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Abstract

It is proved that there exists at most one probability measure z on R?, so
that L*p = 0, where L = a*9,0; +b'3;, provided (L, C§° (Rd)) is essentially m—
dissipative on L!(R?,v) for at least one v, so that L*v = 0. Here it is assumed
that (a*) is non-degenerate, a”/ € Hf,, and b' € L},.. We also present a
whole class of examples (even for a*’ = §*’), where L"p = 0 has more than one

solution. Furthermore, recent related results are reviewed.

1 Introduction and framework

Let 2 be a connected open set in R?, d > 2 (see the appendix for the case d = 1),
A = (a") a Borel-measurable mapping on  with values in the non-negative matrices
on RY, and let b = (b%) : @ — R? be a Borel-measurable vector field. Let us set

Lapp = a¥8:0;0+ b'8ip, ¢ € C°(), (1.1)

where we use the standard summation rule for repeated indices. Suppose that p is
a locally finite (not necessarily non-negative) Borel measure on 2, i.e. a measure on
the Borel o—-algebra B(2) of , such that

Lyu=0 (1.2)

in the following sense: a*,b* € L} _(u) and

/ Lappdp =0 for all p € C5°(Q). (1.3)
Q

Measures p satisfying (1.2) are called infinitesimally invariant or simply invariant if
there is no confusion possible (cf. Subsect. 2 below for the motivation of this termi-

nology).
Define

Mgl’b = u]u probability measure on (? satisfying (1.2)}. (1.4)

The purpose of this paper is to survey and, in particular, to complete recent results
(cf. [1, 12]) on the question whether or not M(ﬁl’b contains at most one element in the
case (0 = R?.
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It turns out that this is related to the question whether the operator (L, C§°(R?))
is essentially m—dissipative (i.e., the closure is m—dissipative) on L'(R?, ) for p €

Msl’b, and whether p is invariant for the Cy—semigroup generated by the closure of

(Lap, C3°(R?)) on LY(R?, ). In fact, we shall prove that if there exists one p € M4;°

so that (L, C5°(R?)) is essentially m—dissipative on L!(R?, i), then #M5" = 1
(cf. Theorem 3.1 below).
A

We also give a whole class of examples for which #Me“’b > 1 (cf. Proposition 3.2).

Hence (L4, C$°(R?)) is not essentially m—dissipative on L(R?, ) for all u € M4

in these cases. Both results have important consequences for the relation between
infinitesimal invariance as defined above and invariance w.r.t. a semigroup (cf. Sub-
sect. 2 below), which we will discuss in detail.

The organization of this paper is as follows:

In Section 2 we survey known results related to the above problem or needed
subsequently. We also prove some generalizations.

In Section 3 we state the main results and discuss their consequences.

Finally, we give proofs for the main results in Section 4.

In the appendix we give an elementary approach to the case when d = 1, where
(1.2) can be solved explicitly and there always is at most one solution, which is a
probability measure.

Let us introduce some notation. If y is a (not necessarily non-negative) locally
finite Borel measure on €, we denote by Ll (2, ) the class of all funtions f such
that xf € L*(Q, p) for every x € C°(Q). Here LP(Q,p) = LP(Q, |u|), where |p| is
the variation of y. The Lebesgue measure is denoted by dz, and as usual L], () :=
LY .(Q,dz). The same notation is used for spaces of vector-valued mappings on (2.
We also occasionally identify p with its Radon—Nikodym density w.r.t. the Lebesgue
measure if this density exists.

Let C§°(?) be the class of all infinitely differentiable functions with compact
support in 2. We set d;p = 6%‘%.

Let HP"(R%), p > 1, r > 0, be the standard Sobolev space of functions on R?
whose derivatives up to order r are in LP(R?), equipped with its natural norm, defined
as in e.g. [2]. By H[7(Q) we denote the class of all functions f on Q such that
xf € HP"(R?) for every x € C$°(0).

All measures on () considered in this paper are defined on the Borel o—algebra
B(f) of Q.

2 Survey of known results and some generalizations

2.1. Regularity The following result on the regularity of measures satisfying (1.2)
has been proved recently in [4], generalizing earlier results in [5].

Theorem 2.1. Let p be a locally finite (not necessarily non-negative) Borel measure
satisfying (1.2). Assume that for p > d

(A1) a¥ € HPX(Q), (a¥) non-degenerate in ),
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(A2) bi € L. (Q,dz).

loc

Then p < dz with % € HY) (C C'~%/?(Q)). If p denotes the continuous version of

4t " then for all compact K C Q there ezists cx €0, 00| such that
sup p < ck inf p. (2.1)
K K

In particular, either p =0 or p(z) > 0 Vz € Q.
Proof.  See [4, Corollaries 2.8 and 2.9)]. |

2.2. Existence Let Q = R%. Then obv1ously M5 = 2,if A=1d, b= 0. The ques-

tion which (minimal) conditions imply M oll b £ & has been studied in [7, Sect. 5] and
for the finite dimensional case in particular in [6]. The latter contains the following,
so far most general result on R?.

Theorem 2.2. Suppose Q@ = R? and assume that conditions (A1) and (A2) of The-
orem 2.1 hold. Assume that there exists V € C?(R?) (“Lyapunov function”) such
that

lim V(z) =+00 and lim LV(z)= —o0. (2.2)

|z|—00 |z|—o00

Then Mell (as defined in (1.4)) is non-empty.
Proof.  See [6, Theorem 1.6]. [

Lemma 2.3. If, in the situation of Theorem 2.2, the functions a® are locally Lips-
chitz and globally bounded and if, in addition,

lim b'(z)z; = —o0, (2.3)

|z| =00

then V(z) := |z|?, z € R¢, fulfills (2.2). In particular, M3’ # 2.
Proof.  See [6, Corollary 1.7]. [ |

2.3. Preliminaries on essential m—dissipativity Throughout this sectlon we as-
sume that conditions (A1) and (A2) of Theorem 2.1 hold. Fix u € MJ’. Since
by Theorem 2.1, p is equivalent to Lebesgue measure, and therefore is strictly pos-
itive on all non-empty open subsets of 2, C§°(€2) can be identified with a subset of
L'(Q, p), since each corresponding p—class has a unique continuous p—version. Hence
the operator (L4, C$°()) is well-defined on L' (£, ).
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Remark 2.4. For p as above we define 8, := ([J’L) by
B := 8;a + a¥ %, (2.4)

where p is the continuous version of g—%. Then ﬂf‘ € L}, (@) for p > d. Then on
C5° ()

Las=Lag, + (b —B,)d;, (2.5)
L4, is p—symmetric, i.e.
[Lasovau= [oLagpdn Vo ecR®, (2.6)
and
/ (' — BL)Bipdu=0 Vo€ Cg°() (2.7)
or shortly
div,(b— B,) = 0. (2.8)
Then, clearly,
Laz2p,—b=1Lag, —(b' - 5;’,)3,. on C§°() (2.9)

and obviously L4 3,4 is “formally adjoint”* to L4, i.e.

[ Lasovidn= [oLazs,-wodn Vb eCR@). (2.10)
We note that by (2.8)
p € MAPE A MEPY, (2.11)

and that (A2) holds for 28# — b. We recall that by [7, Theorem 6.2] M4 = {u}.

Lemma 2.5. (L, CO(R)) is dissipative on L' (Q, p) and therefore, in particular,
closable.

Proof.  This is completely standard, since u satisfies (1.2) (cf. e.g. [8, Lem. 1.8],
resp. [11, Sect. X.8] for the last statement). |

As a consequence, we have for the closure (I_'lfi,b’D(I:i,b)) of (Lap, C§°()) on
L'(Q, p) the following result (cf. [8, Appendix A]).

INote that we are not working on the dual L>(R%, ) of L1 (R%, p).
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Proposition 2.6. The following assertions are equivalent:

1. (L% 4, D(LY ,)) generates a Co-semigroup (Tt)ixo (i.e. a strongly continuous
semigroup of bounded operators Ty, t > 0) on L'(Q, p).

2. For one (hence all) X €]0,00[ the set (A — Lap) (C§°(R)) is dense in L' (Q, ),
equivalently (L a5, C§°()) is essentailly mdissipative on L*(, ).

3. There ezists exactly one Co—semigroup on L'(Q, p) which has a generator ez-
tending (L a5, C$C()).

In case any (hence all) of the assertions (1)-(3) hold, (T;)t>0 s a contraction semi-
group (i.e. each T; has norm less than one) and is sub-Markovian (i.e. f € L*(Q, ),
0< f<1impliesO<Tyf <1 forallt>0).

Proof. The equivalence of (1) and (2) is a consequence of Lemma 2.5 and the well-
known Lumer—Phillips Theorem (cf. e.g. [9, Chap. I, Theorem 4.3]). The implication

“(1)=(3)” is trivial, and “(3)=>(1)” is due to W. Arendt [3, A-II, Theorem 1.33].
For the last part, we note that (T})s>0 must consist of contractions by the dissipa-
tivity of (L4, Cg°(f2)), and the sub-Markov property was proved in [8, Lemma 1.9].
|

Remark 2.7. For bounded 2 (with smooth boundary), assertion (3) in Proposition 2.6
does not hold, even if A = Id, b = 0. So below, we shall mainly consider the case
Q =Re.

For @ = R? we introduce the following subset of MZ;":

MG e = {1 € MEP|(Lap, C(R?)) is essentially m—dissipative on L (R?, ) }.
(2.12)

2.4. Analytic characterization of essential m—dissipativity Let Q = R?. We
recall the following analytic cha,racterlzatlon of essential m—dissipativity of
(L, C°(R?)) on L'(R?, ) for a given u € M24;®, proved in [12]. In particular, we
shall see that (L4, C5°(R?)) is essentially m—dlssmatwe on L'(R?, ) if and only if
its “formally adjoint” (L 4,28, -5, C$°(R?)) (cf. Remark 2.4) is so.

For p € M;® we define H2!(R?, 1) analogously to H2!(R?, dz), i.e. as the set of
all f € L?(R4, u) so that there exist @, € C5°(R?) with the property that ¢, — f
in L2(R%, ) as n — oo and (8ign)nen is a Cauchy-sequence in L?(R?, ) for all
1 <4 < d. We then set

B f = lim dipn in L*(R%, p), 1< i < d. (2.13)
n (e o]

Correspondingly, HZ! (R%, 1) denotes the set of all f € L?(R%, ) such that xf €

loc

H>Y(R%, p) for all x € CP(R?). Then 8¥f, 1 < i < d, is defined for all f €
Hip (R, ).

loc
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Theorem 2.8. Let = R? and assume that conditions (A1) and (A2) of Theo-
rem 2.1 hold. Let p € an’b. Then the following assertions are equivalent:

Ab
1. p € My ma-

2. There exist X, € Ho!(R?, 1) and o €)0, 00 such that (1 — x,)* € L®(R?, p),

loc

{1 = xn)t > 0} is bounded, lim,_,o00 Xn =0 p-a.e. and forn=1 or -1
/aij 0 xn 050 dp + a/x,,<pdp + n/ (b° = B;,) 0 xn pdu > 0 (2.14)

for all p € C(RY), ¢ >0, and all n € N.

3. pe Myt
Proof. For “(1) <= (2)” see [12, Prop. 1.9 and Cor. 2.2]. “(1) <= (3)” follows by
the same results and [12, Remark 1.11]. |

There are explicit sufficient conditions implying that the equivalent statements in
Theorem 2.8 hold, which are easy to check in applications:

Proposition 2.9. In the situation of Theorem 2.8, sufficient conditions for the equiv-
alent assertions (1)-(8) to hold are each of the following:

1. a¥,b* — i, € L'(R*, ) for all 1 < i,j < d.

2. There ezist u € C*(R?) and a €0, 00[ such that limj;|_,o, u(z) = +00 and
a"9;0;u + b'd;u — au < 0. (2.15)

3. There exists V € C*(R?) (“Lyapunov function”) such that (2.2) holds.

4. There exists M € |0, 00[ such that

—2(|z|*> + 1)—1aij (z)ziz; + a*(z) + b (z)z;
<M(lzIn (jz]* +1) +1) for allz € R?. (2.16)
Proof. (1), (2) and (4) have been proved in [12, Prop. 1.10 and Cor. 2.2]. For (3),
we note that by adding a constant we may assume that V' > 1. Let R > 0 such that
LV(z) < V(z) for all z € R? \ Bg, where B := {z € R?||z| < R}. Let Vp denote
the solution to the Dirichlet problem
(L-—1)h=00n Bg, h=V ondBg, (2.17)
and define

(2.18)

Vo on Bgp,
u .=
V  on R?\ Bg.

Then u is continuous, superharmonic in the weak sense on all of R?, strictly positive,
and lim|z|_, u(z) = +00. Letting x, := %, assertion (2) in Theorem 2.8 is easily
verified. [ ]
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2.5. Infinitesimal invariance and semigroup invariance As announced i in the
introduction and proved below (cf. Proposition 3.2) it can happen that #Mell

1. In this case, by the main result of this paper (Theorem 3.1), the closure of
(L, C3°(RY, 1)) does not generate a Co-semigroup on L' (R?, ) for any p € M4".
Nevertheless, as proved in [12], it always has an extension that does. Let us recall the
corresponding result in our (w.r.t. [12], however, more special) situation:

Theorem 2.10. Let @ = R? and assume that conditions (A1) and (A2) of Theo-
rem 2.1 hold. Let p € MJ;". Then there exists a closed extension (LY ,,D(LY ,)) of
(La,, CP(R?)) that generates a sub—Markovian Co-semigroup (T} )¢>0 on L' (R?, ).
Furthermore, p is (T}');>0-sub-invariant, i.e.

/T;‘f dp < /fdu for all f € L®(R%, ), f >0, and all t > 0. (2.19)

If b= pB,, then (L’;‘B",D(L’;,B“)) can be identified with the Friedrichs extension of
(La,p,,C5°(R?)) on L*(R?, p).

Proof. [12, Theorem 1.5]. [

Remark 2.11. In the situation of Theorem 2.10, since p € MA 18Py by Remark 2.4,
also the “formally adjoint” (L 4,28, -, C§° (]Rd)) of (Lap, C&° (IR")) thus has a closed
extension (Li,zﬂ“—ba D(LI/‘LZB»—b)) generating a sub-Markovian Cp-semigroup
(T{")¢>0 on LY(R?, ). Then by [12, Remark 1.7(ii)]

[resodn= [ 1Tadu V1.9 € L= 0. (2.20)

The same relation holds for the corresponding resolvents (G*)a>0 and (G'5)aso0-

(2.20), in particular, immediately implies that p is (T}');>o—invariant (cf. the fol-
lowing theorem) if and only if p is (T}*);>0-invariant. Hence, since both semigroups
are sub—Markovian, this is the case if and only if T31 = 1 for all ¢ > 0, which in turn
is equivalent to T;*1 =1 for all ¢ > 0.

The connection to essential m—dissipativity is now given by:

Theorem 2.12. Consider the situation of Theorem 2.10. Then p € Mell md if and
only if p is (T}')¢>0—invariant, i.e.

/Tt“fdu = /fdp for all f € L°(R?%, u) and all t > 0. (2.21)
Proof. [12, Cor. 2.2). [ |
So, by Theorem 2.12 and our main result (Theorem 3.1 below), if @ = R¢ and

#FML > 1, n0 p € MAL is (T})szo-invariant.
The following generalizes [1, Prop. 2.6(i)]:



46 BOGACHEV, ROCKNER AND STANNAT

Proposition 2.13. Let Q be a connected open set in RY. Assume that conditions
(A1), (A2) of Theorem 2.1 hold. Let p € M;‘}l"’ and let (T{')¢>0 be the corresponding
semigroup specified in Theorem 2.10. Let v be a probability measure on )} such that

1. v Ldz
2. b* € L] (Q,v) for some q €]1,00].

loc

3. /T[‘fdu:/fdu for all f € L®(Q, p) and all t > 0.

Then v € M;‘}l’b.
Proof. Let f € L*®(Q, p). Then, since (T{')¢>o is sub-Markovian, for all ¢ > 0

sl < [reisman= [isea (2.22)
and, likewise, for all ¢ € C§°(Q)

/|T;‘LA,,,¢|"du < / |Lapp|® dv < oo, (2.23)

where we used (2) and we note that (3) extends to all positive Borel measurable
functions f by monotone convergence and hence to all v—integrable functions f. In
particular, we have uniform v-integrability of {T}'f,T{'Lasp|t > 0}. Therefore,
t — T}'Lapp is continuous as a map into L!'(Q,v) by Lebesgue’s (generalized)
Dominated Convergence Theorem, since this is so as a map into L!(Q, ). Hence, the
L'(Q, v)-valued Riemann integrals

t
/ T¢Lappds, t>0, (2.24)
0
exist and by the Main Theorem of Calculus it follows for the L!(Q, v)-derivative that
d t .
% | T¢Laspds =T!Lapp, t>0. (2.25)
0

On the other hand, since v <« dx ~ p, the integral in (2.24) is equal to the corre-
sponding L' (2, u) integral, therefore it coincides with T}'¢ — . Hence

%Tt“(p =T!Lasyp in L'(Q,v), (2.26)

and therefore,

d d
/LA,b(p dv = / %(T{‘LA,MP)t:O dv = E(/TtuLA,b‘p dV) o

d
7 [rawar) =0 @
by (3), extended to all v-integrable f. [ ]
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Remark 2.14. In the situation of Proposition 2.13, the semigroup (T}'):>0 extends
to a Co—semigroup (T¢"")i>0 on L'(f,v), whose generator extends (Lap, C5°(92)).
However, (T}*");>0 may not coincide with the semigroup (7} ):>0, specified in Theo-
rem 2.10, with v replacing u. If

(T )30 = (T 20 (2:28)

it would follow by Theorem 2.12 that v € Mﬁ,’bmd, S0 #M:“‘b = 1 by our main result
Theorem 3.1 below. At present, however, we cannot prove (2.28), neither we have a
counter-example.

We close this section with the following result, which was proved in [4], generalizing
[1, Thm. 1.4(iv)] (with, however, almost identical proofs). It will be used in the proof
of Theorem 3.1 below.

Proposition 2.15. Let Q be a connected open set in R¢ and assume that conditions
(A1) and (A2) of Theorem 2.1 hold. Let p € Mgl’b and let (T}')¢>o be the correspond-
ing semigroup of Theorem 2.10.

1. For all ¢ € C§°(R) and all t > 0, T} ¢ has a continuous p—version 7%

2. Suppose p is (Tf)izo—invariant (i.e. p € Mgif’md if Q@ = RY). Let v be a

probability measure on Q such that
fl% dv = /cpdu for all p € C5°(R2), t > 0. (2.29)

Then p = v.
3. Let (pt)¢>0 be a semigroup of sub—probability kernels an v a probability measure

on (Q,B(R)) such that p;p — ¢ in v-measure as t — 0 for all p € C§°(Q) and

/ptga dv = /(,adu for all p € C5° (), t > 0. (2.30)

Then, in particular, (p)t>0 extends to a Co—semigroup on L' (Q,p). If its gen-
erator extends (Lap, C5°(R)), then v is the only probability measure on B(Q)
satisfying (2.30).

Proof.  [4, Cor. 4.3]. n

3 Main results and consequences

The following is the main result of this paper. As announced in the introduction, it
establishes a quite surprising link between essential m—dissipativity and uniqueness
of (infinitesimally) invariant measures.
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Theorem 3.1. Let O = R? and assume that conditions (A1) and (A2) of Theo-
rem 2.1 hold. Then

ell md £o = #Mglb =L (3.1)

We note, that the converse is false at least for d = 1 (cf. the appendix, Re-
mark A.3).
As mentioned in Subsection 2, it may occur that Me“ = & (eg. if 2 = RY,

A =1d, b = 0). But it can also happen that #Mell > 1, hence Mﬁ,’f’md = @. The
following proposition provides a whole class of examples.

Proposition 3.2.

1. Let Q =R, A=1d. Let f € C*(R), bounded, such that f, f' >0 and f', f" €
L'(R,dz) and let o : {1,...,d} — {1,...,d} be one-to-one, such that o(i) # i
for alli e {1,...,d}. Define b= (b'): R¢ — R by

) . @)
Pl T2 )

bl( ) 17=(1L’1,...,.’I5,1)€]Rd, (3.2)

and
d d
pldz) = e [[ (@) de,  vldz) =) f(z:)p(dz),  (3.3)
i=1 =1

where c1, ¢y €]0,00[ are normalization constants.
Id,b
Then p # v, but p,v € My;".

1 t
2. f(t) := E/ e=*'/2 ds, t € R, fulfills all assumptions in (1). In this case
—o0

bi(z) = —zi — 2w, e w2, z e, (3.4)

and p is the standard Gaussian measure on R?.

The proofs of both Theorem 3.1 and Proposition 3.2 will be given in Section 4
below. Now we formulate two immediate consequences.

Corollary 3.3. In the existence theorem 2.2 above, we also have uniqueness, i.e.

#M:nb =1

Proof. By Theorem 2.2 we have # M4 e“ > 1 and, by assumptlon Proposition 2.9(3)
applies. So, Theorem 2.8 yields #Me]l md > L hence #MA e" =1 by Theorem 3.1. W

Corollary 3.4. Consider the situation of Theorem 2.10. If there exists one p €
Me" which is invariant with respect to its corresponding semigroup (T{')¢>o0, then

#Mell =1
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Proof. Theorems 2.12 and 3.1. [ |

However, we would like to emphasize that in contrast to Theorem 2.8 (and Propo-
sition 2.9) Corollary 3.4 is of limited practical use, since (T}*);>0 is not given in an
explicit way.

We close this section w1th a few simple results on the extreme points of the convex
set M2 ell . Define ext Men to be the set of all p € Me“ which cannot be written
as the non-trivial convex combination of two others.The following is standard. We
include a proof for completeness.

Lemma 3.5. Let u € .Mell . Then the following are equivalent:
1. p € ext MGP.
2. pe L®(R4,pn), pp € Mf“’b, implies p=1 p-a.e.

Proof.  Assume (1) holds and let p € L>®(R¢, u) such that p-p € M;j{b. Then for
M :=sup {p(z)|x € R}

M
i = M—1 Y € Mell (35)

and p = M=Lyy + L (p- p). Hence by (1)

M-p
M-1

_ (3.6)

so p=1 p-a.e.
Assume (2) holds and let 1,2 € M35, a €]0,1[ such that

p=ap + (1 - a)us. (3.7)

Then both p; and py are absolutely continuous w.r.t. 4 with bounded Radon-Niko-
dym densities. Hence by (2) p1 = p = po. [ |

Corollary 3.6. Let @ = R? and assume that conditions (A1) and (A2) of Theo-
rem 2.1 hold. Let p = p,dz € ext M5, Then for all v = p,dz € M4\ {1} the
function p, /p, is unbounded. Here, p, and p, are the continuous versions of %’5 and
j—:, resp. (cf. Theorem 2.1).

Proof. Since p = (pu/py) - v, this is a direct consequence of Lemma 3.5. [ ]

4 Proofs of Theorem 3.1 and Proposition 3.2

In all of this section we assume 2 = R? and conditions (A1) and (A2) of Theorem 2.1
holding. We need some preparations:
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Lemma 4.1. Let p € Mell oa and let (T}');>o be the corresponding semigroup spec-

ified in Theorem 2.10. Let v € Mell be such that p; := d—": is bounded. Then v is
(Tt )t;o—znvamant.

Proof. (cf. [1, Prop. 2.6(ii)]) Let ¢ € C§°(R?). Then, since p; is bounded and since
by assumption (L% ,, D(LY ;) = (L% ,, D(LY ,)), we have

t
/ (THo—p)dv = / /I_Jff"b(Ts“cp) dvds Vt>0. (4.1)
0

But for s > 0 there exist ¢, € C°(R?), k € N, such that, as k — 0o, Ly, —> LFT#yp
in L!'(R?, u), hence in L'(R?,v). Therefore, since v € Mell , it follows that

/L';“,(T @)dv=0 foralls>0, 4.2)

and, consequently, v is (T}')¢>o—invariant by (4.1). [ |

Lemma 4.2. Me“ md C ext Mell .

Proof. Let pe€ Mfﬁf’md. Suppose p; = p;dz € Mfu’b, 1 = 1,2, such that for some
a €]0,1]

wi=op + (1 — a)ps (4.3)
Let (T}')¢>0 be the semigroup corresponding to p, as specified in Theorem 2.10. Since

it .

CHi_g P =13, (4.4)
dp p1+ p2

are bounded functions, we can apply Lemma 4.1 to conclude that p, and p, are

(T} )t>o-invariant. But by Theorem 2.12, also p is (T}')¢>o-invariant, so Proposi-

tion 2.15 applies. Hence pu = py = po. [ |

Lemma 4.3. Mell md 7 @ implies Mell md = Me“ y

Proof. Let p=p,dz € MAb qgand v =p,dr € Mf“’b, where p, and p, are the

ell, m
strictly positive, continuous versions of the respective Radon—Nikodym derivatives of
%5, g—: € Hl’(’)c1 (R?) (cf. Theorem 2.1). Let x,,, n € N, be as in Theorem 2.8(2) (applied

to u). Now we shall show that the assertion of Theorem 2.8(2) also holds for v with
the same (Xn)nen-
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Obviously, H2! (R4, ) = H2!(R?,v) and 8" = Y. Furthermore, for ¢ €

loc loc

C&(RY), p > 0 by (2.4)

/aijai'xnajcpdu+a/)(ncpdu+/(B,’;—bi) 07 xn pdv

=/aij8fxn3j(<pﬁ—:) du+a/xngpdu—/aijafxnaj(%)cpdu

i piy Ay (P ij (9iPv _ 0iPu) Py gu
+/(ﬂ,, b)a,-xn(wpu)du+/a ( o p )p”az)(n‘/’dll'?()y (4.5)

since the last summand cancels the third and since @£« € HEL(RY, p). |

Proof of Theorem 8.1. By Lemmas 4.2 and 4.3
Mell a £ 2 => MG = ext MG, (4.6)
hence #.M 1 =1. [ |

Proof of Proposition 38.2. Assertion (2) is trivial, so we only prove (1). Obviously,

f" ()
d 4.7
Bi(e) = ) (@7)
Hence, to prove that u € M4 ol by Remark 2.4 we have to show that
. " (@)
£ Noe)) = 4.8
div,, (2 7z )1<igd (4.8)

But integrating by parts for all ¢ € C3°(R?) (not using the summation convention)
we have, since o(i) # i,

Z ff(ifo(;)) ,w(x)udw)—clz/ /(/a,ga dz,) f(@oai)) X

i=1
x f'(@) - F'(@:) -~ f'(%a) dwi -+ da; - dza =0, (4.9)

with the hat (“7) 1nd1cat1ng the term below it being absent. Now (4.8) follows.
To show that also v € Mell , we first note that, obviously,

f'(zi) f"(zi)
B (x) = SN pTes (4.10)

Hence, by Remark 2.4 we have to show

div, (2f"(ma(i))_ f'(=:) )

@) S, 1) 0. (4.11)
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But for all p € C§°(R?) integrating by parts we have

d f”(ma(i)) 3 F'(z:) .
E/ <2 f'(@i) E‘? . f(ﬂvj)) dip(x) v(dx)

—022 / Zf f(,f;’(”) 7'(2:)) () p(dz)

— e Z/ - (/ 21" (@) 1" (2o 0(x) — f'(2:)*Bisp(a) d”) * (a12)

X f'(21) -+ (@) -+ ' (2a) day -+ da -+ da

_ 2c1czé ( [ oot dn - [ £@eta) dﬂ) _

and (4.11) follows. [ |

A Appendix: The one—dimensional case

For completion, we give a brief account of the case d = 1 in this section.
So, let 2 = I be an open interval in R. We adopt the notation of the main part
of this paper.

Proposition A.1. Suppose  is a locally finite Borel measure on () such that L’ ,p =
0.2 Then Ap = gdzx, where g is of locally bounded variation. Its distributional
derivative is in L} (I,dz), provided A > 0 p-a.e.

Proof.  Since Ap, by are by assumption locally bounded measures, L} ,u = 0 implies
that

(A)" — (bp)" =0 (A.1)
in the sense of distributions. Hence
(Ap) —bp=ceR, (A.2)
and, consequently,
Ap(t) = / (bdp + cdz), (A.3)
{scI|s>t}

and the first part of the assertion follows. If A > 0 p—a.e. then

M= 1{A>0}% dz. (A4)

280, in particular, we assume A,b € Llloc(l, )
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Since g’ = (Ap)' is a distribution, it follows by (A.2) that g’ ( = bl{aso}%) is in
Llloc(Ia dz) n

Proposition A.2. Let u, A and b be as in Proposition A.1, and assume, in addition,
that A is locally absolutely continuous and A > 0 everywhere. Then:

1. %‘zﬁ (which exists by Proposition A.1) has a locally absolutely continuous version
p.

2. If, in addition, b € L .(I,dx), then for all to € I

loc

p(t) = cexp{ t: %(s) ds} (/t: exp { — t: %(r) dr} ds + C‘), (A.5)

for some c,é € R and any such p is a solution to L} yu = 0. In particular,
#MEP <1
Proof.

1. By (the proof of) Proposition A.1, it follows that p = £, with distributional

derivative in L} (I,dz).

2. Dividing by A, we may assume that A = 1. By the proof of Proposition A.1,
we know that

p' = bp = —c (A6)

which by elementary calculus is equivalent to (A.5), if b € L} .(I,dz). Now
assume that [, pdz =1 and that v = p, dz € M;‘}l’b. Then p — p, solves (A.6)
with ¢ = 0 and must be zero at some point, since its integral vanishes and I is
connected. Hence p = p, by (A.5). [ |

Remark A.3. By [12, Example 1.12] we know that for A = 1 and b(z) := —2z —
6e”’, « € R, we have M4 = {u} with u(dz) = e=*" dz, but (L4, C°(R)) is not
essentially m—dissipative on L'(R, ). So, the converse of Theorem 3.1 does not hold
in the case d = 1.
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