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Physics. - "Calcztlation of some special cases, in EINSTEIN'S tlLe01'Y 
of gl'avitation" , Sy DL', GUNNAH NORDSTROJ.\I. (Oommunicated 
by PI'of. H. A. LORENTZ). 

(Communicated in the meeting of April 26, 1918). 

As an application of the theorems deduced in two preceding papers 
for EINSTEIN'S theory \) of gmvilation, we sha11 now calcnlate the 
g'l'avitation tield and the stresses fol.' sorne special statio12m7/ syi>lerns 
with sphel'ica[ symmet1"y. 

First the state at a sUl'face of discontinuity wil! be investigatëd. 

~ 1. Irdl'oductory j01'1nulae. 

In a field wilh spherical symmetl'y a slll'face of dis('ontinllity 
ne('essarily is a sphere. Tlns surface WIJl be considered as the limiting 
case of a layel' of finite depth, and we Rhall only have to pay u.ttelltion 
to such smfaces in whieh in the limIt sorne component of the rnatel'ial 
stress-enel'gy-tenbol' incI'eases above e\'ery arbitl'ary limit so that the 
line-integral across the layer rernains fini te. In geneml at sllch a 
surface of dIscontinuity thel'e evidently WOI'kb a surface-tension P: 

(1) 

rl 

where 1'1 denotes the inner ,radius of the laye1', and 1'~ the outer one. 
The radical' component' of the stress-tensor ~:. on the conh'aJ'y we 

shall suppose nevel' 10 pass e\'ery Ilrbitral'y limit; in other wOI·ds 
we assnme that: 

(2) 

'I 

First we shall consider a general surface of disconlinuity and 
. only afterwal'us we shall introduce special assnrnptIOI1s. We start 

fl'om the first and thi,'d forrnlllae (38) rand from (39) 1. (From these 
Ihr!le formulae the second formula (38) I mayalso be derived, but 

1) G. NORDSTRÖM, On the mass of a material system according to the gravItation 
theory of EINSTEIN These Proceedings XX, 1917, p. 1076 (cited further on as 1) 
and: On the energy of the gravitation field in EINSTEIN'S theory. These Proceedings 
XX, 1918 p. 1238 (C1teu furthel' on ab 11). 
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. 

we do not need tbis), The system of cooJ'dinates wil! be fixed by tbe 

conditions : 
v=r, viz. p=r . . . . . . (3) 

Putting fmthel': 

~ = V -g T = uw T, ...... (') 
and applying a simple tl'ansfol'mation, we ean wl'ite for the mentioned 
starting formulae: • 

- ~ (1 + 21' ui) + 1 = 1'~ " Tr 
, •••• (5) 

u' 10 r 

~ 11, (1 -~) I = 1" " T 4
,. • (6) dr l 1t~ ~ 4 •• • • 

~ (1'~ - T:) +- 10' (T! _ T:) = dT;'. . . . . (7) 
l' 1 10 d1' 

These formulae hold for each stationary gravitation field with 
spherical symmetl'y; the system of cool'dinates only is determined 
by tlle condItion (3), The quantities u and 'lIJ detel'mine (when 
p = 1) all components gpJ of the fllndamental tensor accol'ding to 
the formulae (25) I. 

When Tc 4 is given, the equation (6) determines u as a function 
of 1', By integratlOn am'oss a layel' which afterwaJ'ds by a passage 
to the limit is changed into a surface of discontinuity with 
radius 1\ = 1'~ = Rand aftel' division by R we obtain 

. (8) 

This fOl'mula shows that 'I.t changes discontinuously at a swjase 
of discontinuity 'lIJhel'e 

d~tfe1's /1'0111 ze1'O, Sneh a slll'face which mOl'eover satistie& the condition 
(2) will be called a matm,irtl szt7jace. The system of coöl'dinates might 
be chosen in slleh a way th at at Ihe sUl'face u changes continuously, 
but then p would c:hange discontinuously, In general at least one of 
the space-components of the fundamental tensor changes discontinuousl,Y 
at ft, matel'lal sllloface. With the aid of fOL'mula (5) we shaH now 
prove, that 'lIJ on the contmry changes rOlltinuously at our materia! 
sUl'face, when only the condition (2) is satisfied. Equation (5) gives 

110 , 7t' ( 1) 1 
2-=- l-r~" 1'r --, 

tv r r 
. . (9) 



- 4 -

70 

and by integl'atton across the laJel' we obtain 

J'11t' 1 ! 
. log 102

2 
_ log 101

2 = 1-;: (1- r' " T~) - -; I dr 
'. 

(10) 

We shall only eonsidel' gl'avltation lields in which nis every where 
finite and when in the limit we pass to an infinitely thin layer the 
Iimiting value of the integral on the right-hand side becomes zero 
according to the assllmption (2). 

Now:we shall apply formllla (7) alld substitute in it the expl'éssion (9) 
10' 

for - and the expression (6) for T/. Multiplying further by 
10 

urdr 
-, we find 
~ 

}I , r ~ 1 d ( 1 ) , I ur dT~ u (1'p-T,.)d1'+ilu8(1-1,2"T,)-ul --1' 1- - -Tr dr=--d,', (11) 
, "r' dr u' 2 dr 

TlllS equation must be integrated o\'e1' a Iayel' and afte1'wa1'ds 
we must pass to the case of an infinitesimal depth. In order to 
obtain as a fil'st term on the left-hand side the surface tension P 
as defined by equation (1) we must moreover multiplJ by w. We 
shall ho wever not contmue our general investigation, but rathel' 
consider two more special cases, 

9 2. lnvestigation of the state at a mater'ial surjace. 

First we in\'estigate the case that at the limit T: surpasseR any 
value, 80 that the right-hand side does not become zero, but that 

dT; remains finite, so that on both sldes of the surface of discontinuity 
dr 

1~ has the same value. 
In (11) we first consider the part of the 1eft-hand side which 

aftel' integl'ation gi ves 

J'2 r 1 d ( 1) 
I = i I u' (1-1,1 " T r) - u 1-- r 1 - - dr = 

" "r2 dr u' 
'1 

=~f~11I1(1-r2,,1':) - !tldllr(I-~)(. 4". ,,2 U' 

We have to calculate thè value of this expression fol' the limit 
", - '\ = 0, In this limiting case " constant = "I = 1', = R, so that 
we have 

. d )1' (1 _ 2.) I = 2 R, du . 
te' \ u' 

• 
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We titus obtain 

Now we have tl'eated one part of the left-hand side of (11) by 
mtegration and by passage to the limit. Of the remaining pads of 

this 1eft-hand side those containing 1'; remain zero at the passage 

to the limit aceording to OUl' assumption (2), u remaining moreover 
finÏte. The part containing T~ on Ihe contl'ary does not become 

zero. The l'ight-hand si de has the value zero at the limit, as we 

have assumed T~ to change coutinuously at the surface of discon

tinuity. Multiplying our equation still by w, which quantity we 
have pl'Oved to change continuously at the sUl'face, so that at the 
limit it may be considered as constant, we obtain: 

p = - ~ (lt
s

- UI) (1 __ 1 __ R2" '1'~) 
2xR . UIU, 

. (12) 

Together with (8) tbis formnla expresses the laws for.a surface 
of discontinuity of the kind we now consider. These formulae will 
be applied to the special case that all matter that is present IS 

situated in the material sUl·face. T; being ('ontJJ1UOllS, we have III 

Hns case 1~ = O. Further we have according to (6) both inside aud 

outside the surface 

l' (1 - ~) = const. 
1.t~ 

(l'=I=R) . (13) 

When l' = 0, 'll cannot be zero, &0 that the vaille of the constant 
within the surface must be zero. We tillIs find fOl' l' < R, ~t = 1 
and thel'efol'e also 

(14) 

Wühll1 the spherlcal malenal sUl'face we lhus have a euclIdir 
space. (This IS of course tl'ue fOl' evel'Y hollow sphel'e; the distri
bution of mass and stress on lhe outslde ollly ha& spherieal symmetI'y). 
Olltside the matet'tal sUl'face the constant UI eqnatloll (13) has /lot 
the value zero, bul a value,· PI'OPOI'tioual to the mass of the system 
which is given by fOl'mllla (15) 1I: 

4na 
m=-- . ..... . (15a) 

" 
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1 
(15) 

For tV we have at our surface : 

V a ê 
10=0 1--=- . 

R Us 
. (16) 

This may be pl'oved e. g. by putting E = 0 in formula (12) II 
which holds outside our sm'face. Also by putting l' = R we obtain 
the valne (16) at the smface, and formula (9) shows afterwards (as 
within the sUl'face 1t = 1 and 1',.1' = 0), that this constant value of 
w holds also evel'ywhe,'e inside the matel'ial surface. 

Introducing the expressions UlO U 3 , and w, we find fol' the smoface 
tension P 

p= __ O (1-V1-~)2 . 
. 2"R R . . (17) 

This formllia expl'esses the relation bet ween the surface-tension, 
the mass and the radius. Expl'essed in the usual units the surfare
ten sion is cP (comp. I p. 1079). The constant of mass a is also con
nected with the right-band side of equation (R). Aftel' intl'odllction 
of the values of 'U l and u, this equation gives 

(18) 

. 
In the ellclidic space inside tlle matel'ial sllrface we have not the 

same velocity of light as at an infinite distance from our system, 
but a smaller velocity 

We tllus have a representation of EINSTEIN'S idea on the influence 
of distanL masses 011 the velocity of light in our part of the world. 

Expanding the expression (17) for P in powers of af R we obtain : 

.p= - 2:R(i ~s + i ~8 + ... ) " (17t4 
NEWTON'S theol'y gives for cP: 

kms 
cP=----16:1r RB' . 

where k is the NEWTONIAN gl'avitation constant: 

c'" 
lc=-. 

8.1l 

. . . (17b) 
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Introducing in (17 b) the expressions for k and m, we flnd for 
P an expl'ession, rOl'l'esponding to the flrst tel'm of (17 a), As to tlle 
terms of lower order the theol'y of ErNS'I'EIN agrees therefol'e with 
that of NEWTON. 

§. 3. Sec01~d exa1nple of a smiace of discontinuity. 

Now we shall consider another kind of sUi'face of discontinuity 
viz. one in which 

. (19) 

but whm'e T~ ehang'es discontinuously. Sueh a surface of discon
tinuity we have e. g, when an electric charge is spread o\'er the sUl'face, 

FOl'mula (8) shows that in the case in qnestion u changes conli
nuously at the surface : 

. (20) 

Above we, showed already by formula (10) that 10 changes conti-
nuously, , , 

This time too we müst multiply: fOl'lllUIa (11) by 'W, integl'ate a 
layet' and pass to the limit of au infinitesimal thickness. As in the 
last part of the left-hand side all quantities _remain finite at tlle 
limit, th is part gÎ\res the limiting vaIue zero, As fUl'theI: 1t and 10 

change continuously, we obtain 

p R (TI' T r ) == 2" lt 10 )'2 - )'1 1 

or, intl'oducing the eomponents of the volume-tensor ~ 

p =: (~~2 - ~~:). .'. . . . .' . (21) 

The meaning' of this equation is tri vial. It expl'esses the equilibrium 
between the slll'faee-lension P at the sphei'ical surface and the 
normal force perpend2cular to that sUloface, the magnitude of which is 

X;:2 - ~::11 per unit of smoface. The gravitation has evidently nn 
influ~nce. 

When on the surface we have an electric charge e and inside the 
surface no matter, we find (lI, note p. 12.,10) 

'1')' - 0 
""'1'1- , (22) 

Now we shall assllme that neither outside the surfnce there is 
any mattel' exrept the electric field, and we shall ealculale tlle mass 
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of the electric sphel'e. As was proved lil II ~ 1 we have outside 
the sphere 

uw=c 
2 

1,1 _ 1,4 _ _ e_ 
,- 4-

8.1f r 4 

_ (1' > R), 

(1' > R) 

(23) 

(24) 

As inside the sphel'e and at its surfaee ~u = 1, we find' from l6) 
by integration up to an uppeJ' limit l' > II 

, 

r 1 - - =" r' 1'1 dr = - --+ --( 
1 ) f " e' " e

2 

tl' 8n l' 8.11' R 
(1' > R), 

R 

. . (25) 

A comparison witb equation (11) II shows, that we must have: 

" e
2 

a=--, 
8.1f R 

and (15a) gives for the mass m 
e' m=-

2R 
(26) 

The charge e heing expressed in electro-magnetic units (see n 
p. 1202) this ex pression for m is equal to the electro-statie energy 
dfvided by c2

• Besides the electro-statie energy no enel'gy oecul'S in 
. our system. That outside the electl'ic body no gravitation energy, is 

present has been pl'oved alt'eady in Il ~ 2. The last result says 
thel'efol'e th at neither in the eleetric slll'face any gl'avitation energy 
is accumulated. 

§ 4. A sphe1'e of an incomp1'essible fluid. 

This problem has· ,been tI'eated aheady by SCHWARZSOHÎw, 1) but 
as the fOl'mulae (5), (6), anll (7) lead us by anolher way quiekly 
to the same result, it. may be allo wed to develop these caleulations 
as shortly as possible. 

That the medium is incomVl'essible means that when at rest 

1
,01 • 
4=Q (27) 

is a conSlant chal'acteristic fol' lhe medium. The flllid eharaC'tel' of 
the medium demands fUl'lhel' that no tangential stresses can OCCUl', 
so that we have 

'z,r -1.J! -_ r- p- P, (28) 

1) K. SCHWARZSCHILD, Ueber das Gravitationsfeid einer Kugel aus inkompressibeler 
Flüssigkeit nach der Einsteinschen Theorie Bed. Bel' 1916 p. 424. 
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whel'e the pl'essul'e scalae iJ 1) meanwhile is a functioll of the place 
viz. of r, The radius R of tile sphel'e and the mass 7n and Q a1'e 

related by an equatioll which is found by integl'ating (6) from l' = 0 

to r = R, As for l' = 0 ~t is not zero, while fol' I' = R it has 
, . 1 

the vaIlle - (see I[ equation (11)), we find 

VI-i 

and therefol'e 

m = Qt n R 3 , , (29) 

This shows that Q plays the part of density, 

Integrated from l' = 0 to an arbitral'Y uppel' limit I' < R (6) gives 
flll'thel' u as a function of 1', We obtain: 

'I' (1 - ~) = "Q '1'8 • 
u' 3 

1 • 
n'=----

"Q l _-1,2 

, (30) 

3 

Now 10 and iJ have still to be detérmined as functions of 1', The 
quantities wand pare connected byequation (7), Thi!l gives 

80 that 

w' dp 
- (Q + p) = --, 
w dr 

dw 
- «(J + p) -= - dp, 
w 

, , (31) 

This must be integl'ated, The integ1'ation constant is detel'mined 
by the faet that at tile spheri('~1.l surface p = 0 and 

w=cV I-i = cV 1 - "i R' (s~e II equation (12)), We thus 

obtain the asked cOllllection between 'Wand p: 

V
~-

W (Q 1- p) = Q C 1 - "3 R' , , (32) 

Now [J will be ralculated as a function of 1', Intl'odncing in (5) 

the expl'ession (30) fOl' u and simplifying tlle eqllation we obtain 

2 ~ ( 1 - "Q 'I's) =~ l' (Q + 3 p) . . (33) 
w \. 3 3 

I) We need not be afraid that this p wil! be confused with lhe ql1antity p which 
in § 1 bas been put equal to 1. 
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ul' 
We ehminate - between tbis equation and (31). In this way 

w 
we find 

The integl'ation gives 

Q + 3p V "Q log --- - log ] - - r2 = const. 
Q +p 3 

The integration constant has to be determined with 
eondition that for l' = R p = O. We thel'efore find 

Q + 3 P 1 / 1 - ~ 1,2 

Q + P = V 1 - "(> R Z' • • 

3 

. . . (34) 

the aid of the 

(35) 

Thus the pl'esslll'e-scalar p is detel'mined as a function of r. 
Eliminating p between this equation and (32) we obtain fo1' was 

ft funrtion of l' the exp1'esslon: 
----

10 = ; (3 V 1 ~ ~Q R~ - V 1 - "3
Q 

1" ). (36) 

In thls way we have perfect!)' detel'mined the gravltation field 
and the pressul'e distribution inside OUI' sphere. The forml1lae we 
obtained become identieal with those of SCHWARZSCHILD when fOl' l' 

we substitute 

r= V3 sinX. 
"Q 

§ 5. On t!ze gmvitation ,field as it 17lay be imagined lo fJJist 
in t/le inside of an atom. 

1n the theol'y of atomie strllctnre of Ru'rHERFoRD-BoHR we meet 
with diffieulties Rnsing from the assnmption that in au atomie nucleus 
of verJ s&all dimensions the1'e' exist units of charge w hieh- - at 
least when they are liberated in the form of electl'ons - have a 
greatet' diameter than the atomie nucleus, As now EINSTI!1IN'S gl'avi
tation Iheol'J' states th at the space in a gravitation field when 
expressed in natural units is non-ellclidir, the question arÏses whether 
this theo1'y leaves the possibility of the assumption that the atomie 
nucleus fills a greater -'space with a nan'ow neck or perhaps a 
space whieh CI'oases itself at a cel'tain point. This question wil! be 
investigated here, 
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We considel' again a stationa1'Y system with spherical symmetry. 
In the same way as above we may define the distance l' from the 
centl'e of symmetry by putting p = 1 viz. by demanding that the 
pe1'iphery of a cil'cle with lts centl'e at the centre of symmetl'y is 
2 n l', when expressed in natul'al units. If we do so lil the case in 
question, the state in tbe field IS not a single-valued but within a 
cel'tain interval at least a more-valued funètion of 1'. It is the1'efo1'e 
usefnl to introduce a new radial space-coordinate of whieb the 
quanlities in the field Ul'e single-valued functions. As snch u 
coordinate the distance s from the cenlI'e of symmetl'y expl'essed in 
nalm'al Ulllts snggests itself. In order to specialIze our discus'lion we 
can prescribe arelation between the radius defined by the condition 
p = 1 and s and in vestigute afterwards whether Ihis is in agreemen t 

wJth a poss1ble dlstdbution of the components T; of the st1'e9S
enel'gy-tel1sor. 

As a trial we put 

1'= ± S(~-l), .. 
3 a 2 

. (37) 

wbere a is a constant,- ~nd we choose the sign thu:, th at a positive 
value of )' con-esponds to a positlve vallle of s. For sm all valnes of 
S l' and s are pl'oportional and Ihe three-dimensional space is dilated 
when we come farther away from the centre (viz. fl'om the point 
s = 0). For s = a l' l'euches however a maximum and wh en s 
incl'eases still fl1rther the space is con[l'acted und crosseR Hself at a 

point in the neighboUl'hood of s = Va a. For still higher values of 
8 the space is again dllated. 

Hefore proceeding we stIll remark that in fact the sign of 
/' does not play a role. Inversing the s}gn of l' in our fundamental 
formnlae (5), (6) and (7) and interchanging also the signs of dl' and 
w' we find fl'Om the fOl'IllUlae the same values as above fol' all 
remaining ql1antities. For this reason ViTe take in (37) everywhel'e 

the + sign, so that l' is taken negative in the interval 0 < s < V3" a. 
While the following discussions will be based on the fllndarnental 

equations (5), (6), (7), we suppose u, W,1', '1':, 'l'f" 'l'! to be flll1ctions 
of s. As s is the distance fl'Oill the centre of symmetry expl'essed 
in nallll'al units we obtain, attending to the meaning of the quantity 
u (see I ~ 3) 

ds = n d1',. . (38) 
As (37) gives by diffel'entiation 

dl' = (:: - 1) ds. . . . . (39) 
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1 
U=---. 

s' 
--1 
a' 

. (40) 

That u is negative fOl' S < a, does not caus~ ally t/'ouble, as the 
fundamental tensor depends on u 2 only. 

Now we must ll1i1'oduce Hl equation (6) tlle expI'essions (37) and 
(40) fOl' l' and u. Intl'odncing 10 begin wlth the expressIOns on the 
left hand-side only we obtain 

- ~ (~ ~ - 6) = 1,2 X T! 
a2 3 (t' 

Inh'oducing the exp/'essions on the l'ighl-hand 
fol' 1'

4
4 aR a fllIlction of S 

7 s' 
6---

3 a 2 

7
,4 

x 4 = (82 )2 
a~ --1 

Sa· 

. (41a) 

slde too we find 

(41) 

The fOl'muiae derived here hold evidently only inside the material 
system of which the outer boundary maf be indicated by s = S. 
In OI'del' that the space occupied by the system may cross itself at 
any point we must have because of (37). 

S>VS a. 

In the Iimiting surface s = S we have according to (40) ~t < 1. 
In order that in that-- ,iU1'face u may pass continuously into the 
vallIe it has in the field on the outside, u must aI50 in the outer 
field be smaller than 1 for s = S. This follows also fl'om fOl'mula 
(11) lI, when the system bas- only a sufticient great electric charge. 
Further it does not matter -that u would change discontinuously at 
the boundary, if only this is a material plane as consider'ed in § 2. 

Formula (41) shows that in the interval V \8 a < s < S T! is 
negative, which thollgh somewhat stat,tling is not at all absurd. 

Further fOJ'mula (41) indiaates that :r! becomes intinite 1'01' s = '/3 a. 
Within a finite extension there is howev6J' only a finite mass of' 

matter, which f'ollows .from the fact that 1,1 T! is everywhere finite 
according to (41). 

The equations (40) and (41) for u and T! invohre together with 
(37) that the fundamental equation (6) is satisfied. Now we must 

still detet'mine 'W, T~ and T~ as functions of s, BO that also the 
equations (5) and (7) are satisfied. As (5), (6) and (7) form the 
complete set of field equations fol' a stationaJ'y gt'avitation field, we 
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may choose fol' one o( the quantities ?v, T;. and T:~ an al'bitl'ary 
single-valned function of 8. When also the expressions fol' 1', U and 

T! are intl'odaced, the equations (5) and (7) determille now the two 
quaJltities. All these possible material systems give -- if onJy the 

distdbution of T1 is the same - a tht-ee-dimensional space of the 
same cUl'vatul'e, becanse the formulae (25)[ pedectly detel'mine tbe 
space-components of the fundamental tensol' (when jJ = 1). The 
Cllrvatlll'e of the fOllL'-dimensional space-time continuum on the 

contl'al'y depelHis also 011 the dl5tl'ibutioll of T: whieh qllalltity 
according to (5) mflllences 'W. The following simple assllmptions 

might e. g. be made to obtairi a deCinite system : 'W = const!lnt, T; = 0 
Ol' T~ = 11~~ (nol'[l)[t! pre'lslll'e in all directLOnS). PerfOI'ming the 
integration of (15) ano (7), we might choose the integratiol1 cOllstants 
in sneh a way, that at the uonndary 8 = S 10 takes tlJe valus that 
holds thers tor the outer field, fol', as was pt'o\'ed in § 1, 'LV changes 
continnously into a surface of discontinuity. 

The purpose of our investigation being reached no fUl'ther ealca
lations will be added. We have shown that EINs'rEIN's theory of 
gl'avitation really admits sl1rh a distributioJ.1 of the btl'eSS-energy-tensor 
11

, that Ihe (thl'ee-dimensional) s})ace crosseb itself at ft rel'tain point. 
We cao also pi'ove withont ·dlffirulty, that systems can exist in 
which the space filled with the matter runs out into a nal'l'OW neck. 

It Ü, still of some impOl'tal1ce to in vestigate the action of the 
electric forces within the space which IS just dIlated and afterwards 
again rontracted. We migbl e. g. IlIvei:ltIgttte tbe state, when, with 

1,4 1" l,Ji f' ti I t' . t constant 4, " IJ or Ie non e ertl'o-magne IC matter, a pom 
rharge was placed at the eenb'e of symmetl'y. The gl'avitation field 
will eddently change. We have 1I0t ollly to calculale thls field, but 
also the law!, of the equilibl'lUlll and the 1110tiol1 of othel' electric 
(point)-ehahges in the new eleetdc field. Here we must treat the 
matter as perfectly permeable. These indications may however suffice, 
which show already that ErNsTEIN'S theory opens \Vide possibilities 
to explain the state in the inside of an atom. 

I 


