
- 1 -

Huygens Institute - Royal Netherlands Academy of Arts and Sciences (KNAW)
 
 
 
Citation:
 
J.J. van  Laar, On the Course of the Values of a and b for Hydrogen at Different Temperatures and
Volumes III, in:
KNAW, Proceedings, 21 I, 1919, Amsterdam, 1919, pp. 2-15 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This PDF was made on 24 September 2010, from the 'Digital Library' of the Dutch History of Science Web Center (www.dwc.knaw.nl)

> 'Digital Library > Proceedings of the Royal Netherlands Academy of Arts and Sciences (KNAW), http://www.digitallibrary.nl'



- 2 -

Physics. - "On tlte Course of tlte TTrrJues of a anel b f01' Hydro,gen 
at DUle1'ent Tempemt'w'es mul Yolumes~'. In. BJ Dl'. J. J. VAN 

LAAR. (Oommunieated by Prof. H. A. LORENTZ). 

(Communicated in lhe meeting of Febr. 23, 1918). 

Continuation" of ~ XVI. 

The factor by which the double inlegmIs (7) are ll1ultiphed, now 
becomes, with n = JV: v : 

(t
2 1 

t nna' X MN = i X ~- nN,,3 X lIfN X 7 Y:;, 

i. e., as i- :rr.1VS3 = 4m = (b'l)oo' ~IN = ft: 

a' 1 a2 1 
1- X (b,,)oo >~ (~ X 3" X - = w X 3" X - . 

s v s' v 

With omission of 1: v we get, thel'efol'e, fol' "the constant of 
attl'action a: 

when also fol' F(1') and - F' (1') thei!' valueb according 10 (S) alld (Sa) 
are sllbstituted. When to ablweviate we wnte /.;2 for .'12 . (a'-s2), the 
above becomes: 

a = w >< ~a4"2 [lrra 

drX stn &dfJ +l~~bid.J, ... (70) 
s(a--s) 8,JTV1,2-a2sin2fJ+k~<f(a2-1,2). J' 

o Tm 0 ç 

I in whiclJ, therefore, w = ~ X (b,,)oo X a. 

Let us first' discuss the {hst integl'al l'efel'l'ing to all tbe moleenles 
that pass the molecule which is supposed not to move, without 
co ming in collision with it. We maJ wrtfe fol' it: 

90 a . 

ij d1'X sinfJd& 
Il = . 

1'Va2 cos' &-ta2.---?,,) (l-Prp) 
00 1'1/1 

As was already l'emal'ked above, the above calculations only hold 
fOl' tempel'atures above a eel'tain limiting tempel'ature To, defined 
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by (jo = 90°, sin (jo = 1. This is namely the lowest temperatme at 
which a value fol' 00 is sUil possible. Fl'om (6) follows namely 

s' s' 
sin~ 00 = - (1 + cp), so that - (1 + (p) can lle\el' beeome greater than 

a2 a2 

1, hence (P nevel' greatel' than (a~-sJ): 82 = 1: /.;2. 

Wh en . we l'epl'esent this limitmg "alue of cp = A1: !tHto 2 by (Po, 
we get therefol'e 

(9) 

when we put the ratio s: a -_no Accordingly, as long as gJ remains 
< (Po ('P> 'Po), the quantI!)' l-12(p also l'emains > 0 in the above 

. integral. 

0 0 IS = 90° in the limiiing' case cp = (jo; then all the enterillg 
molecules eolhde, also those that strike at an angle IJ = 90°, whieh 
;ust reach the rim of !he sphere l' = s, and wiJl ywld there a 
minimum value for ]' for the last tune. 

But as Boon as the temperatm6 beeomes still 10\;\'e1', and lp 

becomes > gJo, all the entering molecules collide without pl'evious 
minimum, i. e. lhey all strike at angles < 90° wllh the nOl'mal. For 
tltese values of (P we shall t11el'efo1'e have to execute a /}eparate 
integration later on, i. e. for all the values from (P > (Po to gJ = r:J:) (1'= 0). 

Now Ihe mtegmtion with respect to l' yields: 

Rence the quan-

al ways rernains 

_positive. For cos2 1J is at most = cos20 ij in Il' 
At the limit 1'111 tbe qnantity nnder the l'ootsign, viz. lJ2J'2 -a2 

(p2 -cös1IJ) is always = 0, because then cl1': dt = 0 (compare (3a)). 

Hence we have aftel' intJ'oduction of the IÜll1ts: 
~ ~ 

1 j' sin f) df) cos f) 1 Ji dal .1) 
I =- Bgtg------ Bgtg---

1 a. V p2 _ cos2 IJ 'V p2-cos21J Cl V p2_rc2 ' , V p2 _ .v2' 
~ 0 . 

when we wl'ite - dcos{} fOl' sin/'clO, and ,v for cosO, 80 thatcosOo 

is, represented by .7]0' Now dJ3gtg = d,'/): V p~_'))2, so that we find: 
J ~. 
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(see abore), hence 

2a4 

~1nltiplying \ by the facto!' w X --- we have thel'efo!'e fOI' tbe 
s(a 2_s2 ) , 

first part of a: 

(lB 1 1 VI-ns 
a =w X ----Br/tg- =wX ----Bg2tg __ . (10) 

1 S (a 2 _s') 'Ic n (I-n 2
) " n 

Rence we find fOl' Lbis a vallle which no 101lger contains (p (hence 1'), 
so that the part of the constant of atll"aClion whicb l'efel's to the 
lJassin,1J molecules, appears to be independent of t!te tempemtu1'e. 
Tbis seems somewhat stl'i1nge, because near the limiting temperature, 
given by Po, eo gels neat' 90:', so that then the limils of 11 with 
respect to fJ get nem'er and nem'er to earl! othel', and tinally coincide 
at eo = 90° (tl- = (Po)' J t wonld thel'efol'e be expected that al would 
become smaUer and smaller according as l' decl'eases, and that it 
would disappear at the limiting telllperallll"e. Huwever, this is not 
the case acrol'ding to (10). The explanation -may be found by an 
examination of' the paths of the molecules, which shows that with 
the diminution of the velocity 'Uo they occupy a11 ever la?'[/eI' p01,tion 
of the l)(ztlt wilhin the sphere of attraction ; to which the circumstance 
is added that the frequeTIcy for the angle, wbich is propol'tional to 
sin 0, reaches its ma;cimwn exartly in Uw neighbonrhood of 0 = 90°. 

When 12 is nea?' 1, i. e. a neal' s (velT tllin sphel'e of attraction), 

I-n 2 

Bg~tq approaches --, so that then al approaches w: 123 = w. As , n2 

8 2 8 2 

sin20o' is = - (1 + fp), cos2 0 0 = 'Vo 2 = -1 - - (1 + (/,), so tlJat '/'0
2 will 

a2 a2 

a2 _ 8 2 

lie between --=1-n2 =±0 at high temperatures(rp=O),and 
a2 

(0) at Iower temperatL1l'es (P = (Po)' (Jo lies, thel'efol'e, in both cases 
in the neighbolll'hood of 90°, hence thè limits of integl'ation of 1 1 

wiJl almost coincide, viz. (J between ± 90° and 90° at lligh temperatul'es, 
resp. (90°) and 90° at 10we1' temperatu1'es. 

In the ('ase n--1 the limiting vahle ({Jo = (1-n2
) : 11,2 wiU 1ie near 

0, i.e. 110 near 00, so. th at the available range of tempel'utul'e is 
exceeding'ly small. 

Jf, however, n is nem' 0, i.e. a ve1'y much larger than s (very 
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large sphel'e of attl'action), thpn Bg2tg approaches 1) 1/4 n2-:rrn, hence 
1 1 

al approaches w X - X - 3);" = 00. Now {Vo' lies between 1-n' = ± 1 
n 4 

at high tempel'atmes and (0) at low tempel'atures, so that at high 
tempemtures () wiU !ie between ± 00 and 90'),0, and at low 
temperatUl'es bet ween (90°) and 900

• And the limiting value of lfJo 

is near 00, i.e. To neal' 0, so that lhe available range of temperature 
is ver~'" large in ihis ca"e. Tllat al now becomes injinite, is not 
astonishing, for io obtain a finite valne, F(?') should decrea5e much 
more l'apidly witl1 I' ihan is the case on our assumption (8) - viz. 
in inverse ratio to 1". This assllmptiOll, howe\'el', only holds for not 
too large v'alues of a : s. 

~ XVII. Calculation of (a.)1' 

Now we must carry out the second integl'ation in (7a). This 
applies, thel'efol'e, to all the molecules tllat eau come in co llision , 
as () 110W l'emains smaller than lhe limiting 'angle 0 0 , It should be 
carrÏed out in two stages, viz, from .'/: (= cos B) = IJ to ,,/: = ''/:0' and 
from .'/: = 1 (B = 0) to ,,/: = p. For in the general integral with 
respect to l' (see § XVI), viz. 

ft 

1; dl' 

l' Vp 21,2 __ a2 (p2_ ('os. &)' 
s 

p' - cos' B = p2_a,. will be positive in the Ih'st case, negative on 
the other hand in the second case. Accol'clingly the fil'st stage gives 
rise to a Bgtg, the second to a log. The first stage, integrated with 
respect to i', yields: , 

VI-n 2 1 
1) Bgtg is namely = Bgtg - = Bg cos n = t'TC - n, hence Bg2tg = 

n n 



- 6 -

t 
I 
I 

\ 

6 

. The first integt'al yields t (B9~tg ~_)I) = t [t7(~-Bg2t.g ~J, 
Vp 2_,V' a.o k 

d,v 
as cl Bgtg is again = --­

Vp2_,V 2 

But the &econd integral cannot so easily be integt'ated. As then 
,v d,/) 

dBgtg is = --- , the said integral becomes: 
V,/)2 -,vo 2 V p" _.'1:2 

when we put (a;o2_,VO'): (p'-,IJ') = y\ which causes a;o2 10 become 
(p2y' + ,Va 2) : (1 + y2), and .l]2_,VO 2 to become y2( p2-XO ') : (1 +y2). 
With Bg~IJY = tIJ the last integral passes into: 

___ a' 
as V p2 -:1J0' : IJ in ronsequence of p2 = -- 'Vo 2, hel1ce p'-tlJo' = 

al _82 

8' 
=--tlJD::, 

a'-s' 

furthet· 

s 
can be l'eplaced by -, 

a 

and 8' : (a 2 _8
2

) = k2
• The last transcendental, quasi-elliptical il1tegl'al 

can now easily (see appendix) be developed into a series, and then 
be approximated. Pl'eviously we may obsel've that aio, herice rp (and 
therefore also T), no longer OCClll' in it, so th at the result - like 
that of Ihe first pat't of ([2)1 - wil! not be dependent on 
the tempe/'at~we, as little as this wa~ the case with 11 (see ~ X VI). 
H is fmlhel' easy 10 see that the said integral approaches 

1/ • ." 

f Je sin tI' Ij ." . 
:-;:=:==:=== tlJcll~ = (t tIJ') 2 = t X t 7(' 111 the limiting case 11 = 1 
Vp sin' ll' 0 

o 
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(a = s), hence k = 00; and in tlle opposile lirniting case n = s Ca: s= (0), 
I/i" 

benre k = 0, approaches k Jûn l" X _ 1J' cl ..." = k ( - ..." cos lP + 
o 

+J cos..." d..." ) = A- (-lf' cos 1J' + sin' ""'), which yields the' value k 

between 0 and 1/,31:, 

Rence the integral in qnestion lies between l/sn2 and k= S: Va'-s' = 
= S: a = n (as in th€.' latter case s is infinitely small with respect 
to a), 80 that we can represent it by 

En X I fsn', 

in which E will lie between 1 (wh en n = 1) and 8:.1T' = ~811 
(when n = 0), Accordingly the factor E is little val'Îable. It appeal's 
from the expansion into sel'Ïes (see Appendix A), that E becomes 
= 0,845 fOl' n = 0,6 (i. e. S = O,Ba). 

W"e now have: 

so that taking the factor w X (2a 4 
: s(a 2_s2

)) .into account, the fol­
lowing eqnation is found: 

1 [ Vl-n'] (a2)! = w X f n~ (1 - En) - Bg' tg --
n(l-n') n 

(11) 

1 
Ir nis near 1 (n -- s), this appt'Oaches w X -- [fn'(l-n)-(l-n')]= 

l-n2 

= w X (t;r2-1) = 0,234 w. The limits of integmtion IJ and 'Vo are 
8 2 a2 _s2 

determined by :co 2 = 1 - - (1 +rr) = -- = 1 - n' = ± 0 at high 
. a2 a' . 

temperatures (p = 0), I'esp. (0) at lower temperatures «r = Po), and 
a' 

p' = -- .1.'0' = (1), resp. (0);' 80 that () lies betwe~n (0°) and ± 90° 
a2 _82 

at high temperatllres, and (90°) and (90°) at lower temperatures. 
And if n is nenl' 0 (a gl'eat with l'e5ped to s), then (a,)! approaches to 

1 
w X - X [Cf.1f'-2n)--Cf rz2-.71'n)1 = w X (31:-2) = 1,14 w. Then we 

n 

have as limits of integl'ation ± 1 for alo (rp = 0), resp. (0) at rp = (Po' 
and (1), resp. (0) for IJ; so that () lies bel ween (0°) and ± 0° at high 
temperatures, nnd (90°) and (90°) at low temperatures. 

When (a.)! is added to au we find 1'01' the part of the constant 
of atlraction a liJat is independent oJ the tempemtul'e (coming fl'om 
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8 

the passing molecules and ti'om (he (not central) colliding' molecules) : 

. (12) 

According to the above tbis pad complises the rtlmost totnlity of 
the angles of incidence, from 90° to lIear to 0°, at h~q/~ tempel'atures; and 
only a very .. smctll part, ti'om 90° to near to ~Oo at lOlO temperatures; i. e. 
in the limiting cases 12.- 1 and n.- O. Bnt also in intel'mediate cases 
th is continues (0 hold, beC'ause at high tem pel'atUL'eb p2 always lies in 

a~ a2-s~ 

Ihe neigbourhood of -"--2 X --2 - = 1, and at low temperatll1'es 
a--s a 

a' 
always in the neighbourhood of -- X 0 = O. 

a2 _s' 

Hence the region left for the part of a that is dependent on (he 
temperatllre, is the gl'eater ns the tempel'ature becomes smaller. 

l-n 
Now the qllantitJ' a in (12) lies between w X l.rr' = 

00 - 1I(1-n2) 
1 1 

=w X in' = w X fn 2 fOl'n = J, and w X - X in' = 00 for 
n(l+n) n ._----

12=0. 

§ XVIII. Calculation of (a')2' 

\Ve finally co me to the calclliation of the part thai is dependen t 
on the temperature, and corresponds with tbe more centl'al collisions 
of the sec012Cl stage of 12 , We 1l0W have fol' tlJe integl'ation ,v1tlt 
respect to l' (cf ~ XVII): 

in which cos' () .- p' l'emains positive bet ween t1le Iimits () = 0° and 
f) = B,q cos p. The integml yieIds: 

1 ( V p21,2+ a2(,IJ2_p2)_a V,v 2 _p2)a 
log = 

aV,v' -p' r s 

= 1 = [log (,v _ V.v' _p2) - log ~ (V tv' -.uo' - V.v 2_ P')]' 
aVi/1' _p2 S 

when cos () is put again = (IJ, and cos (Jo 

= p! (1-::) (Of. § XVI). Hence we have: 
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1 1 

_ 1 [Ji dil] .v-I/,'/]~-P' Ji d,'/] Vm'-,'/]o'-V,'/]2-P2] 
( [,),_ - log log . 

a V,'/]'-p' P V,'/]2_p" sla P 
p p 

We have written - cl,'/] fol' sin Oc1O = - cl cos O. The minus sign 
has-;''lg-ain been l'emoved by l'evel'sing the .limits of integl'ation. 
Besides - fOl' the sake of homogeneity - a f1:l.ctol' }J has still beell 

inil'oduced ul1del' both log. Fot' sla p we mayalso wl'Ïte V p' --,v o'· 

The tit'st integral can again be easily. integrated. cl log is namei,}' 
dm 

= - --=, so th at we !ind for it: 
V.'/]'- p' 

(
,'/]-V,'/]' 'P')') , I-VI-p' 

~ log" = - ~ log' ----: 
p 1 P 

p 
- ~ log' 

'I+VI-p" 

for which with a viow to log' also 

written. 

1 +Vl p' - t log' ---- may ue 
p 

'fhe serond pl'esents again the same difficnlties as the cOl'l'espond­
ing Bgtg in § XVII. This becomes namely, cl log now being = 

,'/] d,'/] 
---------: 

a'-a· 8' a'-8' 
beclluse --+ - cos'h .." can be snbstituted fOl' cos~h tf' - --ft - X 

a2 a' a-

X sin'h.t", with siJN" t', = cos·h \,,-:-1; anc! s' : (a'-s') is = k2 (see § XVII). 
FOl' tIJ 0 " : p' we may namely wl'ite (a'-s'): a\ anel (p'-:vo'): p'l 
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is = 8
2 

: a'. Thè limits fol' lV are 1 and IJ, hence --V I p~ 

I-mo' 

V I-,vo' and 0 fol' y, i. e. for tg ft ti,. Thus -- and 1 fol' cos ft tI'= 
p'-,vo' 

= 1: V(1-tg 2fttp), or '(ij 0 0 : Ic and 1; p2-.V
O

' being = 1c2.vo', and 'Vo 2 

- VI-m 2 + VI_p2 

being cos' 0 0 , Evidently the limlts for ti' are log 0 

Vp2_,V
O

' 

(
tg 00 Vtg' (Jo ) = log -k- + k2 - 1 and 0, 

as 

V,v' -ma' - V.'lI'_p2 V.V'-illo' + V,v' p' 
Bg tg A tI' = - log = log . 

'Vp2_,C
O

' Vp'-,vo' 

In this tg 00 : kis> 1, because rlOW p < 1. 
Thus we obrain an integral of quite the same fOl'm as that of 

§ XVII; wllh only this difference, that now hyperbolical cosinus is 
pilt instead of tlle fOl'mer Sintt6. When again we ex pand into a 
series (see Appendix B), it appears that both at high tempel'atm'es 
(lp = 0) and at low temperature (rp = lJ'0 = 1 : l.,') all the terms with 
higher powel's of lo.q with respect to the first term disappeal', so 
that with close appl'oximation we may wl'ite: 

V-- Vl+ cp + V(I + P) rp 
-in l+(plorl ' 

Vl-k' cp 

a' . 
111 w 11lch rp is determmed by the relation - sin' () 0 = 1 + cp (cf. 

8~ 

equation (6) of the pl'evIOus papel'), in ~onseql1ence of whicll ~ij' 00 : h,2 

becomes = (1 + Po): (l-k~ cp). (n has agam been wl'Ïtten fol' 
'.:.tl 

s,' a = /.;: V 1 + A/). 
. 1 + Vl-p~ 

When we now add the found integra1 to the fit'st, YÏz, ~ log" ----­
p 

a2 

then (p' being = -- ,vo' = (L+k'),v o', and.vo 2 being = 1- sin~Oo 
a'-8~ 

k~ 

= 1 - 1 +k2 (1 +rp), so Ihat p' becomes = 1-k~ rp) we ge!: 

1 [' 1 + k V (p V- .. V 1 + (p + V( 1 + k2
) rp] 

('s)~=- -log' +n I+rplog- , 
2a VI-k' tp VI-k' (P 

80 that taking into account the factor w X (2 a4 : s(a2-s~)), we get 
the folloyving fo1'lO: 
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1 l' /-- VI+rp + V(I+k') rp 
(a) = w X n v 1 I- rp lorl -

2 2 n (1-11)' . VI-k2 rp 

I+k vrp ] - log' . 
VI-P rp 

VI +(p + Vel +P) ep 
.As log --:-r::=~ 

VI-P cp 

1+ V(I+k
2

)CP 
I+rp V(l+Jc2)(P I 

= -lï log --r,;::=::::;::::::=- = + te ) + etc. 
1- ( /(I+k2)rp 1 +ep 

V l+(p 

L+7c Vrp l+k Vrp 1 B 
log ---- = ! lo.g ----= k Vrp + ~ ( ) + etc., 

VI-Pep I-k Vep 

(a,), will evidently at high ternperatlll'e (rp neal' 0) approach to 

ta,), = w X ---- n VI+rp - k' ep , 
1 [ - (I+P) ep ] 

71 (l-n2) I+ep 

i. e. with I2 = n' : (1-n2
) to 

(a')2 = w X (1
1 

') [-1 n , V cp - 1 n' 2 cp], 
n -n -n I+ep -11 

1 n 
(a,), = w X X -- rp (rp = 0) , . . . 

n(I-n2) I+n 
Ol' 

. (13) 

\ 
I 

(ISa) 

when rp is simply written fol' rp: V1 + rp. This becomes thel'efol'e 
pl'operly = 0 fol" T = 00. Then the limits of the original integt'al 
(1 2)" viz. IJ and 1, are equal, viz. = 1, which ranses the limits ot 
the angle of incidence () to \ie between (0°) and 0° (see also the 
end of ~ XVII). 

For low temperatlll'es (rp near rpo = 1: k 2
) we shaH have: 

(a')2 = w X 1 [log' (~ __ 2 _) -log' 2 ] , 
71(I-n') 'n V I-P rp . VI- P rp 

because then n V1+cp is = 1, and V(l+k')(p = V1+ep = 1: n . 

.And as log (~!) = log ~ + log ~, we may finallv wl'ite with 
nV n V 0" 

1 
omission of Jog' - in cornparison with the infinitely large terrns: 

n 

1 1 2 
(a2), = w X (1 X [0.1- X log (rp = (ro = I : P) . (lab) 

n _71 2
) n' VI-P ep 
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This gete: near to loglt1,ithmically injinite. Now the limits pand 1 
are evideiltly = 0 and 1, so that 0 lies between (90°) and 0°, hence 
comprises the whole region. 

When n -- 1 (a -- s), (~2)2 does not become = 00 in l3u. For 
as rp can nevel' uecome grcater than 1: /.;2 = (l-n~) : n\ (a2)2 remains 

evidelltly smaller tban w X _1 __ , i.e. < w X 1. Then (n= l-rl) 
n2(1+n) 

log (1: n2) becomes 2 (l-n) in (13b), bO that (a2)2 will approach 
2 

w X loq----. 
. VI-P<p 

lf Oll tbe othet' hand 12 -- 0 (a large with respect to s), then (a2)2 
appt'oaches w X (p in (13a), w hereas this quantity will approach 

infinite X (lo.q-infinite)2 in (l3b), i.e. will gl'eatly inCl'ease, when the 

tempel'ature becomes lower. 

~ XIX. Calculation of a. 

When we finally add the part of a that is independent of the 
tempera,ture, viz. a", = al + (a2)1 according to (12), to the part that 
is dependent on the tempera.tnre accol'ding to (1311), tben we get at 
high Lemperatnre, taking' w = 1 X (b!!)", X a into account (compal'e 
~ XVI): 

a = (I-En)t:rr 2 + -- cp = w [ 1'1 ] 

n(1-n2) 1+1'1 

1 [ ft ] = ---- (bq)", a (I-En) i.1l 2 + -- (p , 
2n (1_u 2

) l+n 
or also 

((p -- 0) a = a [1 + n rp] = aoo (1 + y (p) , (Ha) 
"'. . (l-En)(l +nr /.:rr 2 

in whicb thel'efol'e 

1/4 :rr2 (I-En) 1'1 
a", = (b,,) a, and y = . 

211 (1-n 2
) '" (l-En)(l+n) 1/4 n' 

We remind the reader of the fact that the coefficient E (see § XVlI) 
has thc valne 1 for n = 1, the value 8::rr 2 = 0,811 fol' n = 0, and 

i . the va!ue 0,845 fOl' n = 0,6. Further Cl = MN, in which M is the 
[ maximum vallle of the function of force f(1') at contact of the 

molecules, and N tbe total nnmber of molecules in the volume v. 
At low tempel'attu'es (rp = (Po = 1: lc2

) we get accol'ding to (13 b): 

, (cp _ <Po) a = a [1 + log 1/112 log __ 2_J . . . . (14b) 
'" 1/4:rr~ (I-En) ~ Vl-k2 (P 
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That for rp = rpo the value of a becomes loga1'ithmically infinite, 
and does not get near e,1Jponentially innnite, as is the case on 
assumption of Bor.Tzl\IANN'S tem pel'ature-distl'ibut ion fa.ctol' (fol' 

(//RT . 
f(a) = (e - 1) : U./RT becomes of the order eoo for 'T = 0), is 
alt'eady to be esteemed all advantage. But the abllve fonntllogal'i!lnnie­
ally infinite will lead to an ordillal'y ji1ûte ma.1'imu'in, when we 
consider that only the ver,lj dejÎ1~ite velocity 'Ilo' w hieh rauses rp to 
be = i11: ~ (.l ~Lo 2 = 1 : !c', leads to this log 00. When we take 
lVIAXWELL'S Ja.w of the distribution of veloeities into accozmt, the 
adjacent velocities wil! not lead to log 00, and this wil! accordingl,)' 
pass into a finite maximum, We sllall come back to this later on. 

We will, howevel', point out all'eady here that lhe logal'ithmic 
infillity 1'01' (jJ = CPo is not bOlmd Lo our special assurnption (8) cOllce1'lling 
F(1'). We sllaH see that th is log-infinite value of a for rp = (1'0 is 
found 011 any supposition concel'l1ing FC1'). 

Bnt the numel'ical values of the quanLities aCIJ and y in (l4n) e.g. 
willof course be dependent on the saiel supposition. We possdss a 
kind of con trol t'or Lhe case r[i = 0, 11, = 1. Accol'cling to (14") aco then 
becomes = 1/ 16 11

2 X (bq)ooll, becau&e (l-m) th en becol1les = J -1&, 

hence t1--El1): n(l-n2
) = 1 : n (1 + n) . 1/2, Bnt aeCOl'eliIlg to the 

ordinal'J' (statIcal) theor,)', the attI'active vil'ial (&ee § IX) mllst be 
a 

f dPr 
=2/gTr lVn r8_dl'. When a=s, 1,8=S8 can be bl'Ollght befOl'e 

d1' 

the integl'al sign, and we have ~ /3 'i Nns 3 (J),t = 2/nJr 1\Tns2 (0- (-i11))= 
s 

= V,n N S 3 X J11N : V (as n = lV: v). Hellce we lind witlt Jll1V = a fol' 
a 'the mIne (bq)", X a, so that the factor by which we have to multiply, 
would have to be = 1, and not = 1/161(2 -: 0,617, as we ha\'e fOllnd. 
la my opinion this conclllsion ean onl,)' be cll'awn ft'om it, th at 
even in tlle limiting {'ase T = 00 (rp = 0) the factOt' of distl'ibutioll 
at lhe molecule sLll'faee (tbe spllel'e of attraction is infinitel.r thin 
on the u.ssumption a = s) is not = 1, as we asslll11ed above in the 
application of the statical 'meLhod, but sliglltl,)' less in cOllseqnence 
of tlle influence of the passing molecules, which does not disappear 
even fol' n = 1, which is the cause that the fnll maximum va,llle 
ilf of the function ot' force is lIOt l'eached. Alld tlle diffet'ence ,,;'ill 
depend on the nature of the fllnction of force \lsed. 

FOL' n = 0,6 the factor of (b"),,,a. wiU get _ Uw value 

2,467 X 0,483 1,192 -
1,2 X 0,64 = 0,768 = 1,55, which comes to this, that the aUraction 
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might be thought coneentrated at a distanee s ~ 1,55 = 1,16 s from 
the ('entre of the considered molecule (the sphel'e of attraction 
extends between s and 1,67 stOl' n = 0,6). 

VVe saw al ready that rf represents the quantity M: 1/2 (.L U o 2. In 
this u 0 l'epl'esents the mean relati ve velocity with which the mole­
èules penetl'afe tlle sphere of attraetion. But this veloeit)' is augmented 
by a certain amount withll1 the sphere of attraetion, so thnt U o will 
not be in dh 'eet relation with Ihe temperatme. For vel'Y lrwge volumes 
we may, however', entil'ely l1eglect tbis sJight rnoditication in tbe 
veloeit)' in comparison with the much largel' part of the patb passed 
over with Ihe velocity u o' Only for small volumes Ibis is 110 longer' 
allowed, and in ('onbequence of tbis new complicatiolls wiJl make 
their appeamnce. 

We may now write: 
l}J .MN a 1/3 a ~ 

rp = 1/2~t u
0

2 1/2fLNu0
2 2 X 3/

2 
RT- Rl' ' 

beeause the mean squal'e of the 7'elativf velority is twiee that of 
Ihe square of veloeity Vu' itbelt~ and 3/2 Rl' may be written fol' 
1/2 (t N Uo~' Aecording to all that was developed abo\'e, 

( 
1/3 ft (1/3 Ct)2 ) 

a = aco 1 + Yl Rl' + Y2 Rl' +.. . . . (l5a) 

may tberefore be written for a, aceording to (14(1) - at least for 
not too low tempel'atul'(,s, and when also higher powers of cp are 
taken into consideration; whel'eas fol' low temperat11l'es (rp near 
CPo = 1 : k2

) an expression of the form 

a = ar,,( l-)'lO,q 1/2 VI - RXT) " (15b) 

will better answer the purpose, -aeeording to (14b).In th is x = k2 X I/n a = 
n2 

• = -- X 1/3 a, in whieh it shouJd be borne in mind that the log 
l-n~ . J 

is now negative, so that the minus sign before À becomes positive 
again. 

We have al ready pointed out before (bat the supposition of an 
excfedin,qly thin sphere of attraction, as is sometimes assllmed, must 
be entirely exeluded fol' several reasons I). 1'0 this cornes the circum­
stance that for n -- 1 the JimIting temperatul'e 1'0' in which a wiH berome 
logarithmically infinite (or at least maximum), iE> given by rpo = 1 : 7~2 = 
= (1--n2

) : n 2
, whieh for n = 1 would give the value ° for (j)o, i.e. 

T = 00. And as it has Deen experimentally found that the said 

1) Cf. oul' first paper. 

-
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maximum lies at verJ' low temperatm'es ta contill11eS namely to 
increase, fol' H2 fol' instance, up to at least 1/2 'l'lc), the a'3s11mption 
n -- 1 must be quite l'ejected. 

As tlte vaille 0,08 (abollt) is found 1'01' I/aa with Hp the vaille 

1 0,36 
of R10=1/3a:lPo would berome --XO,08=0,045wllhn-=0,6 

0,64 

(i. e. ~ = 3/6 a or a = 1 2
/ 2 s), L e. '1'0 about 12°,3 absolute. This is 

vel'y weIl possible, as we have seen that fol' H 2 the valne of a is 
still inci'easing up 10 16° abs. (from a"" = 370 X 10-G to aiGo = 
= 740 X 10-G about). What is very l'emal'kable, is the fact that tile 
limiting tempel'atnre seems to he so close 10 the trz]Jle point of H2 • 

viz. 14° abs.). 

Fontam:vent, Jannal'y 1918. (To be continued). 


