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Mathematics. — “On a remarkable functional relation in the
theory of coefficientfunctions”. By Dr. H. B. A. Bock wiNKET.
(Communicated by Prof. H. A. Lorentz).

{Communicated in the meeting of September 27, 1919).

1. Let () be a funection having no singular points without the
circle (1,1), i.e. the circle with centre t—=1, and radius 1. Let
gl ) be zero and the order g of ¢(f) on the circumference of the
circle (1,1) be different from -} oo. Then in the series -

g
o) = n;ﬁi""""(l)
0
the characteristic k= lm [log |g.] : logn] of the coefficients g, is

n=—aw
also different from - oo, in virtue of the known relation £=g¢—I.
If ¢ <0, then the integral

1
o@=z— |g@rta . . . ... L@

@,1)
taken along the circumference of the circle (1,1) exists for R(z) >0,
because in that case the series (1) converges along that circumference;
the value of #*—1 in it is so defined that the argument-of ¢ lies

T 1
continually between — 2 -+ d and 5 d, d being a positive quantity

with zero limit. The function w(z) is called cogfficientfunction by

PINcHERLE'), owing to the relation g, = w(n-}-1). Conversely () is

called the generating function of w(x). PINCHERLE considers the

relation between these functions especially from the point of view
of the functional calculus. 1f we write

o@=Ie@®] . . . . . . . . (3

1 is an additive functional operation, which satisfies a certain number

of simple functional relations; these relations may be used in order

to define the coefficient-function in those cases in which the integral
(2) does not exist. Thus we find easily

Iftp@)]=w(@+1), and 1o () = —(z—1 o (z—1). . . (4)

and by combining these two equations
1’ ()] = — (a—1) L[t"p(8)],
" 1) Sur les Fonctions Délerminantes, Ann. de I'Ec. Norm. (22) 1905, (Ch. 1V).
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which, by iteration, passes into
I O] =(-1) L o g
L) @] = (1) pa— = ¢ @]

It is easy to see that the latter equality is also valid for negative
integral values of #. It is, however, remarkable that the same equality
holds for not-integral values of ». This property I have made use
of in the investigation of a function represented®) by a binomial series

x—1
Ec,,( ), the most typical series in which a coefficientfunction
n

can be expanded. The object of this note is to give a proof of the
general validity of the equality in question. -

2. We substitute —ea for » and rveplace ¢ (§) by the expression
@ (t): ({—1)7, in order to have always to deal with functions which
are regular for ¢=—o. In accordance with RikMaNN’s *) definition
of the derivative of negative order —a of a function we assume as
such the following one

cp 0O U fa—gtew .
O e r(a)f (w—T1y SRR

In this we take as path of integration the half-line beginning at
w =1, whose prolonged part passes through z=1; and we assign
the same arguments. lying between — xJ and - x—d, to
#— 1 and w—¢ Then the so-defined derivative is also regular
without the circle {1,1) and zero for = oo; and by the substitntion
#—1=(@—1):s we find after a slight reduction the expansion

q Q—O« I'nd-1)gy,
p (1) N (n+1)g . (6)

U T = 2 T s ae—
0

which, therefore, is related in a simple manner to the expansion
for ¢ (t) itself. The order of this derivative, as will appear imme-
diately from this series, is « less than that of ¢ (¢), and therefore
negative together with the latter order. On this supposition we
may apply the operation /[ to it in the form (1), so that by this
the ewxistence of the first member of the equation to be proved, viz,

L 2@ _ I A
[( Ly D= (t— J-—I‘(m-}—a)II:(t—l)“jI - 0

1) These Proceedings Vol. XXII, N. 1. Nieuw Archief v. Wisk. XIII, 2e stuk (1920).
) See BomreL, Lecons sur les séries & termes positifs, p. 74. The constant ¢
occurring there is taken equal to oo here, in connection with the regularity of

@) for t=
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has been laid down. Passing to the second member we write

1
e _ 1
P(w+a)“ﬂa)ofs A —ortaey

where the argument of s and of 1 — s is zero. Further

tep(t 1 [teta—1
7| F® — ' '¢ () it
t—1)= 27, t—1)
B Ly
so that the second member in question is equal to

1
ttx-{-—x—l(f( t) - o
3 ’nl’(a)] [fs 1l — )= ds:] dt.

If we subsntute in the second integral s —w: 1, this expression
passes into

t

1 () o~ a
2ail (o)) (t—1)" [f W du} dt.
(]rl) 0

Since the argument of s was zero, the argument of w is equal to
that of ¢; thus the variable under the sign of integration goes along
the strawght line from % =0 to u=1¢ in the u-plane. But it may
go as well from » = —i9), on the circumference of the ecircle (1, 1),
along that circumference in the positive direction to the pomntw —t.
On this supposition we consider the system of two integrations, to
be performed in succession, as a double integral. Then in the corre-
sponding aggregate (u, f) a definite value u, of u has to be associated
with all those values of ¢ lying, in the t-plane, on the circumference
of the circle (l,1) between ¢=u, and the end-point ¢t = 4 0 of
that circle. Hence the double integral may be replaced by the pair
of two successive integrations denoted in the expression

1 (t—u)*—'e()
i F(a)( v [f (t—1)= dt] e
) L)

where the integration accordmg to ¢ has to be performed in the
positive direction from ¢=wu to ¢ = 4 id*). On account of the pro-
perties of « () the latter integration may be replaced by an integration

1y The here given argument is strong, in so far it is based upon Anrown truths, if the
functions under consideration are finite in the whole domain of integration. This
is the case for R(x)>1 and R(e)> 1, but, since both endforms are analytic
functions of « [and of « for RE(x)>0 and R(e) >0, they must also be equal for
the latter values.

' 21
Proceedings Royal Acad. Amsterdam. Vol. XXIIL
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from {=1u to ¢t=oc, and one from ¢=—=o0 to¢==0. The lutter gives
an amount which is independent of w, and this amount gives zero
for the final integration. Therefore, after changing the letters u and ¢,
we may write for the preceding expression -

i f2—1 L ! w(u—t)“ _e) du:l dt,
2mi I'{a) (u—1)=
i

3

and this, if we take (2) and (5) inlo account, is just equal to the
first member of (7). The latter equation thus has been proved in
case g < 0.

If ¢50 and, to begin with, 0<g <1, PincrERLE defines the
coefficientfunction of ¢ (¢) by means of an auxiliary function

Z (n+-1) (t———l)""l‘l ®)

The order of ¢, (¢) is lower by umty than that of ¢(¢) and thus
negative, so that w, (#) = I p, (f) is defined by (2). By (4) we have
Ip)=—1I¢—1)¢y()=alp, () — O~ alp, @ . - (9)

if @ be the operation defined by @ f(2)=/f (x4 1). If we denote

by ¢.(f) the result of the operation (¢) = (—1)* D= =y

applied to ¢(¢), and by . (t), the result of the operation

(1)___ _D—li_

T applied 10 . (f), we derive from the preceding

equation
Iopy = wlipre — 671 [wlgpa]. . . . . . (10)
Now, the operation («) is commutative, as will appear in the
cimplest manner from the expansion (6). Hence ¢, = gy, if by
the latter expression the result is denoted, which is obtained, if

first the operation (1) and then (e) is applied. But ¢, () is a
function for which the equalily (7) has already been proved; if this
is taken into account, we may infer from (10), using the identity
ry+1)=y '),

I (: o
I(z-+e) (t—1)=
Using again the relation (3) we may write

“fm =1, ip,
ol Py = _I|e¢-1)D—" | .
ey =2 - | ay

Further, in connectlon W1th (8)

Pao =

—(z+ea—1) 1

1)

t=—1gp,(¢)
=l
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o _ e #Te g
=)= (=1  (@-D¢

By means of (12) and (13) the equation (11) finally passes into
the required identity (7). _

The above argument may further be used to prove the same
identity for A <g</h -1, if it has already been established for
g<h, & being a positive integral number. The general validity has
therefore been proved.

— (t—=1)D
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