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Mathematics. - "On tlw dh'eet analyses of the linert?' qU(lntltle~ 
belon,qin.ll to the J'otational pl'O~tp in tlu'ee andfolwfundame17tal 
va1'iables". B.\' Pl'of, J, A, SCHOUTEN, (Commllnicated by Prof, 
CARDINAAL). 

(Communicated in the meeting of September 29, 1917), 

Quantities anel di1'ect rmaZ1jses, 

By a (gèometl'ie Ol' algeb\'aic) quantity existing Witll a definite 
tl'ansfol'mation·group we mean, acconling to F, KLEIN, all)' complex 
of numbers (charactet'istic nnmbet's of the quantily), tbat is transfol'med 
into itse((1) by the tl'ttlJsf'ol'mations of that gl'onp. Qnantities onl)' have 
ally signification and only e'xist \~ith definite tmnsfol'malion.groups 
alld may be "dislm'bed" as snelt witl! olhel' gl'OUpS, whose trans· 
fOl'malions do 1I0t transf'ol'm the cltararleristic' numbet's into thelllselves, 
The)' al'e completely detel'lYlined by tlteil' mode ol 01'ientation, i,e, 
the mode of tml1sfol'mation of their ehal'it('teJ'istic lIumbel's, The 
val'Îables of the gronp al'e ealled funclmne,ntal va1'iables and are the 
charactel'istic nUmbe1'8 of a 11tndmnental element. Ir tbe gl'OUp is 
the lineal' homogeneous one in n vtl,l'iables, rhe simplest quantities 
are those, whose cbaractel'istic num bers tue Lransfol'med as the 
detenninants in a matrix of p fundamental elements iudependent of 
each oLhet', p = 1, ... ,n. With a homogeneous intel'pl'etation of the 
fundamenlal val'iables tltey cOl'l'espond to the linear RII_z1·('omplexes 
in R,'-b pl'ovided ~'I'ith a numbel'-faf'tol'. All the qnalltities, whose 
characteristic nllmbers are tmnsfOl'rned in-that way Il1ldel' Ihe tmns
f'ormations of the ?'otationrtl gTOUp, we rall linea/' qWl11tities. 

By a di/'ect anaZl/sis we mean a system of an addition and some 
mulliplications by. meatls of which we can express the I'elations 
amoJtg quantities óf a definite kiJld left invariant under tile trans
forll1ations of a detlnite grOllp. Every quantity is in the analysis a 
higher complex nllmbel'. Till recently suchlike aJla.lyses were brought 
abont by choo&ing' 1'01' mnltiplirations some charncterislically distri· 
blltive combillatiolls conspiCllollS in geomett'y Ol' meciJanics, and 
llJliting them into a s."slem as weil as might beo Owing to the great 
numbel' of existing combinations of tbis kind arbitral'iness could not 
fail to m'ise, and this led to the fOl'ffil1lation of man)" systems, the 
adhereJlls of ",hich have been involved in a dolent polemic for 
these twenty tive years. 

1) e. g F, KLEIN, Elementarmathematik vom höheren Standpunkte aus. Leipzig 
(09) II p. 59. 
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Application of KLl!!lN'S Principle of Glassijication. 

'fhe author of this paper obsel'ved in 1914~) that it follows from 
the application of KLffiIN'S principle of classificalion to analyses 
belonging to definite quantities, that. 10 a given gl'oup of transfol'
mations and given quantities belongs a completely detel'mined 
sy5lem, which may simply be computed. This ~vas practically done 
fOl' n = 3, the l'otational grollp, and quantities up to the second 
orde!' inclusive. In a more exhallstive investigation contemplating four 
diffel'ellt sub-groups of the lineal' homogelleolls group the same was 
execllted fol' arbitral'Y values ot' n and for qllantities of an al'bitl'ary 
degree ~). We sllall brieft}' state some resuIts of this iq. vestigation 
bearing 0/1 linear quantities, iu particlllal' for n = 3 and n = 4, 
t'ounded on the: 

J'otational ,lj1'Ottp (al ~ + ... + all2 invàl'iant, det. = + J) 

and availing oUl'selves of the: 
orthogonal ,qroujJ (n;1 2 + ' .. + all~ invariant, det. = ± 1) 
speczal-affin. ,9l'OUp {lino hom. with det. + 1) 

eqnivoluminal' grOlt]) (lin. hom. with det. ± 1) 
linen;1' homo,qeneous g1'OUp 

fOl' fllrther classitication of the quantities existing with the rotational grollp. 

GeneJ'{tl ,~yl1unetric([1 ancl n;lteJ'natin,q 1nultiplicn;tion. 
Three ml1lf1pli~ations of fundamental elements exist with all the 

sllb-groups of the linear homogeneous group and fol' all the vallles 
of n, viz. the gel1e1'al, the symmet1'ical and the alte1'1wting one. 

The geneml P1'OC!1tct of 1) fundamf'ntal elem~ents has nP chal'acte
l'istic numbers, being the pI'odllcts of the eharactel'istic numbers of 
the factors. Theil' mode of tt'ansformation is entil'ely detel'mined by 
this definition. We expl'ess the product in this marmel': 

o . 
al 0 a2 0 • .• • • 0 ap = al. . . . al" . • (1) 

o 
By isomers of al .... al' we mean all the general pl'odurts that 

o 
can be fOl'med by pel'mutation of the factol's fl'om al .... ap ' An 
even l'espectively odd isomer is concomitant .with an even resp.odd 
permlltatioll. Tbe symmetrical product of al .... al" is the slim total 
of all tbe isomers divided by their lIumber p!,' 

'-' 1 0 

al '-' a2 '-' •... '-' al' = ai.· ai' = -, ~ ail • • aip . . (2) 
, p. 

The alte1'1Ulting ZJ1'ocluct is the sum of all the even isomel's di',lli-

I} Grundlagen del' Vektor- und Affinoranalysis, Leipzig (14). 
2) Ueber die Zahlensysteme der l'otationalen Gruppe. Nieuw Archief VOOI' Wiskunde 

1919. 
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nished by the sum of all odd ones divided by IJ land may be 
expresEled as Cayleyan detel'minant: 

al' I "0 bJj • 

I 
Q)Q)=~ 

.0 ~~ ~ • (3) 

/

..8 ~ 8 .... 
1 

al) =-
pI 

'-'Q)UO 
al . ap "0 ro"-

The altel'nating pl'oduct of p fllndamental elements is a lineat· 
quantity fol' p ~ n. For p > n it is zero, A symmetrical prod llct is 
never a !ineat' quantity. 

The Associative Systems Ru. 
Olassifying up to the lino homog', grollp inclusÏ\'e, the system 

belonging to the linea!' quantities is 11:1> which is an associative system, 
entirely determiued by the l'ules: 

ej -i ej = - ej -i ei = eij 1) 

ei -; ei = k 

e'i -; e'j =- e'j -; e'i = e'ij 

e'i -i e'i =k' 
-; -; 

ei eJ .... el = eij .... l e'i e'j .... e'i = e'ij .... l 

e12 .... >1 = 1 e'12 .... n = I' 
-i -i 

el = ,,>I e'2 .... e'n I, el -i e'l = e'l -; el = x, e'l = "n e2 .... en I' 
I l' = I -i l' = I' -i I = x" -1 

n ("-1) 

,,= (-1) 2 

i, j, ... , I = 1, . , .. , n. 

e ll ' •• " eu al'e the covariant fttndamentlll units, i. e. units of a 
fnndamentl;l.l element, and e\" , ." e'n al'e the contravaJ'iant funda
mental units belonging to chal'actet'istic nllmbers, transfût'ming 
themselves cOlltragrediently relative to tlle fundamental variables, 

When classifying up to' the equiv. grouR incl., the system Tl;; is 
COI1slituted, being obtained from the preceding one by the identification 

1 = I' 
and 'being entirely determined by the rules: 

ei -i ej = - ej -i ei = eij 

el -; ej = k 
-i 

eieJ .... el = eij .. ~,l 
el2 .... n = I 

~, , 

) 1, j, .. , 1= 1, .... , n .. 

12 = 1 -i 1= ,,11-1 

(4) 

Q~antities, whose units, apart from an evenlUal factor I, do not 
contain two equal fnndamentaJ units as factors, exist Ilnlike the 

J) In a more exhaustive investigalion "Die dit'ekle Analysis ZUl' neueren Relativi
tätslheorie", Verhand der Kon. Akad. v. Wet. Sectie I Deel XII Nl. 6 we considpl' 

. . " eiej-eie} 
also not lmear quanblles and we wnle ei ej = eij and ei -i ej = --2-- = e ij' 

etc. For more convenience we IVrite here ei -i eJ = eij. 
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others with the lino homDg. group tOD, and are called p1'ojective 
qurtntities. Then they are of the sub-degl'ee (Dntch: ondertrap, Gel'man : 
Unterstufe) p, wh en the nnmbel' of the factors of the units is p, 
}J = 1, . . . ., 2n, and we write lbem l,a. The others are called 
O1'thoponal qwtntities. All linear qnantities m~y be compoRed of 
pI'ojective ones and powel's of k. 

When classifyï"ng up (0 the special af tin. gronp inclushre, fol' n 

odd the system R~ is obtained from the l)l'eceding one bJ Llle 
identification : 

I = 'X • • (5) 
The sub-degt'ee 7), i<.n coincldes with the sllb-degJ'ee (n+p) H,nd forms 

the degree (trap, Stufe) p. FOl' neven no system is feasible hel'e, because 
I -i el = - ei -i I, . . . . , , . . . (6) 

hence identification of I with fin OI-dinal.'}' number is impossible. 

When classifying up to lhe orth. gl'OUp inclusiv8, R~ al·jses out 

of R~, by the identification 
k =" . . . . . . . . . . . . (7) 

The system makes no diffel'ence between projective and non
pl'ojective quantities. The sub-deg'l'ee p, p ~ n coincides with the 
sllb-degree (2n-ZJ) and forms (he by-clegl'ee tneventrap, Nebenstufe) p. 

When classifying' up to the l'otational gl'OUp illrlusive, fOl' n odd, 
R~ aI'ises out of R~ by the identification 

I = k = " . . . . . . . . " . . (8) 
Neither does Ihis system make any diffel'enee between pr~jective and 

non-pl'ojectÏ\re quantities. Tlte sub-degt'ees p, (n-p), (n--p) and (2n-p) 
roincide and constitute the principal degree (hoofdtrap, Hauptstufe) p; 

n-l n 
p ~ n', 12' = -2- fOl' n odd and n' = 2" for 12 even. In ~ll these 

systems the assoeiative product of dissimilar fllndamental units is i' 
equa! to tbe alternating one. 

The syst'ems Rn ar~ the pl'odncts of o1'~qinal systems and principal 
1'O'WS 1) accol'ding to the genel'a! fOl'mulae: 

71-1 

R;; = O2-2-

11-1 

R:' = Hn 02-2-

11-1 
o -

Rn = H~ 02 2 

11-1 

R~ = B~ Hn O2-2-

\) Cf. Gl'undl. pages 11--18. 

(9) 
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fol' n odd and 

(10) 

for neven, wllel'e Oi denotes all odginal system of the order i and 
Hi a pl'incipal t'OW of the ol'det' i. But for some divel'genee in + and -

signs the systems' R~ are identieal with OLI1!'FORD'S n-way algebras 1). 

lf none of the units is pl'ivileged the choice of l!Je numbet's 
oecurring in the identifieations is altogethel' determined by tlle 
dualities existing in the diffet'ent grollps. There at'e tour altogethet', 
and we ehall eall them: 

a - n-la 

a - n+la 
a - 2n-la 

a - a' 

a - ,~ 

a-y 
a-rf 
(' -I; 

From the morie of tl'anf:fOl'mation we coneinde for tbe existenee 
of these dllalities as subjoined: 

-
Duality: Cl -{l (~- y I a - (J a-I; 

Group: neven 
I 

nodd neven 
I 

nodd neven 
I 

nodd 

linear 

I I I I + homog, - - - - - -

equivo-
for "t=21 - + - + + 

for n=2 =a-d lumin. identity I identity 

I 

, 
special-

+ + identity identity = a-{3 =a-{J =a-fJ 
affin 

I 

+ - + orthogon. =a-y =n-{3 identity identity iden tity 

rotation identity I identity I identity I identity 
I 

identity I 
identity identity 

+ = existing, - = not existing. 2) 

1) CLIFFORO'S systems have been worked out by J. JOLY, Proc, Roy. Ir, Acad. 
5 (98) 73 -123, A manual of quaternions (05) 303-309. He gives geometrical 
applications aftel' the mannel' of the quaternion.theory wilhout decomposition ofthE' 
product. A. M'AuLAY has elaborated this matter as weil, Proc, Roy. Soc Edinb. 
28 (07) 503-585, These papers do not aim at a foundation on the theory of 
invariants or a closer investigation of the fundamental groups. 

~) The squares of the dualities not founded on contt'agredience have been indicated 
by blacker demarcation. These dualities only exist wh en n is even. 
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el 

e211 

et23 

- el 

- e23 

( 
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Tlte associative Systems R3 and R4' 
If we eall the llnities of the sub-degrees (n-1), (n+1), and (2n-1) 

eorresponding to el: et', ~ and ez' and lile eontragl'ediënt unities ez', 
the rules of calculation fOl' n = 3 al'e: 

R~ - ed' = 

- e231' = 

11' -

-, 
= -e23 1= - el 

-
= e'l = e~q 

-
= -e'l231= - el23 

-
1= e'23 = el 

-
1= -e'l 1= -e23 

-

e'l23 = 1 

1'1 = + 1 

e'll = k' 

e'l -l el I = - 1 

1= -e'23 I 
-

= -e'l I 
-

1= e'l23 
-

= e'23 
-

1= e'l 
-

a-fJ:-

a - y: -

l(- ó: -

a -1:: -

,,= - 1 

cycL, 1, 2, 31), 

=1 - a-{j: - (1 
a-y: -

a-ó: + 
a-f:= a-ó 

e123 1= - e'l23 = -el23 = e'l23 1 =12=-ks=+1 cycLl,2,~ 

ell =k e'l1 =-k2 

-k e23= el -
k2 el = e23 = 

el23= 

eH =k 

I el23 1= 

--e23"1 = el = 
0 

3 - el 1= e23 -R 

el23= 

e11 =-1 

-
eH =k 

e23'= 
, 

el = 
, 

el23= 

e11 
, 
=-k2 

-
- el23 = 

-
- el 1= 

-
e23 = 
-

- el231= 
-
eH =-1 

-
e'11 

-k et' 

k2 e'23 

- e231 

el 

. 

=-k2 

a-{1: + 
__ 3- ,iden- ( ) -I-k --l,a-y•tity 12 

a-ó=a-p. 
a-f:=a-/1 
cycl. 1, 2, 3. 

=-k3=+1 
a-{j: -
(I-y: - (13) 
tt-ó: iden-

= I tity. 
a-I): identity. 
cycl. 1, 2, 3 . 

I) MOyel 1,2,3, ... ; n" means that the numbers 1, ... , n may be substituted 
by any even permutation of these numbers. 
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el = eZ3 

R; e123 =-1 

eu =-1 

. ' 
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a-{J identity 

a-y 
" 

(14) 

a-ó " 

Ó-E " 

eye!. 1, 2, 3, 

With a non-homogeneous l'ectangular inter'pl'etation of the fllnda
mental variableg e 1 is a polar vector, e'1 au axial biveetor, e 1 an 
axial vectol', eT

I apolar bivectol' 1), I a pl'ojective, and k an ortho
gonal "pseudoscalal''', ke 1 apolar, and k'e.a an axial ver'sor (qna-

tel'nion with tensor 1) without scala!' pad. R~ includes and discl'i

minates all these quantities, R~ identifies polar' qualllities wilh axial 

ones and I with an ordinary ~umbel', R~ Identifies aJl the polar 
quantities and all the axial ones as well, and k with a ('ommon 

numbe)', whereas in R~ only the dilference between vectol'S and 
ordinary nllmbers exists. 

Tbe rules of calculation fol' n = 4 al'e: 

lel = ,.. e'234 -. I 
e12 = -e'34 • 
e34 - - e'12 I 

11234 = e'l I 

eaM = 

el'I' = 
R~ 

-e121' -

e'234 

-e341' = e'12 

e234 I' = e'l 

11' = I' I 

eu =k e'l1 = k' 

et-le'l= e'l-lel 

a-{:I: -

a-y:

a-ó:-

a-e: + 
x= + 1 

= + 1 eyel. 1,2,3,4. 

=+1 

1) In space these quantities have the symmetry·properties of a line-part with 
direction, a plane-part wÎth l'otative direction, a line-part with rotati ve direclion 
and a plane-part with + and - srde, all conceived as parallel removable wilh 
respect 10 themselves. For '11 odd it holds good that polar quantities change their 
sign, when the + directioJl of all axes is inverted, and that axial ones do not 
change their signs. 

22 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 

, \ 
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-
el = -ie/

234 = -iel 1= 
-

e12 = - e/
34 1= e12 = 

-
e34 = - e'12 1= e34 = 

-. , 
e234 = -lel = .- ie234 1= 

-
e1234 = e'1234 = e1234 = 

-
el 1= -ie'234 1= --iel = 

-
-eI2 1= e/34 = - e12 1= 

-
-e34 1= e/12 = - e3l 1= 

~ -
e234 1= -ie'234 = -ie234 = 

e12341= e'1234I= e12341= 
-

ell =J{ e'll =k3 ell =k 

-
e123~ 1 = e12341= 

-
e234 I = el = -ie234 = 

-
-e34 1= e12 = el2 = 

-
-e12 1= e34 = e34 = 

el 1= e234 = -iel = 
-

e1234 - - e1234 = 
-

ell =+1 ell =+1 

;;284 I 
-
e/34 1 

-ë\2 1 
-; 
el 1 

~ 

-
e/1234 

e/234 

-; 
e :14 

e/12 

-e/l 

ëï1234 1 

;;11 

-
-iel 1 

--- e34 I 
-- e12 I 

-ie2341 

=k3 

=1 

a-iJ: + l (compli
=1 a-y:+) cated) 

a-ó: + (15) 
a-E=a-d 

cycl. 1, 2, 3, 4. 

,=1. + (compli-
a-I". cated) 
a-y =a-{1 (16) 

a- ó: identity 
a - E: ide'ntity 

cycl. 1, 2, 3, 4. 

The dnalities a - (1 are complicated ones in this case, i. e. dualising 
leads say fOl' l! - fJ from ei to e'i, fl'om e'i to - ei, fl'om - ej to - e'j, . , 

and from - e'i again to ei. This complicated duality always existó 
fol' n e\'en 1), as long as Ol1e of the units is not privileged. If one 
of the units, is privileged, or, to put it othel'wise, if we del'Ïve t,he 
s,rstem belonging to the gl'OUp, leaving invltl'iant the qlladl'lttic form 

we find, whell classifying up to Ihe ol'thogonal gl'OUpS inclusive, 
the system: 

1) The complicated duaJity exists also in GRASSMANN'S Ausdehnungslehre ror 
neven. 
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el =- e023 

eoo =+ 1 

R~ e11 = -1' 

e0123 = 

eo 1= eo 

el 1 =+ el 

eOl =- eOl 

e12 =+ e12-

335 

eo = e123 

el = - e023 

eoo =+1 

ell =~ 1 

e0123 = - I 

- eo 1= eo 

-el I=+el 

e12 1 = - e03 = e03, I~ = - 1, - e12 1 = - eos = eos 

(-i~:+ 
(17) 

l a-y=~-{j 
1 iden

a-ö: ~ t't 

({-t;: 

: 1 y. 
iden
tity. 

cycl. 1, 2, 3. 

witl! non-compliC'ated duality. This sJstem mayalso be obtained 

fl'om the preceding system R~ (page 334:) by the tntTIsitioll el ~ eo. 
- i e2 ~ eJ , etc., ~ ~ eo. i ~ ~ e2, etc. 1t it notewol"thy that, tor 

~; . 
n = 4 tl!e theol'y of relativity (rOL' the srace-element) exactl,)' COlTe-
sponds to th is more simple system: 

Fol' non-bomogeneolls rectangular interpl'etation of tlle fnndamental 
va1'Îable~, el' and e 123 are a vector, resp, a tl'ivectol' of the first 
kind and I el' and I e l23 are the corresponding qllantities of the 
second kind 1), I is a projective and k an ol-thogonal psendoscalar. 

B~ contains and distinguishes all these qllantities. R~. identifies a 
vector resp. a trivectol' _of the first kind with a tri vector resp. a 
vector of the second kind and k with an ol'dinary numbel', 

fl' 

Decomposition of the Associative P1'ocluct. 

The associath'e product of two pt'ojecth'e C}uantities of the sub
degl'ees p' and q' and tlle pl'incipal degl'ees pand q, p', q' ~ h, P ~ q, 
consists in the most geneml case of 1J + 1 parts, each of which 
being a pl'oduct of a pl'ojective qllantity with a certain nnmbel' of 
factorR k. As a distributive combination each of these parts is a 
product itself., The nllmbel' of factol's ]( is called the transvection
nnmber of this product and this numbel' is at most equal to the 
smallest of the nllmbers p' and q', We call these products, if pi 
and q' at'e both ~ 01' bot h ~n', beginning fl'om the lowest and 
othel'wise beginning from the highest in seqnence: 

I) The customary dislinction fol' n odd between polar and axial quantities does 
nol hold good fOl" neven. 

22* 
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(fit'st) vertorial product x 

second" "î 
(ouIy for p even) a-th middle product, a = E.- -+ 1. 

2 
second scalar product i 
first scalar product ~ . 

With this notation, which is in agreement with the existing dualities, 

produets that are identical with tlte 1'otational g1'Oitp obtrzin the sarné 
name ancl tlte same symbol. Owing to the identification of land k 
with common nnmbfH'S tha 6rst mlddle-product is identiral with the 
product of ordinal'y nnmbers mutnally and with othel' qnantities, 
hence its symbol may be omitted a!; being customary. 

Tlte 1'Ule of tmnsvection. 
ff each factor is an altel'l1ating product of fundamental elements: 

I/a =al "., ap' 
---q'b = bl .... bq' 

we can form the combination : 

(ap' . bl) (aJl'-l. b2) .... (a'/-Z+l . bi) al .... aÎ--, bl+l .... b'g, 
repeat the same for all IJ 1 resp. q' 1 modes of notation of p,a and h,b 

and add the 1'esnlts. 
The sum then consists of p' 1 q' 1 tarms, equivalent to aach 

other in groups of (p'-i) 1 (q'-i) 1 i I. This sum di dded by (p'-i) 1 
(q'-t)/ i I, or, stated mOl;e brie fiy , the sum of (pIj) (qIZ) z.' arbitl'ary 
d~tfe1'ent tel'm6, is called the i~folcl-combin(ltion of p,a and 9,b. The 
i-fold combination is now aqual to the product with the t1'ansvection
lIumber i. The tL'ansvection-numbel' of a pl'oduct being Imown, we 
can hence wl'ite it down from memory b:V thib 1'ule. 

1'lte f1'ee 1'ules fo?' RB and R4' 

Rence the free l'ules fOl' Rt R~, Ra, R~ and R~ are: 
Transv. 
numb.: 

o a X b = quantity of the second sub degree. 
1 a . b = sc al ar in k resp. 1. ( 
o a. (b Xc) = a X b . c = scaIar in I resp. 1. 1) 
1 a X (b X c) = (a. b) c - (a. c) b 
1 a (b Xc. d) = (a. b)(cXd) + (a. c)(dXb) + (a.d)(b Xc) (18) 
1 (a X b) X (c X d) = (b . c) (a X d) - (b. d) (a X c) +. . . . \ 
2 (a X b) . (c X d) = (b. c) (a. d) - (b . d) (a. c) 
2 (a X b) (c X d . e) = (b . c) (a . d) e - (b . d) (a. c) e + ... . 
3 (aXb. c)(d Xe. f) =(c. d)(b. e) (a. f) +(c. e)(b. f)(a, d)+ .. . 

1) In alternating products the brackets have been uffiltted fol' the association 
( .. )., so that we write the altemating product of al, .... , ajJ: 

al X a2 X .... X all' X a/l'+l • a/l'+2. .... . a p • 

----------------------------------------------------
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Tlle foUt' systems dJffel' only by (he differellt slgnification attached 
to land k, R~ is (he commoh vectol'-analysis, in which no differell~e 
is made between p~lal' qllantilies alld axial ones and bet ween vectors 
and bivectol's, R~ dif:>tingnisbes between po)ar quantities and aXlal 
ones, [n GIBBS'S form of this vector-analysis, owing to the gt'ollJldJessly 
intl'oduced + sign in el ,el = -1, the formulae acquil'e apparently 
irL'egulal' changes of + and - signs and the tl'ansyection-rule 
becomes ineifeC'j \lal, so that the fOl'mulae stand r;ide by side independ
ent of one another and ean be used only by means of a table 
When applied to units the rules for R~ and R~ are: 

el X e2 = - e2 X el = e12 

el • Ol =-1 

RO el . 123 =- [ s 
el X e12 =- e2 

el [=1 Il=--e23 

e23 X e12 = e3l 

e12 . e12 =-1 

e12 [= 1 e12 = - es 

[2 =+ 1 
eye!. 1 .... 2,3. 

el X e2 = - e2 X el = es t 
R~ eye!. 1, 2, 3, . , (20) 

el . el = - 1 
Tbe rules (18) and (20) can be dualised accol'ding to all existing 

dualities as gi\'en in (he tabIe, 
The free 1'1Iles for R~ and RX al'e: 
Transv, 
numb' 

o a X b = quantity of the seeond sub-degree 
1 a . b = sealar in k resp. 1 
o a X (b X e) = a X b X e 
1 a. (b Xc) = (a, b) e·- (a. e) b 

o a . (b X e X d) = a X b Xc. d = sealar in [ resp, 1 
a X (bXeX d)=(a. b) (eX d)+(a. e) (dXb) + (a. d) (b Xc) 

1 a (b X e X d , e) = (a . b) (e X d Xe) - (a. e)(b X d Xe) + ... 
o (a X b) X (e X d) = a X b Xc. d 
1 (a X b) * (e X d) = (b . e) (a X d) - (b. d)(a X e) + .... 1) I' (21) 
2 (a X b) • (e X d) = (b . e) (a. d) - (b . d) (a. e) 
1 (a X b). (e X d X e) = (b. e) (a X d Xe) + ... 
2 (a X b) X (e X d X e) = (b. e) (a. d) e + , .. 
2 (a X b) (e X d Xe. f) = (b . e) (a. d) (e X f) + .. , 
2 (a X b X e) X (d X e X f) = (e . d) (b . e) (a X f) + .. . 
3 (a X b Xc) . (d X e X f) = (e. d) (b . e) (a. f) + .. . 
3 (a X b X e) (d X.e X f ,g) = (e, d) (b . e) (a. f) g + ... 
4 (a X bX e. d) (e X fXg. h) = (d. e) (e.f)(b.g)(a.h)+ ... J 

independent of the units used, viz. el) e~, ea! e. Ol' eo, el) e" ea, 

1) The index !2 undel' .. is Cor simplicity oII1itted, 
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When applied to unitti the l'ules fol' R~ nnd fol' eu es> e., e. are 
Go el Xe2 =-e2Xe =e12 e12 * e2'3 =e13 

el . el = + 1 e12 . elZ = - 1 
el X eZ3 = elZ3 = (ë4 
el . elz = e2 

el . e214 = 1 
el X elZ3 = e23 

eli=; - 1 el = eZ34 = - Fë, 
C12 X e34 = 1 

el2 . e234 = el34 
el~ X eI23,= - e3 

elZ 1 = 1 e12 = - e34 

el23 X e~34 = - e14 

e123 . e123 = - 1 

e234 1 = - 1 e234= el 

cycl. 1, 2, 3, 4. 

\ dual e-e 
(compli- (22 

cated) 

IZ =+ 1 
and fol' eo, el' e2, e3 : 

(See for formula (23) page 339). 
The qnantities of an even by-degree fOl'm a sub-system with I 

units lind tlle rIlIes : 

h '* iz = - Ï2 *' h = ia 

i! *' jz = - jz * h = ja 

h . h =-1 

Ih=hl=-h 

hXjt=hXh=1 

IZ =-1 

h * jz = - j2 *' h = - ia 

h * iz = - iz *' h = ja 

h . jt=+l 

Ih=hl=+h 

(~l = e2a) 
Jl = eOl 

But these at'e the same rllles as those for the units 

cycl. 
(24 

1,2,3. 

ie
2

, ie, of R; with ordinal'y complex éoefiiciênts, so that the frel 
rules fOl' R;' also hold good fOl' quantities of au even' by-degre~ 

of R! if, instead of X and. we illtroduce the symbols * aru 

~=.+X: 
za *' zb = quantity of the second by-degree 
2a X zb = scalar in 1 and 1 

za X (zb * zc) = 2a *' zb X zC 
za * (2b * 2c)=(za X 2b)zc-(za X zc)zb 

2a (zb * zC X 2d) = (za X zb)(2c * 2d) +.... . (25 

(za * zb) * (2C * zd) = (zb X 2C) (2a * 2d) + ... . 
(za * zb) X (zc * zd) = (zb X 2C) (za X 2d) + ... . 

(za * 2b) (2C * 2d X ze) = (2b X 2C) (2a X 2d) ze + ... . 
(za * zb X c)(zd* ze X zf)=(zc X d)(2b X ze)(2a X zf)+ .... J 

Hence these mIes ma)' be wl'itten down from memory, as wel 
as the others. 

Tlte System R~ and tlte theory 0/ 1'elativity (in an element of 
.foU?' dimensi01zal space). 

Fl'agments of R~, have been used by various authors 1) on th~ 
theol'Y of l'elativity. With them live prodllcts occur and two of thes~ 

1) H. MINKOWSKI, M. ABRAHAM, A. SOMMERFELD, M. LAUE, PH. FRANK. 
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and for co, 01, Cz, C3: 

eO X Cl ~ = - el X eo = eOl = - eOl 

Cl X e2 = - e2 X el = e12 = e12 

eo • eo =+ 1, el . el =-1 

el X e23 = e123 = ëö , eo X e12 = e012 = - e3 

el . e12 = - e2 • el . elO = - eo , eo . eOl = el -

eo . eo = I, el . Cl = 1 

co Xel = - e23 = - ë;3 

el Xe2 = e03 =- eoa 
( 

eo I = - I eo = e123 = eo 

eo Xel =-el xëö = e01 =- Col 

Ct Xe2 = - ë"; X'el = e12 = C12 

eo . eo = + 1, el . el = - 1 

Ct Xe2a = e123 = eo, eo Xe12 = e012 = - ea 

el e12 = - e2, el . 1:10 = - eo, eo . eOl = Cl 

eo eo = - I, el . el = - 1 

eo X el = - ë";3 = - e23 

el X e2 = e03 = - e03 

- eo I = I eo = 8123 = Co 

el 1 = -- I el = e023 = - ë;. - el 1 = 1 el = e023 = - el 

eOl X C23 = I eOl Xez3 =-1 

eOl" C02 = - e12 = - e12, eOl * e12 = - C02 = eoa eOl *" e02 = - e12 = - ell!! eOI * ,el2 = - e02 = e02 

e23" e31 = e12 = e12 e22 *' e3l = e12 = e12 

e01 . COl = + 1, e12. e12 = - 1 eOl . eOl = + 1, e12 . e12 = - 1 

eOll = 1 e01 = e23= e23. e121 = le12 =- e03 =e03, - e011 =- 1 COl = e23 = e23, - e121 = -Jeu =, - eoo = e03 

12 =-1 (-1)2 =-1 

cycl. 
(23) 

1, 2, 3. 

~ 
~ 
~ 

....... L 
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said produets are doubled by intt'odllcing the "dIJnl" bivec(ol' (dualer 
secherveldor) 1). E. WlLSON ltnd G. LBWJ5 have flll'thel' elabol'ated 
the system and oulain all the prodncts, Uilt thl'ee ~). All these 
conclllsions are founded on analogies wah the common vectol'-analysis 
and the IllllltiplicalioIls form no parls of the ~ssociative muHiplication. 
Thel'efol'e tbe fl'ee calculatioll-l'nles cannol immediately be pnt down 
from memory accordillg 10 the trans\'ection-rule, but in so far as 
they exist they only allow a use by means of a tabie. The names 
scalar aJld vectol'Ïal too, have been divided over the existing 
multiplications by analogy alld not in agreement to the duality cc-y. 

WILSON-LEWIS 

+aX b 

- a. b 

+aX2b 

+ a . 2b 

±ka::::::±ak 

- 2a . 2b 

±k2a=±2ak 

kk=-l 

aX b = 2C 

a. b= c 

aX2b = 3C 

a . 2b = C 

a I = - I a =3b*) 

a . 3b = 4C*) 

aX 3b = 2C Ju 
2a X 2b = 4C*)(] 

2a *' 2b = 2C \1 ~ 
2a . 2b = c ..... 

2a 1 = I 2a=2b*) ~ 
12 =+ 1 *) 

±k 3a=±sak 3a1=-:- I 3a=b*) 

3a • 2b = 3C 

- 3a. 2b 

+3a. b 
3a X 2b = C 

3a. b= c 

3a X b =2C 

SOMMERFELD, LAUE, etc. 

[a b], vectorial product 

[a b], sealar 
" 

1 c= [a 2b*], vect. pro W. dual bivect. 

- [a 2b], veet. pro 

I 4C = (2a 2b*), scal. pr.w. dual biv. 

[2a 2b], vector pro (0. MIE) 

- (2a 2b), scal. p~. 

- 2b=+ 2a* 

I) This is not a pl'oper duality, because in the only duality existing with the 
orthogonal group, a-y, a bivectol' e.g. en is not dualistic to the "dual" 
bi vector lel2• but to au itself. -

'l The connection with an associative CLIFFORD algebra and the absence of 
three produets has already been briefly pointed out by J. B. SHAW, "The WILSON 

and LEWIS Algebra for Four-Dimensional Spa ce" Bull. of the int. ass. for quat. 
(18) 24-27. 
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Thel'efol'e this duality does not altain expl'ession, not even in the system 
of WILSON and LEWIS, though Ihey use ullits of the kind 9 0 ,91>9" eB' 

The fOl'egoing table (subjoined p, 340) presents a sllmmat''y of 
the pl'od ucts used by va1'Ïous authors. 

'rhe table has been al'l'anged dualistically. Each product has been 
indirated by an example. For Ihe mulliplieations we used in the 
columns 1 and 3 the author's OWll notation, but fol' the qllantities 
we \lsed all thl'ough the notations adopted in this papel'. The d ual 
bi vector ollly has beell wl'itten wifh the customal'y asterisk, while 
Ihe commutative scalat' of WILSON and LEWIS has been indieated 
by !c. 'rhe pl'oducts mal'ked Witll '*) do not cOl'l'espond exactlJT to 
the other systems, berause these systems do not contain the non
commutative scalar J. 

The system R2 contains Ihe eXIstmg fragments and all the 
existing multiplieations and rules, and owing to the free l'ules of 
caleulation (21 and 25) it is eminently suited for prartical p\lrposes. 

The system R2 and t!te elliptic and hype1'bolic geometl'y in t1tl'ee 
dimensions. 

With a homogeneo\ls intel'pretation of the fnndamental variables 
R2 cOl'l'esponds to a projeetive geometry in three dimensions, a non 
degenerated quadratic stll'face beilig invariant. If the units are 
selected acC'ording to (16) the equation of the absolute sUl'Jace in 
point- resp. plane-cool'dinates is: 

:v l ' + ilJ~' + ''Va' + wf ' = 0 

7l1~ + U, S + ua' + Hf' = 0 

and the geometJ'y is elliptic.· If, on the othet' lutlld Ihe units are 
seleeted according to (17) the geometry is hyperbolic, The free l'ules 
of the system are the same for both cases. To a fllndamental 
element a point with a nllmbfll'-vaille cOl'l'ei:5ponds, (0 a quantity of 
lhe second degl'ee a slim of linear elements (Dyname) and to a 
quantity of the thil'd degl'ee a planar element. rfhe sub-system of 
the quantities of the second by-degt'ee is a fornl of biquatel'llions, 
which was fh'st mentioned by OUFFORD 1) as a system of linear 
elements in a non-euC'lidic thl'ee-dimensional space, Hence the 
sy~tem R2 completes these biquatemions to a systern whieh also 
contains points and planal' elements, 

1) Preliminary sketch of biquaternions. Pl'oe, Lond. Math. Soc. 4- (73) 38]-395 j 
~'urlher noles on biquaternions. Col\. Malh. Papers (76) 385, 395. 


