component of the vector x(n - k), ... ,x(n), 
given that the first k components are x( n - k) = Xl, . . . ,x(n - 1) = Xk. So the or
der k prediction measures describe the optimal predictions based on the previous k 
elements in the time series. 

So the two aspects discussed in this paper: prediction of the next state and the 
asymptotic statistical properties correspond to the prediction measures respectively 
the reconstruction measures. 
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As we have seen, the order k-prediction measures can be obtained from the k + 
l-dimensional re construct ion measures. Also the k + l-dimensional re construct ion 
measure can be obtained from the order k prediction measures: one just constructs 
a time series {y(n)} such that y(I),·· · , y(k) are in the support of J.Lk and then one 
continues with values y(k + 1), y(k + 2) etc. which are obtain as random choices of 
the relevant prediction measures. Then, with probability 1, one obtains a time series 
having the same reconstruction measures of dimension up to dimension k + l. 

The findings in this paper indicate that the reconstruction measures may dep end 
sensitively on the corresponding prediction measures. 

References 

[1] Collet, P . and J.-P. Eckmann, Iterated maps of the interval as dynamical systems, 
Birkhäuser, Basel, 1980. 

[2] Crutchfield, J ., M. Nauenberg and J . Rudnick, Scaling for extern al noise at the onset 
of chaos, Phys . Rev. Letters 46 (1981), 933- 935. 

[3] Fox, R.F ., and J . Keizer, Amplification of intrinsic fiuctuation by chaotic dynamics in 
physical systems, Phys . Rev. A43 (1991), 1709-1721. 

[4] Guckenheimer, J . and P. Holmes, Nonlinear oscillations, dynamical systems, and bifur
cations of vector fields, Springer-Verlag, New York, 1983. 

[5] Grebogy, C., E . Ott and J.A. Yorke, Fractal basin boundaries, long-lived chaotic tran
sitions, and unstable-unstable pair bifurcations, Phys . Rev. Letters 50 (1983), 935-938. 

[6] Newhouse, S., J. Palis and F . Takens, Bifurcations and stability of families of diffeo
morphisms, Publ. IHES 57 (1983) , 5-71 . 

[7] M. B. Priestley, Spectral analysis and time series, Academic Press, 1981. 

[8] Sauer, T ., J .A. York and M. Casdagli, Embedology, J. Statistical Physics 65 (1991), 
579- 616. 

[9] Tennekes, H., private communication. 

[10] Takens, F., Detecting strange attractors in turbulence, in LNM 898, Dynamical systems 
and turbulence, Warwick 1980, eds D.A. Rand and L-S. Young, Springer-Verlag, 1981, 
366-381. 

[11] Takens, F ., Detecting nonlinearities in stationary time series, Journalof Bifurcations 

and Chaos 3 (1993), 241-256. 

Mathematisch Instituut, Universiteit Groningen 
Postbus 800, 9700 AV Groningen 




