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Physlcs. - "On the Enm:qy of the Gmvitation' Field in EINSTEIN'S 

Theo1',l!" By Dr. GUNNAR NORDSTUÖ:\L (èommunicated by Prof. 
H. A. LOREN'l'Z.) 

(Commuuicated in the meeting of Janual'Y 26, HHS.) 

In a preceding papet' we consider'ed sOllle general theoJ'ems derived 
from EINSTEIN;S gravitation theol'y, and espeeially a field with sphel'lcal 
symmetl'J. I) Refel'l'ing to this paper, which in the following will be 
deJloted by a Román I, the energy of the gravitatiol1 field wIlI now 
be calculated, accol'ding to EINSTEIN'S conception viz. chamctel'ized 
by the qllantity t 4

4 
') ft'om fOl'lnula (10) 1. In ol'der to obtain a 

result that holds fOl' an èlectric field too, I shall fil'st calcnlate the 
gravitation field of an elertl'ic centre. 

~ 1. Tlte field of an electl'ic cent1'e, . 
'fhe gravifation field of an electrie body ean be calculated by the 

aid of the variation pdnciple in the form (1) 1 Ol' (J a) I, if only we 
keep in mind th at t1le electro-magnetir field gives an additlve con­
triblltion to HAl\llL'l'ON'S funetion m~. 

We put 
(1) 

where m~(e) refel's to th~ electro-magnetic field, ~)~(I/I) 10 Ihe matter 
(in a limited sense), For S))~(e) we have 3) 

1 (- (drpfl drpr/. ) (arP) arP?) , m~(e) = - v -g"2 g"l' g13) ----- ----. + 2 "2 (Pa \l)a, (2) 
8% r/.PI') axr/. a.'lJp aiIJp' a.'lJ) a 

where rp' indicates thee eomponenlb of tlle 4 dimellsional potenlial, 
lUa the components of Ihe 4 dimensional electric CUlTellt. 

When 'the field is stationary and all eleetric chal'ges at rest, 
we have 

(PI = (P, = rPa = 0, 

1) G. NORDSTROM, ·On lhe mass of a material system accordillg to the 
gravitalion tlieory of EINSTEIN. These Proceedings, XX, 1917, p. 1076, 

2) It wiU bE' known that a different conception of the gravitation theory has been 
ellunciated by H. A, LORENTZ, 

S) J, Tmlswm, These Proceedings XlX; p, 892, 
A. 0, «'OKKER, These Proceedings XIX, p. \:)68 
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We put 
(jJ4 = (jJ, 

cp indicates then the electro-statie potential, Q the density of the 
electricity, Further we assume, that the field possesses spherical 
symmetry and choose the time coordinate so that gr4 --.: 0, We then 

have 1/ -g =U'W p2, alld for m~(e) we find the following expression, 
the validity of which is seen most simply for a point on one of the 
axes of coordinates, but which must be generally ntlid as ml(e) 

depends on r only and not on the di'rertion fl'om~the centre, 

SJ.l?(e) = - -- - + 2 rIJQ , 1)' (drr)' 
4.7l' uw dr 

(3) 

For the integral of 9)~(e) over a ,4 dimensional extension of a fitly 
chosen form we obtain 

whel'e 

J" J/~ 1 1'- p' (drp)' I I 4.1l' @(e)1" dr = =-- - + 8 Jl rf Q 1" d1' 
, ~w ~ 

(4a) 

/1 

The laws fol' Ihe elect1'Ïc field we found by variation of rIJ, while 
u, 10, IJ, Q were kept constant. As tbe expl'essions for (Vit and m~(1/l) do 
not conta,in rr, we obtain by tllis variation 

d (1'2p~ drp) 
2 - - - i 8.1l' Q 1" = 0 

dr wo d1' 

The in tegl'ation gi yes 

- 1"P' drp 
-- -=e(1'), 

uw d1' 

IIW e (r) 
- p' --:;r- , , (5) 

whel'e e(I') denotes Lile total charge in a sphere with radius 1', 

Outside the body e(1') is constant alld eqnal ro the total charge 
of the body, 

As in the illfinite 'W has Ihe vulne c (see 1 p, t079), we easily 
see that e and Q are its cIlal'ge and density in elect1'o-magnetic units, 
(P <til the contl'ttry the potelltial ill elect/'o-static un~ts, 

Now we shall calcnlate the g'l'avitation field, This calculation can 
be made with the aid of fOl'mulae (38) 1. 'I'hen we must fh'st calcu­
late the stress-enel'gy-tensol' for the electro-magnetic field bJ replacing 
ro~ iJl formula (2) I by m~(e) and by intl'oducing lhe expl'ession (2), 

ItiDI 
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We shall however shorten the calculation by application. of the 
variatioll principle in the form (28) 1. In these variations we must ~ 

ke.ep (p and Q constant and vary H, ZIJ and v = 7'17' On the right­
hand side of (2R) I we have of course to intl'OdllCe m1 = »)1(e) = ~m(I1t), 
so that this form is split up into two pal'ts~ which we sllall eonsider 
separately. First we consider the part containing m1(·). We then 
obtain, attending to (4a) and (5), 

As to the part eontaining m,(1lI) we still have our former fOl'mula 
(36) T, if only we keep in mind that, >m being replaced by m1(m), ~ 

gets the significance of a stress-energy-tensor for the matter, if the 
electric field is considered as not belonging to the matter. In this 
~ ~ will keep this altered significance. 

Considel'ing c the equation (31) land (6) together with (36) I, in 
which m1(1II) has been introduced instead of ill1, we obtain for the 
variation formula: 

"1 (7) 
Jr,) W v't + 2v v' w' t f"'1 (uwe" : a-" ) dzt 

20 + uw d1' =" -- + 2r'~, - + 
u 4x~ u 

+ 2(- uwe' +'2r'2':t~)dV + (uwe' +2r~~!)dWI dr'. 
4:nv' v 4xv t w I 

Executing the variatiOJts w!'l find the following set of equations, 
which take the place of the set (38) I 

wv't + 2 vv'w' " ( mv e' ~ ,,) 
- +w=- --+r"~" " 

u' u 8n v' 

wv" + v'w' + vw" I I u' "( 1tW e' ~}J ) - + (vw+wv)- = - --- + r"'.,!) • 
u u· v 8xv' 1 

(8) 

- ---- + u + 2vv'-=- -- + r" <;t! . 2vv" ,+ v" u' " (uwe' ) 
u 1t' W 8:11' v' 

These equations detElrmine tl1e gravitation field, when the tensor· 
~ fOI', the matter and the distribution of the electricity ::tre given 1). 

1) Comparing lhis set of equations with (38) 1 we see from the right.hand sides 
of (8), how lhe components of the stress·energy·tensor fOl' the electro-magnetic 

-----------------------------
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We shall ealeu iate the field outside the elect7'ic body w here we have 

~" _ ,\1' _'1'4 - 0 ... r - .... ]1 - "'-4 - , 

e = eonst~nt. 
In order to execute the ralcnlation of the field we must fix the 

system of cOOl'dinaLes alld we do this by putting the condition 

p = 1 viz. v = l' . (9) 

Intl'oducing this in (8), the last eql1ation divided by - u gives 

1 n % e2 

--21'-=1---, 
It

2 ua 8n "~ 

d (1') % e~ 
d1' u 2 = 1 - SJ!' ;:; . 

SJ' integl'ation we obtain 

l' % ~ 
- = l' - Ct + - -, 
1t~ 8:r l' 

w hel'e (( is all in tegl'at.ion constaJl t. To simplify the fOl'mu lae we pu t 

(10) 

and find 
1 Ct 8' 
-=1--+-, 
u' l' 1'2 

.. (11) 

This fOl'mnla expl'esses 1.l as a fnncfioll' of 1'. An expression for 

10 gives us the first forrnllla (8). lf in that fOl'Inula we introdnce 
1 

the expression found fol' - alld l'everse the sign, we obtain' 
lI' 

- ( Ct 8
2

) 8% 
(70 + 21' 10') ] - - + --; = 10 - 70 -. 

l' 1'" 1'~ 

A simple calculation gi yes 

Ct 8' 
--2 -

70' 1'2 1,8 

2--=-----. 
70 Ct 8 2 

1--+-
" 1,2 

On the right-hand s}de the numerator is' just the del'lvative of the 

field can be expressed bye, 2l, 20, p, and lhe cool'dinates. We find thal in the 
uw eS uw e2 

electro-magnetic field + -8 0 4 cOl'l'esponds to ,"\',' and ~\ - 8-----; 4 10 ~/). For 
rep- r "/ 4 :reP r p 

the diagonal sum of tl1e compon~nts we find identically zero. 

I 

I I 
! 
I 
! 

I I 
1 1 
I, I 

i 
11 

I 

I 
1

1 

1 

I 
m 

I1 
ï 



- 6 -

11 
I 

I 

I 

1242 

denommator, so that integrating, and choosing the integration constant 
in such a way that In the infinite, 1/)2 has the value 0', we find 

'10' = c' (1 - ~ +~) . (12) I 

\. r r' 

So we have ealculated the gl'avitation -field. Compal'lng (11) and 
(12) we obtam 

and further we find (<,omp. I notE' on p. 1087) 

V-g=c . . 

(13) 

. (14) 

Because of (10) ~ determines the electdc chal'ge of the body. The 
constant Ct netel'mlJleS the matls of the body Formnla (50) I gives 
namely 

4.71: Ct 
rn=--

" 
. (15) 

The same expreSblOl1 for 1n has been dedllced In I p. 1087 for 
the ra6e c = 1. Now we see that Ihis expression also holds when 
the unit of time has been chosen in another way. 

We obtained the relahon .(:15) b} appheation of formuJa (50) I, 
wh ere we assnmed, th at the malter has a fil1lte exten&ion. If the 
e]ectro-magnell<' field IS l'eckoned to the matter a'i is done in I, 
the matter has, stl'Ïctly spealnng, an infinite extenSlOn. This has 
however no ]J1f}uence on the ,aIJdIty of formula (50) I-In the case 
In questIOn The quantities of lhe eleelrlc field approach namelJ 
sufiiciently to zero, when the distanee fl'om Ihe <,enlre increases 

We 'may ask on what conditLOfls gH = w' <,an become zero 
and negatJve. According to (12) u' becomes then infinite 'resp. 
negative. The expressioll (12) shows that outside the body 

'10'=0 for r=~±V:' _1'2. 

For smaller values of l' w' IS negati ve. 
Only when 

_w' becomes therefore zero and negativ~ fol' real values of 1'. If on 
Ct' 

the contral'y ~2 > 4' then w' and 1,t' al'e I everywhere finite alld 

posltive, Then we may very weIl assume the mass and the charge 
\ to be concentrated iJl a rnalhematlC'al point. 

I~ _____ --~-~--------_. 1'/...:.., __________ . 

/ 
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§ 2. Tlte enel'gy of t/le gl'a'IJi(ation field. 
In this § we shall ealculate the distl'ibution of Ihe enel'gy in a 

gravitation field wüh spherical symmetry viz. we shall calculate the 
quantity t/ in such a field. The body which e:xcites the field may 
also be electl'ie. Our calculation be based upon the formnlae (17) 1 
and (13) I, whirh give 

4 q.." om .. 
~t 4::= - t" -: ~" + ! -: o.v.... . . . . (16) 

.... " We SllppO'3e lJ~" to be glven as a functIOn of 1'. When we ean 

calcuJate t he vectol' SU we fiJl,9 from this fOl'mula also V. We shall 
dedllce an expression fOL' ?ll which holds at a pomt of tlle XI axis 
(.e. = ,7'8 = 0). According (0 (5) I we have 

~11 = i V ,g JE (gpl ,gï~ _ gal gpv) (à.gp
" + àg," _ àgpv). 

p.,a à.v, a.v p. iJ,va 

As in r ~ 3 we '3hall ehoose tlle tIme-eoordinate, 80 that g, 4 = O. 
At a pomt of t~Je XI we have beeause of l33) 1 and (25) 1 

1 1 ;. 
g\1 = __ , g22 = 933 = __ , g12 = gH = l3 = 0, 

~ . pi 
) 

\ (17) 
ogu ag18 I dg' 2 opas I - = - = -- - (lt~_p2), - = - = - 2 P P • 
0.'11, oma l' a ,'11 I 0.'11 1 

As to the calrulation of mI we first reinal'k Ihat tbe terms of the 

summation fol" WhlCh 6 = ft glve a contrlbutlon zero. In order that 
a tel'm may gnre a contnbtltwn different from zero, either 6 Ol' I-" 

!Jas to pe equal to 1, wblle the otbel' two of tbe ihl'ee illdlres 
6, p, v must be equal. 

p = 1, 6 = l' =1= 1 glves fol' ~ll the ('ontribntion: 

lV=- 11 ( '2 agu -h n3 agn + 14 àgH ) 
"2 g.g 9 0 ,9, 0 giJ' 

1 a: 1 c.'V 1 ,'V 1 

6 = 1, p = v =1= 1 gives the contl:lbntion: 

lV- Ill'~(2agl2 Og22)+ Da(2àgn à9n) .. OgH! -<2 -g 9 9 --- g --- -g -, 
0.'1:. aro, a.'lJ t iJd:1 iJm1 

The two contl'ibutlOns together give 21 1 , Intl'oduclllg the expres­
SlOns (17) we obtain for mi = ~Ir 

7./) p p' 2 ( p') p'1V' 
~1,=-4--+-7tW 1-- -2-, 

lt l' t~· n 
. (18) 

For a point on the Xl axis, the l'lght-hand side is equal to 21 1 , 

If we considel' a point not on the XI aXJs, the same expl'ession 
holds fol' the l'adllll compollent ~l,. 

I 
I 

Î 
I 
I 
I 

111 
~. 

I! 
Ij 

11 

H' 
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Fol'mula (18) holds fol' each system of coordinates in which the 
sphel'ical symmetry is taken into consideration, if only the time-­
coordinate is chosen so that ,9'4 = O. If \Ve specialize the system 
of cool'dmates by pnttmg p = 1, then Ihe expl'essions (11) and (12) 1 

are vahd outside the body and fol' 'U and_w we obtain 

(19) 

Because of the spherical symmetl')' we have, of coui'se, fOl' the 
components of ;11 LU the directIOns of the axes of cool'dinates III space 

tIJ", ca 
UI",=--, 

l' r' 
T= 1, 2, 3. 

Maldng up the dlvergency we Qbtam 

om.,. :s--=o, 
.,. Om", 

and fOl'mula (16) gives 

(19a) 

, (20) 

Outslde the body the l'Ight-hand sitle is zero and thel'efol'e also 
,/, «() 

4 
t4 = 0 (1' >R) , . . . . . • (21) 

If the system of co01'Clinates is clwMn so that p = 1 1
), the 

,qmvitation field !tas eVe?'ywhel'e olltsule the body thl3 density, of 
ene1'gy ze1'O. This IS also tl'ue when the body is eIectl'ic;:~Jly,chal'ged, 

because fol' the electro-magnetic field the sum of the diagonal compo­
nents of the stl'ess-enel'gy-tensor is equal to zero (see -the note on 
p. J087). 

Now we may ask whethe1' the olher stress-enet'gy-('omponents lp" for 
the gravitation tield are also equal to ze 1'0. Tl~is i~ sllggest~d by 

1 -
formula (17) I, which gives 

" 
- That really all t/ are zero in systems of coordinate{ fOl' which 

P = 1 is eastly proved wlth the aId of fOl'mllla '(52) 1 öf lEINSTJtllN, 

Grllndlage. The details will be left-hel'e aside.~)_ 

I) Then we have also V -g = c as has been proved in § 1 
2) For a non·electric cenh'e E. SCHRODINGER has meanwhile proved this too: E. 

SOHRODINGER, Die Energiekampanenten des Gravitatiansfeldes. Phys. Zeitschr. -19, 
1918 p." (Remark in the praaf.) 
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If a system of coordinates is chosen fol' wbieh p '=1= 1, botb f/ 
and the other t/ are different fIOm zero. EINSTEIN dedueed approxi­
mated values for the t/ m a system of coordinates m which the 
veloeity of the lIght IS independent of the dll'ection of propaga­
tion 1), and these expl'essions show that the t/ are not zero. In this 
ease V ean also be ealcnlated by means of fOl'mulae (16) and (18). 

For that system of roOI dmates m WhlCh the veloctty of light is in­
dependent of the direction of propagahon, we have aecordmg to 
DROSTE 2) for u, p, IV outside the body 

ll=P==(1 +~)2, 
41' 

(22) 

These expressIOns ('an be mtl'odnced mto (iR). The tnnl!e,' cal­
enlatlOn wlll not be given here. 

The pl'operty of the cornponents t/ that the)' can be made to 
vanic;h by a tmnsfOl'matlOn of cool'dinates when the field possesses 
sphel'ieal s)'mmetly, is eVldently ronnerted with the ('lrcumstanre, 
that noL fOl' every tl'ansfol'mation of cool'dinates these qnantJties 
behave IIke tensor-components. It is remarkable, that the ('hange of 
the system of coordinates, necessar.} to make tbe components t/ 
valllsh IS nndeteetably small for really existing gravitatIon fields .. 

Thls ell'cumstanee I'endel's the rOIlception ~f tbe quantities t/ as 
slress-enel'gy-eomponents somewhat less sympathie, and sllpports the 
conceptIOn of the gravIÜttlon enel'gy enunrlated by LORENTZ Whatever 
ma)' be however om oplllioll on t hib subject we hàve 110 gl'ound to 
bamsh the quant/ties tp' from EINsTTnIN's gl'aVltatioll theol'Y. As IS 
eVident t'rom onr consldel'ations in I § 2, several general theorems 
may be derived In a slmple \'\-'ay wUh the md of these qnantities, 

I • 

1) A. EINSTEIN, Naherungswelse Intrgl'atIon der Feldgleichungen der Gravitalion, 
Ber!. Ber. 1916, p. 688. 

2) DROSTE, Het zwaartekl'achtsveld, p. 20, equatlOn (31). 

Proceedings Royal Acad. Amsterdam. Vol. XX. 
86 
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