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Abstract

We investigate the asymptotic behaviour of the heat content as the time
t — 0% for an arithmetic von Koch snowflake generated by a regular k-gon.

1 Introduction

Let D be an open, bounded and connected set in euclidean space R™ (m = 2,3,.. 2)
with boundary 0D, and let up : D x [0,00) — R be the unique weak solution of the
heat equation

Au:a,zeD,t>O, (1.1)
with initial condition
u(z;0) =0, z € D, (1.2)
and with boundary condition
u(z;t) =1, z € 4D, t > 0. (1.3)
Let
Ep(t) = /D sy, (1.4)

represent the total amount of heat in D at time ¢.

In this paper we analyse the asymptotic behaviour of the heat content E, ,(t)
as time ¢t — 0%, where Ky , is a planar region (m = 2) with a piecewise self-similar
and fractal boundary. The construction of Ky ; is as follows. Fix an integer k£ > 3
and let V; = 1 (cosec}) e*#, j = 1,...,k be the vertices of a regular k-gon with
volume £ cot (£) and boundary length k. Fix s € (0,1). We construct 0Kk, by
repeatedly replacing the middle proportion s of each segment, beginning with V; V5,
VaVs, ..., Vk—1Vk and Vi V1, by the k—1 other sides of a regular k-gon. We summarize,
without proof, some of the geometric properties of K s in the following. See also
Chapter 8 in [1] and Chapter 9 in [2].
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Proposition 1.1.

(i) There ezists a non-empty relatively closed subset I, C (0,1) such that K s is
embeddable in R? if and only if s € I. Moreover, I C (0,%] for k > 4 with
equality if and only if k = 4. For s € I, Ky 4 is open, bounded and simply
connected.

(ii) The volume of Ky s is given by

k (1+ s)? m
_k T L. 15
K 41—(2k—1)52+2sCOt(k)’ BE S (1.5)

(iii) The Hausdorff dimension and the interior Minkowski dimension of 0Ky s, s €
I are equal, and are given by the unique positive root dy s of

(k—l)sd+2(1;s>d=l. (1.6)

(iv) The interior upper Minkowski content of 0Ky s is finite and the interior lower
Minkowski content of 0K}, s is strictly positive.

(v) Kg,s is arithmetic if s € Ay, where

log 152
M={sen:ET =L pen geN =1} O

If Ky s is non-arithmetic (s € I \ Ax), then 8Ky s is internally Minkowski
measurable.

The heat content for K3 1 has been analysed by Fleckinger, Levitin and Vassiliev

in 3, 4]. They proved the existence of two strictly positive, continuous and (log9)-
periodic functions %; and x such that for t — 0%,

Ek, , () = ¥1(~log )t~ 555 — x(~logt)t + O (e~—~) . (1.8)
'3
It is not known whether 1; and x are non-constant functions.
The elementary analysis presented by van den Berg and Gilkey in [5] for &k = 4

and s € I extends to all snowflakes and yields the following. For all non-arithmetic
snowflakes K} , there exists a constant Cy s such that for ¢ — 07,

Ek,., () = Ciot'™ % (1 + o(1)). (1.9)

For all arithmetic snowflakes K} ,, there exists a (% log %)-periodic, strictly positive
and continuous function % : R — (0, 00) such that for ¢ — 0%,

Ex, ,(t) = §(~log )t~ "2 (1 + o(1)). (1.10)
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The main result of this paper (Theorem 1.4) is a refinement of (1.10) up to an expo-
nential remainder. The results of Fleckinger, Levitin and Vassiliev in [4] for k£ = 3,
s = 1 and of van den Berg in [6] for k = 4, s € A4 are recovered as special cases. The
idea in the proof of Theorem 1.4 is to exploit the self-similarity of 0K} , in order to
obtain an approximate functional equation for the heat content Ef, ,(t) (Proposition

1.2). It is convenient to define for t > 0,

B®) = 3Fx..0), (111)
_ T t\ fl-s ? t
Ht) = E@) - (k-1)s E(sz) 2( : ) E((%_s)z). (1.12)

Since 0 < uk, ,(z;t) < 1 for z € K, and t > 0, we see that
1
0SEM) < 7Kkl (1.13)
1
|H(t)| < ElKk,sl- (1.14)

Proposition 1.2. For each k = 3,4,... and s € I there exist a function F :
[0,00) = R and a constant ¢ > 0 such that

H(t)=F(t)+ O (e-f‘:‘—z) , (1.15j

where F is continuous, and satisfies both the linear functional equation
2
F(t):(l—s) Fl—), t>0, (1.16)
2 (%)

|F(t)| < 1000¢. (1.17)

and the estimate

The main idea in the proof of Proposition 1.2 is to exploit the symmetry of Ky ,,
the self-similarity of 0K} s and to use the probabilistic solution of (1.1)-(1.3). The
probabilistic tools have the advantage over the analytic tools in that they give simple
proofs of (i) the various estimates involving the maximum principle (the principle of
not feeling the boundary), and (ii) the scaling properties of the heat equation (scaling
of brownian motion).

The proof of Proposition 1.2 is very similar to the proof of the corresponding
statement for k = 4, s € I4 in [6], and will be omitted.

The structure of the asymptotic expansion of Ek, ,(t), t = 0%, s € Ay, is governed
by the geometry of {z € C: Pr(z) = 0}, where

_ dp,s
Pi(z) =1—(k—1)s%e27 -2 (1 5 S) 2P, (1.18)

and where p and q are the unique positive integers determined by the choice of s € A
in (1.7). We list some geometric properties of {z € C : Px(z) = 0} in the following.
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Proposition 1.3. Lets € Ay and let 21, 23, ... denote the roots of P(z) = 0, ordered

such that
lz1] < |22 < -+
(i) All roots have multiplicity 1.

(ii) 21 =1, and

dk,s
<q |2 <s77¢, for k25,

dg s
<q, zg=—8 "1, for q even, k=4,

143 _ds.
g ¢ 7o

p

da.s
P, |24l <s" @, for qodd k=4,
p

for k=3,

|Zqu| <

(1.19)

(1.20)
(1.21)
(1.22)

(1.23)

where pVq = max{p, ¢}, and where (1.23) is sharp forp=1,q=2 (s = 3-2V2)

d3,a
and forp=2,q=1 (s = %) Moreover, no roots of P3(z) have modulus s~ " .

(iii) If z is a root (of Px(z) = 0) with modulus r, then Z is the only other possible

root with modulus r.

The proof of Proposition 1.3 will be deferred to Section 3.
By Proposition 1.3 (i) we may define

= K Z2j—Z
U] - Zjlgz Pk(z) ’
We also put
z = -—logt,
- 2 lo L
7 - q g 3,

d 8
P(z) = ez(l_ ) H(e™?).
The main result of this paper reads as follows.
Theorem 1.4.

(i) v is continuous and for z € R,
> wTmp(z —my)
meZ
converges absolutely on the annulus W given by

k,s

d
W={'w€(C:1<|w|<s_—3'_}.

(1.24)

(1.25)
(1.26)

(1.27)

(1.28)

(1.29)
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(ii) For w € W, define ¢, : R — C by

Yu(2) = Y w TPz —my). (1.30)

meZ

Then 1y, is y-periodic and uniformly continuous.

(iii) Let k = 3,5,6,..., s € A, or k = 4, s € A4, q odd. Then there ezist a py-
periodic uniformly continuous function x : R =& R and vy-periodic uniformly
continuous functions {¢., : z; € V, Pr(2;) =0, =1,2,...}, where

d s

V={w€C:|w|>s_‘%_}, (1.31)
such that for t — 0%,
dy s ;
Br,,(t) = Y #7582y, (~logt)
{j:z; W} J
d 8
+ Y #TEEIREG, (— logt)
{s:2;€V}
c 52

—x(=logt)t + 0 (e-J‘z—) . (1.32)

The proof of Theorem 1.4 will be deferred to Section 2.

We note that, by (1.20) and (1.21) in Proposition 1.3, the second term in the right
hand side of (1.32) is absent for k¥ > 4. We also note that the case k = 4, s € Ay,
q even has been excluded from Theorem 1.4 (iii). In that case there is, by (1.22), a

dk,a

root with modulus s~ "¢ . This delicate case was discussed in detail in [6].

The leading term in (1.32) corresponds to the root with smallest modulus, i.e.
z1 = 1. Comparing (1.32) with (1.10), we have 1) = a1%; by (1.30). This also jibes
with the special case k = 3, s = 1 in (1.8) since oy = 1 for these values of s and k.
Since K} ¢ is bounded and simply connected, we have by Proposition 1.1 (iv), and by

Corollary 1.5 in [7] that 4) is finite and strictly positive. The contributions from the
d L . . . .
remaining roots in W are o (tl__kz“) but > ¢, while all roots in V' give contributions

which are o(t). The function x in (1.32) is directly related to the function F' in
Proposition 1.2. If we define x : R — R by

F(t) = tx(—logt), (1.33)
then Proposition 1.2 implies that x is continuous and pry-periodic. The complicated

relation between x and ¥ can be read off from the various formulae in the proof of
Theorem 1.4 in Section 2.
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2 Proof of Theorem 1.4
By (1.14) and (1.27),

[(2)| < k-le’(l‘d—"f‘)|Kk,,,|. (2.1)

For w € W, we have by (1.29) and (2.1),

2 dk.s e 1 d s
> (e —ma)| < k7 K et H) 3 e () <o 22)
m=0 m=0

Moreover, by (1.14), (1.15) and (1.17) there exists a constant C; such that |H(t)| <
Cit for all t > 0. By (1.27),

d

[¥(2)] < Cre™* 5, z€ R (2.3)

For w € W, we have by (2.3),

Y [wmp(z +my)| < Cre—* 4 > (lee_'y%’i) < 00. (2.4)

m=1 m=1

The absolute convergence of the series in (1.30) follows from (2.2) and (2.4). The
continuity of 1 follows directly from the continuity properties of Ek, ,. The continuity
of 1, then follows directly from the exponential decay of |w~™(z —m-~)| for m — oo
and for m — —oo by (2.3) and (2.1) respectively. The uniform continuity follows from
the «y-periodicity of 1,,.

To prove part, (iii) of Theorem 1.4, we define f : R — R by

d s
f(2) = (=) ple). (2.5)
Substitution of (2.5) into (1.12) gives, by (1.27),

1-s
2

dp,s
f(z)=<k—1)sdwf(z—q~/)+2( ) fz—p) +o(z).  (26)

Equation (2.6) is an inhomogeneous renewal equation of arithmetic type. From (1.13)
and (2.5) we obtain

lim f(z)=0. (2.7)

Z——00

The inhomogeneous term 1 in (2.6) is continuous, and satisfies, by (2.1) and (2.3),

()] < (Cr + kLK eI min{ 5=} (2.8)
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It follows by the renewal theorem for the arithmetic case (p.198 in [8]) that (2.6) -
(2.7) has a unique continuous solution given by (see also (3.10) - (3.16) in [6])

= Z Z ajzj_l_mw(z — my). (2.9)

m=0 j

In order to analyse the behaviour of the double sum in (2.9) for 2 — oo, we first
consider the contribution from the jth term in (2.9) such that z; € W. We write

3 oz Mz —my) =0y s (2) = Y 0y Tz +my). (210)

m=0 m=1
By (1.15), (1.33) and the continuity of ¥ and H, there exists a constant C> such that
forz>0,m >0,

2 _z4+m~y

‘H(e—z—m'y) e~ MYy (z+m'y)| Coe Ckoe (2_11)

By (1.27), (2.11) and the py-periodicity of x we obtain that (see also (3.23) in [6])

> P dg s —i z4m
> 07 Tt my) = Y gjatn (M?s"—«“) e~ T4z + my)
m=1 m=1

+0 (e—wze’) . (2.12)

In order to estimate the contribution from a term in (2.9) with j such that z; € V,
we define K : R — R by

¥(z) = 05 (e 5(2) + K (). (213)
It follows by (1.27) and (2.11) that K satisfies

K (2)] < Cze_c"’e 2

A\

0. (2.14)

The contribution from the jth term in (2.9) with z; € V' can be written as

o0 d __,__
DY {e““"‘”’“"*z}’"ﬂz —my) 4 TN OT) o —mw}
m=0

d d =1.p=1 d m
_ -1 _z_';.i prs _p Sy g A
=o0jz; e 1-sP7a 2; 879 z; x(z — m7)

m=0
+2; 7 ¢, (2), (2.15)
where
- B o gy (1= S
¢2;(2) = 052 ! Z e (-4 )zj_'"K(z —my). (2.16)

m=0
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The first series in the right hand side of (2.15) converges since X is bounded, and
zj € V. The infinite sum reduces, by the py-periodicity of X, to the finite sum in the
first term in the right hand side of (2.15). It remains to investigate the asymptotic
behaviour of <Z>zj (2), z = oo in (2.16). It is straightforward to check that ¢3zj satisfies

bsy (2 +7) = by (2) + 0z e (1=%2) k(5 4 ). (2.17)

The second term in the right hand side is, by (2.14), exponentially small for z — oo.
By Lemma 2.5 and (2.32) in [4], we conclude that there exists a y-periodic continuous
function ¢,; such that

b:y(2) = 62, (2) + 0 (7€), 2 > o0. (2.18)

Theorem 1.4 follows from (2.9), (2.10), (2.12), (2.15), (2.18), where x can be read off
from the first terms in the right hand sides of (2.12) and (2.15) respectively.

3 Proof of Proposition 1.3

The proof of Proposition 1.3 (i), (iii) for k£ = 4 can be found, after a suitable trans-
formation, in Lemma 6.4 of [9].

(i) The statement is trivial if p= ¢ =1 (i.e. s = }). Since (p,q) = 1, it remains
to consider the case p # q. We argue by contradiction. Suppose z is a root with
multiplicity larger than 1. Then both Pi(z) = 0 and P}(z) = 0. Hence

d 1— s\ %
(k—1)s%229 +2 5 2P = 1, (3.1)

_ dk,a
(k —1)s%q29 4+ 2 (1 5 s) pzP = 0. (3.2)

Since p # g, we can solve (3.1) - (3.2) for z? and 2z9. This gives

q _ p
S e VL T .
P o= d (3.4)

PRV :
2(:32)™ (@a-»)
From (3.3) - (3.4) and (1.7) we obtain that p and ¢ have to satisfy
2pP(q —p)"7" = (k= 1)P¢*(-1)". (3.5)

First suppose ¢ > p. Then the left hand side of (3.5) is positive. Hence (—1)? > 0,
so that p is even. Since (p,q) = 1, we have that ¢ is odd. Since the left hand side of
(3.5) is even, k — 1 is even. Let [,m,n and r be the unique positive integers such that
k =2'm+1, p = 2"r, where m and r are odd. Counting the factors of 2 in both sides
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of (3.5), we obtain that g + rn2™ = rI2™. Since n is a positive integer, we conclude
that g is even. This is a contradiction.
Next suppose that ¢ < p. Rewriting (3.5), we have

2pP = (k- 1)P(p— )" ¢ (-1)*. (3.6)

Since the left hand side of (3.6) is positive, we have (—1)? > 0. Hence ¢ is even. Since
(p,q) = 1, we have that p is odd. Hence (3.6) can be rewritten as

P =k-1Pm-0r (3) 1. (37)
Since p is odd, the left hand side of (3.7) is odd. Hence g = 2r, where r is odd. Since
(p,q) = 1, we also have (p,r) = 1. Since q = 2r, the right hand side of (3.7) contains
a factor r2". Hence r2"|pP. Since (p,r) = 1, we have to conclude that 7 = 1 and q = 2.
Hence (3.7) reduces to

p? = (k—1)"(p —2)*~*, podd. ' (3.8)

p
Since ¢ = 2 and p > q, we have p > 3, p odd. It follows from (3.8) that (E{—l) €N

Hence there exists an odd integer n such that p = (k — 1)n. From (3.8) we conclude
that

2 (k—1)n
(k -1- 5) = ((k—1)n —2)2 (3.9)
Since the right hand side of (3.9) is a positive integer, k — 1 — 2 is an integer. Since
n is odd, we conclude that n = 1, p = k — 1. Hence (p —2)?"? =1, and so p = 3,
k =4 and q = 2. This contradicts the fact that g > p for s € A4 C (0, 1].

(ii) It follows from (1.6) that z = 1 is a root of Pi(z) = 0. Suppose z is any other
root. Then

I — ) G
1 = (k—l)sd“”z"+2( . ) 2?
_ dk,a
= (k—l)sd"-’zq+2(1 23) 2P
1 = gy
< (k—1)s%s|2|7 42 ( 5 ) |2]®. (3.10)

Since the right hand side of (3.10) is strictly increasing in |2| and equal to 1 for |z| = 1,
we obtain |z| > 1. Proposition 1.3(iii) (the proof of which is independent of parts (i)
and (ii)) implies that 2 = 1 is the only root with modulus 1. Hence z; = 1. Let

w = g, (3.11)
Then Py (z) = 0 if and only if
(k—1w? +2wP =1. (3.12)
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Suppose k > 5, and w is a root of (3.12) with |w| > 1. By Proposition 1.1, A; C
(0,1] for k > 5. Hence ¢ > p and (k—1)|w|? = |1 —2wP| < 1+2|w|” < 3|w|? < 3|w|?.
This is a contradiction.

Suppose k£ = 4 and w is a root of (3.12) with |{w| > 1. By Proposition 1.1,
A4 C (0,1]. Hence g > p and (k — 1)|w|? = |1 — 2wP| < 1+ 2Jw[? < 3|w|? < 3Jw|?.
This is a contradiction. To complete the proof for k = 4, we suppose that w = e is
a root of (3.12) with 0 < < w. Then W is another root of (3.12). Hence

3ei?? 4 2¢0 = 1, (3.13)
3710 4 2P0 = 1. (3.14)
It follows that
el p e~ — _2 (3.15)
el e = 2 (3.16)

Hence pf = (2l + 1)7, g8 = 2mm, I,m € Z. Since 0 < § < 7w, we have [ < L%l and
q < . Since

p_4d+l (3.17)
q 2m
we conclude that (p,q) > 1. This is a contradiction. Finally, w = —1 is a root of

(3.12) if and only if ¢ is even and p is odd.
Suppose k = 3. First we show that there are no roots of (3.12) with |w| = 1.
Suppose to the contrary. Then w = e and W = e~ * are roots of (3.12). Since

w = —1 is not a root, we may assume 0 < 6 < w. Hence
2e'10 4 260 = 1, (3.18)
2”40 4 20 = 1, (3.19)

It follows that

cos(pd) = cos(gf) = %, (3.20)
sin(pd) = sin(¢gf) =0. (3.21)

Hence there exist [ € NU {0}, m € N such that
1 1
pb = arccos 1 + 2lm, g = — arccos 1 + 2mm, (3.22)
or there exist [ € N, m € NU {0} such that

1
pd=— a.rccosi + 2Im, @ = arccos 1 + 2mm, (3.23)
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In either case, we conclude that 1  arccos i is rational. This contradicts Theorem 6.16

in [10]. To prove (1.23), we note that if ¢ > p and w is a root of (3.12) with |w| > 1,
then

2Juwl? = [1 - 207 < 1+ 2w’ < 1+ 2wt (3.24)
Hence
1
2w (1-— ) <1 (3.25)
|w]

Since g > 2 we have 2|w|? — 2|w| < 1. This implies (1.23) in the case ¢ > p. The case
p > q follows by the symmetry of (3.12). This proof also shows that we have equality
in (1.23)ifand only if p=1,g=2 (s=3-2v2) orp=2,g=1 (s = }).

(iii) It is sufficient to prove that if w; is a root of (3.12) with modulus r, then w,
is the only other possible root with the same modulus. Suppose to the contrary, and
let

wy = ret¥, wy = re'¥? (3.26)
be roots of (3.12) with
0< P <m, 0K oo <,y Yy # Yo (3:27)
Then
|(k —wi ™7 +2| =|(k—1wh™?+2|, (3.28)
and

[(k—1D)w! " +2||(k— 1)@+ 2| = |(k— Vw7 +2||(k—1)wh " +2|. (3.29)
It follows that
R R S (3.30)
From (3.26) and (3.30), we obtain

cos((p — q)¢1) = cos((p — q)¥2)- (3.31)

Without loss of generality, we may assume that p # q. By (3.31) we have

Y1 = —q + 1 (3.32)

for some m € Z. Suppose we have the + sign in (3.32). Since re*¥* is a root of (3.12),
we have

1=(k—-1)rle WYt 520y gppeirYat HIE (3.33)
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Dividing both sides of (3.33) by e gives

e = (k — 1)riett¥2 4 2rPeiP¥2, (3.34)

Since re¥? is also a root of (3.12), we conclude that for some I € Z,

—r el (3.35)
pP—q
By (3.27), |1 — 2| < 7. Since we assumed the + sign in (3.32), we conclude that
'2—"’ <L (3.36)
p—q
From (3.35) and (3.36), we obtain that both |I| < § and 2 = . This implies
(p,q) > 1, contradicting the choice of p and q. Suppose we have the — sign in (3.32).
Since re'¥! is a root of (3.12), we have

1= (k- l)r"e_iq'l’”z;'—"qi + orPe PV IR (3.37)

Dividing both: sides of (3.37) by e 554 and noting that re~*¥2 is a root of (3.12)
yields (3.35) for some [ € Z. By (3.27), |1 + 2| < 27. Hence (3.32) (with the —
sign) implies

‘l’ <1 (3.38)
p—q

From (3.35) and (3.38), we obtain that both |I| < p and 5 = # This implies
(p,q) > 1, contradicting the choice of p and q.
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