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Abstract

The paper provides necessary and sufficient conditions under which stochas-
tic heat and wave equations on R? have function-valued solutions. The results
extend, to all dimensions d and to all spatially homogeneous perturbations, re-
cent characterizations by Dalang and Frangos [2]. The paper proposes a natural
framework for a study of nonlinear stochastic equations. It is based on the har-
monic analysis technique and on the stochastic integration theory in functional
spaces. Generalizations to the d-dimensional torus and to nonlinear equations
are discussed as well.

1 Introduction

The paper is concerned with the stochastic heat and wave equations:

ot

Bu(t 0) = Au(t,0) + 2 (t,6), t>0, 0eR:, ()
u(0,6) =0, §¢€Re, :

and

{ &2 (t,6) = Au(t,0) + 222(1,6), t>0, §eR?, (1.2)

u(0,6) = 0, 8u(0,6) =0, feR?,

where Wr is a spatially homogeneous Wiener process with the space correlation T'.
The correlation I' can be any positive definite distribution. It defines the covariance
operator of the Wiener process by the formula Qp =T * ¢, p € S(R?).

It is well-known, see [25], that if Qg—‘t'n is a space-time white noise, or equivalently if
I' = 4(,}, then the equations (1.1), (1.2) have function-valued solutions if and only if
the space dimension d = 1. It is therefore of interest to find out in dimensions d > 1 for
what space-correlated noise, equations (1.1) and (1.2), have function-valued solutions.
This problem has been recently investigated, for the stochastic wave equation, by
Dalang and Frangos [2], see also Mueller [18], when d = 2. Let Wr(t,6),t > 0,0 € R?,
be a Wiener process with a space correlation function I':

EWr (t7 6)Wr(s,m) =t A SF(O =~ 1); 0,m€ RZ,
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where I'(0) = f(|0]),0 € R?, and f is a non-negative function, continuous except at 0.
It has been shown in [2] that the stochastic wave equation (1.2) has a function-valued
solution if and only if

/ £(8) In = d6 < +oo. (1.3)
161<1 16|

The proof in [2] is based on an explicit representation of the fundamental solution
of the deterministic wave equation in dimension d = 2 and can not be extended to
higher dimensions.

In the present note we treat the general case of arbitrary dimension d and of
arbitrary spatially homogeneous noise for both the stochastic heat and wave equations.
Spatially homogeneous noise processes were introduced by Holley and Stroock [11] and
Dawson and Salehi [5] in connection with particle systems, see also Nobel [20], Da
Prato and Zabczyk [4] and Peszat and Zabczyk [21], [22] for more recent investigations.
We consider also equations (1.1) and (1.2) on the d-dimensional torus 7. It is
interesting to note that for both stochastic heat and wave equations, (1.1) and (1.2)
on R? and on T4, the necessary and sufficient conditions are ezactly the same, despite
the different nature of the equations. Also the fact that our conditions are related to
Newtonian potentials makes the appearance of the logarithmic function in the Dalang
and Frangos paper [2] more natural. The obtained characterizations form a natural
framework in which nonlinear heat and wave equations can be studied. Similar results
can be formulated for linear parts of Navier-Stokes equations and other equations of
fluid dynamics. Techniques developed in the paper apply also to equations (1.1) and
(1.2) with A replaced by fractional Laplacien —(—A)®, a € (0,2]. However, those
generalizations are not studied here.

To formulate our main theorems let us recall, see [9], that positive definite, tem-
pered distrubutions I' are precisely Fourier transforms of tempered measures p. The
measure p will be called the spectral measure of I' and of the process Wr.

Theorem 1.1. Let T be a positive definite, tempered distribution on R?, with the
spectral measure . Then the equations (1.1) and (1.2) have function-valued solutions
if and only if

1
/];d w u(dX) < 4o0. (1.4)

Theorem 1.2. Assume that I is not only a positive definite distribution but also a
non-negative measure. The equations (1.1) and (1.2) have function-valued solutions:

i) for allT ifd=1;
it) for ezactly those T' for which fl9l<1 In|6|l'(dh) < +o0 if d = 2;
iii) for exactly those T’ for which f|0|<1 m%:;F(dO) < +ooifd>3.

Note that condition (1.3) is a special case of ii).
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Similar theorems hold for stochastic heat and wave equations on the d-dimensional
torus, see Theorem 5.1 and Theorem 5.3 in §5.

The paper is organized as follows. Preliminaries and the formulation of the prob-
lem will be given in section 2. Section 3 contains proofs of the results for the case of
R?. Applications are discussed in section 4. Extensions to the d-dimensional torus
are contained in section 5. We finish the paper with two conjectures and some partial
answers in section 6.

The present paper is an updated version of the preprint [14].

Acknowledgement. The authors thank Professor J.M.A.M. van Neerven for helpful
comments on the presented material.

2 Preliminaries

2.1 Heat and wave semigroups

Let S.(R?) denote the space of all infinitely differentiable functions ¢ on R¢ taking
complex values, for which the seminorms

1% || a8 = sup |&*DP(z)|
z€RY

are finite. The adjoint space S’.(R?) is then the space of tempered distributions. By
S(R?) and S'(R%) we denote the spaces of real functions from S.(R%) and the space
of real functionals on S(R?).

For ¢ € S.(R?) define (5)(z) = ¥(—z),z € R?. By S(4)(R?) and Sés)(R‘i) we
denote the spaces of ¢ € S.(R?) such that ¢(z) = ¥4 (z) and the space of all
¢ € S!(R?) such that (¢,1) = (€, Y(s)) for all Y € S(R?).

If F is the Fourier transform on S,.(R?):

FM = [ Vs, AeR, e S®),

then its inverse F~! is given by the formula

1 .
—1 — —i(z,\) Rd S Rd :
F(E) = g [ 0D, AERE, b e SR
We use the same notation for the Fourier transforms acting on S’.(R?).

Note that the operators F and F~ transform S'(R?) onto S, (R?) and S{,(R?)
onto S'(R?), respectively. The Fourier transforms of ¢ € S.(R?) and ¢ € SL(R?) will
be denoted by ¢ and &.

Consider first the heat equation

Ou

5 =Au, t20, u(0)=¢ (2.1)
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where ¢ € S.(R?). If @ denotes the Fourier transform of u then

o4 ) ) )
5 = —Wa and a(0) =¢

and therefore )
a(t) = e A,

Consequently, for arbitrary £ € S’ (R?), equation (2.1) has a unique solution in S’(R?)
and the solution is given by the formula

u(t,z) = p(t) * £(z) = (£, p(t,z — ) (2.2)
where p(t)()) = et p(t,z) = \/<‘+—o‘3L €30, k=cRi
The family

SWE=p(t)xE, t>0, &€ SuRY) (2.3)

forms a semigroup of operators, continuous in the topology of S’(R?). The formula
(2.2) shows that the semigroup S(t), ¢ > 0 has a smoothing property: for all { €
S!(R4), S(t)¢ is represented by a C* function.

Similarly, for the wave equation,

oy, w0)=¢

% = Au, v(0) = ¢,

one gets, passing again to the Fourier transforms 4 and 0, that:
ou . 00
QR S <
o 7 ot

By direct computation we have

= —|\|%a.

d(a\ _ [ cos(Al), sindlA/) 3
dt ( b ) - ( —|Alsin (|A8), cosl)‘(||/\|t) ) ( ¢ )
Therefore,
() = [cos (A[D](0) + [M] #(0), (2.4)
Al
d(t) = —[[Alsin (|A#)]@(0) + [cos (|A[)]5(0). (2:5)

Note that for each t € R' functions cos (|A¢), S2UMY and |A sin (|A|t), A € RY,
[A]

are smooth and polynomially bounded together with all their partial derivatives.
Therefore the formulae (2.4), (2.5) define distributions belonging to S.(R?).



StocHASTIC PDE’S WITH FUNCTION-VALUED SOLUTIONS 201

Let p1,1(t), p1,2(t), p2,1(t), p2,2(t), t € R, be elements from S'(R%) such that,

cos (IAJt) = F (pr.1(8) (V), “|+|*'t’ — F(pra(®) )

—[Xsin (]Alt) = F (p21(0) (), cos (]Alt) = F (p22(1) (), X € RY.

Then
u(t) = p1,1(t) * w(0) + p1,2(t) * v(0),
v(t) = p2,1(t) xu(0) + p2,2(t) xv(0), te€R

As for the heat equation, explicit formulae for the distributions p; (), i,j = 1,2 are
known, see [17, pp. 280-282]. In particular, they have bounded supports.

We shall use the following notation
Rt =pia(t) € t>0,€ € SYR?Y). (2.6)

For all ¢ € S'(R?), R(t)¢ is a continuous function of time. For each ¢ > 0, the linear
transformation R(t) acts continuously on S.(R?).

2.2 Spatially homogeneous Wiener process

Let T be a positive definite, tempered distribution. By Wr we denote an S’(R%)-
valued Wiener process defined on a probability space (2, F,P) such that

E(W(t)a (p)(W(S), 1/") =tA S(F’ P * w(s))a

where 9, (z) = ¢(-z), = € R4, see [21]. It is well-known that this way one can
describe all space homogeneous S'(R?)-valued Wiener processes, see e.g. [21].

The crucial role for stochastic integration with respect to Wr is played by the
Hilbert space Si. C S’(R?) consisting of all distributions ¢ € S'(R?) for which there
exists a constant C such that,

|(&, )] < Cy/(T, 9 *x9y)), »ES.
The norm in Sf. is given by the formula:

o, = sup 16D
ves / (T, ¢ *s))
The space S}. is called the kernel of Wr, see [21].
Let H be a Hilbert space contiunuously embedded into S'(R?) and let Ly s(Sf, H)

be the space of Hilbert-Schmidt operators from S| into H. Assume that ¥(t),t €
[0,T1], is a predictable Lgs(Sp, H)-valued process such that

T
]E(/O 1) | %HS(S.F’H)ds> < 40
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Then the stochastic integral

i
| ¥,
0

can be defined in a standard way, see [12], [3], [21]. It is an H-valued random variable
such that

T

E (/ \Il(s)dWr(s)) =0,
0

and

T T
E / (s)dWr ()% = E ( / 1%(s) | %,,sw'r,mds) -

The definition of the stochastic integral can be extended to all predictable ¥ such
that

T
P (/0 1% (8) 113052,y 8 < +oo) =1 2.7)

This is, in a sense, the largest class of integrands. One says that the stochastic integral
(2.2) exists in H if the integrability condition (2.7) holds. Finally if ¥(¢,w),t > 0, w €
Q are linear operators on S’(R%), not necessarily everywhere defined, and for some
Hilbert space H, continuously embedded into S’(R?%), the process ¥ is H stochastically
integrable, than one says that the process ¥ is S’(R?) stochastically integrable or that
the stochastic integral (2.2) erists in S'(R?), see [12].

We will need a characterization of the space S}. from [21, Proposition 1.2]. In the
proposition below L7, (R?, 1) denotes the subspace of L?(R?, u;C) consisting of all
functions u such that u() = u, see §2.1.

Proposition 2.1. A distribution & belongs to Sj if and only if £ = up for some
u € L%s)(]Rd,u). Moreover, if € = ufi and 7 = Ufi, then

(67 77)5]’:\ = (u’U>L?.)(Rd,u)'

2.3 Questions

The solution X to the stochastic heat equation and the solution Y to the stochastic
wave equation is understood in the evolution form,

<
.

N
I

/t S(t — s)dWr(ds), t=>0, (2.8)
0

|-<
~—
N

Il

/t R(t — s)dWr(ds), t>0, (2.9)
0

where S(-) is given by (2.3) and R(-) by (2.6). It is not difficult to show, see [15], that
the stochastic integrals (2.8), (2.9), exist in S’(R?).
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We say that the solutions X and Y are function valued if the integrals (2.8), (2.9)
exist in Lf,(]Rd) = L%(R%, p(z)dz) for some positive, continuous, integrable weight p.
We will see that characterizations of function-valued solutions are independent of the
choice of the weigth p.

To motivate the definition of the function valued solutions assume that an S'(R?)
valued process X (t),t > 0, can be identified with function valued process Z(¢,z),t >
0,z € R?, in the sense that X (t), (which depends also on w), can be represented as a
function Z(t,-). As X is a Gaussian and spatially homogeneous process we can expect
that for each ¢t > 0, random variables Z(t,z), z € R?, are Gaussian with identical
probabilistic laws. In particular, for all positive, integrable functions p(z), = € R?,

E ( /R 7, z)p(:c)dx) = /R (EZ* (1,2))p(z)dz = ( /R d p(w)d:z:) B(Z2(t,0)) < +o0.

Consequently, P(Z(t,-) € LZ(R%)) = 1.
The main questions of the present paper are formulated as follows.

Question 1. Under what conditions on ' the stochastic integrals X (t),t > 0, ezist
in L;",(]Rd) for some (any) positive integrable weight p ¢

Question 2. Under what conditions on ' the stochastic integrals Y (t),t > 0, exist
in L2(R*) for some (any) positive integrable weight p ?

Answers to these questions have been formulated in the Introduction as Theorem
1.1 and Theorem 1.2. The case of d-dimensional torus T'¢ is treated in §5.

3 Proofs of Theorem 1.1 and Theorem 1.2
3.1 Proof of Theorem 1.1.

(a) Stochastic heat equation

Let us recall that we denote by Sf. the kernel of the Wiener process Wr and that

S(HE=p(t)x& t20.
It follows from §2.2 that the stochastic integral

t
/ S(t — s)dWr(s), t>0,
0
takes values in L2(R?) if and only if

t
[ 18@) 13 sy < +oo.

Let {ux} be an orthonormal basis in Lf, (R?,x). Then by Proposition 1.2 of [21],
ex = Urfi, k € N, is an orthonormal basis in S}
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Thus we have
oo o0
1) | Eusispzz) = S 1SR =3 [ | 19(o) « @) Pote)dz, o >0
k=1 k=1

However, p(c) € S(R?) and therefore

p(0) * uri(z) = (p(o, z — ), urft) = (urps, (o, —-)) .

The last identity follows from the definition of the Fourier transform of the distribution
ugp. However,

Po,z =) = N e

and therefore . .
('U«k,u,ﬁ(ﬂ',x - )) = (Uk[l,, ez(z,-)e—al-l )

Consequently

a2
I S(o) |l 2L,{s(s]'p[J,z,) = Z/Rd I(utcu,e’(z’)e 1%
k

:Z/Rd
/Rd lZ\ ug, e~ 4@ el )LZ)(RdM)‘ ] (z)dez.

By the Parseval identity in L7, (R?, p),

p(z)dz

2
/nu u (Ve =N e P p(dn)| p(z)dz

—i(z,") —o|-|? 2 —i{z —0 2|? —20|7|2
S [(ur, e e ) | = e<”ewlmw=A;2WMMy
k

Finally,

/Ot | S(o) || 2Lus(s'P,Lg)dU — [/ p(z)d ] / / o—201A1” “Ed)\) .
= [/de(z)dz] 5/}24 l%e/\_lztﬂu(d)\).

t
/O | S(o) I 2LHS(S'F,L§)d°’ < too

Therefore

if and only if

1
/ i |/\IQ,u(d/\) < +00.



STOCHASTIC PDE’S WITH FUNCTION-VALUED SOLUTIONS 205

(b) Stochastic wave equation

Let us recall that R(0)é = p12(0) ¥€, 0 > 0, £ € S'(R?), see (2.6). The process
Y(t), t > 0, is well defined as an L%(]R{d)—valued process if and only if

t
/0 | R(o) || ins(sg,Lg)dU < +oo.

1 B@) W uaspapy = 2 [ | Im1a(o) * o) p(a)ds.
k
However

p1,2(0) * Upp(z) = (pr1,2(0, = — ), Ukft) = (Pr,2(0) (T — -), ukp)- (3.1)
To justify the identity (3.1) we need the following lemma, see [8].

Lemma 3.1. Let £ and n be distributions with bounded supports. Then the convolu-
tion & x 1) exists and is a function of class C*°. Moreover,

~

Exi(z) = ({(z—),m), zeR.

Note that the distribution p; » has bounded support and one can assume also that
functions ug, k € N, have bounded supports as well.

But i
Pr2(0) (@ —)(\) = eleN) SILI(J\I_@
Therefore
: 2
e ANSID| - |O
1RO s = 2 | (vt =2 )| torie
k
i 2
. NSIDL| - |O
= ZAd <uk78"(1,)—|(|%_)>L?a)(Rd,u) p(x)dz_
k

Again, by the Parseval identity,

in (|\|o))?
1 R@) W atstsp = | [, plaria] [ SR

Consequently,

[ 1RO W isiaato = [ [ otwas] [ ][R 50] yian),

By an elementary argument one shows now that the integral is finite, for all ¢ > 0, if
and only if

1
/Rd Wu(dA) < +o00.

This completes the proof of Theorem 1.1. [ |
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3.2 Proof of Theorem 1.2.
Let
+o00
Ga(z) =/ e“tp(t,z)dt, z€R?,
0

where i )
-5 t>0, zeRd.

t,x) = ——e ,
p(t, z) oL

Thus G4 is the resolvent kernel of the d-dimensional Wiener process. It is easy to see
that

1 —i(z,\) 1 d
= ) RY.
Gq4(x) ( )d /de 1 |)\|2 d\, T€

The following properties of G4 are well-known, see [16], [10], [8]:
Proposition 3.2. One has that:

1

_ —|z| 3
= e rzeR
47|z ’ ’

1
Gi(z) = 56—”', z R Gs(z)
and, in general, for d > 2,
1
—a—z Kaz2(|7]),
|1;|T 2

where K, v > 0, denotes the modified Bessel function of the third order.

Galz) = (27)%

We will need also a characterization of the behaviour of G4 near 0 and near oo,
see [10, Proposition 7.2.1].

Proposition 3.3. The function G4 has the following properties:

(a) for d > 1, for |z| bounded away from a neighbourhood of zero and for a constant

c>0 &
ezl

Gd(a:) <

=X d—1
|z ™=

(b) for d > 3 and for a constant c > 0, in a neighbourhood of zero

c

Ga(z) ~ W;

(c) for d =2 and for a constant ¢ > 0, in a neighbourhood of zero
Ga(z) ~ —cln|z|.

We will also use the following lemma:
Lemma 3.4. Assume that the distribution I' is not only positive definite but it is also
a non-negative measure. Then

(T, Ga) = (2m)° /R d ﬁu(d/\)-
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Proof. Since p = F~}(T) and et '2—|—g € S(R?), by the definition of the Fourier
transform of a distribution,

et e—th? eI’ _ _
/d1+m2“( A= (Fﬁ“) ) ('1+_|-|'2’jr I(F)) -
et 1
) (’r I(W) ’F> = {ame PO+ G D).

Therefore

Moreover

+o00 +o00 +o00
p(s)*Gq = / e tp(t)*p(s)dt = e“/ e~ t+op(t4s)dt = e"’] e ’p(o)do.
0 0 8

So
+o0
e ’p(s) *xGq = / e 7p(o)do

and then
e ’p(s)*xGq T Gqg as slO.

Hence, if T' is a non-negative distribution on R¢, then

1 . 41 1
/R TP = lme™ g (0(t) * GarT) = (g (G )

This completes the proof of Lemma 3.4. 5

We pass now to the proof of the theorem. It is well-known that a non-negative
measure I belongs to S’(R?) if and only if for some r > 0,

1
—T , 3.2
/]Rd1+|a:|’ (dz) < 400 (3.2)
Moreover, for arbitrary d > 1,
Ga(@)T(dz) = [ Ga(z)T(dz) + / Ga(z)T(dz).
|z|<1 |z|>1
But, by Proposition 3.3 (a),

G4(x)[(dz) < ¢ / e 1?10 (dx),
lz|>1 |z|>1
and from (3.2)

G4(z)'(dz) < +00.
|z|>1
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Since the function G is continuous,
Gi(z)I'(dz) < +o0,
le|<1
and the theorem is true for d=1.
If d=2 then [,,Gs(x)['(dz) < 400 if and only if flzl<1 G2 (z)T'(dz) < +00. But
Ga(z) ~cln ]%[ for some ¢ > 0 in the neighbourhood of 0, so

Gg(z)/clnﬁ

—1las|z| = 0.
Therefore, for some ¢; > 0, ¢ > 0:

1
<Giz) <eln—,
||

coln for |z| <1

1
|z
Consequently,

G2 (z)I(dz) < +oo if and only if In —[‘(d:l:) < +o0.
|z|<1 |£L‘|

If d > 3, in the same way,
/ Ga(z)I'(dz) < +oo if and only if / = —=L{de] < +oo.

This completes the proof of Theorem 1.2.

4 Applications

We illustrate the main results by several examples. We start with the case of bounded
functions I.

Proposition 4.1. If the positive definite distribution T is a bounded function then
the equations (1.1) and (1.2) have function-valued solutions in any dimension d.

Proof. If the positive definite distribution I' is a bounded function then I is a
continuous function and the corresponding spectral measure p is finite. Since the
function mITP', X € R?, is bounded therefore

1

and by Theorem 1.1 the result follows. |

Stochastic evolution equations with noise of such type have been introduced by
Dawson and Salehi [5] with an extra requirement that p is absolutely continuous with
respect to Lebesgue measure on R?. In the case of d=2 they have appeared in the
recent paper by Mueller [18].
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Ezample 4.2. Tt is well-known that functions I'(z) = e~1#|°, z € RY, for a € (0,2] are
positive definite. In fact, they are Fourier transforms of the so called symmetric stable
distributions, see [16] or [6]. Consequently with such covariances I" the equations (1.1)
and (1.2) have function-valued solutions.

We consider now some examples of unbounded covariances I'.
Proposition 4.3. For arbitrary o € (0,d) the function I's(z) = =, ¢ € R? is a
positive definite distribution. Equations (1.1) and (1.2) with the covariance I'y have
function-valued solutions if and only if o € (0,2 A d).

Proof. 1t is well-known, see [17], [8] or [16], that I, is the Fourier transform of the
function ¢; m:}:, XA € RY, where c; is a positive constant. The condition (1.4) is

equivalent to
1 1
I:= —————d\ < .
Ju T A < s

By standard calculation

I=c /+oo ! ! r¢ldr
s o (1+72)rdia ’

where ¢, is a constant. One obtains, that I < +o0c if and only if

1 © 1
/ —dr < +oo and / 35 dr < +0oo,
0 r - 1 r -
or equivalently, @ > 0 and « < 2. Since « € (0,d), the result follows. [ ]

Remark 4.4. Note that Proposition 4.3 contains, as a special case, an application from
the paper [2, Examples].

We pass now to examples for which I' are genuine distributions.

Ezample 4.5. If a_gt/r_ is the space-time white noise then I' = d;, and the correspond-
ing spectral measure p has a constant density, say ¢ > 0. Since

1
—  _d ,
/Rd1+|)\|2d < 400

if and only if d = 1, the equations (1.1) and (1.2), perturbed by such noise, have
function-valued solutions iff d = 1.

Ezample 4.6. Walsh [25], in his study of particle systems, arrived at the following
equation for fluctuations:

ou 0%u oo
56O = 6o+ 2 | 2w, (a.1)

u(0,§) = 0, t>0, £€R.
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It is easy to calculate that the covariance function corresponding to %Wa w5, 2
0,isT"' = —5’{’0} and the appropriate spectral measure p has the density d,,(\) = A2d).

Since
/ e _1 A2d\ = 400
oo 14+ A2 ’

the equation (4.1) does not have a function-valued solution. This fact has already
been noticed by Walsh [25].

5 Equations on the d-dimensional torus

Many of the previous considerations can be extended from R? to stochastic equations
on more general groups'. As an illustration we discuss here the case of d-dimensional
torus T4, for more details we refer to [13]. The d-dimensional torus T can be iden-
tified with the Cartesian product, (—m,n]?, regarded as a group with the addition
modulo 27 (coordinatewise). We assume that Wr is a D'(T'¢)-valued Wiener pro-
cess spatially homogeneous with the space correlation I'. The distribution I' can be
uniquely expanded into its Fourier series

re) = Z ei("’g)'yn,

nezd
with the non-negative coefficients such that v, = y—, and Y Ifl"Tl; < 400, for
nezd

some 7 > 0.

Denote Z} = N and, by induction, Z+! = (Z! x Z%) U {(0,n); n € Z¢}. Then
z%=173%u (-z9) u {0}.

The corresponding spatially homogeneous Wiener process W (t), ¢ > 0 can be
represented in the form:

W(t,0) = v7obo(t) + D /27 ((cos(n,6)B,(t) + (sin(n, )85 (1)) ,

nezd
6T t>0, (5.1)

where By, 8L, 82, n € Z¢ are independent, real Brownian motions and the convergence

is in the sense of D'(Ty).

Denote H = H® = L*(T%), H* = H*(T%) and H~* = H~%(T?), o € Ry, the real
Sobolev spaces of order a and —a, respectively. The norms are expressed in terms of
the Fourier coefficients, see [1]

1
2 2

Il = | D A+ )&l | = |16l +2 Y @+ ) () +E)?) |

nezd nezZd

1The case of linear and nonlinear heat equations on compact Lie groups has been recently discussed
in [24].
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and

: ;
I€lla-a = | DA+ &) = | 1€l +2 Y L+l (&)* + (€)% ]
nezd n€zd
where &, = &, +i€}, &n = €_p, n € 2%
We have the following result.

Theorem 5.1. Equations (1.1) and (1.2) on the torus T? have H**'(T?)-valued
solution if and only if the Fourier coefficients () of the kernel I satisfy:

> 1@+ n?)* < +oo. (5.2)
nezd

Remark 5.2. Recently, the problem of existence of solution to stochastic wave equa-
tion in S'(R?) has been considered by Gaveau [7].

As in the case of R?, condition (5.1) can be written in a more explicit way.

Theorem 5.3. Assume that T is not only a positive definite distribution but is also a
non-negative measure. Then equations (1.1) and (1.2) have function-valued solutions:

i) for allT ifd =1;

i) for exactly those T' for which [

joj<1 10 |0|T'(df) < 400 if d = 2;

ii3) for exactly those T for which f€|<1 W—;I‘(dG) < 400 ifd>
The proofs of both theorems are similar to those for R?. For details we refer to
our preprint [13].

In fact the proof of Theorem 5.1 can be done in a different way by taking into
account the expansion (5.1) of the Wiener process W, with respect to the basis 1,
cos(n, 6), sin(n,8), n € Z%, § € T?. We sketch the different proof now.

Equations (1.1) and (1.2) can be solved coordinatewise with the following explicit
formulae for the solutions:

XG0 = VO YV costn) [ a5l
nezd
+ sin(n,6) / e""'2(t‘s)dﬂf,(s)], (5.3)
0
Y(t,0) = 7Bo(s)ds+ Z V27 [cos(n 0)/ §midﬂ}}(s)
nezd

+ sin(n,0) / M—'s—))dﬂg(s)]. (5.4)
0

In|
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It is easy to check that the series defining the processes X and Y converge in D'(T?)
PP - almost surely. It follows from the definition of the space H**! that X (t) € H**!,
P-almost surely if and only if,

Z 1+ |n|2)°‘+1'yn[(/0t e""'z(t")dﬁ},(s))z + (/Ot e—lnl2(t—s)dﬁ§(s))2] £ 5.

nezd

(5.5)

Since the stochastic integrals in (5.5) are independent Gaussian random variables
therefore (5.5) holds P-almost surely if and only if,

3 @+ ) . E [(/Ot eI agl ()" + (/Ot e Pe=9482(5)) ] < +oo.

nezd
(5.6)
Or equivalently, if and only if,
t
Z 1+ |n|2)°‘+1'yn/ e~2n*sds < 4oo. (5.7)
nezd 0
Similarly, Y (t) € H**!, P-almost surely, if and only if,
t
S+ |n|2)"+1# / sin®(fulaidla < fo0. (5.8)
nezd a
Since, for arbitrary ¢ > 0,
¢ 2 1
|n|2/ el egs 3 8 In| = +o0,
0
t t by
/ sin’(|n|s)ds — —/ sin? odo, as |n| — +o0,
0 T Jo
therefore inequalities (5.7) and (5.8) hold if and only if,
da+ |n|2)"‘+1’y—"2 < 400,
nid In|
as required. [ |

Expansions (5.3), (5.4) lead also to more refined results.

Theorem 5.4. Assume that

for some a € (0,2). Then solutions X (t), Y(t), t > 0 are Holder continuous with

respect to t > 0 and § € T with any ezponent smaller than % =,
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The theorem is a consequence of Theorem 5.20 and Theorem 5.22 from [3]. For
the case of R? and the stochastic wave equation a similar result was obtained in [2].

We finish the section with some applications of Theorems 5.1 and 5.3.

Corollary 5.5. Assume that T' € L?(T?) and d = 1,2,3. Then the stochastic heat
and wave equations (1.1) and (1.2) have solutions with values in L*(T%).

Corollary 5.6. Assume that for some 1 < p <2, I € IP(Z9). Ifd < —&, then the
stochastic heat and wave equations (1.1) and (1.2) have solutions in L2(Td)

6 Conjectures

Taking into account Theorem 1.1 it is natural to expect that the following conjecture
is true.

Conjecture 1. If f]Rd WIITI’”(‘D‘) < 400 and functions g : R - R, b: R = R are
Lipschitz then nonlinear heat equation

{ 240 = Au(t, 6) + g(u(t, 6)) + b(u(t, 0) 2= (1,0), t>0, 6€R:, 4,
u(0,8) = ug(6), @€ RY, .

and nonlinear wave equation

L0 = Au(t,6) + g(u(t,0)) + b(u(t,0) 282 (1,0), t>0, OERE, (oo
u(0,0) = uo(8), 2%(0,6) = vo(9), 0eIR<d ’

have function valued solutions.

At the moment there are only partial confirmations of the conjectures. Namely,
the following result concerned with nonlinear heat equation (6.1) is contained in the
paper [22]. It strengthens an earlier result from [21].

Theorem 6.1. Assume that g and b are Lipschitz and that for a positive number v,
the distribution ' + v, is a non-negative measure. Nonlinear heat equation (6.1) has
a unique Markovian solution in L2,

i) for allT if d =1;

i) for exactly those I' for which [

o1<1 I [6IT(d6) < +oo if d = 2;

iti) for exactly those T' for which f|9|<1 —av—g[‘(dg) <+ooifd>3.
An existence result for nonlinear stochastic wave equations was proved in the

paper [2] by Dalang and Frangos and more recently by Millet and Sanz-Sole in [19].
The following result was shown in [2].
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Theorem 6.2. If the correlation T is a function of the form I'(9) = f(|6]), with f
positive and continuous outside 0, and if the dimension d = 2 and the condition (1.3)
is satisfied then the equation (6.2) has a local solution.

The above theorem has been recently strengthened and extended to dimension
d = 3, in the paper [22] by Peszat and Zabczyk.
Theorem 6.3. Assume that g and b are Lipschitz, that for a positive number vy the

distribution '+, is a non-negative measure and that d < 3. Nonlinear wave equation
(6.2) has a unique solution in L2,

i) forallT ifd=1;

i) for ezactly those T’ for which |,

1< 10 [6|T(dB) < +oo if d = 2;

iii) for exactly those I' for which flﬂl -

la—l%mr(d()) <+ooifd>3.

It is interesting to note that conditions of Theorem 6.1 and Theorem 6.3 imply that
the reproducing kernel space S} consists only of functions, namely, S C L?(R?) +
Cy(R?), see [21]. This seems to be essential for the definition of the stochastic integral
with the integrands being multiplication operators. We therefore pose the following

conjecture.

Conjecture 2. If [, ﬁfwﬂ(dA) < +o00 then elements of S| are represented by
locally integrable functions.

The following proposition is a partial confirmation of Conjecture 2.
Proposition 6.4. If [, ﬁh;u(d/\) < 400 then dy,) & St-

Proof. Assume, to the contrary, that for some u € Lfs)(IR", 1), Ui = g}

Then, for a constant ¢ > 0, u(z)u(dz) = cdz and u(x) > 0 for almost all z € R? and
measure 4 can be identified with its density y(z) = £, = € R?.

We also have

1
Ad w’)’(ﬂ?)dﬂ: < 400,

and
2

2 c
/Rd u?(z)p(dz) = /Rd 72_(:1:)7(9:)(19: = /K;d mdz < +o00.

Consequently
1 ()
R /14 A2 /1+ A2
1 V1+ A2
R V/I+PE ()

Adding both inequalities and taking into account that a + % > 2 for all a > 0, one

arrives at [oq ﬁd/\ < +00, a contradiction. [ ]

dr < +00,

dz < +o00.
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