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• 

Mathematics. - " On a 1'ema1'kable functionlll l'elation in the 
tlteM',!! of co~ffic~entfunctions". By Dr. H, Ho A. BoeKwINKEL. 
(Communicated by Prof. R. A, LORENTZ). 

(Communieated in the meeting of September 27, 1919). 

1. Let (p(tt be a function having no '3ingular points without the 
circle (1,1), i. e. Ihe ch'cIe with centre t = 1, and radius 1. Let 
({J(oo) be zero and Ihe ordel' g of ((J(t) on the. circlIIIlfel'ence of the 
cil'cle (1,1) be different from + 00. Then In the series 

rp (t) = ~ g+1I 
~tll 1 

o 

the chamcte1'istic k = lzm [log Ip,,1 : log nJ 

, , . (1) 

of Ihe coefficients Pil is 

also different from + 00, in Vil'tlle of the known I'elation k = .q-J. 
IC g < 0, then the integral 

W (,'I:) = _l_.}p (t) tx- 1 dt .. .•.. (2) 
2m 

(1,1) 

taken along Ihe circumference of the cil'rle (1,1) e,vists fOl' R(x) > 0, 
becanse in th at case the series (1) convel'ges along that cit'cumfel'ence; 
the vall1e of tt-l in it is so defined that the argument 'of t lies 

re IT 
continually bet ween - 2" + ö and 2" - 0, 0 being a positive quantity 

with zero limit. The fllnction wC.v) is called coefficientfunction by 
PINCHERLE 1), owing to the relntion gn = w(n+1). Oonversely (p(t) is 
called Ihe genemting function of w(,v). PrNCHERLF. considers the 
relation beb'l'een these functions especially from tbe point of view 
of the functional calculus. If we }Vrite 

w (.'1:) = I [cp (t)] . • . • . • . . (3) 

1 is an additive functional opemtion, which satisfies a certain number 
of simple functional relations; these relations may be used in order 
to define the coefiicient-function in those cases in whiC'h the integl'al 
(2) does not exist. Thus we find easily 

I[trp(t)J=W(Il:+ 1), and Jrp'(t)=-(.'I:-l)w(.'I:-l) ... (4) 
and by cornbining' these two equations 

1 [cp'(t)] = - (.1:-1) 1 [t-1Ip(t)J, 

1) Sur les Fonetions Déterminantes, Ann. de l'Ee. Norm. (22) 1905, (Ch. IV). 
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which, by iteration, passes into 

F(,v) 
I LrflC!) (t)l = ( - l)r I [t- 1 cr (t)] 

r(.V-1') 

lt is easy to see that the lattel' equality is also valid for negative 
integral \'alues of 1'. It is, however, l'emarkable that the same equality 
holds fol' not-integl'tll ~'alues of 1'. This pl'Opel·ty I ha\'e made use 
of in the investigatiolJ of a fnllction l'epresented 1) by a binomial series 

(,V-I) 
lJ cn n ,the most typical series in which a roefiicientfunction 

can be expanded, The oQject of this note is to give a pl'oof of the 
general validity of the eqnality in questioll. 

2. We substitnte -a for l' and replace fJJ (t) lIy the expres'sion 
rp (t): (t-i)", in order to bave always to deal with fllnctions which 
are l'egnlar fOl' t = 00. In arcordan('e with RIEMANN'S S) definition 
of the derivative of negahve ol'der' -(lof a fllnction we assnme as 
such the following one 

00 

(P (t) 1 J(U- t)"-l p (u) 
(-l)"D-"--=- du , . . (5) 

(t-l)" f'(a) (u -1)" 
t 

In this we take as patl! of integration the half-line beginning at 
u = t, whose prolonged part passes thl'Ollgh u = 1; and we assign 
the same al'guments. lying between -:re + rY and +:n: - d, to 
'U - 1 and 'U - t. Then the so-defined derivative is also reglllar 
without the circle (i, 1) and zero fOl' t = 00; and by the substitntion 
~t-i=(t-1):s we finu alter a slight l'eduction the expansion 

00 

rp (t) ,"' r(n+l)gn 
(-1)" D-~ (t-lf = ~ T(n+I+a)(t-l)'+l" . . (6) 

o 
which, therefore, is related in a simple manner to the expansion 
for fJJ (t) itself. The ol'der of Ihis derh'ative, as will appeal' imme­
diately fl'om this series, is a less than that of (p (t), and therefore 
negative togethel' with the latter order. On this suppositioll we 
may apply the operation 1 to it in the form (i), so that by this 
the existence of the fh'st member of the equation to be pl'oved, viz. 

[ 
rp (t) ] r(m) [ t"q:(t) ] 

1 (-I)"D-~(t_I)~ = r(,v+a) I (t-I)" (7) 

J) These Proceedings Vol. XXII, N0. 1. Nieuw Archief v. Wisk. Xlll, 2e stuk (1920). 
2) See BOREL, ~econ8 sur les séries à termes positifs, p. 74. The constant a 

occurring th ere is taken equal to 00 here, in connection with the regularity of 
lP (t) for t = 00. 
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bas been laid down. Passing to the second member we write 
I 

_r(iV) = _1_J8~~1 (1-8),,-1 ds, 
r(ll1+a) r(a) 

o 

whel'e the argument of .~ and of 1 - s is zero. Further 

I =- ----dt, l t"rp(t) ] 1 Jt"+X-lg'(l) 
(t-l)" 2.1li (t-l)" 

- (1,1) 

so thai the second membeJ' in question is equa] to 
1 

_.l __ J't,,+x-Ir[(t) [J'X-I (1 - s)"-l dS] dt. 
2/ur(a) (t-I)" 

(1, I) 0 

If we substitllte 111 the sec011d integral s = u: t, this expl'ession 
passes into 

t 

? J cp(t)_ [JU1-1 (t - u)"-l dU] dt. 
2mT(a) (t-l)" 

(1,1) 0 

Since the argument of s was zero, the argument of ~t is equal to 
tbat of t; th us the variabIe under the sign of integmtion goes along 
the st1'az,q/tt liIle from ~t = 0 to u = t in the u-plane. But it may 
go as weil from u = -i(~, on the cil'cumfel'ence of the ri rele (1, j), 
along that circumference in the positive direction to the pomt u = t. 
On this supposition we considel' the system of two integratlOns, to 
be performed in succession, as a double integt·al. Then iIl the corl'e­
sponding aggregate (u, t) a definite value Ui of u has to be associated 
with all those vallles of t lying, in the t-plane, on the circumferenre 
of the cÜ'cIe (1, 1) between t = UI and the end-point t = + i(~ of 
th at circle. Hence the double integral may be replaced by the pair 
of two successive integrations denoted in the expression 

o 
I JU~-l [J(t-U)"-Icp(t) dt] du 

23tir(a) (t-l)'" 
(1, I) u 

where the integration according to t has to be performed in the 
positive direction from t = u to t = + ió 1). On account of the pro­
perties of rp (t) the latter integl'ation may be replaced by an integl'ation 

, 1) The here given argument is strong, in so far it is based up on known truths, if the 
functions under consideration al'e fintte in the whole domain of integration. This 
is the case for R(x) > 1 and R(a) > 1, but, since botl~ endforms are analytic 
functions of x :and of Co! for R(x) > ° and R(a) > 0, they must also be equal for 
the latter values. 

21 
Pl'oceedings Royal Acad. Amstel·dam. Vol. XXII. 
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from t = u to t = CJ;, and one from t = 00 to t = O. The la.tter gives 
an amount w~lIch is independent of u, and this amount gives zero 
for the jind mtegl·ation. Therefore, aftel' changing the letters u and t, 
we may wl"Ïte for the preceding expression 

~Jtl.-l I"_I_J(U-t)O(-lql(U) d"J dt, 
2ni L rea) (u-I)" 

(t,l) t 

and this, if we take (2) and (5) into account, is just eqnal to the 
first membel' of (7). The Jatter eqnation thus has been proved in 

case g < O. 
If g:> 0 and, to begin with, 0:( g < 1, PINCHERLE-defines the 

coefficientfunction of ep (t) uy means of an auxiliary function 
... 

epi (t) ~ gn 
gJI (t) = - D-l t-l = ~ (n+l) (t_l)n+l 

o 

. • . (8) 

The order of epl(t) is lower by unity than that of ep(t) and thus 
negative, so that W

I 
(.x) = 1 rpI (t) is defined by (2). BJ (4) we have 

I (PCt) = - I (t-l) gJ' 1 (t) = :vI gJl (t) - (}--l :vIgJl (t); . . (9) 

if 8 be the operation defined by 0 f(x) =1 (.x + 1). If we denote 

by gJO( (t) the resuJt of the operation (a) = (-1)0( D-O( 1 
(t - 1)« 

applied 10 tp (t), and by (PlO( (t), the result of the operatlOn 
1 

(1) = - D-l t-I' applied 10 (PO( (t), we derive from the t'receding 

equation 

1rp« = a:leplrt. - {j-1 [.vlcplO(l. • . . . . (10) 

Now, the operation (a) is commutative, as will appeal' in the 
t:implest man nel' fwm the expansion (6). Hence CPIO( = CPO(b if by 
the latter expression the result is denoted, which is obtained, if 
first the operation (1) and then (a) is applied. But (PI (t) is a 
funclion for which the equality (7) has al ready beeu proved; if this 
is taken into account, we may inter from (10), using the identity 

r(y + 1) = Y r(y), 

1 - r (':L [Xl t'"CPl(t) _ x a-I /"-lPl(t)] . (11) 
tpa - r(x+a) (t-l)O( (+ ) (t-l)" . 

Using again the reJation (9) we may write 

t"cp! t"-l(p! [ ta.rpl J 
.1: J (t-l)O( - (.v-l) 1 (t-l)O( - I (t-1) D (t-l)" . (12) 

Fl1rthel', in connection with (8) 
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trxCPl tf1.cp atrx-1cpl 
-(t-l)D(t_l)f1.=(I_I)rx+ (t-l)" .... (13) 

By means of (12) and (13) the eq uation (11) finally passes into 
the required identity (7). _ 

rrhe above argument ma}' further be nsed to prove the same 
identity for h <: 9 < h + 1, if it has alreadJ been established fol' 
g < lt, h being a positive integral numbel'. The general validity has 
therefol'e been proved. 

.. 

21* 


