











20 GEOMETRICAL DEDUCTION OF SEMIREGULAR ETC.

gap are therefore 16 tetrahedra and 8 CO (Fig. 198). The regu-
lar net of C,, has thus been transformed into one of three constituents:

(1) e, Cy (limited by RCO, P;, CO), Fig. 197

(2) P,, Fig. 198

(8) ce Gy (limited by 8 CO, 16 7), Fig. 19a.

In this net two polytopes (7) have an RCO, a (7) and a ()

have a P;, a (7) and an («) have a CO, and an («) and a (8)
have a 7' in common.

The e3 expansion applied to a block of cubes.

32. The figure 20 shews the result e; VC clearly. It has
already been remarked that this expansion leads to a block of cubes
of different kinds, some having face import (z), some edge import
(b), and some vertex import (c).

In figure 21 is shewn the result of the operation ¢ e, NC; the
cubes corresponding to those of the original net are changed into
tC; the cubes of edge import (subject of the second operation
¢) remain cubes; those of face and vertex import are changed
respectively into Pg and RCO (A. 22).

The e expansion applied to a net of Ci.

83. Each C is expanded according to the rule and produces
a polytope limited by 7', P;, P,, C (Fig. 227).

When these are adjusted, so that tetrahedra which were common
to two C,; are common to two ey Cjg, there are face, edge, and
vertex gaps; these are defined respectively by three parallel positions
of a face, 12 parallel positions of an edge, and 96 positions of a
vertex; since in the NCj a face is common to three, an edge to 12,
and a vertex to 96 tetrahedra (members of the subject). It remains
only to determine the limiting bodies surrounding these gaps.

34. In order to find those of the face gap the three new parallel
positions of the face 4BC are represented by the triangles 4, B, C,,
4,B,C,, A3 B;C (Fig. 23).

It follows from the definition of expansion that the lines 4, 4,,
Ay Ay, A3 4. .. .. are normal to the face 4BC and equal to an
edge. Thus the face gap is surrounded by two groups of three
Py; one group consists of the Pg: 4, B, C, 4, B, C,, A, B, Cy Ay B, G,
Ay By Gy Ay By Gy of face import and the other of 4,.4,4,B,B,B,,
BB, B, C,C, G, C C,C Ay A, A3 of edge import.
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The members of each group are in triangular contact with mem-
bers of the same and in square contact with members of the other
group.

This polytope, called a simplotope, is a special case of a group
of polytopes called prismotopes !).

Two kinds of limiting bodies surrounding the edge gap have
now been found, i. e. square prisms due to the transformed C
(Fig. 224) and P; due to the expanded face (Fig. 22/3); there are
six of the former and eight of the latter, since six Cj; and eight
faces meet in an edge of NVC,; As the axes of these 14 prisms
are parallel, the body must be a fourdimensional prism whose base
is a CO of vertex import (since its vertices are the 12 positions
taken by the end point of an edge).

The vertex gap is surrounded by cubes (7) and CO (8), and
there are 24 of each since 24 C; and 24 edges meet in a vertex
of NC.

Thus there are four constituents in the new net e; NCi4: e; Cig,
prismotope (3; 3), Pco; and a polytope e, Cy¢ limited by 24 C, 24 CO.

The manner in which these different bodies are in contact is
indicated by the imports in the drawings and by the vertical lines.

35. Two examples are_given in order to show how a second
operation may be applied to the result of a single expansion
(Figs. 24 & 25).

Let it be desired to apply the e, expansion to the net obtained
above. Here those constituents taking the place of edges in the
original NC,, are the subject and must be moved unchanged into
new positions. Thus the edge gap in the new net is like that in
the e; expansion (compare Figs. 228 & 24p8).

Moreover those limiting bodies of edge import in the transformed
Cis and in the prismotope (face gap) must also remain unchanged
(compare the parts 7 and 7 of Fig. 22 and Fig. 24).

The tetrahedra (Fig. 227) are transformed by the e, expansion
into ¢7" (Fig. 247).

A careful examination of the manner in which the P; of face
import and the cube of vertex import in the same polytope (7) are
in contact with the tetrahedra will show in what manner they must
be changed (see IFig. 247). From these may be traced the changes
in the face gap (y) and vertex gap ().

36. If it be desired to apply the e, expansion to e¢; NCy the

') Compare the foot note ®) in art. 1.



22 GEOMETRICAL DEDUCTION OF SEMIREGULAR ETC.

face gap remains unchanged (Figs 22y and 257), as well as the
limiting body of face import in the e; Gy (7).

The tetrahedron (Fig. 227) is changed by the e, expansion into
a CO (Fig. 257) and again the manner in which the other limiting
bodies of this polytope are affected by the change can be traced
by an examination of the manner in which they are connected
with the tetrahedra.

The changes in the edge and vertex gaps can also be traced
(compare Figs. 22 and 25).

The polytope of vertex import in Fig. 25 is remarkable, as it is
limited by 4% semiregular polyhedra of the same kind.

The e, expansion.

37. The e, expansion applied to a net of G;, Cg or C, sepa-
rates the adjacent constituents by a distance equal to an cdge.
Thus two neighbouring members of a block are separated by a
fourdimensional prism whose two opposite bases are the two limi-
ting bodies that coincided in the regular net. The net of C; so
treated results in another net of C; of different imports.

The net of C transformed by the ¢, expansion leads to the
following result. The Cg are separated, so that instead of two
having a tetrahedron in common they are separated by a distance
equal to an edge.

In other words the tetrahedron common to two adjacent C
has assumed two parallel positions, the bases of a fourdimensional
prism (Fig. 26J).

The side limiting bodies of this fourdimensional prism are four
P, (of face import). As three Cg meet in a face in the net of
Ci; each face must assume three positions which define a prismo-
tope (3 ;3) (I'ig. 206y).

Again six G meet in an edge of the net, therefore cach edge
takes six positions, i. e. the new positions are the side edges of
a fourdimensional prism on an octahedral base (@). It may be seen
by (7), (), (y) and (8) that only one of these four polytopes pos-
sesses a limiting body with vertex import, i. e. the one filling the
edge gap (£), so that the vertex gap is surrounded by octahedra,
and .as in the net of Cj; there are 24 edges meeting in a vertex
it follows that 24 octahedra surround the vertex gap; that is, it
is a Cy. This new net evidently may also be obtained by
applying the e, expansion to the net N,
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38. The foregoing investigation leads to the following conclusion
as to the nets of fourdimensional space.

If the edges are the subject there are only vertex gaps.

If the faces are the subject there are cdge and vertex gaps.

If the limiting bodies are the subject there are face, edge, and
vertex gaps.

If the constituents are the subject there are body, face, edge,
and vertex gaps.

The vertex gaps are filled by polytopes determined by their
vertices. Their limiting bodies are regular or semiregular polyhedra.

The edge gaps are filled by fourdimensional prisms determined
by edges parallel to their axes. 'Their bases are either regular or
semiregular polyhedra and their other limiting bodies are prisms.

The face gaps are filled by prismotopes determined by parallel
positions of a face and are limited by two groups of prisms.

The body gaps are filled by fourdimensional prisms determined
by two parallel positions of a regular or semiregular polyhedron.

Contraction applied to the nets.

39. One or two examples will suffice to shew the application
of this process to the nets.

If in the net e, M O,7) (Fig. 18) (A. 24) the CO corresponding
to the vertices of the original octahedra be made the subject of
contraction, the /O are reduced to CO, the ¢7' to O, while the
CO remain unchanged. Thus ce; N(0,7") denotes a net composed
of O and CO (A. 18).

40. In the net e, NC,, (Fig. 19) the polytopes filling the vertex
gap («) way be made the subject of contraction, when the following
changes take place. The polytope « remains unchanged except in
position; the prism 2 is reduced to a tetrahedron common to two
of the polytopes «; the CO of 7 remain unchanged while the CO
are reduced to cubes. Thus the net of three constituents is re-
duced to one of two constituents, one limited by S CO and 167,
the other by 24 C and 24 CO.

Tables.

41. The chief results of this memoir are tabulated in the
Tables T and II.

Table I gives the 48 polytopes of expansion (the regular polytopes
included) and the 42 polytopes of contraction. The first set has
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been numbered from 1 to 48; if p stands for any number, p' of
the second set is obtained by application of the operation ¢(=¢,)
to p of the first set. The first set consists of 39 different polytopes;
the second set contains only eight new ones.

Table II gives the 48 nets of expansion (the regular nets included)
and of the nets of contraction only the seven new ones, so altogether
39 4+ 7 i. e. 46 fourdimensional nets.

Table TII gives the nets of threedimensional space and a table
of incidences.
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2 eC | 1 | — | — | T 10 0G | 10 | —| — | T 18 Ol 27 | — | —| O
3 e C; co — | P 0 11 e0; RCO| — | Py | O 19 Gl CO | — | Py | CO
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25 Bg | G | = | == | == 33 Brgs | B |~ | 41 Gl 2 | — || —
26 0C, | 10 | — | — | ¢ | =21 | 84 eCgo | tD | — | — | T 49 &gl OF | — | —| I
217 60y | RCO | — | Py co 35 eClgy | RID| — | Py | O 43 e Coooll CO.| — | Py | ID
28 aC, ||l 0 | P,| P | O 36 eCao | D | P | Py | T| =44 |44 esCaoll T | Ps | Po| D | =36
29 169Gy tCo — 3 tC 317 eeyCyyy | tID | — | Py | (T 45 e163Cs00ll 10 | — | Py | I
30 e163Cy, 1] Py s | RCO | = 31 38 ee3Coy | tD | Pyy| Py | CO 46 e Ceoo |l tT | Pg | Py | RID
31 ee3Cyy | RCO | Py | Py {0 = 30 39 ee3C190 RID| Py | Py | T 47 330500l CO | Py | Pyl tD
32 169630y tCo 0 s | tCO 40 e16963 (o ‘ tUD | Pyg| Py | tO | =48 | 48 | ejege;Choo|l 10 | Py | Pyg| tID | = 40
|
Contraction Contraction. Contraction
I 5 10 10 5 8 24 | 32 | 16 16 32 | 24 8
b ce,C; | O — | — T = 3 10’ eeyCs | CO | — | — | T| =19 |18 ce1Cll O | — | —| O | =25
8’ ce,C; | T — | — 0 = 2 11 e,y | O | —| — | O =25 |19’ ceyCgl| T | — | — | CO| =10
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8’ ceyeqesCs || tT | Py | — to =5 16’ ceyeesCy | 20 | P, | — | 10| =21 |24’ | cerenesCrgll T | Py | — | tCO | =138
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26’ ce; Uy, 0[O — | — C =19 34/ ce)Clog | ID | — | — | T | =43" |42 ce1Cgo0l O | — | — | I = 35’
27 ceyCyy c — | — Cco =19 35 ceq Chag I |—| — | O =42 | 48’ ceyCgooll T | — | — | ID | = 34/
28’ cegCy, — — | — 0 =25 36 cegCag || — | — | — | T | =41 |44 ce3Cool| — | — | —| D | =38
9’ ce1e, Gy 1 — | — tc 37 ceregCrag || I | — | — | T | =45" | 45" | ceyeyCapo| ¢ | — | — | tI | = 37"
30’ ceyeg Gy, co Py | — | RCO | =27 38’ cere3Crag | ID | Py | — | CO| =43 | 46" | ceiesCyp|| O | Py | — | RID| = 35
31’ ceqeg Uy y C — | — t0 = 26 39’ ceges Ol I | — | — [T | =42 | 4T | cepesCopoll T | — | — | D | = 84
32" | cejeqesCyy tC Py | — | tCO =29 40" | cerenesCrog || ¢ | Py | — | 20 | =45 | 48’ |cereneCyoll ¢ | Py | — | tID | = 37
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2 ey NG, e,Cy — — — Cie 18 e,NC,, eCo|l — | — — C,. 34 e,NG,, G| — | — | — C,
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49 ce,NC, ce,C, — — — C. 51 ce,NC,, ce,Ce| — | — — e,Cq
50 ce,e,NC, || cee,C, — — — e, Ce 52 ce,e,NC,;|| cee,Ce| — | — — ee,C,
53 ce,e,NC,o|| cee,C,el — |(3;8) — 2,0
54 ce,e;NColl cee,Ce| — | — — ce,e,C,,
55 | ce,e,e,NC,qllce,e,e,C| — |(3;3)] — c,6,C,,
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18 ce,NC| €O 0
TABLE OF INCIDENCES.
Single polytopes Nets
|
G | G } Gis | Cos | Croo | Gooo | Gs | Chg | Caa
l
Cells meeting in a body . . 2 ) 2
" " n n face... 4 3 3
" »n  # an edge .. 8 6 4
” " n a vertex.. 16 24 8
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Edges » nowoon 4 4 6 8 4 12 8 24 | 16
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