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A shaded face AlBi Oi common to two ROO (in Fig. 19) is the 
new position of a face ABO common to two octahedra in �~�;� 

AiRh A2R'J.' AsBs lire three new positions of Itn edge AB of thc 
�~�~�,� and the two positions AiB1' A2B2 in the RGO are identical 
with the two position"s AlRl' A2B"}. in the prism. Again, the vertices 
of the GO are thc 12 positions taken by a vertex A of the �~�~� 

of which four .Ai A2 A,..A5 are identical with four Ai A2 �A�~� A5 In 

the ROO. 
In the net of �O�~� an edge is common to four and a vertex to 

32 faces (membel's of the subject), so that the edge gap is defined 
by foUL' positions of an edge and the vertex gap by 32 positions 
of a vertex. The limiting bodies surrounding these two gaps may 
be found in the following munner. Four �~� meet in an edge and 
eight in a vertex of thc net �~�\�'� In each, the edge is changed 
into a Ps and the vertex into a 00. Thus among the limiting 
bodies surrounding the edge and vcrtex gaps therc must be four 
Ps in parallel positions in the former and 8 00 in the Iatter. 

Now in the origil1al net two adjacent �0�2�~�'� let us say M & N, 
have a common octahedron, or it may be snid that two octahedra, 
limiting bodies of two adjacent O2\, coincide. So in the transformed 
net two adjacent e:}. 024 have an ROO (transformed octahedron) in 
common; or it may be said that two ROO, limiting bodies of two 
adjacent e2 �0�2�~�'� M & N, coincide. 

Thus the ROO (Fig. 1971") represents two coincident limiting 
bodies , one bel on ging to Mand the other to N. In each the face 
(Al BI' A2 B2) is in contact with a Ps and these two Ps can have 110 
other point in common, or else the polytopes Mand N, ha ving 
al ready one commOJl limiting body, an RGO, would coincide. 

'fhus two adjacent Ps sUl'rounding the edge gap have a square 
face in common. It remains now to seek a polytope which satisfies 
the following conditions. It must be determined by four parallel 
positiol1s of an edge and have amongst its limiting bodies four 
parallel P.,j of which any adjacent two have a square face in common. 

A fourdimensional prism on a tetrahedral base is the only body 
which satisfies these conditions , so that the limiting bodies are 4 Ps, 
2 T (Fig. 19(3). 

Each of the tctrahedra is determined by its vertices i. e. four 
positions assumed by the end point of au edgc of the net 024 and 
is therefore of vertex import. 

As 16 edges meet in a vertex of the net 024, there are 16 of these 
tetrahedrn sUL'l'ounding the vertex gap. 

'}lhe limiting bodies of the polytope which must fill the vertex 
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gap are therefore 16 tetrahedra and 8 CO (Fig. 1 'J(3). The reg u­
lar net of Clt,. has thus been tl'tll1sfol'med into one of th ree constituents: 

(I) e2 CJA (limited by RCO, Ps, CO), l!'ig. 191f 
(2) P 1', Fig. 19{3 
(3) c et Cs (limited by S CO, 16 T), }'ig. 19a:. 

In this net two polytopes (If) have an RCO, ft (If) and a ({3) 
have a Ps, a (If) and au (a:) have a CO, and all (a:) and a ({3) 
have a l' in commOll. 

The es eapanaion applied to a hloc/c of cubea. 

32. 'fhe figure 20 shews the result es Ne clearly. It has 
all'eady been remarked thnt this expansion leads to a block of cubes 
of different kinds, some having face import (a), sorne edge import 
(h), and some vertex import (c). 

In figure 21 is shewn the result of the opcration et ea NC; thc 
('uhes corresponding to those of the origillal 11ct are changed into 
tC; the cubes of edge import (subject of the second operation 
et) remain cubes; those of face and vertex import are changed 
rcspectively into Ps and RCO (A. 22). 

The es expall8Ïon applied to a net of ~6' 

33. Ench CJ6 is expandcd according to the rnle and produces 
u polytopc limited by T, Ps, P", C (Fig. 221f). 

When these are adjusted, so that tetrahedra which were comwon 
to two Cl6 are commOJl to two es C16 , there are face, edge, and 
vertex gaps; these are defined respectively hy three parallel positiolls 
of a face, 12 parallel positions of an edge, anel 96 positions of a 
vertex; since in the N~6 a face is common to tlH'ce, an edge to ) 2, 
and a vertex to 96 tetrahedra (members of the subject). It remains 
only to detcrmine the limiting bodies surrounding these gaps. 

34. In OI'der to find those of the face gap the three ncw parallel 
positions of the face AB Care represented by the triangles A I BI Cl' 
AlB2 C~, A3Rs Ga (Fig. 23). 

It follows from the definition of expullsion that the lines At A-}., 
A2 Aa, A3 At. . . .. are normal to the face ABC and equnl to an 
edge. Thus the face gap is SU1Toullded hy two groups of thrce 
Ps; one group consists of the Ps: At BI Cl A2 B 2 C2 , A-}.B2 C],A3 B 3 Ga, 
AsBs GaAt Bt ~ of face import and the other of AIA2AaBtB-}.Ba, 
Bt B 2 B3 Ct C2 Ga, C. C2 Ga At A2 As of edge import. 



GEOMETRICAL DEDU(''TION Q}i' SEMIHEGULAH ETC. 21 

'fhe members of each group are in triangular contact with mem­
bers of the same anu in square contact with membel's of the OthCl' 
group. 

This polytope, called n simplotope, is a special case of a gl"OUp 
of polytopes ('aUed prismotopes 1). 

1'wo kinds of limiting bodies sUl"founding the edge gap have 
now been found, i. e. square prisllls due to the transformed ~6 
(Fig. 22'1') and Ps due to the expanded face (Fig. 2213); there are 
six of the former and eight of the latter , since six Ot6 and eight 
faces meet in an cdge of NQ6' As the axes of these 14 prisms 
are parallel, the body must be n fOUl'dimensional prism w hose base 
is a 00 of vertex import (sinee its vertices are the 12 positions 
taken by the end point of an edge). 

Thc vertex gap is surrounded by cubes (71"') nIld 00 «(3), and 
thel'e are 24 of cach since 24 016 alld 24 euges meet in a vertex 
of NOI6• 

'fhus th ere are four constituents in the new net es NOw: eJ C16 ' 

prismotope (3; 3), P co; and Il polytope e~ ~6 limited by 24 0, 24 00. 
'l'he manner in which these different bodies are in contact is 

indicnted by the imports in thc drawings and by the verticallines. 
35. 'fwo examples are _ giveu in orde)' to show how a second 

operation may be applied to the result of n single expansion 
(Figs. 24 & 25). 

Let it be desired to apply the el expansion to the net obtained 
above. Here those constituents taking the place of edge8 in the 
origiunl N~6 are the subject and must be moved unchanged into 
new positions. Thus the edge gap in the ncw net is like that in 
the es . cxpansioll (compareFigs. 22{3 & 24(3). 

Moreover those limiting bodies of edge import in the transformcd 
016 and in the prismotope (face gap) must also remain unchanged 
(compore the parts 71'" and 'I' of Fig. 22 and 1!'ig. 24). 

'l'he tetrahedra (Fig. 2271"') are transformed by the et expansion 
into tT (Fig. 2471"'). 

A careful cxamination of the manner in which the Ps of face 
import and the cubc of vertex import in the same polytope (71"') are 
in contact with the tetrnhed)'a will show in what manner they must 
be changed (see :Fig. 2471"'). From these may be traced the changes 
in the face gap ('I') anel vertex gap (<<). 

36. IC it be desired to apply the e']. expansion to es N~6 the 

') Compare the foot note ') in art. 1. 
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face gap remains unchanged (Figs 22')' and 25')'), as well as the 
limiting body of face import in the es ~6 (7T'); 

'llhe tetl'ahedron (Fig. 227i) is changed by the e'}. expansion into 
a 00 (Fig. 257T') and again the manner in which the other Iimiting 
bodies of this polytope are affected by the change can be traeed 
hy an examination of the ma11l1er in which they are connected 
with the tetrahedra. 

'rhe changes in the edge and vertex gaps can also be traced 
(compnre }'ig,;. 22 and 25). 

The polyt()pe of vertex impOl't in l~ig. 25 is remarkable, as it is 
limited by 4~ semiregulul' polyhedra of the 8a11le 1cind. 

The e" eapan8ioll. 

37.1'he e" expansion applied to a net of Os, q6 Ol' Ol4 sepa­
rates the adjacent constituents by a distance equal to an edge. 
Thus two neighboUl'ing melllbers of a block are sepurated by a 
fourdimensional prism ",hose two opposite ba!'es are the two limi­
ting bodies tbat coincided in the l'egulnr net. rrhe net of Oi so 
treated results in anothel' net of Cs of different imports. 

rl'he net of ~6 transformed by the e" expansion leads to the 
following result. rrhe 0,6 are separated, so that instead of two 
having a tetrahedron in common they are separated by a distance 
equal to an edge. 

In other words the tetrahedron common to two AdjAcent ~6 
has assumed two parallel positions, the bases of a fOUl'dimensional 
prislll (Fig. 26J). 

The si de limiting hodies of this fourdimensional prism RJ'e four 
Ps (of face import). As three 0.6 meet in a face in the net of 
OJ6 ench face must assume thrce positions which define a prismo­
tope (3 ; 3) (Fig. 26')'). 

Again six 016 meet ill all edge of the net, therefore each edge 
takes six positiolJs, i. e. the new pOSÏiiOIlS are the side edges of 
a fourdimellsional pl'ism on an octnhedral base ({3). Tt may be seen 
hy (7T'), (J), (')') and «(3) that only one of these four polytopes pos­
sesses a limiting body with vertex import, i. e. the one filling the 
edge gap «(3), so thnt t.be vertex gap is !mrrouuded by octahedra, 
and .as in the net of 016 there are 24 edge.s meeting in a vertex 
it follows that 24 octahedra sUl'l'ound the vertex gap; that is, it 
is a 024 , This new net evidently mayalso be obtained hy 
applying the el} expansion to the net NO"l\' 
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38. 'fhe foregoing investigation leads to the following conclusion 
a..q to the nets of fomdimensional space. 

If the edges are the subject thcre are only vertex gaps. 
If the faces are the subject th ere are edge and vertex gaps. 
If the limiting bodies are the subject there are face, edge, and 

vertex gaps. 
If the constituents are the subject thcre are body, face, edge, 

anel vertex gaps. 
'rhe vel·tex gaps are filled by polytopes determined by their 

vertices. 'fheir limiting bodies nre regular or semiregular polyhedm. 
'rhe edge gaps are filled by fourdimensional prisms determined 

by edges parallel to their axes. 'l'heir bases are either regular or 
scmiregular polyhedra and their other limiting bodies are prisms. 

'fhe face gaps are fil1ed by prismotopes determined by parallel 
positions of a fnce and are limitcd by two grollps of prisms. 

The body gaps are filled by fourdimensionnl prisms determined 
by two parallel positions of a regular or semireglIlar polyhedl'on. 

Contraction applied to the nets. 

3û. One or two examples will suffice to shew the application 
of th is process to the nets. 

If in the net el N( O,T) (Fig. 18) (A. 24) the CO corresponding 
to the vertices of the original octahedra be made the subject of 
contraction, the tO are redllCed to CO, the 11' to 0, while the 
CO remaiu llnchnngcd. 'rh us cef NC 0, J.') denotes a net composed 
of 0 and CO (A. 18). 

40. In the net e2 NC24 (Fig. 1 ü) the polytopes filling the vertex 
gap (a:) may he made the subject of contrnction, when tbe following 
changes take pInce. The polytope a: remnins unchnnged except in 
position; the prism {3 is reduced to a tetrabedron common to two 
of the polytopes a:; tbc CO of 7r remain unchnnged while the Rca 
are reduced to cubes. 'fhus the net of three constitnents is re­
dnced to one of two constituents, one limited hy S CO and 16 T, 
the other hy 24 C and 24 CO. 

Tab/ea. 

41. The chief results of this memoir are tabulated in the 
'fables land Il. 

Table I gives the 48 polytopes of expansion (the regular polytopes 
included) and the 42 polytopes of contraction. 'rhe first set has 
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been numbered from 1 to 48; if p stands for any numbcl', p' of 
the second set is obtailled by application of the operation c (= co) 
to p of tbe first set. The first set consists of 39 different polytopes; 
the second set contains only eight new ones. 

Table II gives the 48 nets of expansion (tbe regular nets included) 
and of the nets of contraction only the seven new ones, so altogether 
39 + 7 i. e. 46 foul'dimensional nets. 

'fabie 111 gives tbe nets of threedimensional space and a table 
of in cid en ces. 
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