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Abstract 

We outline infonnation that relativistic heavy ion collisions give about the equation of 
state (EOS) of supranuclear matter at densities p rv 3po , where Po is nuclear matter 
density. We find rv 3po to be the critical density for both kaon condensation and chiral 
restoration. Calculations with a kaon condensed EOS give a maximum neutron star 
gravitational mass of (MNs)max ~ 1.5 M8 and a radius R c::= 7 km. 

I Introduction 

The theory of dense matter at nuclear and supranuclear densities has developed over 
several decades and a multitude of papers have been devoted to this subject. Even 
though we can extrapolate the theory from fits to nuclear phenomena to a description 
of nuclear matter, basically the parameters must be fit to the known binding energy, 
compression modulus, etc. , because the small rv 16 MeV net binding energy per 
nucleon results from near cancellation of large quantities, each of natural scale I Ge V. 
Thus, the fit is a very sensitive one. 

Extrapolation of theories of nuclear matter to supranuclear densities has had Iittle 
empirical guidance. The masses and other properties of neutron stars have given some 
general conditions which must be fulfilled at high densities, but there are usually 
enough parameters in any of the theories to fulfill these. Unrealistically abrupt changes 
from hadronic matter undergoing extremely strong interactions to quark matter with 
weak interactions are generally made at densities of several times nuclear matter 
density. The chief trouble with the hadronic EOS's used to compute neutron star 
masses is that they do not soften sufficiently with increasing density, in preparation for 
making a transition to the relatively soft quark-matter EOS (asymptotic freedom) . 

The main point we wish to make here is that relativistic heavy ion collisions which 
reach densities of several times nuclear matter density can teil us about the equation 
of state of dense matter just in the region of densities relevant for ph ase transitions in 
neutron stars. 



Study of the equation of state at high densities began in Berkeley in Bevalac heavy 
ion collisions. Following a lot of controversy, it was finally shown (Zhang, DasGupta 
& Gale 1994) that the compression modulus of nuclear matter is rather low, 

Ko ~ 210 MeV. (1) 

Construction of SIS at GSI has given us facilities with much greater accuracy. In 
the collision of Au + Au at 1 GeV!Nucleon, densities of 3 - 4po, where Po is nuclear 
matter density, are formed . As we shall show, in conventional descriptions the equation 
of state is dominated at these high densities by the repulsive vector interaction between 
nucleons, resulting in an extremely stiff EOS. This is, however, an ill preparation 
for transition to soft quark matter and asymptotic freedom at higher densities. We 
shall show th at the measured flow in the relativistic heavy ion collisions requires less 
stiffness, less than obtained by extrapolating Walecka-type mean field equations from 
nuclear matter density. 

Heavy ion collisions at 1 Ge V !Nucleon create composite systems of temperatures 
T '" 75 Me V, low compared with the masses of the exchanged (J"- and w-mesons which 
produce the main part of the nucleon-nucleon interaction. The CERN SPS experiments 
of 160 Ge V !Nucleon Pb on Au create a temperature T '" 1 70 Me V or more to begin 
with, which is high. Nonetheless, effects on meson masses stem chiefly from the 
high densities , and not from the high temperature. Study of the CERES experiment 
detection of dileptons tells us that the masses of the mesons, other than that of the pion, 
are density dependent. These effects have to be built into the EOS for neutron stars, 
even though we are working with essentially T = 0 cold matter here. 

Most importantly for the EOS, we shall show that interactions of high density 
nuclear matter on the K- -meson are sufficiently attractive in dense matter to bring 
the K - energy below that of the electron chemical potential Me by P '" 3po. At this 
and higher densities, the electrons change into K- -mesons. The latter, being bosons, 
go into a condensate. The EOS for p ;;::, 3po is significantly softened by the kaon 
condensation, which limits the maximum mass of neutron stars to 

(2) 

This has extremely important consequences. 

11 Chiral symmetry and scale invariance 

We first discuss the density dependence of meson masses. In the absence of bare quark 
masses, the Yang-Mills theory possesses chiral symmetry. For our purposes here, 
this means that the underlying theory deals with massless quarks and gluons. In the 
world in which we live we know that particles have mass; e.g., the nucleon is usefully 
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described as consisting of three constituent quarks, so th at 

940 MeV = m n c2 ~ 3mQc2 
, (3) 

each of the quarks having approximately one-third of the nucleon mass. How these 
quarks acquire mass is interesting; this involves the dynamical breaking of the chiral 
symmetry. 

We can study the behavior of the theory with increasing temperature (but only at 
zero density) by lattice gauge simulations on the computer. These teil us that the chiral 
symmetry restoration transition is a smooth one, either second order or very weakly 
first order. This means that the quark mass 

(4) 

i.e., that the constituent quark mass is essentially zero--the constituent quark has 
become essentially a bare quark-as T -+ Tc. The star on the mQ denotes that this is 
the mass at a finite temperature (or density) . Since all quantities seem to change quite 
smoothly in the vicinity of the ph ase transition, we believe that mQ(T) goes smoothly 
to zero as T -+ Tc, in the chiral limit in which bare quark masses are zero. These 
arguments are embodied in discussions of results of lattice calculations by Kocic and 
Kogut (1995a, 1995b). 

Lattice gauge calculations cannot yet give us information about finite density. 
However, Brown and Rho (1991) were able to use the scale invariance of QCD to show 
that hadronic masses drop with increasing density.l 

Brown and Rho proposed that 

(5) 

as an approximate equality. Here In is the pion decay constant. The density 
dependence of In, needed to obtain I;, can be calculated within the framework of 
chiral Lagrangians, but the usual procedure to date is to scale with m~/mn since 
this ratio is given in mean field theories. Such a procedure neglects loop corrections 
(Brown & Rho 1991). Now the vector mean field acting on either a nucleon or a kaon 
in den se matter is 

(6) 

lIt is weil known that at quantum level QCD breaks scale invariance through developing a gluon con
densate. The lowest glueball has a mass of '" 1.7 GeV, however, weil beyond the scale Axs B (where 
XSB stands for "chiral symmetry breaking") :::: I GeV of low-energy nuc\ear physics. Thus, these gluon 
phenomena can be integrated out and treated as counter terms for low-energy nuc\ear physics. 

165 



-I ,........ 
> 

Q> 10-6 
~ 

o 
o ...... 
'--" 

o 

central S+Au, 200 GeVjnucleon 

PL>0.2 GeV, 8 .. >35 mrad, 2 .1 <71<2.65 

• CERES 

_in-medium meson mass 

__ .free meson mass 

0.2 0.4 0.6 0 .8 

M (MeV) 

1 1.2 

Figure I. Ratio of dileptons to charged particles per rapidity interval in the CERN 
CERES experiments (Agakichiev et al. 1995) for 200 Ge V /Nucleon S + Au collisions. 
The dashed line gives the theoretical results for free vector meson masses, whereas the 
fullline gives those for density dependent masses (Li, Ko & Brown 1995, 1996; Li , Ko, 
Brown & Sorge 1997). 

where P is the vector density. If, first, m w --t m~ ; i.e ., m w becomes density dependent, 
and later gwN N --t g: N N also becomes density dependent, so th at 

V --t (g;:; r P , (7) 

which actually decreases with density; this has strong consequences for den se matter. 

Although, as we shall develop later, g:N N is expected to be quite density 
dependent, ga N N should be taken to be independent of density, since our theory of 
the chiral restoration transition is a mean field one, and coupling constants change 
only at loop level. Since m~ does decrease with density, the scalar mean field 
S = -(g;NN/m~2 )ps, where Ps is the scalar density, does become large in magnitude 
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at higher densities. This decrease in repulsive vector mean field and increase in 
magnitude of the attractive scalar mean field prepares the system for asymptotic 
freedom. 

Rather direct evidence that m;/mp decreases with density as shown in equation (5) 
is given by the CERES dilepton experiments, as we now outline. 

We show in Figure 1 results of dileptons in the recent CERES experiments 
(Agakichiev et al. 1995) for 200 Ge V /Nucleon S + Au. Preliminary results for Pb + Au 
are similar (Ullrich, 1996). In these experiments one detects e+ + e- dileptons from 
many agencies, most importantly those from decay of the p-meson, 

(8) 

Although there is some spread in mass due to the high temperature, the invariant mass 
Mof the dileptons, (M = summed tot al energy of the e+ and e- ) tends to be close 
to the mass of the p-meson. The p-meson has a short Iifetime, T '" 4/3 fm/c, much 
shorter than the '" lOfmie duration of the fireball. Thus most of the p-mesons decay 
while in the hot and dense nuclear medium. The large number of dileptons in the region 
of M '" 300 - 400 MeV in Fig. I come from decay of p-mesons which had mass 300 
MeV < m; < 400 MeV at the time they decayed. 

111 Determination of the equation of state of matter at supranuclear densities from 
the measured flow in relativistic heavy ion collisions 

We shall discuss here relativistic heavy ion reactions su eh as Au + Au at energy 
Ge V /Nucleon. In these, densities '" 3po are reached, at temperatures T '" 70 - 80 Me V. 
These temperatures are not much higher than those formed in the Helmholtz-Kelvin 
period of contraction of newly formed compact objects such as protoneutron stars. In 
particular, these temperatures are low enough so that the effect of the temperature on 
the effective masses of nucleons and mesons is not large. Therefore, our study of the 
equation of state in these reactions should be immediate1y relevant to neutron stars. 

As a simple model for our discussion we shall use the Walecka linear a - w model 
(Serot & Walecka 1986). There are much improved modeIs; e.g., see Fumstahl, Tang 
and Serot () 995). However, the important features are already contained in the linear 
a - w model, and it is easier to work with. . 

We now consider the flow produced in heavy ion reactions when two nuclei collide 
off center. The colli sion is shown in Figure 2. 

The (Px) is, of course, zero for y = 0 because of symmetry. If the EOS is very stiff, 
then high (Px) will be produced as y increases, and large negative (Px) will result as y 
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Figure 2. Nucleon flow. We look down on a collision of two equal size nuclei, say 
Au on Au, in the cm system. They collide off-center. The spectator nucleons, in the 
non-shaded region, go straight ahead and are discarded. The nucleons in the shaded 
region interact. Following the collision they will have a momentum distribution in the 
x direction, as shown in Figure 3. 

moves to the left. The rate of increase of (Px) with y at y = 0, 

(Px) I = F 
dy y=o ' 

(9) 

i.e., the slope of the (Px) at y = 0 is defined as the flow F . The stiffer the EOS, i.e. , the 
greater the pressure in the shaded region, the greater the flow. 

For Au-Au at 1 GeVINucleon collisions we can show that the main part of the flow 
develops at densities of p rv 3po. 

In all of the modem mean field models such as Fumstahl, Tang, and Serot (1995) the 
scalar attraction between nucleons is strong enough to bring the nucleon effective mass 
down to m~ rv 200 - 300 Me V by p rv 3po . On the ot her hand, the initial nucleon 
momentum is p ::::::: 1.7 GeV/c, and even when equilibrated at this density, the Fermi 
momentum is P F rv 400 Me V. Thus, m~ is smaller than a typical momentum, so that 
the nucleons are, to a good approximation, massless. Corrections come only in order 
(m~/p)2, where p is a typical momentum. 

Indeed, if one describes the finite density ph ase transition in the Nambu-Jona Lasinio 
model (Brown, Buballa & Rho 1996), which has the symmetries of QCD, th en m~ = 0 
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Figure 3. Flow in the Walecka linear a - w model (Serot & Walecka, 1986) which 
has g~/47r = 10.6, but is reduced by the factors shown. Comparison is made with the 
nonlinear model of Ko, Li, and Wang (1987) and Ko and Li (1988). The Ko-Li model 
does not reproduce the dilepton data discussed in the last section, so we do not consider 
it to be a viabie theoretical model. However, it does fit the flow, as measured in the EOS 
experiment (Partlan & EOS Collaboration 1995), so we consider the "nonlinear" curve 
to be essentially the empirically measured one. 

for p '" 3po, although inclusion of a bare quark mass of", 5 MeV is sufficient to bring 
m~ up to 100-200 Me V at p '" 3po. 

Consequently, the important point is th at the flow in heavy ion collisions, which we 
discuss bel ow, depends al most completelyon the vector mean field . We now describe 
the measurement of the flow. 

From the curves in Fig. 3 it might appear that the Walecka linear a - w model 
with g~/m~ reduced by a factor 0.38 is required by the flow. A major correction 
must, however, be made. In addition to the density dependence, an explicit momentum 
dependence must be introduced for the vector (and scalar) mean fields in order to 
fit nucleon-nucleus scattering (Cooper et al. 1993). Very roughly, this amounts to 
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multiplying the mean fields by a factor 

1 
f (p) '" 1 + E . / ' kin m n 

(10) 

where E kin is the nucleon kinetic energy. For I Ge V incident nucleons this gives a 
factor'" 2 reduction, whereas for the equilibrated system formed later, this factor is 
not much less than unity. In going from the nonequilibrium glancing blow involved in 
the flow to the equilibrated system, the factor (10) must be included. Such inclusion 
(Li et al. 1997, in preparation) more than doubles the above factor of 0.38. Detailed 
calculations are given in Li et al. It turns out that the Furnstahl et al. (1995) EOS does 
quite a good job for the flow. 

We are now ready to calculate the energy of a K - -meson at rest in neutron rich 
matter for p '" 3po. 

I. The nuclear vector mean field at 3po determined as discussed above, is VN 2': 675 
MeV The K- has one nonstrange antiquark. From G-parity the vector mean field 
is attractive. Since the vector field is assumed to couple to the baryon number in 
nonstrange quarks, the K- vector mean field is 

VJ(- 2': -225 MeV (p'" 3po) . (11 ) 

2. The K - -neutron interaction is half of the K- -proton one, because of the differing 
couplings of the p-meson. For matter which is 85% neutrons, 15% protons, this means 
a correction of 

oVK - = 53 MeV upwards . (12) 

3. Short-range correlations raise the K - -energy '" 30 MeV at p '" 3po (Waas, Rho 
& Weise 1996) 

OEJ(- 2': +30 MeV . (13) 

Finally, we discuss the scalar mean field. Brown and Rho (I 996a) made the case 
th at this could be obtained from the amount of lowering of the constituent quark mass 
of the nonstrange antiquark in the K- . In our mean field model, the constituent quark 
mass is 1/3 ofthe nucleon effective mass. Furnstahl et al. (1995) find m~(3po) 2': 240 
Me V which means a constituent quark mass of 

m'Q ::::: 80 MeV (p'" 3po) . (14) 

The Furnstahl et al. (1995) EOS does quite a good job on the dileptons (Li et al. 1997, 
in preparation), although the low-mass production is slightly below the error bars, 
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indicating th at the mQ above is, if anything, too large. If we begin from mQ = 313 

MeV (mQ = kmn) then a scalar field 

SK- = -(313 - 80) MeV = -233 MeV ( 15) 

is needed to lower the constituent quark mass to 80 Me V. Adding (11), (12), (13), and 
(15) we obtain 

M~_ ~ 495 - 375 MeV = 120 MeV . (16) 

In fact, the electron chemical potential (Thorsson, Prakash & Lattimer 1994) 

/-Le = 214 MeV (p ~ 3po) (17) 

so that it is energetically favorable by the density p < 3po for e1ectrons to change into 
K - -mesons 

(18) 

the neutrino leaving the neutron star. 

In fact, the K - in-medium energy is most sensitively measured in relativistic heavy 
ion reactions. The present ones reach densities up to '" 2. 5po. In Figure 4 we show 
the results of Cassing et al. (1997). In Ni + Ni at 1.8 GeV/Nucieon, many more 
K- -mesons are produced because of their lower in-medium energy, the productions 
being very roughly proportional to the Boltzmann factor exp[ -(EK - fT)]. The solid 
curve in Fig. 4 uses a parameterization for a K - of zero momentum 

(19) 

where mK- is really the K- energy at zero momentum, the m~_ including effects of 
both scalar and vector fields. 

As noted earl ier, we expect the kaon condensation transition and the chiral restoration 
transition to both occur at Pc '" 3po . They are by no means the same transition, as can 
be seen from the fact that the kaon condensation Pc can be changed by changing the 
electron chemical potential/-Le- . In chiral restoration the nonstrange antiquark mass m~ 
goes to zero in the chirallimit at Pc. Not much happens to the mass ms of the strange 
quark in the kaon, because the chiral restoration is chiefty in the nonstrange sector. The 
two transitions help, rather than compete, with each other, the kaon condensation one 
being aided by m~ --+ O. There should be substantial binding energy from the hyperfine 
interaction between the ü and strange quark s in the kaon, which wil! keep the ü and s 
corre1ated in the K- -channel throughout the chiral restoration transition. 
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Figure 4. The inclusive cross section for K - production as function of antikaon mo
mentum in the nucleus-nucleus cms for K - -mesons at ()lab = 00 for Ni + Ni at 1.85 
GeV!Nucleon in comparisons with the experimental data from Schröter et al. (1994). 
Also shown is the preliminary data for Ni + Ni at 1.8 Ge V!Nucleon from Senger (1996). 
The dashed line is caIculated for the bare antikaon mass, the solid line for the in-medium 
mass. Note th at the solid line with in-medium masses undershoots the data, indicating 
that the mass should drop more rapidly with p than in equation (18). On the other hand, 
the experiments are for nuclear matter rather than for neutron rich matter, where the 
K - mass drops less rapidly, as shown by the 8V K- in equation (12). We believe the 
parameterization (19) to be more appropriate for neutron rich matter than for nuclear 
matter. 

IV Kaon condensation in neutron stars 

In Figure 5 we show the behavior of the K- -meson energy WK - as function of density 
in neutron-rich matter. We use the caIculations of Thorsson, Prakash, and Lattimer 
(1994) with parameter a3ms = -222 MeV, which has been determined since the 
caIculations of these authors by lattice gauge caIculations. (See Brown and Rho 1996 
for a review.) This value of a3ms corresponds to L,KN = 343 MeV, where L,KN is the 
term which breaks chiral symmetry explicitly. 
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Figure 5. Schematic description of the kaon condensation found by Thorsson, Prakash, 
and Lattimer (1994). The K- energy crosses the electron chemical potential at p '::::' 3pa· 

Once W K - (p) = Me (p) , beyond this density the system energy can be lowered by 
electrons tuming into K- -mesons 

(20) 

the neutrinos leaving the star. 

V Consequences of a soft EOS for neutron star masses 

We use as example of kaon condensed neutron stars the caIculation of Thorsson, 
Prakash, and Lattimer (1994) with parameter a3m s = -222 MeY. We take the 
compression modulus Ka to be midway between the two values of 180 and 240 MeV 
which they use. Then the maximum neutron star mass is 

as in equation (2). A kaon condensed neutron star is very compact, with a radius 

R", 7 km ; 

therefore a rotating one possesses rather less rotational energy I w2 than would a 
neutron star with the same mass with the conventionally accepted R '" 10 km. In 
Figure 6, taken from Thorsson et al. (1994) these results are shown. Note that the 
central densities of these neutron stars are great, Peent > lOpa. 

Given kaon condensation, the term neutron star is a misnomer, because in the 
kaon condensed region there are nearly as many protons as neutrons, the K - -mesons 
neutralizing the charge of the former. Brown and Bethe suggest using the name 
"nucleon star". 
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Figure 6. Mass curves for a3m s = -222 MeV and F(u) = u. Lower panel: mass vs. 
central density. For the upper curve, the compression modulus is Ka = 240 MeV, for 
the lower Ka = 180 MeV Upper panel : mass vs. radius for the same values of Ka . 

It has been noted (Brown, Weingartner & Wijers 1996; see especially their Fig. I) 
th at in the evolution of pulsars from massive progenitors in either high mass X-ray 
binaries or in binary pulsars, the neutron star tends to end up at a mass not greater than 
1.5 Me:) . 

In the case of SN 1987 A, with progenitor of mass 18-20 Me:) , the case has been 
made that the compact object (gravitational) mass did exceed 1.5 Me:) , and that the core 
did go into a black hole (Brown & Bethe 1994). The kaon condensation can provide a 
scenario in which the compact object first emits neutrinos for some seconds, and th en 
drops into a black hole (Thorsson, Prakash & Lattimer 1994; Brown & Bethe 1994). 

The use of SN 1987 A is, however, not so clear a proof that '" 1.5 M e:) is the 
maximum possible mass for a neutron star. It is possible that the neutron star existed 
for an hour or so. When the original shock wave enters the hydrogen envelope, it 
encounters an increased pr3 , a situation which produces areverse pressure which 
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sharpens into a reverse shock. Chevalier (1989) estimates that this reverse shock 
brings "" 0.15 M0 back onto the compact object. Thus, even though most calcu1ations 
of the gravitational mass of the compact object give masses "" 1.45 - 1.50 M0 , masses 
of up to 1.6 - 1.65 M0 could be stabie, and then sent into a black hole by the mass 
accretion from the reverse shock. This scenario applies only to the relatively dense blue 
supergiant progenitor of 1987 A; a red giant progenitor would be much more diffuse, so 
that the mass accreted from the reverse shock would be only "" 0.01 M0 ' 

It is clear from my discussion here that in the scenario of kaon condensation, we 
would find it difficult to construct stabie neutron stars of mass 1.6 - 1.65 M0 ' In the 
coming year or two, data from relativistic heavy ion reactions should be much more 
accurate and precise. This will allow us to pin down our parameters better and achieve 
more definite results. 
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