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Physics. - "On e.cpansions in series of a~qebraic j01'11~S witlt d~tlerent 
sets of va1'iables oj d~tJ'erent degl'ee" 1) By Prof. J. A. SCHOU'l'EN. 

(Communicated bJ Prof. CARDIN<\AIJ). 

(Communicated in the meeting of May 3, 1919). 

Notations. 
We start from the system SI ') witl! tlle covariant and contra-

11 

variant fLlndamental nnits el resp. e'), J. = al' .. " all, and the funda-
mental IDLlltiplications /\ (outer multiplication) 0 (general multiplica­
tiOIl) ".-... (alternating multiplication and '-" (symmetrical multiplication). 

11 (11-1) 

2 

1
,,=(-1) 

eJ.!\e'", = o 
fol' 

" 

~ ,...... 
ea1". ea = E = C'ovariant scalaI'; e'a .. ' e'a = E' = contl'aval'Îant scalar 

11 1 11 

,,'I ea '" -;: E' = e' a I 
2 11 l' l 

".-... ( cyC. 
"PI e' a ". e' a E = eal1 2 11 

p c 

By i-th (p7'oclt1'1'ent) transvection of m = mi .... mp = mi .... mp 
Q 

and r' = r' 1 ••• r' q wil I be undel'stood 
P Q 
m . r' = (mi 1\ r/) .... (mi 1\ rl') ml+l .... mp r\+l' ., r' Q I) 

I 

1) See also: ·On expam,ions in series of co- and contra variant quantities of 
higher dt'gree etc.", These Proceedings Vol. XXII, p. 251-266, here further cited as 
EI, of which paper this communication forms the continuation and an applicatioIi. 

S) S~l is found from R~ by omission of all quantities that exist only under thc 

orthogonal group. See for these systems: Over de direkte analyses der lineaire 
grootheden bij de rotationeele groep eNz., Vers!. del' Kon. Akad. v. Wet. Dl. XXVI, 
bldz. 567 ·-580; Ueber die Zahlensysteme der rotationalen Gruppe, Nieuw Arch. 
VOOI' Wisk. Dl. XIII, ]919; Die direkte Analysis der neueren Relativilätstheorie, 
Verh. der Kon. Akad. v. Wet. Dl. XII N°. 6 (1919) blz. 29. 

3) The sign . instead of (,)t for the transvections of the theory ofinvarianls was 
! 

first introduced by E. W AELSCH. 
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We have tberefol'e, when fol' the sake of simplieity, is wI'itlen . fol' . : 
1 

m . r' = m . r' = m 1\ r' = "(ma 1"(( +, ... -t- ma 7" Cl ) 
1 1 1 11 11 

P q 

By i-t~ outer tl'ansveetion 0 of m affinors u = UI' .. up, v = VI' .'. V Cf 

I • /' Cf 

etc. wIIl be undel'stood the qnantity found from u v by snbstitntmg 
localZ'1J fol' the ideal vectors up VI" ., and then 1'01' u 2 ' V 2 , ••• , ~ 
to Ut, VI' . .. the ideal factors of their altemating product. When 
at the same time the other factors at'e locrtlly subsfttnted\ by the 
Ideal factors of their alternatll1g I ec:;p syrnmetl'Ïcal pl'odn('t, then tile 
i-th oute1' (ûtemrtting tmnsvection 0 resp. tlte i-th outel' symmetrical 

one V is fOl'med. 

p 

A.fjinO/'s and a~qebmlc f01'1128. When the P-th transVedlOl! of m 
p 

is formed with a pl'odnct r' of P different contmvariant fnndamental 
element'l r\, .... , r' p, we find the form' 

p p 

Fm=m.r'1··.·r'p=(m1 . r'J .... (mp .r'p)= 
p 

p 

A special case is that r' I •••• r' p are all not-Ideal. Then Fm is 
a form in P sets of n not-ideal variabIes. Titus the chal'actenstic 
numbel's of a covariant affinor ~and therefore also of a contravariant 
one) ma}' always be considel'ed aE> the coefficients hf bllCh an alge­
braic form. When the sets r'l " ., r'p are given and when their 

p p 

order is fixed, Fm is singly determined by m. When all sets are 
p p 

different, then m is also singly detel'mined by Fm; in the other 
p p p 

case not, as m + D, where D is an arbItral'y aftinor, alternating in 
two factors that eOl'l'espond with two equal 'lets of variables, trans-

p p 

vected with r', also forms Fm. 
p 

In the general case r' I , ••• ,r'p are ideal, r' IS howevel' equal to 
P Cf P q 
x'pY'~ .... , whel'e PQ+qa+ ... =P, and whel'ex',y', ... al'enot-ideal. 

p 

Then Fm is a form of the degrees (!, a, . . .. in sets of vanables 
that ma." be ('onsidered themselves as coeffieients of variabie forms 
in p, q, ... sets of n coval'iant ,'at'Îables. Sneh val'iables will be called 

p q 

va1'iables of the de,q1'ees 1', q, ... When the sets x', y', ... alle! the order ' 
18* 
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p 

of their ideal factors al'e gi\'en, th en Fm is singly determined by 
p 

m. For the '3ake of simplieIty we shall choose this order in sneh way th at 
P p q P 

r' = x' y'.... In order to be able to delermine_also singly m, we 
shall fil'st prove the following theOl'em: 

~ Princ~pctl theorem A. Every algebmic farm ol the total dem"ee P, 
homogeneous and of. the degrees (>, (J, •• , ~n d~fferent sets of varia bles 
p q , 
x', y', . " each of wInch may be regarded as coef(icients ofvariable 

p q 
fonns Fx', Fy', ... , hnear and of the degrees p, q, ' .. in sets ofn 
different co variant 1.JCtnables, can be written as a pmduct of P ideal 

I' q 
linear farms. }Vhen l01' the sets of variables x', y' '" tS prescribed, 

p q 
that x', y', . . . are sepamtely annihûated by deftnitely ~ndicated ordered 
elementary operators eithe1" of the (in,t or of the second kind r;, as 
for the rest the variables being able to obtain all vahles, then one 
single de(inite al'(in07" of degree P belongs to the gwen form f07" a 
de(in~te choice of the order of the sets, 

, 
When the ehat'acteristic numbel's ot the sets are .'1)\, .... , .v'~, 

Y't, .... , y' {Si •••• , ti being np, (j being nq etc. then ever)' term of F 
has the shape: 

p 
'/'1 .,PC/. ,crI ,a.~ 

np •••• f I a •••• cr , .... '1: I •••• tV rx Y 1 " •• Y f3 r • 
1 ,,1 ~ 

QI + .... + Q«=Q 
(JI + ..... + (J~ = (J. 

When 
p p q q 

, 'e ' e" el I .... , eC/. J' •••• , {S , •••• 

are Ihe prodncts of p, q, .... of the fundamental units belonging to 
}J q 

the characteristic n umbet·s of x', y', . . .. and 

f?, l' ,'q q 
el' .... , e« j el" ... , ef3 j , •• ' 

the pl'oducts fOl'med in the same wa" from e'", ... " e'n, then 
u 1 n 

the affinor 

P p '"' P P 1'1 P P q al '/ a~ 
n=x .::s Hp1' ,., '1'0:'1'1.··. ,aC/."., ,el ... eC/."'e1 ... ej3 '" 

may be formed. 
l' 

1) See EI p. 262. 
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As the transvection 
. . 
tI' •.• , ~ p = al' ... , an . . 
)1"" ,JP=a1 ,·.·, an 

is equal to ~p for the cage that ie = je, e = 1, .... , Pand equal to 
zero in every other ra se, we have 

P p q 
}I' = D • x' y' ... 

p 
P P q 

Wben now on one hand n and on the other hand x', y' al'e written 
as tbe pl'Oducts of ideal fundamental elements, then j? IS l'eally 
l'educed to a product of P ldeal lineal' fOt'ms. In ol'der to del'Ïve from 
p p 

n the affinor m that is .singly determined by F we first prove the 
theorem: 

The01'em 1. 
p 

TVlten q is alt 01'del'ed elementm'y afjin01' of the ji1'St (second) kind anel 
p 

r' a elitto one 0/ the seconel (fil'st) kind 1), then the P-th tranbvection of them 
is zero, when the two elementary operatol'S Ez; AC") MC"), Elm J.lf(I~) A(I», b1f 

I J 111' 
P P P P 

means of which q and r' (r' oud q) can (l1'ise, a1'e not conjugateel, 
I.e. when not l = j, m = i and a=~. 

As: 

P (0:) (,,) P ~ (~) (~) ~ 
q=EIJA1Mj qi r = ElmMt A.m r, 

we have: 

~ :. = El; Elm (A~") M)")~) M~~) A;~):: = 
P P 

• ((J3) (,,) (,,) P) (~) ~ 
= EI.J E/m MI Az M.J q p Am r = 

( (p) (j3) ("). ~,,) P) .t; = EI; Elm Am MI AI LVi j q . r . 
P 

Thus the tl'ansvection IS in fact zero, when not l =j (thel'efore 
also 1Il = i) and a = iJ. The same proof holds m.m. by changing 
the fil'st into the second kind and vice-versa. 

Let now the sums of the ordered elementary opel'atol's of the 
IJ q 

fh'st kind that do not annihilate x', y', .... , be xL, ~L, . .. alld 
the sums of the conjngate operators J. L, ijL, .... etc. In the speCIal 
case that xL is a sum of elemental''y operators we evidently have 

p p 

xL = tL. ~"l'om n we til'st fOl'm an affinol' np by pel'mutating Ihe 

1)_ !:lee El p. 262. 
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p 

Q l'egions of IJ factors cOl'l'esponding with x'P and also the û regions 
, 'I 

of q faetol's, cOl'l'esponding with y'a' etc, in all p.ossible {!! û! .... 
p 

dd ' ld' I1 d' 'd' I. '1/ / TI • ways, a Jng t lem an !lI1a y 1\ I mg uy Q, û, , , , , len n l may 
be written" 

P Pp ga 
DI = Ox 0,/ ' •• , 

where in the way known fl'om symbolism of invariants (I, 6, , ',' . 

}J 'I 
dlfferentl equivalent quantities na, ny , , ,. are 10 be introduced in 
örder to avoid ambiguities 1). l'hen the gi veil form is also obtained by 

P P (P p )P(q q) .. 
F = DI • r' = O:t. x' o~. y .,. 

P ]i q 

Aecol'ding to theol'em II we have IlOW' ' 
P I q q 

F = (uz' :tI x') (Dy. yL y') ... = 
p q 

p p q q 
= (xL uz. x') (yL Uy. y') ... 

p q 

p p q q P pq 
Whell we W l'lte x Ln.L = u, Y Lny = v, etc. and m = u v , , , , Lhen 

we have 
PI" Pi> 'Iq 

F = m . r' = (u . x') (v y') ... 

p 
IJ p q 

m IS the only affinor of th is shape. that when 
p 

tl'ansvected with r' 
p p 

gives ~Fm. In fact ever)' affinol' m j that can be wl'itten in the form' 
P p g 
mi = (.tL mx) (~L my) ... 

" • p 

alld glves zero when h'ansvected with r' is idenfically zero. lu fact, as we 
i> 

have supposed thai ~' may obtain all values that are solutions of 
}J jJ P 

the equation :tLx' = x'; we thus may take for x' 
p 
'- L ' , x -:t SI'" Sp , 

I 
. , 

w lere SI"" S /' are not-ideal cl~it'e1'ent sets of variables and the 
'I 

same holds fol' y', eLc. Then we have: 
P P]l 'I 

0=01 1 • r' = 1(:;,L m:;,) .:tL st' ... sp'lp t (IfL my) . 1!L t/ ' .. tr/l~ ... 
P I' q 

11 q 
= 1(J..Lm,).s/ .. . s/lpl(',Lmy).tt' .,.t/l" 

P 9 
P = mi . (s/ ... sp')? (tl' ... t,/)a , .. ! 

P 

1) Comp, Die direkte Analysis ZUl' neueren Relativitätstheorie; p. 11,' 17: .' 
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When 1l0W for 8', t', ... are snbstilllted here all pos&ible rombinatiolls of 
p 

e' al •.. , e' (t, we find that each charactet'Ïst ic n n m hel' of m is zero. 
11 

Of the proved property we make n"e by calling an algebraic 
form non special, altel'nating, symrnetrical, locally a lte1'nating, sym­
metl'ical or pel'l7/Utable. an fllementm'y form Ol' an o,'de1'ed elementm'y 
fOl'Jn of the fil'st 01' second kind, when cOI'l'esponding names 
are llsed for the corl'esponding affinor. By application of an operator 

111 a m a 

1(, A, j11, A, i};!, A, M, A, M, ~l, T~l, Ol' "k[ will be undel'stood applica-
J "-J .7 

tiOH of that operatoL' to the cOl'l'esponding affinol' of that form. By 
means of the cOl'l'esponding affinor we aL'e 110W able to reduce a 
gl'eat part of the properties of forms to tile fOl'mal properties of the 
opel'atOl's K, A,' etc., ü'eated in EI, which simplities the tl'eatment 
of forms considel'ably. 

1'he characteristic numbel's occlll'l'ing in the linear factors are ideal 
identical with tbe symbol& of ARONHOW and OLEBSCH. When one of 

p p 
the sets e.g. x' is syrnmetrical, then u is also symmetl'ical and both 
may be written as the p-th powet' of an ideal fnndamental element: 

}Ju. px' = uP. x'p = (u. x')P. 
P }J 

Also in this case the occlll'l'ing chal'actet'istic numbel's are sy mhols 
p p 

of ARONHOW and OLI<:BSCH. When x is alternaling, then u too is 
alternating and also in tbis case both may be wl'Ïtten as p-th powers: 

"u 'l'x' = up. x'p = (u • x')/J. 
P p 

In this latter case the orcUl'ring oharactel'istic numbers are identical 
with the complex symbols introduced by W Am,SCH and WEITZENBÖCK, 

}J 

the lIlultiplication of which is anticommutative. When x' and there-
p -

fore u too is more genet'al, then the notatiOlI in the form of powers 
may be still useflll sometimes. Then however, the ideal roots x' and u 

" P do not detet'mine any longel' the isomers of x' and u. Both charactel'istic 
numbers al'e ideal nllmbel's of complicated charactet' in the prodllcts 
of which lIO commntation whate\'er is allowed auy longer. By 
means of complex symbols WEITZJ<:NBÖCK 1) has pl'o\'ed Lile first pal't 
of the pl'incipal theOl'em A t'Ol' forms in sets of val'iables that al"e 
all alternating. The above proot' is an extension to forms with sets 
of variables of more genel'al character. 

1) Beweis des ersten ~'undamentalsatzes del' symbolischen Methode. Sitzungsber. 
der Wiener Akad. 122 (13) 153-168, p. 155 etc. 
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Polar operatorIJ. Let be p = q ... = 1. As 

we have 

and 

( y" ~) x' = x y', 
dx' 

( y' . ~) x' P y'lr ... = " Q (x' p-1 - y') y'I! ... 
dx' 

Xl . y'. - m. x'p y'" ... = m . (X'p-I '-" y'l) y'a = (Q-i) , ( d )i P P 

Q! dx' p p . 
p 

= m . X'P-I y',,+1 ... 
p 

xi Q i! (Y" !!..)I is therefore the i-th pola1' opemtor of x' with 
Q! dx' 

p 

respect to y'. BJ apphcatioJl of this operator the form Fm changes 
into a form with the sets of varJables X'P-I, y'a+l. The corresponding 

p p 

affinor of tlns forlll is 110 longer m, but is del'ived from m by 
application of an operator ,,+iM, the pel'mutation region of which 

p 

eontains the ideal factors of m corresponding to y',,+I. Applica-
tion of this operator is therefore equivalent with applieation of 
l1+i.LV C'ombined with a change of the sets of variables. 

CAPELLI'S opemtors H(s). Let again be p = q = ... 1 ana let us 
p 

cal1 the sets of variables Fm x' l' ••• , x'm and the corresponding 
exponents QlI .••. ,Q , so that Ql +- .... + Om = P, then the diife­
reQtial operator Hts) intt'oduced by (JAPELLI is written in OU1' notation: 

a '"' a \ 
Hes) = X S 8! ~ (XI, :-: Xis) . (-a .,'" -a -,), 

S XII Xis 

whrre the summation has to he extended over all (7) combinations 

p 

of s of the numbers 1 , .... , m. By application of H(s) to Fm we 
find: 

p p 

H(s) m , r' = H(~) (UI' Xl ')PI .. ' (Um ' X' m}Pm -:- "8 è! 1; (X'll-:-:' X'I ), 
p $ S 

l à .' Ol 0 , PI t ' f'. ,P . à--;(UI1,XI1) 1"'O-(Ul .XI) s (U)I,X';I):71".(U, 'X J ) Jm-, 
~ X· X· , ss" "m-S m-8 ., 11 I ç 

where jt' .. , }m-8 are the indices of 1, ... ,m that do not belong 

to iu ... , i •. 'rite sumrrtation has to be extended over all (:) possible 

combinations. , \ 
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As 

we have 
p 

H F - I . ~(x' "-'x") ( ..-, )( x'· ')0 -1 $ m - s. (lt] , ' '(,JI ~ 11" Z , UZ].. Uz UZI' II I 11 ' , , 
SIS S 1 

( ')f'1 -l( ')f' . ( ') p U, ,Xj 6 DJI ,Xjl J1,., UJ x, J' J m_.· 
• $ • 1II-S m-~ 

As further 

where 

PI PI 
when the permutation region of sA contains of uil, '.' , Ui I just 

s 

the lust factor of eaeh, we have aIso: 

- P QI] '" Qr, P 

sAm= (-:) ~ .• Am 

where the summation has to be extended over all C:) ~ essentially 

different permutation regions. This infel's: 

P (P) - p H{')Fm= -; 8/ sAF ,m 

viz. the CAPELUAN operator H(&) is identical with the operator 

(~) s! sA. The lineal' independency of the opel'ators H(s) <JiE.covel'ed 

by OAPI~LLI and their commutativity mutllally and with other opera­
tors composed of polar operators, is therefore a special case of 

the Iinear independency of the operators A, pl'oved in Ei' alld their 

commutativity lllutually and with all operators 111, .A, 114, J( and 
• 111 (l 

p, As the operators A, JvJ, A, M, tJ, f( may all be ~\71'itten as 
J _ 

SI11l1S of mnltiples of pl'oducts of operators .A,:; = 1, ' ... ,n and 
the identical or>eratol' J, these opel'atol's have fOl' a foml Ihe signi. 
ficance of definite differentinl operators. When the sets of variables 
are of highel' degree, these operators have the signifieance of diffel" 
ential opel'atol'S of more' complirate clutl'acter. The different Jónds 
of forms mentioned on p. 273 may Ihus be distingllished b~' means 
of the definite diffel'ential opel'ators lIy whieh they cau 'pe ,obtained 
ánd Ihe othel' diffel'ential opel'alors hy whieh they al'e. annihilated. 

• I 
I 

I 
I 
I 

I 
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l'he operatol' Sl. FOl' m = 'IJ : 

nIx" E' . (~ -~) 
. "dxt'· dXn' 

is the well-known operator n (n-Prozesz). f\.ccording to the 
preceding we have: 

E' 
!!.= H(II) 

(x ''-'' ') 1 .. Xn 

and the applieation of (2 is thel'efol'e equivalent to the application 

of n! (~) IIA combilIed with a division by the deler'minant of the 
sets of variables. We may therefore also sa,v that a non red ucible 
fOI'm in 1t sets of n val'iables is a förffi that is annihilated by 

,,........ , 
• Xl .X II 

.Q 1). A fOl'm in n seis of n variables containing a fartor ----
E' 

can never" be non-reducible. In fact, the cOl'l'esponding affinor 
p 

m possesses a linear eoval'iant of degl'ee P-n. Sn eh a form is 
therefore not annihilated by the operator S2.~) 

l!-xpansion in series of a fm'Jn in sets of two va1'iables. 
p p 

Let Fm be a forrn in rn sets of 2 variables and m the COlTe-
p 

sponding at'tinor. As n = 2, the expansion in sel'Ïes of m with regal'd 
to elemental'Y affinors is identical with that witb regard to non­
r'educible coval'iants 3). Whell we apply Ihis expansion, we Hnd 

p 

fol' Fm the expansion: 

.1 .. '= 

I 1n 

2 

m-l 
\-2-

fol' m even 

" " odd, 

where each term is a sum of produets of one single non-redu­
eible form wUh a certain nnmhel' of determinants of the form 
,V'aY'h-X'b'!/a, Ol' shorlly (a"y') as wl'Ïtten llsnally (Klammerfactoren), 
thát is rharacteristir of that term. That such an expansion is pos­
sible and singly determined, has nrst been proved by GORDAN. 

For the special case thai there are only two sets of variables au 
application of pel'mntation laws gives 

1) Comp. El p. 264. 

') Comp. p. 279. 
S) Comp. EI p. 265. 

I1/' 
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80 that fOl' tbis special case the expansioll in f:eries becomes: 

(Q) (lJ) 
p 0, .,111' a a P 2a 

ft' m = ::E ,. 2" ( )( ) (Uf V va) . x'P y'" . , ,,(P-:'tl} 2a a " p 

This expansion of Fm V" l'enlains applicable fol' n > 2, becallse, 
thel'e heing only two sets of variables, 'only altel'nations of the form 
".2A give not identIcally zet'o. This is the so-called second expansiou 
in series of GORDAN 1). 

The terms of the expansion wlth l'egard to non-reducible covariants 
ma)' now be furthel' decomposed in different ways. [i'irst each operator 

71! 

".2A call be decol1lposed into simple mixed alternations. Then ~n expan-
p • 

sion of Fm is obtained with l'egard to locally altel'nating forms 
for which in each term the power of a determinant of the vaJ'iables 
is t!te same aR the in the same term occul'ring power of the deter-

p 

minall t of the ideal factors of m cOl'l'espollding to those sets of 
varia bles. That snch an expansion is possible and singly determined 
has been first proved by A. REISSINGER '). 

Secondly each elementary affinor may be decomposed in ordel'ed 
elemental'Y affinol's of the tit'st kind. With this decomposition COl'l'e­

sponds an expansion of the fOl'm: 

PO,. ,111' 1, ,iJ" lI!" P 
1'-2,,+1 f Fm = S 1: 2" +'" 2A(1) P-","Jl!j(l) m . x' y' ", ') 

C( J P-" 1 P 

The factors of t he form (.v'. y') occlll"l'illg ill each tel'lIl satisfy the 
condition that they belong to the pel'mntatioll regiolIs of a definite 
ol'dm'ed aItet'nation "2A acting 011 X'" y'f and charartel'istic of that 

1) STUDY, Methoden ZUl' Theorie del' ternären !<'ormen § 3, and § 4. The so-cÀUed 
first expansion in series of GORDAN corresponds to an expansion in series of a 
mixed affinor and is not discussed here. . 

2) Ausgezeichnett> Form der Polaren-Entwicklung eines symbolischen Produktes. 
Progr. Realsch. Kempten 1906 - 07. 

3) See EI p. 263. 
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term Thai sueh an expansion is possiple and singly detel'mined has 
been first proved by W. GODT 1). > 

Thirdly it is possible to deeom pose each elementary affinor into ordel'ed 
elementary affinors of the seeond kind. To this corresponds the singly 
determineu expansioll: 

P 1,. ,OIJ p 
F - ~ ~ M()) A(J) 'P 'a m - ..::;, Eia)'" J i m. X y '" 

1 P 

E. W AELSCH 2) has given anothel' expansion whieh is also smgly 
p 

determined and which cOl't'esponds to an expansion of m in terms 
of the form 

I (Uf V va) V W'r 1 V " 
0:2 0:3 0:4 

WJth coefficients that for a definitely chosen order of U", V", .... 
at'e functions of a" a3 , •• , Tt is l'emal'kable that the numuer of 
terms of tlllS expansion for a P-hnear form IS equal to that of the 
expansiOI1 "dth regard to ordel'ed elernental'Y aftinors of the th'st 
kind, e.g. 1 + 5 + 9 + 5 = 20 for P = 6, 

Let 

Re}JmtSlOn in I>eries of a fOJ'1n in lil sets ~l n va1'iables. 

p 

Fm = UP v ...... x'p y''' ... 
p 

p 

be a form in the m sets of vaI'iables x', y',... and m = uPv"". , . 
p 

the cOl'l'esponding affinor. We can expand m in non-l'educible 
coval'Ïants. Each term is then a sum of ol'dered alternations 
each consisting of a penetl'itting general product of a llumber a of 
factors E tbat is chal'acteristic of that term wIth a linear homo­
geneolls non-l'euucible affinor of degl'ee P-an. To thi§ corresponds 

1) W. GOD'r deduces lhis expansion in quite anolher way and this may 
be the reason thal he has not seen the connexion wilh the group characters of 
FROBENIUS and the possibility ot an analogous expansion for n > 2. "Ueber die 
Entwicklung binäl'er Formen mit mehreren Variabelen", Arch. f. Math. u, Phys. 
13 (08) 1-12. 

2) Ueber Reihenentwicklungen mehrfachbinàrel' Formen. Sitz. Bel'. der Wiener 
Akad. llH t04:) 1209-]217, WAELSCH has used fol' the fh-st time the expansions 
in series of the theory of binary invariants to decompose directed quantities in 
parts covàriant under the orthogonal group (e.g. the decomposition of lhe affinor 
of delormation in scalar, vector and deviatol'), "Ueber höhere Vectorgröszen der 
Kristallphysik etc." Wien. Bel'. 113 (04:) 1107-1119 j', Extension de l'algèbre 
vectorielle etc., Comptes Rcndus 143 (06) 204-207. 

.\ 
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p 

an expansion of the fOl'ln Fm in a numbel' of terms each of which 
is a sum of prodllcts of a non·reducible fOl'm with a certain number 
(chal'actet'istic of that term) of determinants fOt'med by n of tbe sets 
of variables. ' 

For m = n this expansion bas been given fil'st by CAPEnr 1) and 
for the general case by .T. Dl,mUYTs!) [tnd K. PETR 3) 4). Both CAPEI.LI 
and PETR base their proof npon the properly mentioned p. 276, 
that a form in 11 sets of n variables containing the determinant of 
the vadables as a facto 1', is not annihilated by s'2. The dednction 
of CAPI~r.LI, which 18 most analogolls to the above is based UpOIl the 
theol'Y of the diffel'eJltial operators H(s). DEltUYTS l1ses his theory of 
the semi-inval'i;nts and -cova.riants and Pli"1TR makes use of ditferential­
operators that can be constructed by mean's of auxilial'Y variables. 

The terms of thé expansion in non-reducible covariants may 
p 

again be decolllposed in dIfferent ways. Fit'stly each term of m 
can be decomposed into general mixed altel'nations and these again 

p 

into simple ones. To this cOl'l'esponds an expansion of m in a sum 
of terms consisting each of a sum of produets of a nllmbet' of 
detel'minants with SI" •• , s, t'OWS formed from the characteristi(~ numbers 
of the sets x', y' ... with one single symmetrical form. All tel'ms al'e 
covariants, the snb-terms only then when SI = S2 = ... = n. 

In each sub-term the power of a determinant of the charactel'istic 
numbers of the variables is the same as the powel' of the dèterrninant 
of the chal'acteristic numbel's of the corresponding ideal factors of 

p 

m. U nde!' these conditions tbe expansion is singly determined and 
an extension of the one given by REISSINGER for n = 2. 

p 

Secondly eaeh term of m may be decornposed into ordered altet'nations 
of the form "nA. Then the determinants occllrring in each sub-term 
must belong to the permutation I'egions of a definite ol'del'ed a1tel;~ 
nation O:71A, chat'acteristic of that sub-term, and acting on x'P y'l1. 

1) Fondamenti di una teoria generale delle forme algebriche, Mem. dei Linces 
(82) § 74 j SUl' les opél'ations dans la théorie des formes algébriques,~Math Ann. 
37 (90) 1- 37. 

2) Essai d'une théol'ie génél'ale des formes algébriques. Mém de Liège. 2. 17 
(92) 4. 1-156; Détermination des fonctions invarianles de formes a plusieurs 
séries de variables. Métll. couronnés et mém des sav. étr. de Bruxelles 53 (90-
93) 2. 1-23. 

S) Ueber eine Reihenentwicklung für algebraische ~'ormen, Bull. Intern. de Prague 
12 (07) 163-191. 

40) The forms called here non-I'educeable are called by CAPELLl: «formes impro­
pres" and by DERUYTS: "covariants de formes primaires" , 
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'l'his expansion is singly detel'mined; the corresponding expansion of 
p 

m being singly detel'mined 1) and an extension of thai given by GODT 

for n = 2, We have thus found the theorem' 

Prine~pal thearem B, Every algeb1"aic farm, homogeneous and of the 
degrees !h a, , . , in m set6 of n variables x', y' , ... ean be expanded 
in one and only one way in a series of tenns, eaeh of whieh cons't-sts of a 

I 

pmduct of a number Cl of determinants that are fonned from the vari-
ables of n ol the .'Iets with a non-redueible form, m such a way that 
the determinants ~n eaeh term belong to the perm~ttation regi01~s of a 
de(inite m"dered alternation "nA, ehamcterishe of that term and aeting 
on the atfinm" x'P y'''". '.' ., the nUmbe1" Cl being eharaeteristic of a 
de(inite gl'OUp of those tenns. 

p 

TllIl'dly we can proceed so fat· with Ihe division, that m becomes 
a slim of ot'del'ed elementary affinors all of Ihe first Ol' all of the 

p 

second kind. With this corresponds an expansion of Fm in ordel'ed 
elementary forms of the fil'st resp. ot' the second kind, whi('h may 
be charactel'ized In the t'ollowing way: 

Principal the01"em O. Every algebraic form, homogeneous and of 
the degrees (!, a, ... in m sets of n variable6 x', y', ... , can be expanded 
in one and only one way ~n a sm"ies of ordered farms of the (i1"St resp. of 
the seeond kind. 

Examples' 
The 6-lineal" form 

6 

Fm = ml ••• m6 • X' 1 ••• X6 
6 

can be decomposed into 76 ordered elemental'J fOl'ms of the first 
kind corl'esponding with tlle affinol's. 

6 

1) GAll OM! m 
i 1) 2MP.) 

6 

2, ... , 6) 5 10 2 m, À= 1, ... , 5 
(i.) (l) 6 

7, ... , 15) 4,,2A9 2,2M3 m, ;. = 1, ... , 9 

A(l) 3M~) 
6 

16, ... ,25) 4. 8 m, I. = 1, , .. , 10 

26, ... , 30) A(~) 32M(l) 
23 7 4. m, I. = 1, .. , 5 

6 
31, ... , 46) i 1) 32M(1) 1.=1, ... ,16 3,2 6 ' 6 m, 

i l ) 4M~~) 
6 

47, ... ,56) 3 5 m, 1.=1, ... ,10 

1) El p. 265 
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A(1)2aM(~) 
6 

57, ... ,61) a 2 4 . 7 m, ). = 1" ", 5 
A().) 42M().) 

6 
62, ... , 70) 2,2 a ' 9 m, )'=1 , ... , 9 

A()l 5M().) 
6 

71
"

", 75) 2 2 10 m, 
6 

76) OA1 6Ml1 m, 

f'01' n = 5, 1 becomes zero, for n = 4: L, .... ,6, for n = 3 : 1, ... , 
25 and for n = 2: 1, .... , 56. Tbe expansion in elemental'Y 

6 
forms rorresponds to an expansion of m which is found from 
the pl'eceding one by taking together the horizontal rows 1 ; 
2, .... ,6; 7 ... ,15; etc. Fl'om this can be deduced again the 
expansioll in non-l'edUClble rovariants. Fol' n > 6 : 1 ... , 

, i 76, tOl' n=6'1; 2, .... ,76; fOl·n=5:2, .... ,6; 7, .... ,76;fol' 
n=4.7, ... 25;26, .... , 76; for n=3:26, .... , 30; 31, .... , 
56; 57, .... , 76, and fOl' 11. = 2 ' 57, .... , 61; 62, .... , 70; 71, .... , 
75; 76. As to the expanslOn of a form of tbe sixth degree in a 
number of sets of variables less than 6 e.g. 

6 2 2 2 '2,2,2 
F 0 = Dl 02 oa x 1 X 2 X 3 

6 

we may remark, th at x' / x' / X"I can be. obtained by a definite 
6 

simple mixing a 2.frJ.(rx) , Rence, in the expansion of n all Ol'dered 
elemental'y operators of the first kind vanish, w hen theÎl' first factor 
is an alternation that is anmbilated by 3.2M.(rx). In the first place 
thus 1, .... , 25. Of 26-30 remains one term, of 31-46 there 
remain nine tm'ms, among which three different ones, of 47-56 
foUt, equal terms, of' 57-60 two eqnal terms, of 61-69 six terms, 
among which thl'ee different on es, of' 70 -75 foUl' térms, among 
whirh two diffet'ent ones, while 76 remains. In total there remain 
therefol'e f'or n ~ 3 twelve terms and for n = 2 seven terms. This 
last number gives also ~tbe nnmbel' of terms in the expansion of 
WAELSOH 1). 

Expansion ol a lO1'11/ in m sets of n vrt1'iables ol a1'bit1'al'Y degl'ee. 
p 

P"incipal theorelll D. Eve,'y algebl'aic fOI'rn Fm, Aornogeneo1ts 
p q 

and of the de.q1·ees Q, (i, ..• in m d~lJ'erent sets ol va?'iables x', y'" .. 
can bl1 e:l.'J)anded in one and only one way in a sm'ies of 01'cle1'ed 
elementa1'Y forms of tlte fir.çt 1'esp. of t!te second 1ciucl. 

1) Camp, p, '278. 
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p 

The expansion maJ' beo obtained bJ' expanding m in ordel'ed 
elementary affinors. .. 

Also the expansion In non-redncible covarlant forms (principal 
theol'em B) can be obtained fol' this most general case by expanding 
p 

m with l'ef'lpect to non-redncible coval'iants. Then the determinants 
of n rows that occm in the expansion of the form generally haye 
0111y an ideal meamng and thel'efore Ihe non-redurible forms 
occurring in each term have onIy an ideal significanre too. The 
terms themselves howevel' keep their non-ideal significanre and are 
fonnd by talnng together definite gl'OUpS of tel'ms from the expansion 
in elementary forms of the first kind. 


