Huygens Institute - Royal Netherlands Academy of Arts and Sciences (KNAW)

Citation:

P. Ehrenfest, A paradox in the theory of the brownian movement, in:
KNAW, Proceedings, 20 I, 1918, Amsterdam, 1918, pp. 680-683

This PDF was made on 24 September 2010, from the 'Digital Library' of the Dutch History of Science Web Center (www.dwc.knaw.nl)
> 'Digital Library > Proceedings of the Royal Netherlands Academy of Arts and Sciences (KNAW), http://www.digitallibrary.nl'



L

Physics. — “d4 paradox wn the theory of the Brownian movement”.
By Prof. P. Egrenresr. (Communicated by Prof. H. A. Lorentz).

{Communicated in the }neeting of September 29, 1917).

§ 1. Suppose a small sphere to be suspended 1 a fluid. Suppose
further that its Brownian movement is observed and consider a
moment when the sphere bas a rather great velocity, e.g. upward
Muy we expect the surrounding jluid to wove with the sphere?

Prof. J. D. vay per Waatls Jr. and Miss A. SnerHLAGE have
vecently shown'): 15t how the answer to this question 1s connected
with Einsraiv’s theory of the Brownian movement,

20d that the statistical theory of the molecular movement demands
that such a common motion does not exist. This theory implies namely
that for a given place and velocity of the suspended sphere and
for a given configuration of the surrounding particles of the fluid, equal
and opposite velocitics of these particles ave always equally probable.

The authors cited remarked already that this result is somewhat
paradoxical; and therefore subjected it to a detailed discussion.

Tn the following we shall make the paradox still more acute by
considering an analogous question for an extremely simplified model.
This will show us that two closely connected material points m,
and m, of which our model will consist, may on one hand possess

Y mutnally independent velocities, while on the other hand they still
accompany each other (because of the close connexion).

§ 2. We consider two waterial particles with the masses m, and
m, and the following properties:

1st Both are constrained kinematically to move along the axis of X

2nd By a field of force their distance can never become greater
than D?), where D may be small compared with the displacements
of the two points in the course of time along the X-axis:

fg,—a <D . . . . . . . .1
.39 Let this pair of points be placed in an infinite extension

1) These Proc. p. 1322. °
2 Let e.g. my be a shell in which m, remains enclosed.
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filled with a gas which is in molecular-statistical equilibrinm. Iis
molecules collide both with m, and m,. .
Considering a corresponding canonical ensemble, the expression

2 (g, )Ham 2y *mguo?
const. e 2T dpdedudu, . . . . . (2)

(where x,, @,, u, and u, are the coordinates and velocities of the
two particles, and @ (z,, «,) is the potential energy of the force
holding them together) gives the number of individuals of the en-
semble for which @, «x,, %, and u, bave their values between -
specified infinitely close limits. For given values of z,, z, and especi-
ally also of u, (2) gives the same number of individuals in the
ensemble for equal and opposite values of u, l.e.: equal and
opposite values of w, are still equally probable, wu, is “independent”’
of u,. On the other hand the Brownian movement will in the
course of time cause great displacements along the X-axis. At the same
time the points will remain close together in virtue of the inequality
(1). This is the paradox mentioned at the end of § 1.

§ 3. Let us first leave aside the molecular-statistic side of the
problem and put the following purely kinematical question. During
a long time @ the two points m, and m,, may be conducted along
the z-axis in an arbitrary way, only restricted to the conditions that

a. the inequality (1) shall remain valid; \

b. the distance between the final and original positions of the pair
of points may be great compared with . This ilﬁlplies that m,
»accompanies” m,. Now we ask: does this imply that always the

mean with respect to the fime . .
) !

— 1
u,uzzafdtulu,>0. R Y )

0

- will be positive, or is it possible that the integral can be zero or
eventnally even negative? \

The sign of the integral (3) indicates in a natural way in how
fav the two points move more in the same or in opposite directions.
But we can point out that for the above described motion of the
pair of points m,, m, the inequality (3) need not be fulfilled. This
will become evident by an example of a case for which the integral
becomes negative. In fig. 1 the two zigzag lines represent a poussible
x, +-diagram of the two points m,, m,. We see that the conditions

'
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Fig. 1.

a and b6 ave fulfilled and that still u, and w, have continually
opposite signs, so that the integral (3) becomes negative.

§ 4. Now we have:
dup, ==, + w) — (@, —u). . . . . . 4

The sign . of wu, u, is determined by which term is the greater
of the two. :

When the motions of 'the pair of points obey the equipartition
theorem, u_:uj/ is just equal to zero. (See the appendix).

From the above it is evident that a motion of the pair of points
is possible, in which they remain close together and at the same
time travel /through great distances, while still at every moment
the velocity}z’o, is “independent” of u,. The paradox mentioned in
¢ 1 and 2 /"proves thus to be apparent only. Therefore there is no
objection egainst BinsTeIN's assumption that a suspended sphere during
its BROWNIAN movement smparts its motion to the surrounding fluid in

the same way as in the, case of a systematic motion under the influ-

{
ence of a ‘constant force.
¢

§ 5. In the positive proof however that EINSTEIN'S assumption
follows from the fundaments of statistical mechanics we meet with

the following difficulty: Let us demand, (to stick te our example), that °

the inequality u,, <u, <wu,, } & exists '
1st at the instant ¢, ; ‘
214 also during the interval from t,—r till ¢,; and let us ask
what ,éan be said of the occurrence of different values of u,. In

. / yos
! \

e

-
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the first case we have to take from the canonical ensemble an
easily defined sub-ensemble M , in which u, has equally often equal
and opposite values (and therefore is “independent” with respect to
7,). For the second demand a more closely limited sub-ensemble 3/,
has to be selected from the mentioned ensemble 3,. It is however
hardly possible to determine M,,. Still this should be done in order
to decide whether the distribution of the values of w, in it does or
does mot agree with EiNsteiv's assumption.

' APPENDIX.
Let
mlm;-}- My, ' m, &, —m,a,
\___M = __ﬂf =14, m1+m2:ﬂ[,
da, dw,
—_— =, , —— == 1U,,
dt dat
Mo M. . ’
ulzgm—l(fh’rgz) ’ “azzmg(%_qg)\‘ S (9
Then:
$(mu + mgu,”) = %?{912 M+ ‘.1:2 M+ 2 (.}1 q.z (my —my)i.
177"

Let p,, p. be the momentum corresponding to the coordinates
¢, q.» then we have

: M: . ..
) 91])1:4—7;‘;)7’_{‘11‘]1‘+(m2_m1)9192}v e (ﬂ)
/ 17792
. M2 Car s .. -
szz:mlj’f% +(mz__'m1 91%}7 L (7)
177%

and because of the equipartition theorem the mean values with respect
to time of (3) and (y) are both equal to Z7, so that their difference
' M3 PR N .
Zﬂzm—ziql gf=0 . . . ... {d)
On the other hand («) gives:
/2 ———— .
= - e

4m m,

U, U, ==

From (d) and (¢) combined we find: u,'u, =0 (q.e.d.).



