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A

Physics. — “On the theory of the Brownian motion.” By Prof.
L. S. OrssteiN and Dr. H. C. Borerr. (Communicated by Prof.
H. A. Lorenrz). . ' r -

(Communicated in the meeting of September 29, 1918).

Prof. vaN DER WaaLs Jr. has developed in these communications?')
a new theory of the Browman wmotion. We shall demonstrate in
this paper, that, he has made use of various wrong suppositions and
theses in his reasoning.

~

1. Van prr WaaLs starts from the equation of motion of a Brow-

nian particle in the formula:
s=wl) . . . . . . . .

Here w(f) is the force which the particle experiences from the
molecules of the liquid. The force w(f) is a magnitude depending
upon chance.

In order to arrive at a theory of the Brownian motion v.p.Waars
introduced the supposition that z,w({) — the product of the velocity
at the time zero and the force at the time ¢ — is zero “on an
average over all particles *).

Now we can understand the average in two ways, viz.:

a. at a given initial velocity »,, thus w(9¥) =0.

4. at all possible initial velocities, in which case the distribution
of velocity according to MaxwerL must be taken into consideration.
Vax per Waars uses the average in the way last mentioned.
We shall also examine to what the supposition leads if we apply
the first way of determining the average and show that the deter-
mination according to (a) as well as v. . Waars uses it leads to
impossible consequences. .

In this purpose we take down the first integral of (1), whick is

¢
r==z,+ | w(3d> . B )
J

If we determine the average according to (a) we obtain

!y These com. Vol. XX. 1818. p. 12564,
%) of. p. 1258 of the paper quoted.
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x::w',,
which in physics is an impossible result.
If we square (2) and determine the average according to (a), we

obtain
t

af w(9) d9 (

a result which, as is immediately obvious, is opposed to the theorem
of equipartition, as the average of the second member is essentially
positive, so that if e.g. z,* is more than the equipartition-value,

2t =.';,'.’ 4+

this would also be the case with 2*. If we determine the average
of the square of (2) in the supposition (6) we find

t

afw(ﬁ) d&z

And as now z,* in this case has the equipartition-value, #* would
be essentially more than this value, which contains a contradiction,
as the average square of the velocity must be equal for all particles,
at any moment.

Van peEr WaaLs has made use of the second integral of (1) viz.

t

x==z, + at+ |w@® (t—) dd
o L
to arrive at his theory. In the same way as above we can demon-

z* "'._".';:.’ +

strate that this combined with his supposition z,w() = 0 leads to
incorrect results, contrary (o theory and observation. For if we make

up x—az, = A, supposition (a) yields

t

f w(9) (t—9) &9 z "

And as the average in the second member is positive the highest

—A—;z.’;.’t’ +

power of ¢ which occurs in A* will as least be 2, consequently

v.D. WaALS’ supposition comes into conflict with the formula A® = &,
which he applies himself (p. 1257 l.c.). If we determine the average
according to (b) the only difference is that x,> must be replaced by
the equipartition value of the velocity-square, so that also in deter-
mining the average according to vaN per WaaLs the formula used

by him combined with his supposition x,(f) = O leads to an incor-
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rect resnlt. Besides the negatwe conclusion that the theory of v. v,
Waais ought to be rejecled some posmve resuit can be deduced
ftom our calculations. ) .

" The formula 1) is Just as much a matter of course as it is right )
and consequently there must be a mistake in the supposition

2,w(f) = 0, while there can.be no difficulty for anyone in seeing
that everything is all right when this magnitude can become negative
for fixed values of {. We shall in this paragraph use the average
according to (a). As 2, has been given once and for all," the above
reasoning shows, that w(f) for certain values of ¢ must possess the
opposite sign of &,7). Now van Dper WaaLs has rightly drawn
attention to it, that according to statistical mechanics for ¢ = 0, w(t) = 0.
Besides 1t 1s evident, that for ¢ infimte the average value of w(?)
undergoes no mfluence from z, and therefore must be’ zero. The
course of w(f) may consequently be imagined in a way as represented
by the accompanying figure (where 2, has been supposed positive).

t

-&//f) .

Of course the curve may be more complicated for example w(f)
might oscillate round the axis. If now we calculate w(#) according fo
the EinsteIN-LaneeviN formula, we find, if we take into consideration
that #'(?) is equal to zero: -
w(t) = — Br + F(t) = — Be—# a, )
1) From the formula (1) we can deduce the relation A* =bt if we introduce
suppositions, it is however unpossible to find the value of &, without penetrating
into the mechanism of the Brownian motion.

%) There are cases, when this is not so necessary according to what precedes,
. . . » " e * W ,
but if «, is more than the equipartition value, it is certainly’ the case. s
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For ¢t=0 the line, which represents this course, deviates from
the true curve. The important agreement existing between EiNsTEIN'S
theory and the experiment now makes us presume, that the true
w(t) —t curve and the curve according to EinsTEIN only deviate
from each other for short times after the departure of the particle
with the velocity z, that so the maximum in thé true curve lies
close to t=0, and that from this maximum onward it descends
pretty _well exponentially according to HiNsTEIN’s curve. It goes
without saying that these are only assumptions, which a calculation
of the true W) curve must prove from the molecular theory. We
are however of opinion that it is worth while to pomt to this
possible interpretation of HiNsTEIN'S master-stroke in the theory of
the Brownian motion.

§ 2. Van DErR WaaLrs' theory further rests on the thesis that the
magnitude

to(t)J;v(ﬂ)(t—ﬂ)d& N )]
0

is essentially negative, if only ¢ be not taken to small.

Perhaps 1t is not quite superfluous to demonstrate after what
precedes, that this thesis is not right; expecially as an integral of
the same kind used by one of ns may be treated in the same way?).

When w(f) is a functon determined by chance, of which the
character 15 not dependent upon the time, we can represent it for
a long interval by a Fourier-series, the coéfficients of the Fourikr-
series defermine the nature of the accidental character?). If so

2nni 2an )

- w(t) = 3, (A,, sin 7 + B, cos - ¢
when w(#) =0, we must have B, = 0.
The calenlation of (3) becomes simple, when we apply that

1) Compare L S. OrnsTEIN. On the Brownian motion. These Proc. XXV,

1917. p. 96.
%) When we have to do with a function of accidental character, even then

the conduct of this function may very well depend upon the time. If we consider
e.g. the length of the path in Biownian motion, we get for all times o =0, but
A2 =Dbt, for the velocity however we have »=0, ¢? is constantly independent of

the time. For the force something analogeous as for the velocity ought to be
assumed. By going further into the mechanism of the motion, this can be rendered

plausible.

60
Proceedings Royal Acad. Amsterdam. Vol. XXI,
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1 ' t 1 -
J;o(ﬂ) (t—F)dy= f dtfv(&) a9
0 0 0

or as the zero point of the time is arbitrary, it may be replaced by
+% t t-;-f

f w(9) (t+§+9) d9 —-__—o f d: f w(9) d9.

3
The average value in question may now be represented by

t T t S
w(t) [w(9) —I) dd= % dE w(§+t)‘fdtﬁv(1‘}) dd.
0 0 0 4

For the sake of simplification the time-unity may be chosen so
that the time 7" is equal to 2a, thus we find

b4t
A B
Af‘w(ii\) dy =3 [— 2 foos n(t+§) — cos n &} + — {sin n(t+-§) — sin n’g’}]
: n n
E n
which once again integrated with respect to ¢ from o to ¢ yields

o [— :4;’;‘ fsin n(t+-&) — sin nl

n

4 B,
+ ZteosnE — E’; foos n(t - §) —cos ng} — — ¢ ain ng]
n n n

~

This expression must subsequently be multiplied by

w(t -+ &) = D{d,sinn ¢+ &) 4+ Bacosn(t + )

and thus integrated with respect to & from zero to 2. Then all
terms of the product in which n has odd values fall out. At last
the average value sought for is given by

t
1 "H ’n C‘ .
w(t)fw(z‘}) (t—9) dd = e (—-— (—]—— + g——. cos nt -+ 2—" t sin nt)
a4 n n n
0

where C* = 4,* + B,*. In the usual way this sum may be converted
H

. : : C.* .
into an integral, in which the average value -2# is represented
n
by f(m)'). In the avevage value described we find in this way™

) By PLaNck, EINSTEIN, LAUE series of FoURIER have been applied in the

discussion of questions of probability (e.g. average values).
}

¢ " )
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f—~ (nt sinnt —I— cos nt—1) dn?).

The sign of this integral may for larger values of ¢ be made
quite arbitrarily by proper choice of f(n).-That it should be essen-
tially negative is consequently not true?).

3. In the quoted paper by OrnsTEIN the first theory of the Brownian
motion as developed by Dr. SxerALace and J. D. v. . Waars was
criticised on the basis of the fact that it comes into conflict with
the theorem of equipartion.

There the thesis was made use of that

*zjiu(vg:)sing.(t-—g)dﬁgg. N )
0

is proportional to ¢ Here w(&) is a’function subjected to chance, so
that the average value is zero®). In a note van DErR Waals says:
“This change of sign (of w(8) w(@+4d) was overlooked by ORrNsTEIN.
In consequence of this he arrived at the remarkable conclusion, that

. d — o
it is not allowed to accept that % u* ==0. For from this it follows

according to his calculation that u* is not constant, but the sum of
a lineary and periodical function of ¢!”

It is necessary to remark in contradiction to this, that the diffe-
rential equation*) of v. D. WAALS—SNETHLAGE Viz.

. . t . . -
1) For {= oo this expression becomgs equal to v f (0), is thus essentially positive

(le. [ is essentially positive)
For very great values of { we can require that the average is « ({), then we get

‘Z@=E—f(p( )sm ni da
n b

for very small values of / the average value is also positive.
%) The~ proof that v. p WaaLs gives of the disputed thesis by differentiating

A® (p. 1331 of his paper) is not right. The formula A?= ¢ is deduced by a

transition to a limit, and the process is such that in differentiating ~2 we do not
get b as p cannot be differentiated. -

%) Compare ORNSTEIN, these reports XXI, p. 96.

4) The equation, which is treated by both authors as a differential equation,
does not apply, as they suppose, to arbitrary kinds, but only to the commencement
of the movement, compare ORNSTEIN and ZERNIKE, These Proc. XXI, p. 109.

60*
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d* ~ .
E;’: — Q™4 -+ w w=20 (given ad u, and w,)

eads to incorrect results. For we get according to their equation

u? :(uo 008 ot - T—;ﬁ sin gt } + -(% ’ ﬁ(g) sin @(t—8§) ds ’
0

and as we shall once again prove further on the last average value
is proportional to ¢ From the suppositions of van pEr WaaLs and
Miss SNETHLAGE the remarkable conclusion does really follow, that
the velocity of a Brownian particle should increase infinitely.

The proof of the thesis that (5) is proportional to ¢, which isonly
slightly different from a deduction given by Pranck already in
another connection, runs as follows. The integral may be written
in the form:

tt
f f W (&) W (m) sin ¢ (t—8§) sin o(t—n) dE dy.
[V ]
or if we interchange integrating and determining the average ¢
t 1
o [[TE D sinoe—8 oin o) d
00

If now we introduce 4= £ + ¢, we get
t —i
Ja in et f W& WET$ sin plt—5— ) dp
0 —¢
In this form we again introduce for W a Fourikr-series in which

W,=0, whilst we must take B=0.
We then find for the average value

%
W& WELW) = I (4%+ B) c0s -11 np

So that the integral in question if for the sake of simplification
2

we take 7 = o becomes
—f
fsz‘n 0 (t—E)dE | = (4n*+By?) sin @ (t—E— ) cos @up dap =
S -—‘ a
t t—&

= X (4p*+By?) |sin o(t—E)dE | sin (t—E—p) cos pmp dp.
0
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 While calculating these integrals. we need only take into account
terms, which get the highest power of p—o,-in the denominator,
as only these contribute in a way wortl mentioning to the result.
If we execute the quite elementary calculation we arrive at the
result

. g 900
t . sin? ——¢
3 f W (&) sin g (e—E)dS (4 + B,
0

. e—e)

When ot is great we can write for this

(4" +B=)f°°

hl

0—0n,

tr
————d, = (A*+B*) —;
ey o= )%
in which 4 and B are the coefficients of the terms of the series
2an

for which ¢, = ¢, consequently - =@ or rather the integer that
lies closest to this. 3

As long as 4* 4 B* differs from zero the value of the average
in question is proportional to the time. A* 4 B* is sirictly zero,
this does not hold good, but there is not a single reason to suppose,
ihat in the Brownian motion the term of which the frequency 1s
determined by ¢ should just be missing in the Fourikr-series. But
even should it be missing, we should on the basis of the suppositions
of vaN DErR Waars and Dr. Snerhraee arrive at the improbable
result, that the average value of the velocity of a Brownian particle
never reaches the equipartiton value. ’

4. In van per WaaLs’ paper it is urged that LaneeviN’s deduction
of the formula A* would contain an inner inconsistency. This incon-
sistency is held not to appear in the theory that Mrs. Dr. ps Haas-
f.orenTz has worked out on the basis of EinstuiN’s formula. And as
the starting point according to EiNstriN and that of LaNGeviN are
identical, it would be surprising if the one theory would be inwardly
inconsistent and the other not, unless LanervIN should have made a
blunder in calculation. This however is not the case, if we formulate
the basis as was done in OrNsTEIN’S paper, there exists no contradic-
tion. As well EiNstiiN's theory as that of LANGEVIN rests on the
following suppositions

du :
- _——= — F, . . . . . .. 6
y7 wu - (6a)
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F=0 . . . . . . . . . (88
+w—-_—-—-—-—- kT
[FETETRHw=""=0. . . . .. 6

—c

provided we start from particles which at the time ¢ =0, have the
velocity u,.

If we accept this set of equations, which kinetically have not been
proved, which however contains the inconsistency developed in § 1,
we afterwards do not arrive at any contradiction.

Van peEr Waals looked for it in the equation arising when (2)
1s multiplied by « and the average is determined, he wrote down?)

du —
udt = —wu

which is really incorrect, but he forgot then that Fu is not zero,
if we pul ourselves on the standpoint of the suppositions 6(e, 3, ¥);
as OrnsTEIN demonstrated on p. 1011 of his paper. If we introduce

for wF the value found there the equation adopts the form

“du AN
”:i7=ﬂ u, —.EB e—ipt

. ... _—
For times large with reference to — this is zero, whilst if the average

\9‘

o5
Now it is supposed in LangEviN's proof that zF = 0. It might

be doubted perhaps whether this magnitude is equal to zero?®). Yet

this is the case. For we have

is determined over all particles it is always zero as u,’ =

d*z dex
@ gt E
S0
t ! 3
o=, + 21—y & fe—ﬂe a5 feﬁﬂ PO dy
B 0 0
SO

) LangeviN has not developed any reasonings that could give rise to the sup-

position that he puts Fu =0.
%) On the fact that  F =0 rests the very simple theory which LANGEVIN gave
of the Brownian motion.

-10 -
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. ¥
Fao =[x, + ,:.;:(1_”: )] F + F | e85 dgf efn F(n)dy
0 0
The first term is zero according to 68, for the second term we
can write by partial iniegration

1 1

— —l——F(t)e‘Pl f::ﬂﬂF(n) dy —F (t?fF(n) dy.
3 0 0
The two last integrals are equal, as F'(?) F'(y) is different from
zero only if % lies in the immediate neighbourhood of ¢. The value
3

of both integrals, as proved in ORNSTEIN’S paper, 1s PE

Thus it becomes clear that there is no question of inner contradic-
tion, and that only the supposition about W(f) — incorrect through
the times of commencement — is an error in the theory of EiNsTrIN
and LangeviN. As we showed in § 1 of this paper the value which
according to EiINsTEIN'sformula is obtained for the average force at a
given velocity at the time zero W@ only deviates for a very short time
from the real value of ihis magnitude. The fact that EiNstuN’s for-
mula leads to results which agree well with reality support the
supposition that the relation

W@ = — Br, et
holds with a very good approximation already a very short time
after the moment in which all emulsion-particles possess the velocity

x,. The true kinetic theory of the Brownian motion will perhaps be
able to give an account of this fact.

Institute for Theoretical Physics.
Utrecht, Sept. 1918,
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