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Mathematics. — “Null systenus determined by linear systems of plane
alyebraic curves”. By Prof. Jan pE Vrizs,

—

(Communicated in the meeting of January 25, 1919).

1. A triply infinite system (complex) S of plane algebraic curves ¢
contains a twofold infinity of nodal curves; for an arbitrarily chosen
point D is node of a nodal curve d» belonging to .S®),

I shall now consider the null system in which the tangents d, d'
of d» are associated as null rays with D as null point.

The nodal curves of a net belonging to S®) have their nodes on
the Jacobian, which is a curve of order 3(n—1). It has in common
with the Jacobian of a second net the 3(n—1)* nodes, which occur
in the pencil common to the two nets. The remaining intersections
of the two loci are critical points, i.e. nodes for the curves of a
pencil. The null system, therefore, has 6(n—1)* singular null points.

2. Let a be an arbitrary straight line, 7 an arbitrary point. The
dn, which has its node D on a, intersects the ray PD, moreover,
in (n—2) points K. If I is to get into /2, d» must belong to the
net that possesses a base-point in £; D lies then on the Jacobian
of that net. The locus (X) of the points Z passes, therefore, 3 (n—1)
times through P, and is consequently a curve of order (d4n—3).
Each intersection of () with a is node of a d*, of which one of
the tangenis ¢ passes through P. ©

There is therefore a curve (D)p of order (4n—>5) which contains
the rodes of the nodal curves O, which send one of their tangents
d through a given point P. It will be called the null-curve of P.
For a singular poinl S if has in § a triple point. As P evidenily
is node of (D), there lie on a ray d passing through 2 (4n—7) points
D, for which d is one of the tangents of the corresponding curve
dv. From which ensues: an arbitrary straight line d has (dn—7)
null-points .

3. The null-curves (D)p and (D)q have the 6(n—1)* singular
points in common; for, a critical point bears o' pairs d, d’.

The - two curves pass further through the (4n—7) null points
of the straight line PQ. Each of the remaining intersections is a
point D, for which d passes through P, ¢’ through @. In other
words, if d revolves round P,d’ will envelop a curve of class

-~
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-+ (1n*— 32n--26). To the straight lines ¢’, which pass through P,

belong the tangents of the 07, which has its node in 7. Hach of
the remaining (10n®—82nu--24) straight Jines d’ evidently coincides
with a ray d, and therefore contains a null-point D, for which the
two null-rays have coincided. If such a straight line is called a
double null-ray, it ensues from the above that the double null-rays
envelop a curve of class 2(n—2) (5n—6) *).

1

4. The null-rays d, which have a null-ray D on the st‘gl'aightline
p, envelop a curve (p) of class (4n—>5), which has p as (4n—7)-
fold tangent. It, therefore, intersects p in (dn—>5) (4n—6) — (dn—7) -
(4n—6) points, which bear each two coinciding null-rays.

The locus of the points C, which bear a double null-ray, is,
therefore, of order 4(2n—3).

The curve (C) is evidently the locus of the cusps of the complex.
As the. order of (C) may also be determined in another way, it
appears at the same time that the curve (p) has no other multiple

tangents.

5. The case n=2 deserves a separate treatment. In the first
place each line ¢ has now only one null-point; this is the node of
the conic, which is indicated by three points of d.

The locus (C) is now of the fourth order, and consists of four
straight lines ¢p. For, if the two straight lines of a nodal ¢? coincide,
¢ is a double line. The complex contains, therefore, four double
lines, and they are at the same time singular null-rays.

The vertices Sy, of the complete quadrilateral formed by them are
the singular points of the null-system. ’

The curves (p), and (g),, cf. § &, have, besides the null-rays of
the point pq, seven tangents in common, which have each a null-
point on p and a null-point on ¢, and are consequently singular
null-rays. To them belong the four straight lines c;. Hach of the
remaining three singular null-rays s must belong to o' nodal
conics. §,, bears as singular point, o * pairs of lines, which form
an involution of rays; so S,, S,, belongs to two, and then to o ?,
pairs of lines and consequently must be singular. The diagonals of
the quadrilateral, which is formed by the four straight lines ¢, are
consequently the three singular null-rays required.,

Y In other words, the cuspidal tangents of the cuspidal curves of a complex
envelop a curve of class 2(n—2) (5#—6). In my paper on the charactéristic
numbers of a complex (These Proceedings, Vol. XVII, page 1055, § 13) the
influence of the critical points in the determination of the class has been overlooked.

11%
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6. If the complex {¢*} has a base-point B, it is at the same time
singular null-point, for two points on a ray passing through B,
determine a nodal ¢*, with node in B. The double rays of the
involution formed by the curvey ¢* with node B are double lines
of {¢*}, consequently singular null-rays. Other double null-rays do not
exist, for if a straight line ¢ of ¢* does nof pass through B, d’ does.
As B is node of the Jacobian of each net belonging to {c*), this
point replaces four critical points. Two morve singular points, there-
fore, lie outside B; they are connected by a singular null-ray.

7. In a fourfold linear system S®), each point D is node to a
pencil (d7). Two of those curves have a cusp in C=D. h

I now consider the null-system in which to the null-point C are
associated the cnspidal tangents ¢, ¢’ of the two cuspidal curves yn,
which have their cusps in C.

The straight line d is touched in each of its points 1) by a nodal
or, which has its node in D. With the straight line PD d» has
moreover (n—2) points £ in common. In order to find the locus of
the points %, I shall inquire how often Z gets into P. In ihis case
d* belongs to the complex that has a base point in P; in it occur
(4n—T7) d», which touch at d (§ 2). Consequently (Z) is a curve of
order (5n—9). .

If E lies on d, PE=d’ touches in that point at a J», which
has its node on D. Every straight line d therefore is nodal tangent
‘of (5n—9) curves d», of which the second tangent ' passes through
P. If d is now made to revolve round a point @, the point D
describes a curve (D) of which every point is node of a o», which
sends its tangents and d’ through @ and P. In @ a d»is touched
by QF, so @ and consequently P is a point of (D), so that this
curve is of order (5n—S8).

It C is one of the (5n—10) points, which (D’) has in common
with the straight line P, besides P and @, the tangeuts d, d’ fall
both along PQ, so that C is a cusp of a cuspidal curve vy, which
has ¢ = PQ as cuspidal tangent.

In the above null-system a straight line therefore has 5(n —2)null-
points.

If ¢ revolves round a point M, the null-points C describe a curve
of order (5n—8), with node M (the nwll curve of M).

8. The system S® contains'a number of curves with a triple
point. If S®) is represented by the equation

ad 4+ B + yC + 0D + sE=0,
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the co-ordinates of a triple point have to satisfy the six equations:

ady + BBy + yCr + 0Dy + eEp =0,

in which Ay etc. represent derivatives according to x; and ay.
The number of points has to be found, for which

A, 4,,4,, A, 4,, 4,,
- B,, B,, By, B,, B,, B,,
0, C,, Coy C, Gy Gyt ||l= 0.
) D,D, D,D,D,,D,,
E.E,E,E E,E,

According to a well-known rule we find for this
(5°—4* 4 3°—2* 4 1% (n—2)".
There are therefore 15(n—2)* curves c, with a iriple point S*).
.In such a point the nodal curves have the same tangents d,d’.
Any straight line passing through § is to be considered as a cuspidal

tangent c.
The null-system therefore has 15(n—2)* singular points.

9. I now take three points P, Q, R, arbitrarily, and consider (cf. $ 7)
the curves (D)pg and (D)pg. To begin with they have the point P
in common; for there is a d», which has P as a node, and PQ as
tangent and a d», for which one of the tangents lies along PR.

Those curves have further in common the (5rn—9) points D, for
which QR 'is one of the tangents d. Another group of common
points consists of the singular points S.

Let U be one of the still remaining intersections. There is in
that case a d» with tangents /P and U, and also a d» with
tangents U P and U R. From this it ensues that all d* with node
U have the straight line U P as tangent, consequently belong to a
pencil in which the tangents d,d’ form, a parabolic involution.

The double rays of this involution have then coincided in U P,
and U is cusp for only one cuspidal c¢*. If such a point is called
unicuspidal point, it follows from (5n—8)*—1—(52—9)—15(n—2)*
that’ (10n*—25n 4 12) unicuspidal curves send their tangent through
P. The cuspidal tangents of the unicuspidal points envelop a curve
of class (10n*—25n <+ 12).

10. In any point C of the straight line a I draw the two null-

Y If » =3, and the system has b base-points, the 15 triple points are easy to
indicate. One of them e.g. is the intersection of BB, with ByB,.
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rays ¢,¢’ (cuspidal tangents), and consider the correspondence between
the points L,L’, which c¢,¢’ determine on the straight line L

If ¢ is made to revolve round L, the null-points of ¢ describe a
curve of order (52—8), which has a node in L (cf. § 7). To a point
L therefore belong (52—8) points ¢ and (5n—8) points L’. The
point @ represents two coincidencies L = L’. The remaining coinci-
dencies arise from cuspidal tangents u of unicuspidal points U. The
locus of the wnicuspidal points is therefore a curve of order 2(5n—9).

This may be confirmed in the following way. If C describes the
straight line p, the null-rays ¢,c’ emvelop a curve of order (5n—8)
which has p as (5n—10)-fold tangent. It therefore has, not counting
the points of contact, (57-—8)(5n—9)—(5n—10)(52—-9), consequenily
2(57n—9) points in .common with p. In each of these points the
null-rays ¢ and ¢’ have coincided.

11. The system S® produces in a still different way a null-
system. Any point F is flecnodal point for five curves ¢ In order
to find this out we have only to consider the curve that arises if
we make every d" that has F' as node, to intersect its tangents d,d’:
This C»+2 namely, has in F a quintuple point?).

I now associate to each” point F as null-point the five null-rays f,
which are inflectional tangents for the five flecnodal curves ¢n.

Any point D of the straight line a is node for a d», which
touches the ray P.D in D. I now determine the order of the locus
of the groups of (n—3) points &' which each of the curves d" has
moreover in common with PD. If X lies in P, ¢ belongs to a
complex S®). According to § 2 there are on a (4n—5) nodes of
curves 0" of S®) which send their tangent d through P. So P is
(4n—>5)-fold point of the curve (Z) and the latter consequently of
order (3n—8). In each of its intersections F' with o a curve ¢~ has
a flecnodal point, the inflectional tangent of which passes through £.

From this it ensues that the locus of the null-points F of the
rays f out of a point P (null-curve of P) is a eurve of order
(57—8). As it must have a quintuple point in P, an arbitrary
straight line f therefore contains (52—13) null-points. *)

1) In a point S (§ 8) the ¢" with triple point replaces three of the curves
en; for the other two the inflectional tangent lies along one of the two fixed
tangents d, d'.

For a unicuspidal point (§ 9) one of the curves pn has its inflectional tangent

along the fixed tangent d.
%) For =38 1is B»—13=9. Each @% is then the combination of a straight

line f and a ¢% Each straight line / belongs in S4) to a figure (f,¢?); its
intersections with ¢? are the two null-points F.
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12. In the null-system (C,) P has a null curve of order (5n—8)
with node P (§ 7). Of its intersections with the null curve with
respect to the system (£,f), 10 lie in P. They also have the uni-
cuspidal points U in common, for which the tangent u passes through
P. In each of the remaining (572—8)*—10—{10n*—25n-+12) inter-
sections (7, a cuspidal curve has with its tangent ¢ four points in
common. From this it ensues that the four-point cuspidal tangents
envelop a curve of class (15n"—55n-42).

If n is equal to three, the curves y* with four-point tangents are
replaced by conics, each with one of its tangents. The null-system
(F,f) then has the characteristic numbers 5 and 2; the null-curve
(P)' of P is of class 22, consequently sends 12 tangents / through
P, and each of these straight lines forms with the conic touching it

& y> with four-point tangent. In conformity with this, the form
15n*—55n+42 produces for n =3 the number 12.

13. In a quintuple infinite system S® each point D is node for
a net of nodal carves. A straight line d passing through D deter-
mines in it a pencil, of which all d" touch at d in . There is
consequently one cuspidal y", which has a straight line ¢ passing
through D as cuspidal tangent. The curves y*, with cusp D, form
a system with index dtwo, for the curves 47, passing through any
point P, form a pencil, which contains two curves with cuspin D.
If every straight line ¢ passing through D is made to intersect with
the cuspidal y?, which it touches in D, there evidently arises a
curve of order (n2), which has a quintuple point in D. From this
it ensues that five cuspidal curves have in D a cusp, where the
cuspidal tangent has a four-point contact.

I shall now consider the null-system (G,9), in which to a point G
are associated the jive straight lines g, which are four-point cuspidal
tangeunts for cuspidal curves y" with cusp @.

14. In each point (' of the straight line @ I consider the cuspidal
curve ", which sends its tangeunt ¢ throngh P, and determine the
locus of the points E, which vy has still in common with PC. If
E lies in £, y* belongs to a system S#; in it (5n—8) curves y”
occur, which have their cusp on a (§7). So the curve (E) passes
(5n—8) times through P and is of order (6n—11). In each of its
intersections @G with a, a y* has four points in common with PG.
The null-curve of P is therefore of order (6n—I11). As it has a
quintuple point in P, a straight line g passing thlough P is null-
ray for (6n—16) points G.
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15. The system S¥ contains o' curves with a triple point 7.
If SO is represented by
aA 4+ BB+ yvC+dD+ B+ oF =0,
the locus of the points I is determined by
|Api By Cri Dyt By szjs = 0.

It is therefore a curve (7") of order 6(n—2)7).

A v with triple point 7' determines with a nodal ¢ which has
its node in 7, a pencil of nodal d» with fixed tangents d, d’. The
net of the curves d» with node 7' therefore consists of oo’ similar
pencils of which the tangents d, d’ form an involution. Each of the
two nodal rays c,,c, is common cuspidal tangent for a pencil of
cuspidal curves and each of these two pencils contains a y* with
four-point tangent. The five null-rays ¢ of 7" are therefore represented
by the straight lines e¢,,c,, and the three tangents t,,¢, ¢, of the
curve . The points 7 are consequently not singular.

16. In a sextuple infinite system S® each point 7" is triple point
of a v*. To I" as null-point the three tangents 7, {,, ¢, of = are now
associated as null-rays.

In order to find the second characteristic number of this null-
system, 1 consider the curves %, of which the point T lies on the
straight line o and I try to find the order of the curve, which
contains the groups of (»—3) points £, in which v is moreover
intersected by PZT.

If E lies in P, v* belongs to an S®), and 7' is one of the 6(n —2)
points which (§ 15) the curve (7') has in common with a. So Z is
a (6n—12)-fold point on the curve (E), which consequently has the
order (Tn—135).

The null-curve of P is therefore of order (Tn—15). As it passes
three times through P, a straight line ¢ passing through P is tangent
for (Tn—18) curves =%, which have their triple point 7' on ¢. A
null-ray, therefore, has (7n—18) null points.

17. The curves (T), which belong lo two systems S©) comprised
in S®, have the 15(n—2)* points 7" of the system S® in common,
which forms the ‘‘intersection’ of the two SG).

The remaining intersections ave critical poinis, viz. each of them
is triple point for a pencil of curves z*, conseguently singular null-
point S for (Z7,¢). This null system has consequently 21(n—2)*
singular null-points.

0 If, for n=23, the system S() has the base points Bi, B, Bj, B,, the curve
() consists of the straight lines Br B
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As the triplets of tangents of the curves " of that pencil form
an involution, S is triple point with a cuspidal branch for four
curves 1. Bach singular null-point, therefore, bears four double
null rays.

18. The null-curves of P and @ have the singular null-points S
and the null-points of PQ in common. Each of the remaining
intersections 7’ sends a null-ray throngh P, a second through €.
From (7n—15)"—21(n—2)*—(7n—18) it therefore ensues that the
null-rays t,,{, will envelop a curve of class (28n’—133n+159), if
t, revolves round a point P. The null-rays of P belong each twice
to this envelope, each of the remaining tangents, which it sends
through P, is evidently donble null-ray. The double null-rays, therefore,
envelop a cuarve of the class (28n’—133n-}153).

19. In order to” find the locus of the points 7 for which two
of the null-rays coincide, 1 shall consider the curve (p)r—i5 enve-
loped by the null-rays of the points lying on p. It has p as (Th—18)-
fold tangent, is therefore intersected by p in (Tn—15)(Vn—16)—
(Tn—18)(Tn—17) points. As for each of these points two null-rays
coincide, the points 7' with double null-rays lie on a curve of order
(28n—66). ’

It is at the same time the locus of the triple points that have a
cuspidal branch. _

For n =3 we have a null-system (3,3); the curves z* are three-
rays in that case. An arbitrary straight line then forms figures c¢*
with the curves of a net of conics. The Jacobian of that net deter-
mines the three null-points of the straight line.

If the system .S has three base-points, the three null-points of
a straight line are produced by the intersection of the sides of a
triangle, which has the base-points as vertices. Each base-point is
the centrum of a pencil of singular null-rays.



