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Ye.ar I D,ate �I �T�i�m�~�-�'�1� Int. Longitud,e 

. 
48 

,'d 
39°0' 9 7 40 23 ' 9 

212 11 9 ' 16°40' , " 

46 ' ' 

�'�~�~�,� 451/4 ' 13 7251/4 5 25 ", 

�2�1�3�~� III 25 20 251/4 TI "" ..... 

" 44 3? 4% 15 ' 7 30 q Q 
214 IV 9 22 30 QD 

42 
&l 

30 0 15 ,730 29 21 
'215 V 21 

1

2230 ' �-�~� 

.. 
42 3Q 0 15 7 30 11 3 

216* VII' 3 22 30 Il1J 
42 3q 0 I 15 7. 30 23 15 

,217 VII 15 ?2 30 ", .0,. 
�~� 

-- --
45 ' 3! 411/4 18 6 11114 6 30 

218* VIll.30 24 lUh 111 0 

45 
27 561f, �~� �~� 

�3�~� 45 21 �~� 561/4 18 15 
219 IX 15 

48 35 433/4 27 6 40 ' 0 ' 3 
220 XI 3 3 40 .. '" .. , , ...... .. 

48 36 0 3 6 40 12 21 
221* XII 21 9 40, X 

48 ' �~�~� q ,,9 6 40 24 9 
223 I 9 15 40 'Y' 

48 35 �~�?�1�/�2� 15 �~� ??1/2 6 27 
224* Il 27 

, 
21 221/2 'd 

-, 

46 �3�~� �4�~� '19 �~� ,71/2 1$ q 
225 III 13 25 71/21) ;cr 

, 43 ' 31 321/2 ,20 ' 6 40 0 26 
226 IV 26 26 40 QD ( 

0' 42 30 0 ' 20 6 40 12 8 
227t VI ' 8 26 40 hl 

42 30 0 20 6 40 24 20 
228 VI 20 26 40 np -- ---

43 ' 30 0 21 5 40 7 
,. 

3 
229" VIII 3, 26 40 :0:: 

44 ,32121/2 23 'J) 521/2 19 17 
230 VIII 17 , 28 521/2 \11 ' 

4,6 
10 

33 471/2 27 5 40 1 3 
231 ,X 3 2 40 

" 

48 36 0 3 5 40 13 21 
232* XI 21 840 ' m:: , , 

48 ')I. " 

36 0 9 5,40 25 9 
233 Xil 9 14,40 

�4�~� 36 0 15 5 40 7 7 
235" I '27 20 40 'Y' 

I,' 48 35 233/4 21 5 �3�~�/�4� 19 15 
236 Il 15 26 33/4 'd 

, " 4!5 '" 33 45 24' 5 �4�8�~�/�4� 1 30 
237* 'lIl 30 29 483/4 TI 

43 31 11/4 25 5,50 13 13 
238 IV, 13 o 50 &l 

42 30 0 25 5 50 . 25 ' 25 
239 V, 25 o 50 ' UV 

42 30 0 25 5 50 7 7 
240· VI,I 7 ' o 50 ::!l. -- --

43 30 0 ,26 4 50 ' 20 20 
241 VIl,20, o 50 nt. :' 

,) , 

1) 111 the cuneiform text the reading is 17 30; the differenèe shows that this is 
10' too high. 

. '; 

" t. 
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'Year I Date, I 
Time-,I 
Int. Longitude 

I 
Syn ~rc IRèdUC.jL'_R D I pe~iod'l Cale. ' . date.··· numb. date., 

. 
- , 32°433// 

242 IX (6) - 3°333/{ ,~ 2 5 

10 34 61/~, 
243" ,x (21) 7 ,40 i4 21 

xl' ..-. 36 0 
244 9 , 13 40 .. - 9 4 40 26 9 

48 
X 

36 0 
245 XII 27 19 ,40 15 440 - 8 27 

48 
'V' 

36 0 
247 ' I 15 ' 25 40 21 4 40 20 15 

47 35 5 
248* III 2' 045 TI ' . 26 4,45 2 .. 2 

44 33 45 
249 III 16 , 430 QD 28 6 30 14 .' 18 a 

45 
'b). 

30 30 .' 250 IV 1 5 0 1 4 0 26 1-
42 30 0 

251* VI 13 I 5 0 11!7 1 , 4 0 8 13 

B. First stationary point. '.; .. 

-
Yeár I, Date Time- , Longitude 

r 
Syn.arc l Period. 

I 

Cale.' , 
Int. numb. date . , 

180* X (17) 26°13' ll1J 21 17 
30° 0' 

181 X (29) 26 13 .n.. ' 3 29 

i82 t1l 
32 1 P/8' 

XII 13 28 243/8 15 13 
,46 33 455/8 

183* XIII 29 2 10 "'P, 27 ' 29 

'" 
48 36 0 

185' 11 17 810 ..-. 9 17 .-
48 " r. 36 0 

186* IV 5 14 10 X" 21 5 
, 48 36 0 
187 IV 23 20 10 CV' 3 23 

188 VI (11) 25 355/8 '6 
35 255/8 15 ' 10 
33 45 ), ' 189t VIb 26 29 205/8 TI 27 26 

43 31 43/8 
190 VIII 9 o 25 b). 9 9 

42 30 0 
191* , IX 21 o 25 11I} , 21 21 \i ' 30 0 / 

192 X (3) o 25 ,fb 3 3 
,'I 30 0 

193 XL 16 o 25 l1l ," , 16 16 
45 32 405/8 

194* XIII" 1 3 55/8 -\07'" 28 
34 33/8 

/ 
196 I (11) 1 10 ~ 10' 17 

,~ 

36 0 
197* III 5 ,13 10 ..- 22 5 ..... 

~, 

" . 
'j, 

. , . . 

, '" 
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I 

\ I 

\i 

'\, 

, . 

',. ' 

, Yeat I 'Date 

198 III (23) 

199* V (11) 

,200 V 28 

201 VII 14 ' 

202* 

203 

204 

205* 

VIII 26 

IX 8, 

X ,21 

XII 3 

206 XII 17 

208t II 5 

209 

210" 

211 

212 

213* 

214 

n 23 

IV 11 

IV 29 

VI (16) 

VIII 1 

VlII13 

215 ' IX 25 

216* XI 7 

217 ,XI 20 

218* XIII 6, 

220, 23, 

221 * III 11 

222 III, 29 

223, V \ 18 

224* VII 3 

225' "VII 18 

226 VIII 30 

, 227t 

228 

IX 12 

X 24 

Time­
Int. 

46 

42 

42· 

43 

42 

44 

48 

,48 

48 

48 

42 

42 

42 

43, 

46 

47 

48 

48 " 

49 

45 

45 

42 

42 

42 

697 

, Longitude 

19°10' . X, 

2510 '''f 

o 167/s · n 

4 17/s QD 

435 hl 
435 'nv 
4. 35 ,.g. 

4 35 111 

7 367/ S ~ 

12 10 '"'10 

18 10 m:; 

2410 X 

o 10 't< 

4 581/S TI 

8 431/ S QD 

845 hl 
8 4511~ 

8 45 '~', 

8 45 ,~111 

12 281/S, ' +.) 

17 10 .. ~ 

23 10 m:; 

,2910 X 

5 10 'tf 
9 393/s ' TI, 

12 55, !m 

12 55 hl 
,12 55 ."1} 

12 55 ,.g. 

, " 

" 

Period. I' Calc. Syn. arc ,numb. date 

36° 0' 

36 0 

35 67/S ' 

33 45 

30 33 1/S 

30 0 

30 0 

30 0 

33 ,17/s 

34 23 1/S 

36 '0 

36 0 

36 0 

34 48 1/S 

33 45 

30 ' 17/s 

30 0 

30 0 

3Q 0 

\ 33 43 1/S 

34 417/s ' 

36 0 

36 0 

36 0 

34 393/8 
33 155/s 

30 0 

30 0 

30 0 ' 

, I 

4 

16 

28, 

'10 

22, 

4 

17 

29, 

11 

23' 

5 

17 

29 

11' I 
23 

5 

17 

29 

12 

24 

6 

'18 

o 
12 

24, 

6 

18 

o 
12 

" 

,23 

11 , ' 

28 

14 

26 

8 

21 

3 . 

18 a 

5 

23 

11 

29 

15 

13. 

25 

7 

20 

6 

23 

"11 

29 ' 

17a 

3 

18 

30 

12 

24 
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Year I Date Time- Longitude Syn.are Period. Cale. ~ 
Int. numb. date 

44 30°293/8' 
229* XII 8 13°243/8' III 25 8 

46 33 45 
230 XII 24 17 93/8 # 7 24 

47 35 05/8 
232* II 11 22 10 .. ~ 19 11 

48 36 0 
233 Ir 29 28 10 .. - 29 ...... 

48 36 0 
234 IV 17 4 10 V 13 17 

48 36 c5 
235* VI 5 10 10 'ö' 25 5 

46 34 105/8 
236 VI 21 14 205/8 cr 7 21-

45 32 443/8 
237* VIII 6 17 5 Q:ö -19 6 

42 
Q 

30 0 
238 VIII 18 17 5 18 

42 30 0 
239 IX 30 17 5 IIIJ ,13 30 

42 30 0 
240* XI 12 17 5 :f1: 25 12 

43 31 05/8 
241 XI 25 18 55/8 ttt 7 25 

33 45 
243" (11) 21 505/8 # 20 11 

.. ~ 35 193fs 
244 29 27 10 2 29 

36 0 
245 III (17) 3 10 X 14 17 

36 0 
, 246t V 5 9 10 'V' 26 5 

48 36 0 
247 V 23 15 10 't1 8 23 

46 33 517/8 
248* VII 9 19 17/8 ' TI 20 9 

43 32 131/8 
249 VII 22 21 15 ~ 2 23 a 

43 
Q 

30 0 
250 IX 5 21 15 14 5 

42 30 0 
251* X 17 21 15 IIIJ 26 17 

C. Opposition. 

(Only the last part of th is table is sufficiently undamaged to be used). 

230 9 8°55' n1 9 
46 33°443/8' 

231 Il 25 12 393/8 # 13 25 
47 34 425/3 

232* IV 12 17 22 .. ~ 25 12 
49 36 0 

233 IV 31 23 22 .- 7 30 a .. -
47 36 0 

234 VI 18 29 22 X 19 18 
48 36 0 

235* VIII 6 5 22 'ö' 6 
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• 

Year I Date 

236 VIII 22 

237* X 8 

238 X 20 

239 . XII 2 

240* 

242 

243* 

244 

245 

246i" 

247 

248* 

XIII 14 

26 

III 13 

III 30 

V 18 

Vlb 6 

VII 25 

IX 10 

Time­
Int. 

46 

46 

42 

42 

42 

42 

47 

47 

48 

48 

49 

45 

699 

Longitude 

9°505/ 8' TI 

13 5 Ç!ö 

13'5 h1; 

13 5 

13 5 

IIJJ 

13 355(8 111 

17 205/8 +) 

22 22 ... ~ 

28 22 

422 CV' 

10 22 'ö' 

14 317/8 II 

Synod. arc 

o 
34 285,'8' 

33 14% 
, 
30 0 

30 0 

30 0 

30 305/8 

33 45 

35 13/s 

36 0 

36 0 

36 0 

34 97/8 

Period. 
numb. 

13 

25 

7 

19 ' 

13 

26 

8 

20 

2 

14 

26 

Calc. 
date 

22 

8 

20 

2 

14 

26 

. 13 

30 

18 

6 

24 a 

10 

The til1le-intel'vals, del'ived in the same wa)' using 30d fol' each 
month, show the same ('hal'acter as the synodic ares: the 48d anel 
·i2d occnr repeatedly sevel'al times in snceessioTl, jnst as the sJnodic 
ares are 36° and 30°. The nllmber of intel'mediate values is in these 
tables greater than in t1lOse of the first kind. Here also it is natural 
to aSSllme thai the intermediate vallles of the time-interval are cal­
culated in the same way as those of the synodic arc, but the de via­
tions bet ween Lhe· first anel 12d + the last are here even more 

\ 

llUmel'OllS and larger than in the tables of the first kind Even in 
the constan~ extreme vallles deviations occur; 110W and then 43 
(once 41) and 49 stand in place of ,42 and 48. 

In ol'der to be able to see, if at IeasL on the average the values 
fol' the time-interval increàse in the same wa)' as the synodic m'cs, 
tlley were combined into groups of full elegl'ees and tlle mean was 
laken. 'rhis showed that 

witb 30°22' corresponded a mean of 42. c17 ( 6 vallles) 

" 
311!) 

" " 
43. 3 ( 6 

" 
) 

I 32 22 4J. 2 ( 5 ) " " " " 
" 

3310 
" " 

45. 2 ( 4 
" ) 

" 
3345 

" " 
45. 6 (15 

" ) 

" 
3432 

" " 
46.6 (tO 

" 
) 

" 
3523 

" " 
47.7 \ 6 " 

) 
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This indicates, that with gl'eat appl'oximation the synodic al'CS 
30° 31° 32° 33° 34~ 35° 36° 

cOl'l'esponel to time-inte1'vaJs, of 
42 43 44 45 46 47 48 days. 

Thai this, howevel', camlot be quite accnrate is shoV'm by the 
following consideration. 

Prom the leng th of the synoelic arc the time-interval to be aelelecl 
may be calcl1lateel, accordillg to the fm'mulae 

syn. arc + 360 
360 X sidereal year = synodic pel'ioel 

.. . 30 
Isynoclw perlOcl-lllnal' y,earl 29,5306 time-interval--

This gives fol' 
synod, arc = 30:' 

synoel. arc = 36° 

synod, period = 395.698 
30 -

time-interval = 29.5306 X 41.331 = 41.99 

synod. pel'iocl = 401. 786 

time-interval = 29~50306 X 47.419 = 48.18 

whel'eas for the mean valne tb ere was alreaely fOl1l1el: 
syn. arc = 3~'45" time-int. 45d.23. \ . 

Fol' the extreme values, therefore, without a gl'eat error 42 and 48 
may be taken, proviàed care is taken that the mean valne comeE> 
ont correct. lf we take all the time-intel'vals = the syn. arc + 12 
elays, the mE'au value of the time-intervals becomes 45cl8 f45II = 45d.146, 
therefore Od.08 less than it should beo In 12 periods this difference 
must 1'ise to a day. 

The longitudes of Jupiter in tlle table have \'esulted fl'om successive 
Slllllmation of a1l the synodic al'Cs. If the time-intel'vals are obtaineel 
by adding 12 to the nnmber of degl'ees of the synodic arc, the dates 
that l'esult fl'om successive sllmmation of the time-intervals must 
each time get ahead of the longitude by 12 anel thus successively 
diffel' with it by v, v + 12, IJ + 24, v + 36 etc. As the degl'ees of 
longitude onl)' go to 30, and similarly the elates, the dates must be 
deduceable ti'om tlle longitndes by adding 

v, v + 12, v + 24, v + 6, v + 18, v, v + 12 etc. 
the same five diffel'ences constantly l'ecnrring. 

Thjs, howevel', as all'eady said, cannot come out exactly; in ol'der. 
to finel the charactel' anel origin of the l'emainders, we subtract from 
the successive dates the series of 1111mbel's 

12 24 ( 6 18 o 12 etc, 

• 
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anc! compare the l'esnlts with the Iongitudes. We then fine! the nnmbers 
whiel! in the tabie III on page 694 stand in the col u mn "redneed date", 
beside whieb the values of the difference "longitude - l'edneed date" 
(L.- R. D.) are placed. These valnes become gradually smaller, alto­
gether 5 days in the course of thc whole tahle. This is exartly as much 
as it shouid be to account for the diffel'ence between 45.23, the actLUl.l 
mean time-intel'val, and 45.146, the mean syn. arc + 12. We now 
see that a correction fOl' this difference is not introdueed gradually, 
but suddenIy, by shifting one day each time aftel' 10-13 nnmbers; 
this is done at the pI aces where the horizontal lines are put (the 
first line is uncertain, as there is some en'or here). 

If we leave out these regularly recnrI"Ïng .Jumps, the ditfel'ences 
L-R. :Q. everywhere show variations np and down. On the other 
hand they show a gl'eat constancy, if we only pay attention to the 
whole munbel's ,and not to the fractions. If we may eonsidel' a few 
cases -in wbicb this does not come out as e1'rOneOU8, we find this 
l'ule : the Babylonian calculat07' founcl the clate.s by takin,q the 
nwnbers of tlw deg7'ees from the calculated lon,qitucles, inG7'easing 
them successively by the pe1'iodic se7,ies of numbe7's v, v + 12, v + 24 
v + .6, v + 18, v, etc., ,eacIL time a/tm' 10-13 pe7'Îods taldng tlw 
nwnbe7' v one h(qlte7'. 

As a final test, in all tlle sections of tbe great Jupiter tabie of 
the second kind 1) the dates were calculated arcording to the above 
ru Ie by means of the periodic series of numbers v, v + 12 etc. 
The few cases, indicated by a, where the)'e is still a day's ditfe1'ence, 
are not sueh as to throw a doubt on the correctness of the ru Ie 
for, the calculation th at we have found; these are probably due to 
copying errors or en'ors of calculation in the cnneiform texts. The 
fil'St error in the 3ld section, where DuZll 31 stands instead of 30, 
is l1ndQubted1y of that kind In the first error of the fil'st section 
thel'e was a doubt as to where thE' periodic number had shifted 
so th at either Duzu 6 or Abu 17 must be one day wrong'; we 
have chosen the transition so, that the latter date, the number of 
which lies at the edge of the illegible damaged pat't and has therefore 
perhaps been misread, was taken to be erroneous. The 3rc1 erroneOllS 
munber of tbe 2nd section a180 lies at the edge of a damaged portion. 

If we now, return to the Jupiter tables of tbe fil'st ldnd, we find 
that 0111' rule applies there a1so. In the table U on p. 692 which con­
tains the elates anel pI aces for the seeond stational'y point and t11e 

1) The columns "reduceel date" anel "L-R D" have only been computed rOl' 

the first section, the heliacic rises; the system of calculation having been discovered 
ft om these it was 110t necessary to compute them for the other sections. 
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heliacic setting from thi~ tabIe, tlle pel'iodic numbeJ' and the date 
ealculat~d are pla('ed in tIle last two columns. The agreemen! is 
evel'ywhere complete, except in the lb'st two dates; but here it can 
be shown, tbat thel'e is a copJing error in the cuneifol'm text. We 
found above (p. 691) that the 2nrl synodic arc has been ealculated 
wrong: 10 a stal'ting point of 0°25/ m~an arc of 30°5' beJongs. How 
could tbis error have al'isen? ff we assume that the first two Jongi­
tudes ha\'e been copied wrong' and should be 1°2.1)/, the synodic arc 
belonging 10 these wOllld be 30°17/, thel'efol'e the 31d longItude 1 °42' 
as it "tands in the tabIe. And then the dates ralculated become at 
the same time one higher: Airn 22 and Simannn J as tbe table 
gives them. In this way all the dates agree wrth the calculation. 

The fact that here the methad appeal's of - using tIH' w hole 
nnmber of the degrees of the longitude and not the neal'est number 
roundec1 off upwal'ds Ol' downwards, inc1icales that tbis may have 
been done in the tables of the thil'd kind also. 'Ve cannot settle 
th is, becallse it is of na consequence; for In th at case the first 
number only, ti'om whiclt the summatioll &tal'ted, lleeds to be taken 
301 greater. 

It appeal's, thus, that the Babylaniall astronomel'S made use of 
a \'erJ simple a1'ithmetieal system in order ra deduce at tbe same 
lime the longitude and the date of pal'ticlllal' pheJlomena of J llpiter. 
By the use of Jlormal, months of 30 days and cOlTesponding enlal'­
gement of the mean value to be added, they made tbemseJves in_ 
dependent of tbe llnequal lengths of the calendal' months. Having 
noticed that the perioaic alter'nation iJl the time-interval between 
two snccessive oppoE:itions conlained abont the same number of days 
as the alternation in the synodic arc degrees, they WeI'e able by a 
vel'y simple process of reckoning to find the date ii'om the longitude. 
Tbey might have done the same in the tables of the third kind; 
then tbe colnmn of time-intervals would not have been necessal'y 
and practically fhe same l'esult would have been arrived at with 
less tronble. TheoreticalJy, it is true, the periadie variatlans in the 
sJnodic arc and in Ihe time-interval should diffel' by thf' inflllence of the 
varying velocity of the sun: this ineqllality has practically na inilnenre 
upon the pel'iodicHy in tl1e synodic arc, while lt incl'eases the )11H160 

of the pel'iodicity of the time-intervals by about 20°. The Babyloni­
ans were indeed acqllainted with th is inequality in tlJe velocity of 
tbe snn; but in the Jupiter tables they have not taken it into 
ar.count. Although KUGLBR finds an indication in the didaetic teÀt 
S H 279 (81 . 7 ,6) thttt in the tables of tile 2nd kind the UllequaI 
velocity of the sun was taken into account (p. 149-150), no/hing 

=~---- -- ------
J 
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of ihis appears in {he {ables. Tn {he fables of the Bid kind also, 
whel'e it wOlllel have been quite possible io apply a dIfferent pel'io­
dicity to the (ime-intel'vals anel fo the synoelic arcs, this has not been 
done; the)' run pl'actically parallel, differing only by an llnimpol'tant 
C'omputational ql1anti{y; anel the metlJod of ca/culation which is llsed 
iJl tlle Labjes of the th'st anel second kmd excludes any possibility 
of taking into account the varying velociiJ' of the sun. 

Chernistry. - "On tlle ls'lJstem .Me?'cllJ'!/-lodide." By Prof. A. Sl\HTE.. 

(Communicated by Prof. P. ZEEMAN.) 

(Oommunicated m the meeting of September 27, 1916.) 

A:, was all'eady elisrussed more at length before mercul''y iodide 
exhibits a, ver)' pernliar phenomellon on being heated, wJlÏch phe­
nomenon consists in thi" that [ltLer the red piJase has been converted 

,to tht> tellow plJase at 127°, the substance remains yellow up to 
about 188°, bnt then gl'aelually absumes a more and more prOnOl1nCerl 
red coloUl', and fiW1lly melts io a dark reel hqnid at ± 255°,5. 
This, combined with the fact that the vapol1l' is colol1rless Ol' light 
yellow, tells 11'! that as fat' as (he composition is concerned th€' soli el 
pbase lies between the vaponr and the liquid at tile thl'ee-phase­
equilIbrium so/id-liquid-gas. In Vil'tlle of these data a pseudo figul'e 
was derived that took these auove faets into account, and gave, 
mOl'eover, an exceedingly simple explanation of the fact that on 
sndden cooling of the vapoul' the yellow modification always makes 
its appearctI1ce th·st. 

Yet this figul'e had a dl'llwbark, wbich was feIt by me anel also 
by othel's, and which ga,'e an indication tlUll the view woulcl still 
have to be moddied somewhat: This drawback 'col1'3isted 1ll this thai 
it was ttssumed that ,tbove the point of tl'ansition lhe rel10w rhombic 
mixed cl'ystals would continuously pass into red tetragollal ones. 

As was communicated in tlle last paper on this subject, DJ'. A.. IJ. 
W. E. VAN DER Vm~N had at my request l1ndel'taken the cJ'ystallo­
gl'aphic stud,)' of meromy iodide in the hope that this research 
would bl'ing the problem neaI'er its solution. This has actually been 
the case. By lllaking \.lse of a speria..l subllmation al'l'allgement Dl'. 
v. D. VERN 1) has sl1cceeded in making rrystals of yellmv mel'Cl1l'y 
iodide, ~ 2 cm. long aboye 127°.2, and in studying them accueately 
microscopically at different higher temperatmes. H then appeal'ed 
(hat the ol'iginally yellow crystal begins to gl'adually assume an 

1) Verslag van de gewone vergaderingen der wis- en nat. afd. Kon Akademie, 
Vol. XXIV (1016) p. 1557. 



- 709 -

704 

ol'ange tint above 200°, which becomes mOl'e and more distinct but 
doet> not pass into reel as fOl'll1erly seemed to follow fl'orn the in­
ve&tigation of a IUL'ge quantity of powc\ery HgI~. The distinctly 
orange coloured crJstal was convel'ted to a darkreel liquiel drop al, 
the melting temperatl1l'e. Tn this It conld be ascel'taineel witli perfect 

T 

s~ 
IS' 2 

li'ig. 1. 
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certainty that the chang'e of colonr from J ellow to orange is perfectl)-
continuons, and is not áttended with a change in cl'ystalline form, 
60 that the assumption of a continnous transition from rhombic into 
tetl'agonal between 127° and 25!1,5° mllst be abandoned. It follows 
therefol'e fiom Dr. v. D. VEB~'S inveRtigation that: (see p. 703) 

1: between 127° anel 255°.5 the intel'nal equihbrlllm very pel'­
reptibly 6hifts to the side of the ,~-cOmpOTlellt, but the colour proves 
al ready that this shifting is not. so eonsiderable that the composition 
of the red modification is reach'ed. 
, 2.- this shifting of the internal equilibrium, whidl is accompanied' 
with a ch'ange of eolour, is not attended with a change of cl'ystalline 
form. 

These new data rendered it necessal'y to modify the designed 
figures of the psendo- anel of the unary system somewhat. Led' in 
thi6 way to reconsider the pl'oblem mel'cury-iodide, I fonnel that 
the solntion was aftel' all exceedingly simpIe. 

One of the particularities presented by the system HgI2 , is tbis 
thai as has been stated, the concentration of the solid 6ubstance at 
the triple point solid-liquid-vapour lies between that of the vapoUl', 
and" the liqnid is richest in that component that in the solid red 
modification is represented in the gl'eatel' quantity. This is a'situation 
to which we are' not accustomed, though it undoubtedly occurs now 
and then, and it is lo be atfributed to tbis that another solution was not 
irnmediately thongh't of; which possesfles all tile advantages of the 
fOl'mer solution, while the objections advanced against the former 
solution are entirely removed hel'e. 

lf we begin' witb the simplest represelltatioll, we take the TaJ­
section of the spacial figures corresponding to a eonstant pressure, 
and that J snch' a pressure that equilibria with vapour cmmot occur. 
Now tbere al'e two difficulties.' 'The fiTst that L will discuss here is 
th is that the T,x-section· has the shape of the figure inàicated in 
thin lineR in fig. 1. Tbe pseudo components aHgI~ and {JHgI;, th ere­
fore, give mixed cry6tals, but th"e mixing"is limitedJ hence a con­
tinuous tl'allsition between mixed cl'ystals of a different crystalline 
system takes 1I0where place. The situation of the unal'y system in 
this section h'as been indicated by thick liQes, so that the connection 
between the' pseudo binal'y and the l1l1aJ'y system is at once 'clear. 

rfhe intel'nal equilibrium in the tetl'agonal red modification is 
indicated by the hne 81 ' 1:'1 below the transit ion point. The intern al 
equilibrium in l'hombie, moditication, which continuollsly passes fl'om 
yellow' into ol'ange' between . 127°, anel 255°.5/ iS I

' indicateel 'by the 
1ine 8~ 8. Compal'atively neat' below the melting.point this line"bends 

45 
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vel'J: perceptibly to the l'ig 11 t, which ,means lhat fhe unary mixecL 
cr) ótal becomes richel' in tlle {J-pseu?'o component on 1'ise of tém-_ 
peratt1l'e. At the moment that the mel'cl11'y iodide melts, it lies in_ 
composition between that of the yellow anel of tbe red modificatioIl 
at the tl'ansition temperatnre. 

The liquid L formed is very dch in the {J-component, whkh IS 

in harmony with the fact that the 1iquicl is dal'k red. The internaL 
equilibrinm in the liquid phase above the melting point is indicated 
by the 1ine LL!. What dü'edion this 1ine has cannol be ascertained 
with any certainty. 

The possibility of the occurrence of red mixed crysta1s above fhe 
tl'ansition point by slIdden cooIing of HgI~ fi'om e.g. 2400 to 1300 

is also immediately to be seen from this fig 11 l'e, just as t11e direct 
fOl'mation of the red modification by sudden cooling of molten -
HgI2 in a mixtme of carbon dioxide and alcohol. 

This is slIfficient to show th at this figme perfectly accounts for 
the obsel'ved phenomena. To be ab1e also to explain the phsnomena 
that can present themseh'es in the pl'8sence of gaseous HgI2' we 
shouId also indicate the Tlv-projection of the threephase regions of 
the pseudo-system, and then the somewhat unllsual sitnation of the 
system HgI2 is apparent. 

l'he vaponr coexisting in the triple point with the orange solid 
phase alld the dark red liqllid, bas a 1iglit yellow cololl!'. The 
varour is, therefore, l'ichest in the pseudo component aHgI2 ; conse­
quently the vapom 1ines in the pseudo system 1ie as they are 
indirated in fig. 2. This is, indeed, an LU1tlSua[ situation, which 
howe\'e1', will undoubtedly occur now and then. The vapom 1Ines 
of the unary system are, ,i ust as the 1ines for the solid phases iLnd 
those for tbe 1iquid, indicated by thick 1ines. What the directiol1 is 
of tOe vapour 1i11es and of the liquid 1ine in thc 11l1al'y sJstem, 
cannot be btttted with cel'tainty as yet, bnt it is of Yel'y little 
ünportance here 1). 

If we knew that {JHgI~ is a polymer of aHgI2 , the line fol' the 
intemal equilibrinm in the vapom would run towal'ds higher tem­
perature to the 1eft, but that tbis case should present itself does not 
seem vel'y pl'obable, because, at has been said, the 1iquid at the 
trip.Ie point temperature .is richel' in the ,~-component than the 
coexisting solid phase. The assllmption of isomerism, thel'efol'e, seems 

1) The vapour Iines ag anel bg of the pseudo system must inlerseet in g in 
sueh a way th at the metastable proIongations do not Iie inside eaeh other, as is 
drawn het'e, but oulside eaeh othel'. In th is case the point GI wiIl "Iso Iie exaclly 
on the prolol1gation of the line GIG. 

\ 
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to be more likely. This, howevel', is a' question, which cannot be 
seWed until later on. For the present we may be contented to 
have fOllnd a view which explains the obsel'ved phenomena in 
an exceedingly simple and plausible way. 

I have pointed o'ut in this paper that there are two possibilities, 

I 

Fg. 2. 

:r 

l?ig. 3. 
45~ 
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of whi('h the first has onl)' been mentioned as yet. The second 
differs from the th'st only in this that the melting-point diagram 
possessee a eutectic point. 

Fig. 3 represents in th is case the T"u-pl'ojection of the three: 
phase regions of the pseudo system wit~ the two phase regions of 
the nna]'}' system lying in them. 

This figure, whieh dops not caIl for any fUl'ther elucidation, ,also -
represents a case not considered up to now, for which the solid 
phase lies between the two othe1's on one three-phase region fOl; 
S + L + G, the situation on the othel' thl'ee-phase region being the 
nsual one. At present thE"re is no reason to prefel' one repl'esentation 
(Fig. 2) to th'e other (Fig". 3). " 

In conclusion it may still be pointed out that uK is known, HgI2 

at high' tempel'atm'es begins . to split up appreciably into Hg)~ and 
12 , This splitting up is disregarded (bere, becanse evidently It is not 
essential hère for the phenomenon of allotropy. 

SUl\1lVI ARY: 

On the gl'ound of new researches a modification was applied to 
the repl'esentation of the system mel'curyiodide, whieh has en tirely 
obviated all the former difficulties and in consequenee of whieb an 
altogethel' satisfactory eoncordance with the obsel'\'ed phenomena 
was obtained. 

An01',q. Chem. Lab. of the Unive1'sity. 
Amsterdam, Sept. 1916. 

Ch'emistry. - "On the Influence of tlw Solvent on the Situation 
ol tlw Homogeneous Eq1.dlib1,iwn". 1. By Prof. A. SMITS. 

(Oommunicated l by Prof. F. A. H. SCHREINEMAKERE.). 

CCommunicated in ,the mf'eting of Och~ber 28, 1916). 

1. It is universally known th at the solvent frequently greatly 
i!ltlllences the situatioll of' the homogeneous equilibrium. This has 
appeared! tor instanee. in the- cletermination of the equilibria of the 
tJ'iazol ca1,bonic acid este1'S in different solvents, carried out by 
DJMROTH 1), and from VON HAI,BAN'S 2) .researches on the conversion 

I) Lieb. Ann. 377, 133 (19iO). r 

2) Zeitschr. f. phys. Uhem. 67, 129 11909). 
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of para bl'omine phenyldimethyl allyZ ammonium bl'omicle,' besides 
from the study of the equilibria bet ween , the. keto- and en01 forms 
of the [tcetyl acetic ester made b.r KURT MEIJER 1). In spite of various 
attempts the explanation of this. phenomenon lias not Jet been found. 
Yet it seems io me that the solution might be given in the follow-
• I 

lllg way. 
Fo!' this pnl'pose we start fl'om the equation: 

Z=E-l'Fl+PV . (1) 

When with constant Pand T we now diffel'entiate with respect 
to 'hl' we get: 

(~~)P.1'=(~:)Pl -:'>(~~)Pl'~- p(~?:)P1; (2) 
Now 

(
dZ;) , - = (-tI dn l P.1' . (3) 

1t should flll'thel' be notjced that as we considel' solutions here, 

( dd
V

) is vel'y ~mall. 
fl l P.T 

With l'egal'd to P it m~y be said that when the solyent has a 
slight vapoul' tension and the expei'iment is made in vacuum, th is 
quantity is very small too. But also when an open vessel is 

l~sed, a~~1 P is:J atm., the term i(ddV) is so srnaà, that we 
n l P.T 

may safely negleet it by the side of the otbers. 
Just, ttS in general the entl'opy may be split up into a coneen­

tl'ation entropy and a concentl'ation term, we ean wl'Ïte here for 
·the entropy increase when 1 gl'. mol. is added l'eversibly: 

(dH) = (dH) _ R in Cl' . . (4) 
dn l P.l' dn. P l' 

C=I 

so thaf \Ve g:l: = (dE) _ l' (dH) + Rl' in Cl 

rln l 1'.1' dn l P.T 
. ,(5) 

C=l 

Now on summation over all reacting compollents, we get: 

2v{-t = 2v (dE) -T2v (dil) + R1'2vlnCl 
dn l P.1' dn l P l' 

- . ~1 

(6) 

lf we now put: _ 

(dE) = El and' (d~) = Hl C-l 
~l RT ~l RT -

C~l 

1) Bel'. 47. 832 (1914), 
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we get· 

:EV(.t = ~VIEl - l'~Vl H 1C=1 + Rl' :Ev1 ln Cl (7) 

lf we now bear in mind that in the state of equilibrlUm : 
:Evft = 0 and that R1'2vl ln Cl = R7' ln Kc 

it follows fl'OII1 (7) that: 

Rl' ln Kc = - 2vJE l + '1':EV1H l C=l 

01' 

. (8) 

Before we proceed it should be lJointed out that 2vlEl> which 
quantity denotes the change of energy at the temperature of obser­
vation, is practÎcally independent of the temperatuJ'e, and may, 
thel'efol'e, be considered as a constant; beeause the sum of the­
specific heats of the seeond member of the equatioll of reaction 
diminished WIt I! the sum of the specific heats of the first member 
yields a quantity pel'feetly negligible here as was lately flllly de­
monstrafed oy Dr. SCTlEFFlm 1). 

The solution of the problem now under discussiol1, is exceedingly 
simpIe, when the sum of the entt'opies ~Vl H!['=l has the same 
value in tbe different soIv€'nts, at lenst so little diifel'ent tbat the 
deviations ean be entirely neglected by the side of the snms of tIle 
enel'gies ~l'tEl 2). - " 

This case ean of eOUl'se only be expected when the infll1ence of 
the solvent on the dlssolved substance is of exelusively physical 
nature. 

If we, thel'efol'e, apply equation (8) to the same equilibl'Ïum in 
/ two cl i fferent solvents f and Il, the just mentioned supPoRition 

comes to this that in the equations: 
(:EvEt)I 

ln Kr = RT + Cl' . . (9) 

and 

(10) 

tbe relation: 

(11) 

1) Tbis part of these Proceedings p. 656. 
2) This assumption is of the same nature as that mtroduced by Dl', SOHEFFEH 

in his paper IOn the Velocity of Substitutions in the benzene nucleus". He assumed 
there that the "difference in substitution entropy would be zero for the different 
hydrogen atoms". 'l'bese Proc. Vol, XV. p. 1118. 
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holds fo!' the ent1'opy constants, so tb at, when we pilt (21'1 El)I = 
= QÎ and (:EvlEl)Il = QII 

. . . • (12) 

TlllS f01'mula exp1'esses th at the difference in sltuation of the chemical 
equilibrium in the two different solvents must be ascl'ibed to a diffel'­
en ce in heat of reactioll. 

Now it is at once cleal' that a diffel'ence in thermical effect of 
the same l'eaction in differelü solvents is due to the difference in 
heat of mixing of the reacting components in the different solvents. 

If we, namely, consider the simple eonversion : 

A;=B+Q 
we Cttn think this heat-effect spht lip into three factors. 

J. the differenhal heat of unmixing of A = - QJ1A' 

2. the heat of l'eaction of the conve!'sion of 1 gl'. mol. ot hqUld A 
111 1 ge. mol. of liquid B = QR, 

and 3 the differential heat of mixing of B = QJlJB;, 

hence 
Q = - QMA + QR+ QJ11B 

We ~et, thel'efol'e, for the heat effects in t11e two solvents: 

Q[ = - QJlA + QR + Qil1B I I 
(13) 

and 

(14) 

so that 

QU-Q[=(QMA - QJ11 !l. )-(QJ1B -Ql11B ) 
I oU I U 

. (15) 

lf we now indirate the difference in heat of mixing of A in the 
two solvents by Q.JlAI_ll' that of B by QMBI-l1 ' ,our equation (12) 

becomes 

r.~ Q'UA -Q'lIB 
ln ~ = I-ll 1-11 

](1I RT 
. . (16) 

i. e. the il1jlue'lice of the solvent on the situation of the cI~emical equi­
libl'iwn is d~le to tlle d~tlf1'ence in !teat of mi,ving f01' the 1'eaètiny 
components in these d~tll31'ent 801vent,~. 

To test this conclnsion it will, thercfore, be sufficient to deter­
mine by lhe side of the constants of equilibrium the heats ofsolution 
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of. the reacting substances in different solvents, because the difference 
in beat of s0111tion of e.g. A in different solvents is equal to the 
difference of heat of mixing. 

3. Another conclusion to whieb the supposttion made here leads, 
is this: It follows from equation (12) that ,;yben lÜ>KJl, ,also QJl> Q/. 

If we now differentiate (12) with respect to T, we get : 

Kl 
dln-

'Kll QI-Qll . 
dT = RTJ = ne,rJaitve. . " (17) 

ft'om which thel'efore follows that when IÜ>Kfl tbe difference 
lrdÜ-ln{{fl will diminish on incJ'ease ofrempel:atllre, i.e. the djffe~'enre 
in situation of the equilibria in' the two diffeJ'é!lt solvents ,viJl 
decrease at higher temperature. 

,4. It is almost sllperfltlOub to point out here that when the supposition 
Cl ' GIl is not introduced, we obtain throug'h subtraction of e,qnation 
(10) from (9) the eq uation : 

Kl Qll-QI 
ln-=--- + Cj- Cl I . (18) K11 'RT . . 

which likewise gives 
I{j 

dln­
,1](11 

dl' BT 

on: differentiation with respect to 'P, but this equatioll in itself could 
not convey any special meaning to us. In vil'tne of (12) it could be 
concillded th at \vhen ](1) Kil, also (Ju must be > QI, an'd Ihis 
gave l'ise to the conclusion under 3. 

5. In conclusion it ma,.v be pointed out th at when it ShOllid 
appeal' . that the difference C/--C/l may Ilot be neglected Bie above 
given considet'ation wil! lead us to the knowledge of this diffel'ellce, 
so that at any rate a study in this direction will lead us to a ueepel' 
insight in tllÎs so important phenomenon. 

:Amste1,dam, 17 October, 

An01:q, 61ze1n. Labo7'atol'y of tlze 
University 0/ Amste1'é!am. 
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tChemistr,y. - ';112-, Imono-·and divatiant equilibria." -XI. By Prof.- F. 
A. H. SCHREINEl\IAKERS. 

(Communicated in the meeting of Ocloher 28, 1916). 

18. Binal'y systems with two ind(f/'erent plwses. 
Aftel' the general considerations [Oommunication X] about systems 

with two indifferent phases, we shall apply them now to binal'y 
systems. 

When in the invat'iant point of a binal'y system OCClU'S the equili­
brium: PI + 1'1 + Fa + F4' then only one type of P, T-diagnltll 
exists; we find it in fig'. 2 (I). 

'Vhen in a binal'J sy~tem, however two indifferent phases occur 
and, therefol'e, also two singular phases, tIJen two types of P, ~I'­
diagram exist [figs. 1 and 2].:We may deduce them in different ways. 

When in the concentt'ation-diagram of fig. 2 (I) Pa and 114 are the 
indifferent phases, then PI and F 2 are the singular olies; 'FI and F 2 

have then the same composition, so th at the points FI and F 2 coin­
cide [fig. 1 J. Then we have the singlliar equilibria: 

(11) = FI + F 2 [Curve CM) in fig'. 1J 
(Fa) = FI + 112 + F 4 [Ourve (3) in fig. 1 J 
(F4) = FI + F 2 + Fa [Ourve (4) in fig, 1J 

nnd fUl'ther the e,quilibria: 

(FJ = F 2-+.-Fa +,F4 [Om'\'e (1) in 'tig. 1J 
C1:(2) = FI + Fa + F 4 [Curve (2) in fig. :1 J, 

We may' deduce the type, of P, T-diagram ,from' fig. 2 (1). As (3) 
and (4) are the singular curves, they must, therefore, coincide. It 
follows from our pl'evious considerations that this coincidence may 
take pluce in fig. 2 (I) only in such a way that curve (3) coincides 
with the prolongation of (4) and therefore a1so C'urve (4) with the 
pl'olongation of (3). Then we obtain u type of P, T-diagram, as in 
fig. 1, in wbieb C'lll've (ill) is bidirectionable. Tbis diagram contains 
two' buudl(3s lof curves; the one bundie consists ' of I the, C'llrves (1), 
(4) and (2), the other ouJy of curve (3). Curve (i11) is a middleClll'\'e 
of Jhe (M)-bundle. 

We are able to find the bivariant regions in, th is P, l~diagl'am iu 
tlle same way as in other diagrams . Between the CUl'\'es (1)· alld 
(4) is situated the l'egion (14) = 23, betnreen the curves (1) and (2) 
we find the region (12) = 34, etc. 111l fig. 1 Lhose, regions are indi­
cated; they are the same, as in fig. 2 (I), with this ditference, how-



- 719 -

p 

714 

ever, that the l'egion 12 from fig. 2 (I) is missing in fig. 1 and is 
replaced by thE' singular curve (LV) = F1 + 112 , 

We have seen in the previons comml1nication that each reg-ion 
which extends over the stabIe Ol' mefastable part of a smgulal' CUl've, 
contains the two indifferent phases. In fig. 1 the l'egIOIl 34 èxtends 
over the singular curves; and thel'efOl'è it contains the two indifferent 
phases Fa and F 4 • 

14 
I 

f2,J 

(I) 

(M) 
IIt} 

T 

p 

/'1., 
21t 

13 
jJ.j 

4 ·B • • 
1" { 

If .B A •• ----• .-----~.~--~.~--. 
{ 1" 1" 

A ...--... --..... --.... - ... 
,r. 
I 

FIg. 1. FIg. 2. 

When in the concentl'ationdiagl'am of fig. 2 (I) FI and 11\ are 
the indifferent phases, th en F1 and Fa are the smglllal' phases, 
F 2 alld Fa have then the same composition, so that the points F J and 
Pa coincide [fig. 2]. Then we have the singular eqnihbria: 

(M) = F 2 + Fa [Curve CM) in fig. 2J 

(F]) = F 2 + Fa + F 4 [Curve (1) in tig. 2J 
I 

(F4) = Ft + F 2 + Fa [Curve (4) in fig. 2J 

and further the equilibria: 

(F2 ) = 111 + Fa + F 4 

(F)=F +F. +F (:1 1 2 4 

[Curve (2) 111 fig. 21 
[Curve (3) in fig. 2]. 

'When we wish to deduce the type of P, T-diagl'arn from fig. 2 (I) 
tIJen, as (1) and (4) are the singlliar curves, we have to lIet them 
coincide. Tben we obtain fig. 2. The three singular curves (11{), 
(1) anel (4) coincide now in the same direction ; the (Jlf)-clll1Ve is, 
therefol'e, monodil'ectionable. Consequemly t he P, T-diagram cOl1sists 
of three oneclU'vical bundIes. 
'In order ro linel the bintrittIlt regions, we have to beat' in mind 

that between the curves (1) and (3) the l'egiun (13) = 2'* is situttted, 

I / 

IM) 

T 
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between the curves (t) and (2) the l'eglOll (;1.2) = 34,; etc.; then we 
find the regioll'l indicated in fig. 2. Those regions are the same as 
in fig. 2 (I); only the region 23 from fig. 2 (I) is missing in fig. 2, 
It is replaced by the singular curve (M) = J?~ + Fa. 

In fig. 2 the l'eglOn 14 extends itself over the metastable pads 
of Lhe singlliar cnrves (jJ;f), (L) and (4); mdeed this reg ion contams 
the two indifferent phases Fl and F 4 • 

Now we have let the phases li\ and Fz coincide nnd also Pa and 
Ps in the concentration-diagra.m of fig. 2 (I), we might as weIl have 
made F3 alld F 4 coincide. Thèn we obtain however a same type of 
P, T-diagram as m fig. 1. Consequently only two different types of 
P, T-chagram may occur; they are repl'esented in figs. :1 and 2. 

We are able to dedllce tbe rypes of P,T-dIagram also m tlle 
followll1g way. In comm1ll1lcation X we have viz. seen that we 
may distingllish t11ree mam types, VIZ. I, HA and lIB. 

In main type I cnrve (kJ) is monodirectionable; the P, T-diagram 
of a binary system has then the same appearauce as that of a 
unary system. Therefore, it· conslsts, as Il1 tig. 2, of three one­
cllrviral bllndles; one of these curves represents then the three 
smgular curves. [In fig. 2 they are the curves (11f), (1) and (4).J 

In main type HA curve (M) is bidirectionable and a middle curve 
of the (Ll.1)-bnndlc [fig. 3 (X)J, we obtam then for a ternary system 
ct type of P,T-dragram as in fig. :1. 

In main type HE curve (J11) is bidirectlOnable and a sirle-curve 
of the (JVl)-bundle [fig. 4 (X)]. As in tlns type, besides the (M)-cul've, 
still ti ve curves at least have to oceul', in binary systems a p, T­
diagram of th is type cannot exist. 

We ean also find the types of P,T-diagram wIth the aid of the 
reactlOns, which may occnr between the phases of the invariant 
point. 

In order to find the type of P, ~T-diagl'am, which belongs to the 
coneentration-diagram of fig. 1, we consider the reactions, whieb 
may occur between the phases and the partition of the curves, resulting 
from those. 

We see that tbis partition of tbe eur\ es is in accordance with 
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fig. 1. It is evident that we can also find easily the type of P, T­
diagram with the aid of Ihis partition of the cnrves. 

We find from the coucentl'ation-diagl'am of fig. 2 

F2~Fa 
(F'2) I CM) I (F3) 

~+~~~ ~~+~~~-
(FI) (F4 ) I (F2) I (F3) (PI) (F4 ) I (Fa) I (F2)· 

Hence we find a type of P, T-diagram as 111 fig. 2. 

We are also able io e1educe the types of P,T·diagram with the 
aid of the series of sign&. In order' to find the sel ies of signs, we 
have I to lmow two reaetions, each between the four phases- of the 
invariant point. We call easily deduce those I reaetion's ti'om the 
concentration-diagrams of figs. 1 and 2; fot' the concentl'ation-diagram 
of fig. 1 we finel then series of signs 1, fol' that of fig. 2 dlt' senes 
of signs 2. 

Series of SigllS 1 (fig. 1) 
FI F3 F 4 F 2 

+/-/+/+ 
o I + + 

. - 0 0 + 
- + 0 

Sel'iéS of signs 2 (fig. 2) 
F 2 FI F 4 Fa 
+/-/-/+ 
o 
- 0 0 
- + .+ 

+ 
+ o 

In series of signs 1 Fa alld F4' in series of signs 2 FI anel F4 

are the indifferent phases; they have opposlte signs in series of 
signs 1 anel they have the same sign in series of slgns 2. The 
positions of the cm'vei:> with respect to one anothel' as m tbe 
figs. 1 anel 2 follow immediately from those series of signs. 

It is apparent ft'om the previous considerations that two types of 
P, T-diagram [tigs. 1 and 21 may OCCUl' in binary systems with two 
indifferent phases. Those types are in accordance with the rules 
whieh we I have deduced in the general considerations L Communica­
ti on XJ. We found amongst others: 

1. The two mdifferent phases have the same sign or in oiller 
words: -the singular equilibrium (1Il) is transformabie into the in­
variant eqnilibrium (.L1l) and reversally. Curve (111) is monodirection­
able; th~ three sÏrJg ular curves coincide in Ihe same dlrection. 
l fig. 1 eX)]. 

2. The two indiffel'ent phases have opposite sign or in other 
words: the singular eqnilibrium (.L11) is not transformabie. Curve 
(M) is bidirectionable, the two othel' singlllal' curves coincide in 
opposite directioll [fig. 2 (X)j. 

, I 
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In order to examine whetbel' ihe two indiffel'ent phases Fa and 
R4 in fig. 1 bave the same sign Ol' not, we take e.g. the J'eaction: 

FI + F 4 ;: Fa or PI - Fa + F 4 = O. 
Hence it appear& that .F1 anel F 4 have opposite signs so that th'e 

singulal' eqllllIbl'illm (Lll) = F, +.F2 is not transformabie. l\Ioreovel' 
the Jatter appeat'S also at once fl'om fig. 1; it appears viz. from the 
position of tlle points F 1 ,F2 ,l?a, and F 4 with respect to one another, 
that a cQmplex of the phases F 1 and F 2 can never be converted 
into the ll1variant eqmlibrium Fl + l?2 + Fa + ft~, 

In ac~orc1ance with ruJe 2 curve (Jf j must be therefore bidirect­
lOnable and the two othel' singuJar CUl'ves [(3) and (4)J have to coinciele 
in oppositp, direction. We see that this is in accordance with fig, 1. 

In the same way it appears that the indiffel'en t phases FI and 
F 4 from fig. 2 have the same sign anel that the singular equilibrium 
(;Jif) = l?2 + Fa is tran&formable. In accordance with l'ule 1 curve 
(JU) must then be monodirectionable and the three &ingular curves 
have to coincide in the same direction, This is in accordance with 
fig', 2. 

Now we shal1 contemplate more in detail some P,T-chagrams. 
'Ve take a binary systcm: water + a saIt 8, of which we may 
assume that 8 is not volatile; conseqnently the gasphase G consists 
of water-vapoUl' only. When no hydrates of the salt 8 occur, then 
we finel in the cryohydratic point the invariant equilibrium: 

I lee + G + L + S, 
in which L is the solution saturated with ice + 8. As the water­
VapOll!' G and the ice 1 [fig. 4] have the same composition, G alld 
lee are the singlllar phases, L anel 8 the indifferent ones. Con­
s~quently we have the singular equilibria: 

(M) = lee + G [curve (JI) in fig. 4]. 
(L) = Jee + G + 8 [curve (L) in fig'. 4). 
(~) = Iee + G + L [cl1l've (S) Ol' qt fig. 4 and qt fig. 3 J 

and flll'ther the equilibria: 
(Iee) = G + L + 8 [curve (1) or qa fig. 4: and qa fig. 31 
CO) =Iee+L+S [curve (0) fig. 4]. 

In fig,3 a concentmtion-temperaturediagram of this binary bystell1 
is elrawn; lF and S l'epl'esent the two components, q is the cryohy­
dratic SOllltioll L. The curves qt and qa go towal'd& highet' tempe­
l'utu{'es sturtillg from q; qt is the ice-curve, it represents the solutions 
of tile equilibrium (8) = fee + G + L; qa represents the soilltions, 
satUl'uted with the salt S, \'iz. the soluiions~ of the equilibrinm 
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([ce) = G + L + S. Cnrve qt terminates in the point t: ihe melting­
p8int of iee nnder its OWll vapolll'-preSSlll'e, consequent]}' tbe triple­
p::lÎnt: water + vapotll' + iee. Ourve qct tel'minates in the melting­
p8int (( of the salt S. 

(S) 

:I ··-.... ·-----.. ·S 
w ,;l " s f .t. 

Fig. 3. Fig. 4. 
u 

We find ill fig. 4, besides the P, T-diagram, also the concentra.tion­
diageam; as iee and watervapoll1' ha\re the same composition,- iJl 
this the points 1 a.nd a coincide. 

We find iu fig. 4 besides the curves (M), (L), (S), (l) and (G) 
also the t1'Ïplepoint t of tbe water. Thl'ee curves start from this 
triplepoint; ÜJ is the evaporationenrve (equWbl'inlTI: water + vapoUl'); 
ts is tlle meltingcurve of the ice (equilibrium: iee + water); tq is 
tile '3nblimationclll've of the iee (eqnilIbrium: iee + vapour). This 
subJimatiol)cUl've tq of the ice is, therefore, at the same time the 
singular curve (.111) = 1 ce + G of the binary systtlnl. 

This (M)-curve is bidireetionable, for the inyariant point q of, 
course cannot be a terminating-point ot: this curve; at the onc side 
of the point q it coineides with tbe singnlar cu~ve (8)=Iee+G+L, 
at the othel' side of the point q with 1he singulal' curve (L) = lee + 
+G+8. 

The reaction Jee + 8;: L may occur between the phases of 
curve (G) = lee + 8 + L; consequently CU1've (G) is the eommon 
melting-cul'VE' of ice and salt S. In genentl it proceeds upwards 
starting from Ihe point q fairly parallel to the P-axi&. When at the 
l'eaction lee + S ~ L the volume incl'eases; then it goes starting 
from q to,~ard& higher tempel'atUl'es; when the volume decreases, 
it goes towards lowet' ternperatures. In tig. 4 we have assumed that 
it proceeds, jl1st -as the melting-line ts of the iee, stal,ting from q 
towards lowel' temperatures, - \ 

It follows f'rom fig. 3 that in fig. 4 CUL've qa must be situa.ied 

r 
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below qt. For this we draw a horizontal line ,'I] !I Z zt in fig. ?; we 
assume that all the points of tbis lino l'epreSenL liquids. (Those liquids 
are tIJen partiJ' stabie, partly metastable). In the point dJ this liquid 
is water: while the percentage of salt mcreases starting from lIJ 

(owal'ds 1~. Consequently the vapOllrpressure decreases along this line 
starting from (lJ toward5 u. 

The horizontal line ,vyzu is represented in fig. 4 by the vertical 
line lVyzU', 'as the vapourpressure in the poin t u is practically zero, 
ihis point has not been drawn in fig. 4:; it is 5ituated in the imme­
'diate vicinity of the l'-::txis. The point (lJ is situated on the metastable 
part of curve tv, point y ou curve (qt) = (S) and point z on curve 
qa = (1). Hence it is apparent that curve qa must be situated, 
therefore, below qt. 

As the concentration-diagram of fig. 4 is tbe same as that of fig. 1, 
the P,l'-diagram of fig. 4 must belong also to the same type as 
that of fig'. 1. We see thM tbis is the ca5e; both P,l'-diagrams 
[fig. 1 and 4] consist viz. of a thl'eecul'vical l and a onecurvical 
bundie ; in both diagrams curve ~1I{) is also a middle-eul've of the 
(M )-bundle. 

J nst as the P,l'-diagram of fig. 1 the reader m::ty deduce ::tlso 
thaL of fig. '* iu different ways; just as in fig. 1 we are able to 
draw the bivariant regions also in fig. 4. As tblS tigure wonld be then 
overfilled \vith letters, 1 give in (1) a symbolieal repl'esent::ttioll. 
[Compare communication IV], The reader may indlCate them in ::t 
P,T-diagl'am, which is drawn Oll" a larger scale. 

Stab. (G) (S)(M) 

}!.Ietast. J 

Ice+L G+ L 

S+L--S+L 

(L)' 

(l) (L)(JJt{) (G) 
G+S lce+S 

(1) 

I I 
(G) (S) (1) 

When in the binal'J ~ystem: water + salt S occUJ'S a hydmte H, 
then the eqnilibrinm : 

Jee + G+ L + H 
may oecur in the cl'yohydratic point q, 'iVhen tllis point Hi" sitnated 
as iJl fig. 3, in whirh qb l'epl'esents the solutions, whieh ::tl'e saturated 
with Hunder theÏl' own vapourpl'esóure, then tlle P, .T-diagram is 

) 

(he same as in fig. 4; in this we have onlJ: to l'eplace (S) lIy (H) 
and rr by b. Curve qb in fig. 4 obtains then in i1s flll'thel' pl'oceec1ing 
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fi'l'st à point of maximnmpressure nnd afterwal'ds n point of maxi­
mum. temperatul'E'. 

The hydrate H howevet· IlUty' be situated aIso as in fig. 5; Cl1l'\ e 
aqmb of ihis figl1l'e repl'esents the solutions; snLnrated with>H'under 
theit, own vaponrpt'essnl'e; tile Sohliions~ofthe dotted ipart bmq are then 
metastable. Now we have the following singllJar eqnilibria: 

(:Llf) = Jee + G [Ourve (jV) fig: tiJ 
, (L) = [ce + G + H [Ourve CL) tig. 6J 

(H) = [ce + G + L [Onrve eH) or qt in fig. 6 and qt in fig. 5J 

T 

na, ,.-. " I \. 

f " \ "U ( , J. ..J.~ -----X > .... -.- .J 

'y.r .' 1% " 
I I I \ a,. 

- IJ' 
'Ir P I 

I! 

~!- -
I 

~~.-t .. -. ~y 

j-
• jr 

Fig. 5. 

-- --

• • 
H L 

Fig. G. 
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anel flll'ther' {he eqnilil1l'ia 

(Jee) = G + L + H [ClIrve (J) Ol' qa fig. Band qa fig. 5J 
(G) = lee + L + H [Ollrve (G) fig. BJ 

Besides the CIll'\'es (J.l!), (L), (H), (1) alld G we find in fig. B 
also fhe fl'lplepoint t of the water, ts: the melting-cul'\'e of the iee 
anel tv the evaporatlOn(llll'\'e of the water. 

It appeal's fl'ol11 a eomparison of the fig&. ± and 6 Ihat eune 
(S) = qt fl'om fig. 4 ib l'eplaced in fig. B by cune (B) = qt. Ourve 
(I) = qll, whieh represents the €'quilibl'ium G + L + H, pl'oeeeds 
in fig 4 from q towards highel' Tand P, m fig. 6 this cnne 
pl'oceeds, bowe\'e1', starting ft'om q towal'ds 10wer Tand P. The 
metastable part qmb of this ClH've bas its point of maxtnll1m tempe­
l'atnl'e in the vicinity of the point 1n [figs. 5 and 6J. 

Wlten we draw 111 fig. 5 the borlzolltal lille ,1J,ljzu anel in fig. 6 
~ the yertical lme ,'I.'.lIZU correspondil1g wiul thi~ ihen we see that t!Je 

different curves must be sitnated with respect 10 one anolhei', as is 
cltmvn in fig. 6. ' 

As the concentrationdlagl'îl.ln of fig. B is the same as that of fig. 1, 
the P, T .. dlagram of fig. B must thel'efore, belong to the same IJ pe 
as t!Jat of tig. 1. We see that this is l'eally the ('ase. 

Now ,ve take the binary sJstem : water + salt S, of whieh S 
occnrs in two modifications 8" and S/3.,!n fig. ,,,7 q is the Soilltion, 
saturated with the two ll1odifieatiolls lIndel' ils own vapoUl'jJl'essl1l'e. 
Consequently we have the eqUIlIbrium: 

G+L+S,,+S,> 
Omve (qp) [fig. 7J l'epreseuts the solutions of the equilibrium 

G + L + S/3; it tel'minates in tbe meltingpoint rJ of' the modifi('ation 
S"~, Ourve dg repl'esenls lhe solutiol1'3 of tlle eqllIlibrlUm G+L+S", 
the melastable prolongalion qa of Ihis CUI'V€' terminales in the mela­
stabie meltingpoil1t (I of' the modification S~. 

Ourve qo l'epl'eseJlts Ihe soltllions of' the eqllIlibl'illll1 S«+Sr-+L; 
wllh Ihis we ha\'e assumed th at thit, el1l've pl'oceed& startll1g from 
q lowal'ds higher telllperatllres. 

We have Ihe singnlal' equilibria: 

(ivf) = S" + Sp [Ol1rve (M) fig. 8J 
[OUl've (L) fig. 8J (L) =S,,+ St> + G 

(G) = Sr, + Sp + L 

and furlhel' thc eqllilibrla: 

[UIll've (Gl or qo fig. 8 and qo fig. 7J 

46 
Pl'oceedings Royal Acad Amsterdam. Vol. XIX. 
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(S,,) = G + t + I~g [Curve (S,,) Ol' q,i fig. 8 and qfJ fig. -7J 

(1"'3) = G + L + S" L Cmve (Sf') Ol' qd tig. 8 and gd fig. 7J ~ 

When S" and Sig ar'e nOL volatile, then G eonsists of watel'vaponr 
only. lf they al'e volatile, then (j contains also S. 'fhe more -
S is contaiJled iJl 0, tbe more the poïÎÎt G shifts towards the right 
in the concentl'ation-diagram of fig. 8. As long as the foUt' pha5es 
with respect to one anotbel' al:e situated, howe\'el', as in fig. R, the 
P,T-diag'ramtype remains the same. 

As it appeal's ft'om tbe change in \'olume at the l'eactioll 1:j",,;;!SI3 

which is genel'ally smalI, the (M)-clll've p.'oceeds genel'al fail'ly 
pal'allel to the P-axis; it termÏllates towards lower pressl1l'es in tbe 

(/"IJ) J", 
• • • 

W ol -t~ j- L Jj3 

1,'ig. 7. Fig. 8. 

tl'iplepoint. S", + SI3 + vapoUl' 8. It lI1ay pl'oceed from th is tJ-iple­
point as, well towards higher as towards 10we1' tempel'atnres; in 
figs. 7 alid 8 wc have assumed that it goes towards higher 1'. 

The position of Ihe curves q,J and qd with respect Lo one anothei· 
in fig. 8 follows ft'om fig. 7; for th is we have to draw a hOl'izontal 
line, w bieh intel'sects the stabIe part of the one and t he metastable 
part of the otller Clll've. 

As tbe concentration-diagrams of figs. 1 and 8 belong to the same 
type, this must also be the case with the P,T-diagl'ams of both 
figul'es, We see that th is is l'eally the case. 

Now we shall discuss a binat·y system, in whi('h OCCUl'S a P, T­
diagram of the type of fig. 2, Fpl' this we take the system: water 
+ saIt S, in which a hydmte H OCClll'S in the two modifieations 
HO' and B I3 [fig. 9 J. 

WheJl we repl'ebent the solulions of thc equihbl'illlll G + L + H" 
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in a concenfl'tl.tion-temperatnre-diagram, then we obtain a curve 
dqaqlc [fig'. 9J, wbich has its maximum of tempel'atul'e in the vicinity 
of the point Lt. The curve, which repl'esel1ts the solutions of the 
equilibrium G + L + B(3, is l'epresented by tcq[jq1z (fig. 9); it lias 
its point of maximum temperatlll'e in the vicinity of the point {J. 

Tbe curves intel'sert one another in q anel ql (tig. 9); in thit, we 
bave assnmed 1~ > X/l' The dotted par Is of the curves l'epresent 
mefastable conditions. 

Now we luwe two inval'Îant eqnihbria, viz. 

in the point q 
in the point q 1 

G + L q + H(/ + Rf' 
G + L(!I+ H(/ + H,3 

In tig. 9 the solutions of the eqnilibria G + L + H(/ and 
G + i + Ht, are reprf'sented by dqaqJc and ,vq[jqlz; in the P,T­
diagram' of fig. 10 those equilibria al'e I'epl'esented by the same 
Cl1l'ves. As we have assumed in fig. 9 XI::> Tgl , tbic; mnst also be 
the case in fig. 10. 

The posilion of those cUl'ves in tig. 10 with respert to one anothel' 
follows ti'om fig. 9. On the horizon tal !ine dxzc viz. the vapol/r­
tension of Lhe liquids eleCl'eLlSeS stal'ting fl'om cl towards c; in the , 
P, T-dlagram the points d,tt"z anel c must be sitnated, thel'efore, 
with respect to one a,notlJel', as in lig. 10. When we draw in tig. 9 
also other hOl'izontal 1ines, then we see th at the position of the 
cl1l'\'es -dac ~wd a',h in fig. 10 is in accordance wilh that in fig. 9. 

In the point q we have the singulal' equilibria: 

(J.l{) = H(/ + B,3 [Ourve (M) fig, 10J 
(L) = H(/ + Ha + G [Ourve lL) = qql tig. 10J 
(0) = Hf/. + ~,+ L [Cmve (G) = qo = qOl fig'. 10 

and OUI'\'e qo fig. 9J 
and fUl'thel' the equilibria, all'eady discl1ssed: 

(H,;.) :::=; G + L + Hl' [Oul'\'e qfJ tigs. ~ and 10 J 

,Hf') = G + L + H(/ [Ollrve qd figs. 9 alld 10]. 

lil disÜnctiOl\ of the eqnilibt'ia ocr~m'ing in g, we gh e to the 
equilibria OCCUl'l'iJlg' in ql the index 1. Then Wf' have in the point 
ql the singnlal' equilibria: 

(M)1 = H",.+ Hl' 
(L)l = Hf/. + B" + G 
(G)l = R(/ + HI3 + L 

[OUl've (M) fig. 10J 

[Oune (L)l = qlg lig'. 10J 
[OllJ'VC (G)l = qlOI = Qlo fig. 10 

and Ourve g101 fig. ~J 

Hm! flll,ther the eql1llibria, ali'cady discusscd: 
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(H")l = G + L + Hl' [Curve qJl figb. 9 and 10 J 
(~.)\ = G + L + HO' [UUI've q\G figs. !} anel 10 J. 

Lel us imaginr lhe singnlm' equilibrinm CM) = CM)\ = HO' + Hp 
in the point q. It appears from fig. 9 that a complex HO' + -Hp can 
not be cOlJvel'ted info the inva)'iant equilibl:inm of the ï)oinf q viz. 
info G + Lq + HO'. + Bil' [We assmue that the gas G consisfs of 
watel'vapoUl' only, so that point G coincides with TV J. Tüe sÏlJgu]ar 
eqnilibrium CM) = (111)1 is, therefore, not transformabie info the 
in ml'iant equilibri nIll q; Curve (111) is consequen tIy bicIJl'ectioll€l bIe 
anel does not fel'minate, thel'efol'e, in the pOlllt q, but it goes thl'ongh 
that poin t. 

Let us now imagine the singular equilibrium (111) = (M)l in Ihe 
point q\. It appears frOl11 fig. 9 that a comple1.. HO' + Hl. may be-

, 

-"V ( M) 

T o 0, 
1 

{IJ (~/) 

d \ ,,::: .'"( ~.~ ::x. 1/ -

I 

\ 

,. 
e. 

~~ S 
Fig. 9. Fig. ] O. 

convel'tecl into the invariant eqnilibl'inm of the point q1 VIZ. ilJto 
G + Lilt + HO' + H3' The singular equilibrium (J.lf) = (M)!> is, 
therefol'e, tmnsformable inlo the ilJvariant equilIbrium q\; con se­
Cjllently curve (M) is monodirectionable and tel'minates in the 
point q\. The (.M)-cun e is repl'esented, thel'efc)]'e, in fig. 10 by 
curve q\qo = q\qol' 

Further fhe singnlal' eq uilibl'ia 

rL)1 = HO' + H.3 + G allel (G)l = H" + Hp + L 
start ft'om the point q1; as the (J1f)-cUl've IS monodil'ectionable in 
qu the LhL'ee bingnlal' Clll'ves (111), (L)l and (G)1 coincide in the 
same diredion. The curves l L)l anel (G)1 go, theret'ol'e, also, stal'ting 
1')'om q\ ill the direclion low[1l'ds q. 

~ 

I 
I 
I 
I 

t 

/3 
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As the equilibrium (L)I -= H" + H,3 + G may be convel'ted in 
the point q into the in\'ariant equilibrium 9. viz. inlo G + L" + H" + Hp 
curve (L)I terminates II1 the point q. Com,equently rUl'\'e (L)] is 
l'epresented in fig. 10 by Cllrve 9.lq. 

The eqllilibl'illll1- (O)l = H" + Hl + L may not be converted in 
the point q into tbe invaI'iant equilibrium q = G + L" + H" + B,l; 

curve (G)I does not terminate, thel'efol'e, in the point 9., but it pro­
ceeds fllrther. Tt is I'epl'esenteel in tlg. 10 by Clll'\'e 9.1 q ° = {/J 9.°1' 
W"hen we repre&ent the solutions of the equilibrinm (G\ = H,,+ H,3+ L 
in fig. 9, then we get a C1ll've as 9.1°1' 

The singnlar equilibria . 
rL; = H" + H3 + G anel (G) = H" + H,3 + L 

&tart from the point q. As the (M)-cnl've is bidirectionable in q, 
the singulat' Clll'VeS (L) anel (G) go in opposüe dil'ection. Conse­
quentl)' Cllrve (L) goes starting from q lowal'c1s Jowel' presslll'es anel 
it te1'l11inates in fJ.I' Cmve (G) goes starting from q towards higher 
pressnl'es, it is l'epl'esented in fig. 10 by Q ° =- q 0l' The Rollltions of 
the eqnilibrillLU (fi-) = H" + Hl + L are )'epl'esented in fig. 9 by 
Cllrve q 0. 

Let us now consider tiJe P, T-diagram in the 'irinity of the point 
q. In this point the eqllilibl'ium: G + L'J + H(/. + B3 OCCI1l'S, it 
appeat's from the posiÜon of those phases with respect fo olle ano­
ther in fig. 9 that the P, T .. diagl'am mnst belong to the type of fig. 1, 
We see that this is really the case. 

In the point 9.1 the equilibrium G + L'Ij + H(/. + Hl occurs. In 
accol'claric.e with {he position of those phases wil h respect to Ol1e 
anothel' in fig. 9, it is apparellt that the P, T-diagram belongs to 
the type of fig. 2 in the vicinity of lhe point 9.1 in fig. 10. 

The CUl'ves qo=(G)= H,,+ Hf3 + Land CJ.IOl = (G)l=H"+R;'3+L 
aL'e no sepm'ale CUl'ves in fig. 9, but pat'ts of one single CUl'\ e 
9.°1'°19.1; Ihis Clll'Ve !tas a point of ma'{imum- Ol' of mÎlliml1m-tem­
pel'ature in its point of interseetion l' with tbe \ine al=! (viz.= with 
the pl'olougation of this line). In fig. 9 we ha\'e assumed that· 'T 
is a maximum. In tbis point l' the equilibrium: H" + Hf' +':L"f 
ÖeClll'S, in whicb L(/..,s represents a lillnicl of the composition H,,- '- Hp:: 

In fig. 10 the point l' ha,s not been dl'awn, of COt1l'se it is sittiated" 
sómew here 011 that part of the (.JV)-cUl've, w hiel! ascends stal'ti~'g 
fl'om the point q, fol' we bave assumed in fig'. 9 1~ > 1:" This 
point l' is the stable tel'minatillg-point of the curves' 9.0 'and qlOI 

and, as we shall see furthel', the common poillt of intel'section of 
tlu'ee CUl'ves viz. of the (ilf)-cUl've, ot' the ll1elting~'line ot· R; and 
of the rnelting-line of Hp' '- ') 

,I 
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In the point l' viz. the equilibrium: H" + B ,9 + L", s OCCUl"S; as 
the melting-line of H" represents the equilibrium H~ + L",.(3, l' is, 
therefore, also a point of this melting-line. In tbe same way it 
appeàrs that l' is also a point of the melting-line of 8(3' 

The melting-line of H~ is represented in fig. 10 by aa, that of 
H.3 by {1b. The three curves aa, /3b ani (11/), tllerefore must go in 
tig. 10 through a same point 1'. 

In the ded~lction of fig. 10 we have assnmed that tbe gas-pháse 
G consists of watel'vapour only; now we shalI bl'iepy c1iscnss the 
ease Ihat the compollnds Hg and H" are also ,'olatile. 

Then G contains, besides tbe watervapOlll', still the sllbstance S. 
When we l'epresent in tig. 9 the compositions of the gas-phases 

which ·may be in equilibrium with the liquids of curve d[ic, then 
a curve d'a'c' arises, whieh is not dmwn in fig. 9. This curve is~ 
tbe VapOlll'CUrVe belonging to dac. Also a vapoul'rlll've m' p' z' wbich 
is not dl'awn beloJlgs to CUl've <1'pz. Now we assume fil'stly th at the 
vapours, which are in eqnHibl'ium with the liquids, contain less of 
the substance S than the liquids. Branch d' (/ is then sit uated i~ 
fig. 9 mOI'e towarcls ~the left than da, branch c' a.' Inore than ca, 
branch tV'{~' more than .v{1 and branch z'll' more than z{1. 

The two \'apol1l'cul'ves d'a' c' and .1"/)' z' lntersect one another in 
fig. 9 in 9 alld 91; the Yaponr 9 is in equilibrium with the liquid q; 
the vapoUl" 9 j with. the liquid q I' The poillt ,q is al w~ys situated at 
tbe left of the line (/[:1, the point 91 may be situatep also, 
however, just as e, g. 92 at the rigbt of the line all, We, first 
consider the case tbat the vapour. wbich is in equilibrium with the 
liquid qll is represented by fit. 

Ln the same way as we have deduced above fig. 10, we NOW 

find that the P, 1~diagram keeps the form of fig. 10. ' 
The vapolll's of the equilibrium (L) = H" + H3 + G and of(L\ 

= H", + H. + Gare repl'esented in fig. 9 by curve _991' The equi­
librium [{" + H,. + G bas a point of maximum- Ol' of minimum­
temperature, wh en the vapoUl' G has the composition H2 = !H(3. 
When we produce in fig. 9 CUl'\'e 9,Qj nntil it meets in 1'1 Ihe liIle 
a{11 (hen the tangent in 1\ is bOl'izontaJ. Oonsequentl)' in 1'1 tbe 
equilibrium H", + Hrx. + Gd occurs, iu whicb G".[3 repl'esents a VapOlll' 
of the composition Hv = H(3. 

In fig. jO Ihis point 1\ is sitnated somewhere on tbe metastable 
part of the (11fJ-cul've, viz. on the pal'!, descending stal'ting ,from 
the point ql' This point 1\ is the metastable tel'minating-point of 
the cm'ves CL) and (L)I ; at the same time it is, as we easily see, 
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a common point of intel'section of thl'ee curves viz. of the (2JtJ)-cUl've, 
of the sublimatiolFCl1l"Ve of H" and of that of 9;3. It appears from 
the position of the vapoUl'cUl'ves d' ((I Cl and Xl fl-I Zl with l'espect to 
tbe !ine l/{1 in fig'. 9, that the points in which the sl1blimation-curves 
come in contact with the curves dac and ,'C:~z in fig. 10, al'e 
situated at the left of CJl' 

As long as the vaponr, which is in equilibrium with the liquid 
CJt is represented in fig, 9 by a point f;/I at the left of the Jine a{/, 
the P, T-diagram keeps a form as in fig, 10, The P, 7~diagram 
changes, howevel', when the vapou!' is l'epresented bJ' a point g. at 
the l'ight of tbe line a,~, The singulal' equilibriuIll (M) = &. + H;3 
is then viz. no more tl'ansfOI'rnable into tbe inval'iant equilibrium 

CJl = H" + Hj3 + Gy! + LIJ!' Cur\'e (M) is then bidirectionable not 
only in poÏllt q but al&o in CJl (fig. 10); conseque11tly it proceecls 
now also in stabie conditioll below the point (jl' Curve (G\ = H,,+ 
+ ~3 + L continues to he represented in fig. 10 by q10l; CUl've 
(L\ no more goes now, howevel', starting from CJl upwards, but 
down wards. 

The vapoUl's of the equilibria (L) = H" + H/3 + G and (L)I = 
= 1L + H,3 + Gare represented in fig. 9 by curve g1'2g., whirh 
has in r. a rninimum-temperature. In fig. 10 this point ]'2 is sitllated 
sornewhel'e on the (M)-clll've below the point CJl' This point 1'2 is tbe 
stabie terminatingpoint of the curves (L) and (L)l' [Now curve (L\ 
viz. as has all'eady been said above ascends 110 11lol'e stal'ting from CJl but 
it del:icends 1- Point 1'2 is also now again the cornmon point of inter­
section of th ree cm'ves,- viz. of the (Jf)-clIl've, the su blimationcul've 
of Het. 'and that of Ho. The point in which the sublirnationcurve of 
B" comes in contact with curve él a c, is sltuated at the left of q!; 

the point in which the subhmation-cul've of Hp touches curve ,1) {J z, 
is sitnated, howevel', at the right of (jt' 

Now the reader may easily draw tlle challges in the figlll'es 9 
and 10, wben the vapolll's, which are in equilibrinm with tbe 
liquids, contain more of the substance S than the liquids. 

(To be rontinued.) 

Leiden, Inol'ganic Chem. I.Jab. 
v 
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Geology. - "Modifications of the facies in the Te1'tia1'Y FOJ'17lation 
of East Ktttei (Borneo)" by Dl'. L. RUTTEN, ·(Commllnicated by 
Prof. Dl'. A. WICHMANN.) 

(ColUmunicflted in the meeting of October 28, 1916). 

The coast tt'act of Kutei is fa!' iL 'width of IlJOl'e Ithall 100 km. 
occllpied by a folded chain of mountains, chiefly bnilt up by rocks of 
posteorene age. A'l fal' as it is hithel'to known eocene sll'ata OCCUl' 
only inti'eq nent1)" aml in a tectonir conneetion, which has !lot yet 
been sufficien tly explained. 

It is nol astonishing' tllat no detai!ecl stl'atigl'[Lpl~ic snbdivision 
tlw.t h01ds e\'8I'ywhcl'e without moclification can be gi\'en fo!' the 
tel,tial'j' &ll'ata building up this chain of 1l10lmlaUls pf a length of 
more tban 3000 km. A I'ough subdivisión of the Posleocene into_ 
thl'ee sectioIJs, which wiII be briefl)" descl'iued below, ran howe\'el' 
be made for tlle gl'eatel' part of thc regions. 

The oldest part of the posteocene deposits cOtlsists chiefly of gl'ey, 
concretiollary sltales. Beside& these pl'etty pure siliceplls sandslones 
OCCUl', which al'e - especially on the lowel' parts of the formation -
thin-Iaminated. The)' aften cOlltain 011 the planes of stl'atification fine 
scaIes of coal. Very accessoJ'ily 1imesrones are fOllnd. In the 10wel' 
pa.rL of Ihe fOl'mation they contain, besides slllall I~epidocyclinae, 
also large specimens of thi8 species, in the higher parls of the 
fOl'mation occu!' only &mall Lepidocyclinae. 'rhe pl'incipal chal'aètel'istic 
of the fOl'rnation is of a negati ve nat me: the great ~car'city Ol' t be 
absence of co aI searns. 

'fhis section, embracing the Oligocene and tbe greatel' part of tJle 
lVliocene, is known 111 SOllth Kutei to the west of the Balik Papan 
Bay. Tbe elltil'e Pamaluán gl'oup and the bottom pal't of the Pulu­
Balang grollp with an estimated thickness of npwal'ds of 1500 m. 
are 10 be cOllsidel'ed as belonging 10 this sec ti on 1). 

In the neighboul'hood of Samal'inda the coal-fl'ee sandslolles 
p.nd shales to the West of Batn Panggal, w hich are fl'ee fl'om coaI, 
be long to the oldest pad of the lVIiocene ~). 

In the sUl'l'oundings of Bontang alld Santan onJy a small pOI'tion, 
valned at about 250 m, has been bl'ought to the i:lul'face by tbe 
folding. 

To the soulh of the rivel' Sangatta we find at about 25 km. from 
the coast a deeply folded, domeshaped ullticlinal, in wltich more 

1) Tijdschl'. Kon Ned. Aardl'. Gcn. (2). 38. 1011, pp. 590 et seq. 
2) Jaal'b. van het Mijnwezen in Ned. Indië Techn. Adm. Geel. 1887. '"\ 
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than 1000 111. of the oldeL' coal-fl'ee tertia!'y fOl'mation c!'ops out, 
whiJst ilJ a still Iarg'er and deeper folded part between the rivel's 
Sangatta and Bungalan neal'ly 1500 m. of ihis formation is to be seen. 

111 the I'egion of the rivel' Sekurau, where we find mrewise a 
gl'eat dome-shaped anticlinal, auout 800 m. of tbe oldel', coal-fl'ee 
tertial'y formation have been bl'Ollght to the surface. 

The second section of the Posteocene, consists agai11 partly of 
hard, gl'ey, concrelional'y shale and of salldstones whkh, as a 1'n1e, 
are .less pUJ'e (han in the 10wer formation. Limestone, anel mal'l­
banln. orcu1' now and then: (hey contain almost alwars cOI'uls anel 
small Lepidocyclinae, Ohal'actel'istic of this f01'lllation are especiaIlr 
the -- most numel'OUS - 8tl'ata of black shining., scal)' breaking coal. 

Neal' Balik Pt\pan this secUon is l'epresented by the gl'eatel' part 
ot' the PuIn-Balallg gl'OUp anel the bottom part of the lVIentawil' 
g'l'OUp, logeIheI' mOl'e than 1300 m. thick. 

Neal' Samal·illda the coal-bearing ltlountains of BaLl! Panggal anel 
the infel'iol' pm't of the eoal fOl'mation of Tenggalnng Ajam to a 
thickness of nearly 13000 m. al'e to be considel'ed as belonging to 
tb is section. 

Near Bontang the sectioll ell1braces a complex of sh'ata mOl'e than 
1500 m. thick, neat' Bunga!t1l1 the fOl'mation is neal'ly 1000 m. thick, 
nea!' Selnu'au over 1000 11l. 

The youngest section of the tel'tial'Y formation in East Kniei con­
sists fot' the gl'catel' pa,rt of elars anel sands with Jlumerous seam& 
of coal and local intel'ealations of li.mestones anel marls. In contra­
distinctioll to the two former gl'OllpS the habitus of the rocks is 
howevel' mllrh yonngel'. 'rhe hard, !grey shales especially have been 
l'eplaeed by soft, gl'ey clays, often with impl'essio11s of leaves into 
ilte planes of bedding. Instead of' sanelston~s we usnally find loose 
sands, a/nt! the shining, seal)' lweaking black('oal of Ihe oleler gl'OUp 
changes towards thc top gradually into elead black and bl'o"vncoal, 
and at last even into peat)' coa\. The limestones anel lTIltl'hi al'e in 
by far the mosi cases fl'ee from Lepido<,yclinae allel lVliogypsinae, these 
fossi/s OC('111' on1)' in some places in tlle 10wel' pal'ts of t!Je fOl'lna­
tion. 'fhe thick.ness of tbis section - embl'acing the yOllngel' part 
of the iVIiocene anel the Pliocene - is ver}' impol'taJlt. 

Neal' Balik Papan - whel'e the gre,\te1' part of the lVIentawil' 
gl'Ollp alJd Ihe Pliocene belong to it - it is more than 2000 m. 
thicl\:, anel near Bontallg, Bungalun and Sekurau it bas about the 
sarpe thiclmess, 

'file posl·eoeene deposits bet ween Balik P,lpall allel Selwl'au have 
consequently a thickness of orel' 4500 111. The facies of these deposits 
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w hieh we shall ('all heneefonval'd the 1W1'J1UÛ facies of the T(l.ltei 
Tel'tiaJ'y f01'7nation, l'emains nearly nnchanged fl'om the bottom to 
the top: sandstones and shales prevail gl'eatly; eoal& ('an frequently 
oCCU!' among them; limestones and marIs, which can locally some­
times become very important, have always a Iittoral character, 

We give here a short scherne of the_stl'atigraphy developed above: 

lJ1iopliocene. Rands, loose sandstones, soft, grey shaIes, very seldom 
hard clays and even shales, coralligenous limestones and 
marIs, often with very fine fos~ils, coal from pealy bl'own 
to dead blaek, Lepidoeyelinae onl)' Iocally in the deeper 
parts of the formatioJl, 1VJ0l'e than 2000 m, 

Old-Miocene', Hard, gl'ey shales, Ioose fo hard sandstones· black, 
sealy breaking glance coal (aD Lhracite), cOl'al Iimestones and 
marls with small Lepidocyclinae, Thickness o\'er 1000 m, and 
llnder 2000 m. 

Olrlest lvIiocene and ? Oligocene, Hard, grey shales, mthel' pure, 
qnartz-sandstoues, which are thinplated in the lower parts of 
the formation, co al seams entil'ely or almo&t enti1'e1y absent, 
limestones aud marls at tlle top with small Lepidocyclinae, 
Thiekness abont 1500 m, 

Even wh en we stick to this scheme, thel'e remains already 
abundant room fOl' faC'ial modifications, which are often met with 
indeed. 

In rhe neighboUl'hood of Balik .Papau e, g. banks of limestones 
and marls are entil'ely or almost elltirely wanting' in the miopliocene, 
Near Bontang they are plentiful and not bound to a definite level, 
near Bungalun they are again J'2xe, To the West of the lowel' part 
of the river Sekurau littoral strata in the miopliocene are chiefly 
l'epl'esented by a thick complex of coral limestones in the centre of 
the fOl'l11ation. 

Ooal seams at'e flll'thet exceedingly l111mel'OUS in the miopliocene 
neM Batik Papan; near Bontang and Bllngalllll 1hey are Inueh !'arel', 
near Selnll'au again vet'y frequent. 

Whilst with these facies modifieations the genel'al character of 
the fOl'mation remains intact, we find to the East and the ,NortIl of 
the rivel' SekU!'au transitions of facies tbat lead us to qllite different 
types of deposits, Guicled by the annexed map, in which the prineipal 
geologieal stL'uctllre lines of this l'egion - the axes of the anti­
clinals - al'e indieated, we shall retraee these transitions of facies 
more particuIarlr. 

In ft profile throngh the Seknrau anticIina! dit'eetly to the West 

l 
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ot the rivel' Sekl1l'all (lowel' COtll'se) we find the tel'tiary fOt'luation 
still in the norm al Kutei development. 

.. . 
i 

In the neighbolll'hood of the antielinaL axis hard slJales and sand­
stOFtes oceu!' witbout coa!. Then foUow '-locally sepfbl'ated from these 
by a fa uit - the llol'mal rocks of the oid mioeene containing 
glance coa! (anthl'aeite) in whieh, as Iikewise in the nucleus strata 
of the anticlinal, some limestone banks al'e [bund, ln the bottom 
half of the miopliocene, we meet with the well-known soft, gTey 
elays, sands and inferior co al ; on the top of these the abo\'e men­
tioned t!tick coral limestones /ie, and the youngest part of the 
tertiary fOl'mation consists chiefly of clay, sand and gravel, iJl whicli 
only tl'aces of limestone and coal OCCUl" 

Only a few kilometers lO the East, in the Sungei 'Nal'Ut, we find 
all exceedingJy thick complex of white and grey coral limestones, 

I 
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alJd of gl'ey ,'el'.)' sandy cOI,.tl mads containing even sometimés­
gl'avel, towal'ds 1,he top thej' g'l:arlnally change into the clays, Sa11ctS 

and gl'ave~s, which constitule to lbe West of tlJe l'Ïvel' SelHll}loU the 
yOllngest part of tlle tet'tiary fOl'mation, Whel'eas the grollp of 
the calcal'eous rocks in the miop!ioeene westwal'd of the~ ri vel' 
SeklJl'an ha'3 only a thickness of a few Iltll1ch'ed metel'S - and still 
fat'ther in a western dil'ection quickly diminishes ill- tltickness - it 
ht~s become in the Sungei Na I'tlt , Lowul'ds {he Sekel'at Mountains, 
:1000 m. thick OL' mOt'e. Tl'aces of dead tJlaek coal between the 
cora1 sands anel marls in the Sg. Nal'ut and of tl'a~sitions befween 
gJance coal (ant!u'à<!ite) and dead black coal in tbe deepest denlldation­
of conti marIs in the Sg. lVIampang Ü1Jieato ihal we have bere to do 
with ft modification of facies at t"t short di::;tance, t.hal thê "yonngel' 
roalbeariug tel'tial'y formation with limebanks" 1,0 tbe weflj of t11e 
l'ivel' Selntt'au is l'eplaced by a system of salldy mads and- cöral 
Jimestones. constitnting a great pa!'t of the SekerM Monntains. 

A Lml1sition of facies of mnch infedm' interest in the old-miocene 
containing gJance coal lanthraeite), i aJ; es (llace in the neighbourhood 
of the SekUl'aLl anticline. Whet'eas iJl this fOl'mation coal strata are 
still l111mel'OnS in the southern part of the Sekuran anticJinal, tlleil' 
11lunber· I'apidly' climinishes, so that tlle ol del' mioeene in (he NOl'thel'l1 
pill't of the Seklll'all anticlinal, on the Semlllllu antic1inal and on the 
SOllth and NOl'th Sampaja.u antlrJinnl is vel')' pOOl' in coal seal.l1s. The 

·cotlsequence of this modifieation of facies is, that in these l'egi0118 
we can no longe!.' separate the "oldest coal-fl'ee posteocene" and the 
"old mÎorene containing glan('e coal" (aullJl'ltcite) from each other 
in ~t satisfacîol'v man nel' . . , 

In the centl'e of the domeshapecl Sembllin anlidina}, which is 
less &tronglr folóed than the Selwl'an anticlinaJ, we find hard shales 
anel sandstones, belonging eedainly io the old-miocene cOlltainiJlK 
glallce coal (antlll'acite), though the coal is elltil'eJy wanting, - with 
the exception of a t'ew unimpol'tant seams 0111." some centimeters 
thick anel numel'OliS tl'aeos of coal 011 tbe planes of tlle sÜ',tia of Ihe 
sandslOnes. On tile NOl'thwestet'n litno lim~stones witt! 5malt Lepido­
cyelil1ae oecul' besides the typical sandsiones allel al'gillaeeolls sbaJefl. 
On the South-eastet'l1 1imb we finci -- still in the old-mloC'ene anel 
ltltel'natillg wit h t he ha.l'd shales - exC'eedillgly fine stl'a.ta of usnally 
gl'ey cltl.yey sn,nds and sandy clay's which ofteJl cOlltuin shales. In 
tlJe NOl'thel'll part of the Easte~J1 wing these cla,yey sands change 
towal'ds tile top gradnaBy into a tlü('k system of Globigerina marIs, 
sandy and e\'en gl'avel-conlaining limestones al1Cl grey, cJayey sandy 
mal'ls I'iel! il1 fossil? of a Jiitol'al odgin. The Globigerina mal'ls. are 

l_-----
-, 
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grey to blue, dayey anrl clayey-sandy, anel the strata are fol' the 
geeatel' part "ery imperfect; they of ten contain bulbs anel strata of 
dense, gl'cy, yellowishly clisintegrating marl-limestolles. The limestolles 
are part I.)' coralligellons 2-'0cks, partly \"e1'.)' remarkalJle lime-sandstones 
pOOl' in fossils; qual'tz cOllgloll1el'ales of Jiol'llstone wilh a ver)' 
abundant cement of calcite; analogons rocks OCCtll' likewise in llle 
above clescribecl cOl'alligenous limemarifacles of the 8ekerat MountalDs. 
The -marls which are VCl'y rich in fossils are grey, of ten \'01'y Bèlndy 
anel eun easil,r be sepamled j they contain bcsides Globigel'inidae 
many littoral FOt'aminifeJ'a ( .... <\mphistegina, Opel'cnlina, Cyeloclypens 
and in Jowel' strata also LepidocJ'clina) anti nllmel'onS fragments of 
Ooral.:;, Echinids and lVlollllscs. We sha11 by-and·by distingnish maris 
of analogous habitus - thol1gh they ma)' partly be of a diffeutnt 
age - especially on the Bato Hidllp anel tbe GUJlung Ball! anti­
clinal, in the l'i \'er basin of the Lowe1' Sampajan. Vve shal1 hereaftel' 
indicate these facies constal1tly as 8mnpajrm ma1'l:;. 

On Ihe Nül'thern pad of the E~slern limb of Ihe Sembnln anti­
clinal Ihe snpel'position of the descl'ibed strata is thus, thai the 
Globigel'inacmal'ls, with t\ few banks of Iimestones and 8ampajan 
marls lie deepest; then follows a ralhel' thick complex of limeslones, 
Iimesandstones and gl'avellimestonE's, whilst typical 8all1paj~w marIs 
lie on tlle top. The total thiclmess - from tlle lowesL Globigel'inae­
marIs to the _axis. of the sync1inal betnreell Sembulu alld Malnwi 
anticlinal - is here about 1200 m. 

In Ihis formaLion OCClU' ll1oreovel' on the Uppel' Lemlldjan and Ille 
U pper Lindak banks of a very J'e~al'lmble rocl{ - fol' East Kutei, -
whieh we ebaH lU.eet aftenvards on tlle 8onthel'll limb ofthe lVIaluwi 
anticlinal in the rivet' basin of the Sungei lVlangenai, in about the same 
stratigraphical level. Tbey are while c]a.Yey -- someliules sandy -
very light volcanic tufas, most likely deposited in an aeolic way. 
Whel'e the rock is fl'esh, we see in micl.'oscopical pl'epal'aLions, 
that the pl'incipal mass cOllsists of an elltt\ogled conglollleraie of 
glass thl'eads, between which minel'al splintel's of biotire, green bom­
blende not or little twinned feldspo,l' (tUd most likely also qual'tz ure 
fOlln(1. WHh the naked eye one l'ecognizes fl'ol11 these minel'Hls as 
a 1'u1e onl)' the nnmel'ous, idiomol'phous biotite scales. 'fhe l'esult of 
a detel'lnination of silieeolls acid tlw,t Mr. MOM, assistallt al {he agro­
geol ogi cal labol'~\(ol'.r at Bnitenzol'g', was kind enollgh to mal{e 1'01' 

me, was thai a &ttJldy tnt'u. oftbe Uppel' I.Jemudjall contains 72.2% 8i02 • 

We smv thal the desel'ibed limy- (r:alCal'eOlls) marl)'- tllfftlCeollS 
fOl'mation in the NOl'th of the 8elllbniu anticlinal reste on the oid 
miopliocene; it· lI1n~t ('onsequelltly be synchronomi wUb pal·t of (he 
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miopliocene that we saw all'e&dy so J.'emal'.kably facially modified in 
i,he SekerM lVIuntains. Pel'haps it embl'aces also still the yonngest 
parts of Olc1-miocene. 

The study of the lVIahnvi anticliJlal gives US still more iJlformation 
in this dil'ection. We saw abo\'e, that the vertiral elistanre from the 
deepest Globigerinaernal'ls in the Nol'fhern part of the Sernburu 
anticlinal to the yonngest Sarnpajan marls in the synrlinal lying 
eastward, a010unts to abollt.1200 m. Fl'om the synclinal fo fhe cnl­
rnination ,point of the lVIalllwi anticlinal there is howe\'er over 1700 rn. 
Conseqllently we should expect, to see in the centre of the lVlaluwi 
anticlinal the shales appeal' again. This is l10wever not fhe case: 
thc whole of the lVlaluwi anticlinal is composed of monotonolls, grey­
blne, clayey sometimes glauconitic mal'ls of Globigel'inae and oi 
b]ne, plabtic r1ays, containing bnt few layers of quartz sand, anel 
in one spot an extremeI]" thin stratum of glance coal (anthl'arite). 
An important paL't, of the old-miocene strata, which occlll'red on fhe 
Sembulu anticlinal still almost exdusive1y in normal facies, bas con­
sequently been developed as GIobigeJ'inaemal'ls in the lVIalllwi anticlinal 
lying towal'cls the sea. Tn the sYllclinal betweeJl Sembllluand Maluwi 
anticJine we discovered still tl'ue Sampajan maris; more E.N.E.­
ward they itl'e howevel' modified, becal1se the Globigerinae come 
murh more to tbe front, and at the same time' t he other fossils 
recede mOl'e backwal'd. In this wa,)' w~ find in the l'egion of Pnlu -
Sangkllwang and Godang mnrlJ rocks rep,'esenting as it were a 
penetration of the Sampajan mal'l-facies and the Globigel'inaemarl- . 
facies. W. STAUB 1) has, described n. ,small taunn of most 'likely pI1o~ 
cene"age. The youngest, strata ,of Ihis l'egiQl1 are coralligenous lime­
stones, which come to light at (he mouth of the Sungei Tungkap 
and ,between the)ower COlU~se of the l'ivers Kauli"and Lindak: 

On the southern 1imb of the, Maluwi anticlinal, lying towards tlle 
sea, we do nol ,find back anything of the Sampadau marl-facies; as 
tal' as the centra) pal't óf', the Sungei Mangenai exclllsin'ly Globige­
rinaemarls occur here, which_ contain towal'ds the top banks of the -
Biotüe bearing tutas descJ'ibed above. The Giobigerinaemarls Me then 
sllcceeded, at the Sungai ,Mangenai by cOl'alligenoLls limestone!:l, whieh 
in theit' turn are, rovel'ed wit,b a series -of sands and gl'ave]s -- the 
.roungest part of the tertial'Y fOl'mation -OL" pel'haps ah'eady of qmlrt­
ernal'y age., These limestones sugge~t" that tow8.l'ds tile end of the 
tedial'y Jomnation lhe"sea, slowly , receded, a conclusioll,' which had 
already been arrived. at by W. STAUB, (I. c.) on other gronnds. 

1) Viet'teljalH'Schdft der Naturf. Gesellschaft in Zü1'Ïch. 61. 1916, p. 128 et seq. 
(1'he thickness of the Sadgkulit'aug marls is indicated ,here too smull.) 

. -
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Now we leave Sonth Sangknlirang and repair to the more nOl·thel'l1 
all Uclinals, w here we shall likewise find remal'lmble modificfttions 
of facies. 

The nnclei of tbe Southern and Northel'l1 Sampanju anticlinals are 
formed by the Old-Miûcene; that contains here l'emarkauly little 
roal aud limestone, bilt fol' the rest it is built up of the llol'mal 
sandstones and shales. On the Western limb of these anticlinals we 
meet- with the Miopliocene, in the South in entil'ely nOl'mal de\'elop­
ment, in the North with indications of Sampa:jau mads. 

On the Eastel'11 limb we find on the strata of old-miocene like­
wise miopliocene, partly in the nOl'mal de\'elopment with soft clays, 
sands, gravel and dead black to brown coa!. 

In big her parls follow then - in the neighbourhood of Sungei 
Labuan - between the 1101'mal rocks banks of Sampajau mal'ls. In 
Bafu and Batu Hidllp al1ticlinal, risil1g more towal'ds the Bast the 
types of tbe Sampajau mads and limestones obtain a mtlCh gl'ealer 
development, thongh they alternate in the Western limbs still vdtb 
rather l1umel'OUS seams of c,oal. On the Eastem limbs tbe develop­
ment of the tuarly facies is slill gl'eater. Sandy clays and sands 
occur here still in fact, bnt the coal has almost disappeared. The 
youngest parts of the tet'tial'Y formation consist here of a romplex 
of sands and graveis, - as is likewise the rase in the Sembulu 
anticlinal dipping down towal'ds the NOl'tb, near Seklll'au and south­
ward from tile Sungei ;\Ilangenai. - We must mention that the 
miocene Gastropoda, which K. MARTINI) described a few years ago 
ft'om Sangknlil'ang' were collected on the Batu Hidup anticlinal, whilst 
the fossils described by me fl'Olll Sankulil'ang' were founo on the 
Gunung Batu allticlinaI 2

). Whilst for these two fat1l1as the age was 
determined as Joung miocene,' Ol' as tl'ansition between old and 
'young miocene, W. S'l'AUB \1. c.) detel'mined the age of the facial 
analogous fauna of Godang as pliocene. To a cel'tain height these 
detel'minations of' age al'e snpported by the l'epl'ef:>entation on the 
map: the strata of fossils of Gelingseh are situated on tbe larthel'­
most anticlinals of the Sangkulil'ung region, the fauna of Godang 
was found in the deep synclinal l'egion between the anticlinals of 
lVI a 1 u wi and Sembulll and the anticliJ.1als of NOl·th Sangkulil'allg. 

We have co me to the end of our descl'i ptiOl1S and gi \'e on the 
annexed table anothel' geogl'aphical-stmtigl'aphical sketch of the, 
tacial modifications in the tel'tial''y formation of Sangkulil'ang. . 

A few short considerations may be added to the facts descl'ibed above .. 

1) Samml. Geol. Reiehsmus, Leiden, (1). 9. 1914, p. 325 e. s. 
~) Samml. Geol. Reiehsmus, Leiden. (1). 9. 1914, p. 383 e. s. 
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The normal facies of the Kutei Tertiary fOJ'JlIation is undoubtedly 
fol' a gl'eat pal't of tel'restrial origin; the limestones and marIs, 
whieh, in Pl'oportion 10 the entil'e mass of the fOl'mation, are always 
very insignifirant, point onlJ to a temporal intrllsion of a very 
shallow sea into the laIJel. The different facies of Sangkl1lirang 
(Sekemt facies, Samp~jau mail facies and Globigerhlacmarl facie5) are 
on the eonll'al')' deeidedly of a mal'ine ol'iglll. Now it is highly 
l'cmadmble, illat the boundal'j' bet ween tel'J'eSll'ütl ::tllel marine facies 
in Sanglmlit'ang consrantly lleady folIow5 the Jlol'lllfil N--S roastline _ 
of Kmei. The sllpposition IS snggestecl lhat al ready in greal pel'lods 
of the tel'liary fOl'Inatioll the pl'esent, noÎ'lnal coasllille_ of Klltei 
-- nJlongated towal'ds the NOl'th thl'ollgh Saugkulirang - form-
eel the bonndary bet,veen land .tnd sea. Exclusively tbe terl'ebll'ian 
eleposi ts were selzecl by lito "l1ormal" fold ing, whieh laiel uftenvul'els 
Ihe tertial'y formatioll into lhe anticliuals extenebng fl'om SS,V.­
NNE. Only in Sangkulir'ang, whel'e - for l'easons that lut\ e 1I0t 
yet been sl1fficiently explained - the dil'ection of the foldings is 
aLmormal i. e. fl'om SW to NE lo 'V -E, a150 part of the sediments 
deposited towarcls the sea were npheaved thl'Ollgh the fOl'matioll of 
the moulltains. 

Fl'om the faet that in the "nol'mal" eoast mUl'gin of Kutei ter-, 
l'estrial c1eposils and in more easterly I'egions marine deposiLs of old 
miocene age are fOUllcl, we may eonelllcle, thaC even if iu the old­
miocene the is1es of Bomeo anel Oelebes rose above the level,of 
the sen" they mllst ah'eady have been sepal'ateel by a sea, sa Ihat 
all'eady in the Old Miocene the StraÏt of Makassai' was eÀtant Ül 

design. VERBEEK 1) has likewise - by other eonsiderations - eome 
to the same conclusions. 

'Ve still find an inclination in literatlll'e to regal'd extellsive Glo­
bigerin mal'ls as being of a pelagian origlll. This conclllsion woulcl 
cel'lainly be incOl'rect fOL' the vel'y thick GlobigerinaellJarls of Sang­
klllirang FOI' in the til'st place we cOlllcl observe how ver)' neat' 

- Ihe coast these secllments have been depositecl, In the secolld plaee 
W. STAUB has elescl'ibed a collection of gastropocla fl'om Globigeriuae­
marl5 of Godang wlJÏch contaiJl besides tt'tle mal'ine forms also 
fOl'ms of bl'aekish and of fl'esh water. At last I eould state in Glo­
bigerinaemarls on the west coast of the isle of Sel1l11npa and in glau­
conitic Globigel'inaemal'l'3 in the island of Serai, lying to the_ East of 
Senll m pa, that they show cl'oss-bedding, a phellomenon that totally 
exelndes their being deposited into deer water, 

Buttt!nzOI:q, August 1916. 
J) Jaarb. MijllW. ~ed. Indië, 37. ]908. Wetenseh, Geel., p 80G. 
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SE'KU~AU ANTICLINAL 
(Southern part) 

MLOpiLOcene. Sands, gravel, 
cIays. 

Co ra! llJnestone. 

Sands, gravel, 
clays, brown to 
black coal. 

. 

Oid Miocene, Shales, sandsto-
in normal fa- nes, black glance 
cles coal- coal (anthracite), 
bearing. separate strata of 

~coral1igene, Lepi-
docyclinic Urne-
stones. 

Oldest MLO- Shales, traces of 
cene, ? Oligo- sandstones and 
cene. (coa1- Iimestones. 
free). 

- - -

I SE'KU~AU ANTICL. 
I (Eastern part) 

Sands, gravel, 
clays. 

Coral Jimestooes 
and marls wlth 
traces of coal. 

I 

I 
I 
I 
I 

I 

\ SEKURAU ANTlCL. 
I (Northern pal t) 

Shales, sand-
rocks, separate 
strata of c.ora1li-, 
gene, Lepldocy-
clinic hmestone. 

. 

Shales, traces of 
sandstones. 

I MALUWI ANTICL. MALUWI ANTlCL. 
SEMBURU ANTICL. / (Northern part) (Soulhern part) 

Sands, gravel, Coral Iimestones I Sands, gravel, 
cIays cIays. 

Sampajau marls 
Sampajau mar!s. with Globigerinae Coral limestooe. 

aod BlOtIte tufas. 
Limestones, san- Biotite tufas. 

! dy and gravelly Globigerina marIs. 
I Biotite tufas. r Globlgerina marls. 

IGlObig,"" m.",,' 
traces of hme-
rock and Sam- I 

pajau marls,finely I 
I strated c1ayey I 

I sands. I 
I I 

I 
I . 

Shales, sand- Globigerina marIs, Globigerina marIs, 
stones, traces trages of sand trages of sand. 
of coal. Urne- and glance coal 
stone banks with (anthracite). 
Conils and'Lepi-
docyclmae, finely 
strated, c1ayey 
sands, traces of 

Glob'."',. m~~ I on the upper 
parts. 

I 

-
- \ 

-- -- ~--- ---- --------_.---- ----

II' 
SAMPAJU ANTICL. BATU HIDU? I Ga. BATU ANTICL. Ga BATU ANTlCI-. 

I I· -- - I 

ANTICLAL I (Western Iimb) (Eastern Iimb) 

Sands, gravel, Sands, graveis, 'I Sands, 'gravels, I Sands. graveis. 
cIays, brown 10 cIays, brown coaI cIays, brown coal 
dead black coal, (Iignite). (Iignite). Sampajau marls, 
in the North tra· Sampajau marls, Sampajau marls, Iimestooe, sands, 
ces of Sampajau lImestones. ' Iimestones. clays, clayey 
marls. sands. 

I 

I 

I 
'I 

I 

I I' I , 

I 
I 

Shales, sandsto- I 
1 

nes, traces of 

I; coal and lime-
stone. 

I 

I 

I I -
I 

I 
11 

I 
I 

----------
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Physics. "Some ?·ema7'lc.~ on the theOl',1! of monatomic gases". 
By H. A. LORENTZ. 

(Communieated in the meeting of Septembel' 26, 1914.) 

§ 1. Several pbysicists bave 1'ecently apphed the theol'y of quanta 
tI) gaseoue bodies, especially to rnonatomic gases. Tbe common object 
of tbeir considel'ations, mucb though the)" diifer from each otber, 
may be said to have been the detel'mmation of the entl'opy S of a 
gas "as a functioI! of tbe volume v and tbe energy E. 

I f thi& function is known, the tempel'atllre Tand the pl'eSSUl'e p 
may likewise be expressed in terms of E and ~, bJ means of the 
thel'lTIodynamic relatlOns 

as 1 as 7J 
aE 1" av -1" 

Fllrther the l'elation between p, v, and T, i.e. tbe equation of state 
('an be found and al'5o thaf betwee'n v, T, anel R, ft'om which we 
can del'ive the specific' heats. 

In the case of an ideal monatomic gas classical thel'lTIodynamics 
lead fo the fOl'lTIula 

3 
S = kN (log v + 9," log E) + a, , 

'" 
(1) 

in which N denotes the number of molecules, I Pr,ANCK'S weIl knowIl 
coefficient allel a au undeterminate constant. In the way just men­
tioneel we infe1' fl'om this 

3 
pv = kNT , E = - kNT 

2 
(2) 

Now, the new theol'ies differ ft'om classical thel'modynamics in so 
far as the)' assign io tbe entl'Opy a completely definite value without 
an nndetel'mmate constant. As to the way in WhlCh v and E OCCUl' 

In the fOI'mula, this may eithel' l'emain as it i'5 in (1) or the form 
of the connexion may be a more complicated one. In the th'si case 
the only change is, that a, which has been called by NERNS'l' "the 
chemlcal constant" of the gas, take& a cletinite yalue, the equations 
(2) remaining unmodified. In the second case these Jatter eqnations 
have to be rhangeLÏ. 

In fhe theol'ies in questIOll the entl'Opy is always detel'lllined by 
mean'5 of BOI,TZMANN'S formula 

S= k log W, 

where TiJ! is tbe' "pl'obabdIty" of the state considered. Genel'ally 
speaking' thel'e can he no donht about the validity of this l'elation 

47 
Proceedings Royal Acad. Amsterdam. Vol. XIX 
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anel it cel'tainly is one of tbe mos! impol'tanl eqllalions of modern 
jJhysics. Nevertheless, difficnlties mny aI'ise when vve come (0 considel' 
fhe l'nles acrol'ding 10 which the value of 117 mns! be detel'mined, 

§ 2. Tbe state of a gas lllay be defined by the cool'dinateb of the 
.N roolecllles and Lhe component" of their mOID/:'1lta. These pammeters 
may be l'egttl'ded as the coordinates of a point in a 61V-dirnensional 
space lt6.v, the "ex!ension-iJl-phase". The part of this space COI'l'e­
sronding to a given valne of Ihe volnme and to values of the energy 
bel ween E anel E + dÈ~ °a part which we lIlay eall a thin "laytll"', 
wil! have a elefinite magnitnde pl'opol'tional to dE. Let this valne 
expt'essed in some pl'operly c1108en unit be S2dE. By putting W 
Pl'OpOl'tional to ~ one l'eally find'3 fOl'mu1a: (1) bj' llleal1S of B9Vl'Zl\[AI'<N'S 
eqnation. 

Indeed, if we take as llnit of space iJl ltG.v a cube, the edges of 
. which are parallel to tbe axes of rool'dinates and are of the length 
1, we have 

(2;rrErJI)Y~N-l . 2JT1nv~V 0- ______ _ 

--- r(~ N) , (3) 

whel'e Ihe mass of a molecule is denoled by 172. 1) 
Let us now put W = CQ, nndershtnding by C a factol' th at has 

the same valne fol' aIl states of the gas. Omitting in the expl'esslOn 
for k loy S2 all terms which do not contain the factor N, as we may 
do if .. V is vel'y large 2), we find 

S =lcl\ \~log (2.n-Em) + log v- ~log (~LV) + ~J + lclog C, 
/2 2 2 2 I 

whieh is in agreenlent with (1), if we put 

a = ~ Ic N I log (2.ïm) --log (: N ) -I- 11 + Hor; C. 

1) The domain n.dE in the extenslOn·in-phase muy be decomposed inLo a domain 
III the extension in-configuration and one in the extensiou.jn·velocity. The nume· 
rical values of tbese two must be lllllltiplied byeach other. The first domain is 

. elK 
vN aud for the second we may wrJte dE dE, if K is the part of the.extension-in-

\ , 
veloeity, in whieh the energy has a value below E. K is a 3N dimensional sphere 
witb radius (2Em1J/l, so that we }lave 

(211Em)3/2 N 
1(= . 

r(! N + 1) 
2) We may then write ( 3N )Jf2N 

for r (~ N) 
. 2e 2 
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§ 3, To get aÎ1 idea of the probability or different states of tlle 
gas wc can imaginc tIJat the state is detel'minerl by a lottery in 
which slips of paper with different nmnbel's are drawn fl'om an urn, 
This can be aJ'l'anged in such a \vay th at a slip is dl'awn for each 
molecnle snccessively, the 1ll1l11bel' on tIJe ,slip indicating the place 
aud the state of motion of tbe molecule, If foJ' each molecule we 
take the coorrlinates of the centre and the components of the momentum 
::ts the roordinates in a six-dimensional space Ro, the slip will indicate 
the point in this extension which l'epresents the position and the state 
of motioJl of the molecule Ol', as we may say, the place of the 
molecllie in Ro' 

Now PJANCK t) has introdl'lced the fllndamental conception of the 
theolT of quanta by ima.gining that the space Ro is divided inro 
equal finite element::. of a definite magnitude G and tbat olll)" I be 
question in whicb of these elemeIlts the molecule has to be plctced is 
dccided by the lottel'y, Wh ether the molecnle will lie at one point 
of the element or at anotber is not detel'winecl in his lheol'y by a 
considel'ation of _pl'obabiJities, lnstead of this PLANCK supposes that 
the molecules lying in rhe same element of space Gare unifol'mly 
distl'ibuted oveL' its extension. On these suppositions he tinds an 
expl'Cssion which he considers, not only as p1'oportional to the pro­
bability but as eq~tal to it and whieh leads to a fOl'lIlUla fol' the 
entl'opy containing 110 iudellnite additive constant. 

W" e need not repea.t here these calculations of PIJANCK. ft suffiees 
10 J'emark thaI, the extension-in-phase RON, which we mentioned 
in § 2, may be regal'ded as eomposed of lv extensions-in-phase 
Rr. eacll of whieh belongs to one molecule and that a division of 
each Rt. jnto elements of magnitude G mvolves a c1ivision of ReN 
mlo elements of magnitnde GN. PT,ANCK'S fimü resnlt is fOlmd 
if the layel' eorresponding to (lR (§ 2) is expressed 111 tIJe donlain 
US as UlUt.y, anel if Ib.e value of S!. tlJns fOlWd is consiclel'ed as 
tbo nnmel'ical "alne of 1V. 

Instead of (3) we now get 

(23tErn)JM'"-1 . 2.mvN 
S!. = --

r(}N} GN 

(4) 

If we &ubsiitute this expression fol' riJT in BOLTZ}IANN'S formula 
and again omit all tel'ms not containing 1V as 11 factor wc find 

l) PLANOK, Vorlesungen übel' die Theorie del' Wärmestmhlung, 2, Aufl. (19] 3), 
p. 125; Vorträge liber, die linetische Theorie der Materie und der ElektrizItät 
(Wolf~kehl·Kol1gl·ess, 1913), p. 1. 

47* 
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, 
We must remal'k here thttt fol' a definite state of the gas tlle 

quantity in brackets is independent of the choke of the fundamental 
units of lengtb, ma&s and time and th at, t11el'efo1'e, the numerical value 
of S depends on tbis choice only in so fal' as thls is the case with !C, 
This becomes evident when we I'emembel' that the dimensions of G I 
are ];J3 L6 ']'-3. 

'PJ.ANCK points ont that' in all probabihty G will be conne~ted 
with the constant 7t wbiclt he hfls intl'odlleed into the theory of 
radiation and which, wh en multiplied by the freqllency, determines 
tbe quantum of energy characteriRtic of a vib! atOl'. As the dimen­
sions of hare ML2T-l the elemental'y domain G mnst be propor­
tional to ha. 

We have finally to make a special supposition about the magni­
tude 'of the \ element G. If we combine' n equal quantities of gas 
&imply by putting them side by side, we certainl)' must assume 
that the entropy of the whole sy&tem wiJl be eqnal to the Sllm of 
thé entt'opies of each of the qnantitietl ta/ken separately. Thus S 
must be multiplied' by n wh en lV, v and E are made n times gl'eater. 
Now' it \ follows fl'om (5) that t1us is possible onl)' when G also 
bec~més ?i linies greater,' so that the elem~ntary domain mU3t be 
supposed to be pl'oportion.al to tile llumber· of molecules ot the qnan­
tiry 01" gas considered. 

§. '4 .. - lt -may be objected to PLANCK'S considerations th'at he has 
failed, to' attaeh a physical metll1ing to his elemental'y domain G. 
As -it would ha"e six dimensions its magnitude would have to be 
detel'mined by cel'tain intervals fol' the coordinates and tlle momenta. 
Now,. in so far as we are con('el'ned with tlle coordinates we ean 
hardly"seë,;why we ShOllld have to introdllce intervals of a fixed 
finite value into our considel'ations of probability. To th is objeetion 
PJu\NCK I'eplies tltat we must thillk of tlle l'elative coordinates of one 
molecule with respect to another and it III 11 st be owned indeed 
that a mutual action betweell the partieles might givc us a reason 
fol' intt-odueing tbe finite intervals in question. In this line of thought 
PIJANOK 1) even tries to account fol' the [Jl'0pol'Lionality betweeÎ1 G 
anä' the f1l1mbei' of molecules. Bis l'easoning mày be l'eproduced as 
follows. Let all the molecules except one be all'eady in theil' p!aces 
an~, .let 6.vp l:::.vz •• " 6.vN-l be small elements of voll1111e, each in 

1) Vorträge Wolfskehl-Kongl'ess, p. 7 anel S. 
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the neighbourhoorl of one of (he molecules J11 1,lJl2 •••• MA -1, in 
sucb a way that LVI has the same position with respect to MI as 
LV 2 vv;ith respect to J1[2 etc. Then it ll1ight be that the element G 
with which we are concel'ned in the casé of the Nth molecule 
consists of the 'Volumes LVI' LV2 •••• LV~V-l taken toge/hel' and 
combined with certain illtervals for the momenta; if H were sa, G 
would l'eally ue proportiol1al to ,N -1 Ol' to lY, as we lUay say as weIl. 

It must be l'emal'ked however that, when we inü'oduced the finite 
elements G, it was expl'essly stated th at the distribution of the 
pal'tic1es o\-er one of them will not be detel'mined by probability. 
Thus, if LvI' LV2 •••• LVN-l must be con~idel'ed as cOllstituting a , 
Single element of volume, the posilion of Ihe Ntlt molecule eIther in 
LVl> Ol' in Lv2 , Lva\ ere, will lIot be deLermined by OUl' lottery. This 
can harc11y be admitted; whelilCl' the lVtlt molecule W'iIl 1ie near the 
fir'lt or near any olher of Ihe lllolecuies tbat are all'eady present must 
certainly be considel'ed as something accidental. lVIol'eover the abo\'e 
reasoning applies only to places in tlle neighbourhood of one of l!Je 
lV-1 molecules, ~l,nd in gc1ses of smal! densit,) thes~ places form 
only a small minol'ity of all those tllat ma,)" be occupied by tile 
lYth pal'ticle. 

§ 5. Betol'e PLANOK, TErl'ROm~ 1) llad already çalculated the entl·opy of 
a gas in a slmilar way ~). He defines G in tet'ms of tlle constant 
7t uy the rclation 

G = (wIt)", 

where w 3) is a nnmerical coefficient tllat has to be determined 
later on. So his elelI).entary domain does not depend on ,N. But 
rrWl'RODE divides (he expression (4) by N!; bJ thiR he l'eaches the 
same result th at PMNCK obtams b'y pntting G proportional to ,N. 
Substlilltiug Ihe value found in tlns wnJ' tOl' TY in BOVrZl\IANN'S 
fOl'mllla TETRODE finds 

S kN t ~lO,lJ(23l'Em) + log v - ~lO,lJ(~.L\0 - log N + ~ -- 3 log (Wh)~ (6) 
, -, 

1'h1R expl'ession l'eally fnlfills the rondition I hat 8 shall become n 
times g'l'eater wlleu N, v and E do so. I cmlllot see 110wever a 
physical reason for the division of (4) by N! 

l) Ann. d. PllYS., 38 (1912), p. 434. 
2) Suuiltll' reasonings have been firsl published by SACKUR, Ann .. d. Phys.: 36 

(1911), p. 958; 40 (1913), p. 67; Nernsl-Festschl'ift (1912), p. 405. 

3) In the notation of TETRODE: Z, 
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§ 6. The hypothesis . of qnanta has been used in a wholly different 
way in an othel' paper by TETRoml 1

) and also by LENZ and af tel'­
wal·ds by KEESOl\'12), the method followed in these cases being the 
same that has been used with mueh sneeess in the theol'J of the 
speeific beat of solid bodies. We shall confine oQl'selves to the -
considel'atiolls of LENZ, whieh have been comllIunicaJed by SOMl\fERFELD3

). 

Let the gas be eont<tined in a vessel having the form of a cllbe 
with the edge 1. In this systern stationary waves of sound of man.)' 
different kinds can exist. lf v is the volume of the cube the number 
of modes of motioJl for whieh the wave-length lies between I. and 
). + c[). i& given by 

431'v - cv., 
~4 
/. 

tlle largest value of J. being 21. 
Now LENZ assumes that the ordinal'y theory of stati9nary wave5 

Óf sound may be applied down to very 5rnall values of À and that 
we may regard the state of 1110tion of the gas as eomposed of a 
great nnmbel' of sllch waves with wave-Iengths between 21 and a 

\ 

certain minimum vaille, whicb he- calls .i.o' The latter is chosen in 
sucb a manner that the whole number of modes of motion is eql1al 
to the number of degrees of fl'eedom of the system of molecules, 
i.e. fo 3N~ This is expressed by the equatiOll . 

or 

21 

J431'V 
-àl=3N, 

1.4 

)0 

1 9 1 

v 
if we put ó3 

- - which means that ó is the distance at whieh, -N' 

in the case of a cnbical arrangement, the partieles would lie fi'om 
each other in the prineipal directions. If now the "essel contains a 
very large)] ul11ber of pal'tic1es so that 1 is vel'J much greater than 

1 
cf, the term 81

3 
may be neglected and we find 

)'0 = 1,12 d'. 

It is fl1l'ther assumed t hat, fOl' evel'y mode of' vibl'ation, we have 

1) Phys. Zeitschr., 14 (1913), p. 212. 
2) Proc. Acad. Amsterdam, 16 Q.J:913), p. 227; 17 (1914), p. 20, 
3) -V ol'träge W olfskehl·Kongt·ess, p. 125. 

; I 
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the followiug' relation between the fr'eqllency l' and the wave-length À 

c 
V=-, 

}, 

whel'e c, the "velocity of sound", has tIle same value for all the modes 
of vibl'ation. LENZ puts 

c~ = aE, (a I 10) . 
Nm 9 

. . . (7) 

This relation oecul'S in the ordinal'j' kinetic theol'Y of a monatomic 
gas and is maintained by LENZ. altho!lgh U16 equations he wants 
to del'ive differ frOl11 those of tbe old theor)' of gases. 

In cutting oif the "sOUI19 spectr!lm" at the wave-length )'0 LENZ 

fo11ows the example givell U.) DJ~Bn~ in hiR beautiful theol'y of the 
s)Jecific heat of solid bodie& . .J !lst like DEBYE he assumes that the 
energy is distributed o\'er the different modes of motion in the way 
reqllired by the theol'y of quanta, the ql1antum pl'oper to each mode 

l~c 
having the value 111' = T' By pl'obability considerations upon, which 

we need not dweIl here the equations fol' the entroPJ' etc. of the gas 
al'e then obtaÏ11ed. 

~ 7, In my opinion all this is open to serious objection. In the 
case of a solid body we call ÏLllagine an "original" state in 'lil bich 
all molecules are at rest. The- cliffel'en t normal modes of vibJ'ation 
which cau exist in tbe body are, all deviations f!'om this state and 
when they all exist at the same time with sufticiently small ampli­
tudes, the total eneJ'gy - if tbe energy in the ol'Ïginal state is taken 
to be 0 - is eql1al to the slim of the energies beJonging to the 
separate modes of motion. TJIO beat motion too may be J'egal'decl 
as made up of all the possible nOl'mal vibrations. 

The case of a' gas is widel)' é1iffereJlt. 1t is true that here also a 
'yave mot ion may be l'egal'ded as an alteruating deviation ft'om an 
Ol'iginal state, but the latter is not now a state of rest. On the C011-

trary, it is endowed all'eady with tbe tota! energy of the moleenlar _ 
motion ; in fact il is this latter motion that causes the "elasticHy" 
which set'ves to mailltain the vibratiolls of SOUB(!. lt 8eem8 rather 
objeciionable - to aseribe the euel'gy of' tlte intel'ual l11otions to a 
system of vibl'atiolls whose lawEl are deduced on the assumption of 

> a moleculal' motion that existed al ready bet'are the vibrations themselves. 
It must fm'tbet' be l'emal'lwd th at the ol'clinary laws of sound 

motion <tre (!'ne only so long ab the wave-Iength). is large compareél 
with tbe mean free path s between I wo collisions. On1y in this case 
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a gas ean be divided into elements of volume (the dimensions of' 
which are small compaled with i and large compal'ed wilh 8) which 
have a certain individuality, each element diJating Ol' contracting 
and exerting a pressure on the neighbonring ones, as is admitted 
in oJ'dinarJ aerorlynamies. Things begin 10 change alt'eady when Î. 

is no longer very large compared with s. We m!1st then take acconnt 
of the phenomena th at are caused by the intel"ll;~ixing of adjacent 
elements of volume. Tuo \'iscosity and the conduction of heat, the 
effects of this intermixing, lead to a departure from the simple 
laws whieh hold for large wave-Iengths. Stationary waves of 
a Iength even smaller than 8, alld yet following more Ol' less the 
ordinarJ 1'ules, are entirely out of the question. Indeed under these 
ci,'curnstance& the greatel' part of the molecules that enter a layer 
of thickness .p or tl would travel'se it without a collision. We 
cannot say any longer thai one layel' exel'ts- a pressure on an ,othel' ; 
011 the contrary, the moleenJar motion will cause a "apid mixing 
up of the layers. 

Now. the smalleRl wave.lengtll )'0 Jlltrodu~ed by LENZ is not much 
g'l'eàter than the di stance ó of the molecules, while the mean free' 
path iJ can be a considerable lllllltipie of d. We therefore come 10 
the conclusion that, of lhe modes of vibration which he considers 
in his theory, those with a wave·length near the lowel' limit )'0 

caJmot l'eally exist. 
SOMMERFI~LD I) has tried 10 meet ~this oQjection by observing that 

neither at somewhat high tempel'atures, nor at ver.}' low ones we 
need fear considel'able el'l'ors in LENZ'S formulae. Fol' high tempel'a­
tm'es they agree with those which may be del'Îved from the ordinal'y 

- theory of gases and LENZ'S equations show that at low tempel'atures 
the enel'gy becomes more and more concen1rated in the modes of 
vibratlOn of large wave·length to which our objection does not 
apply. This is so iud eed , bu t a sim ple calculation shows that it is 
not until the temperature is extt'emely Iow, that the greater part 
of lhe energy will have shifted to waves considerably longer than lo' 

According to LENZ'S theory the energy belonging fa the modes of 
vibration with wave-lengtlls beL ween l alld i. + dl. is given by 

1 ei)., 
4.1rlwv . li -. 

2 IC À.. 

ek)'T-I 

We ::.hall use this expression to seek a certain mean wave-length 
).' which we define by the condition that the enel'gy corresponding 

1) L,c., p, 141, 142. 
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to t11e motions with wave-Jengths beneath ),,' has the same magnitude 
as that belonging to wave-Iengths beyonel ;,'. This is expressed by 
the erluation 

Ol' if we put 
21w 21w 21w 
--{U --=.U and--=m' 

_ ki,'l..' - , ki'oT 0 k).'T 
. . . . (8) 

by 

. • (9) 

Fl'om this equation we can elel'ive by suitable appl'oximations 
fol' eadl ,'1.'0 the rOl'l'esponeling tC'. If now we consider a gas of 
definite clensity. (l; allel therefore )0 aI'e given anel we can detel'mine 
the vaIue of iVo for earh tem pemture T It is trne that the second 
of the equalions (8) does nol, suffice fot' this, as c depends, in the 
way indicated by (7), on E, whirh is a complicated function of 1'. 
But LENZ gives tbe formula 

3.0 

€JJ{/J3d/u 
IU

Ó 

0 = -1
' 

--1" ea __ 

o 

which can be used to determine .?Jo, The quantity 
lSa/t2 

@'=--
rnkl,o ~ 

. , (10) 

, (11) 

is a cel'tain tempel'atul'e which can be indicated for each g'as as 
soon as its density is gil'en, Aftel' having chosen T, we find mo from 
(10), .v' from (9) and finally ;,' from the relation 

, ' (12) 

following from (8). 
Let us C'onsideL' as an example helium of the density cOI'l'esponding 

to 0° O. and 1 atm. Then @ = 7° and according to (10) .'Vo = 1, if 
T I 

- = 0,22; tor we have 
@ 

1 

f llJ 3d,V 
--=0,22,' 
e:t-l 

o 

I ; , --- ---



- 752 -

, 746 

\ 

I 

"\ 
\ 

Fl'om (9) we find approximately a;' = 0,75, so that (12) gives 

4 
'),' =3~0. 

80 we see that at tile temperatlll'e T = 0,22 @ = 1°,.), whieh is 
vel'y low indeed, still half of the energy beloJlgs to modes of motion 
with wave-lengths below j. 1.0 , i.e. be!ow 1,5-(J and therefol'e fal' 

below the mean free path s. 

§ 8, Accol'ding to the theor)' of LENZ tlle entl'opy of a gas does 
not depend on E and v in the way expl'essed by (1) i the equation 
of state and the fOl'mulae t'or tile specific heats become different 
from those in the ordinary theol'y of gases. Fot' tempel'atlll'es high 
compal'ed with @ howevel' we are led back to the fol'lI!. (1). Fo]' 
th en we find from LENZ'S formulae 

E=-lcNl' 1-- -3 ( 1 V3fJ) 
2 8 1" 

S=8kN ---log-(
4 1 €)) 
S 2 31" 

. (13) 

and aftel' 'some reductions 

13 ' 3 (3 ) S = kN l"2lo.1/ (2 jf Em) + log v .:....- "2 log "2 N - lO,IJ N 

-} log (12000:r) + 4: - Slog hl, 
This agl'ees with the fornlUla of TE'l'RODE [(6) ahoveJ if we 

put w = 3,5. 
It muet, however, be l'emal'ked that, eveu jf one leaves aside the 

fh'sl of the objections mentiolled in § 7, one <,annot ex peet a sorne­
whal exact detel'mination of the chemica! constant. Eqlmtion (13) 
shows that this constant is connected with log @ and theref'ore on 
account of (11) with lo.q ')'0' ')'0 being the minimum wave-length, and 
we have seen al ready that the part of the theory reJating to the 
smaller wave-leugths is the most contestable one. 

§' 9. 'l'EfRODE lIas determined the chemÎ('al constant fol' the mona­
" tomic _ vapollr of !llel'Clll'y, a suhstance whose properties are wel! 

known, Ol' ralhel' he has del'ived the coefficiem w of equation (6) 
from the l'eslllts of obsel'vation. He found 1) 

w= 1,05. 

Following the same eOlU'se of Illollght allel using the Stlrne data 

1) Ann. d. Phys., 39 (1912), p. 255. 

J 
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I have l'epeated this detel'mination in the following somewhat differ­
ent way. I shall considel' a gram molecule, so th at N becomes 
AVOGADUO'S constant and klV the gas constant R. 

Let, at the tempel'ature T, t> be tile vapoUl' pL'essul'e of fluid meL'­
cury, S tbe entropy of fhe vapo1ll', S' that of the fluid, v tlie 
volume of the vapoUl' and v' that o(the fluid. Then we have accol'ding 
to a well known thermadynamie relation 

fol' whieh we ma~T write 

S I"" ( ') dp 
-IV = v-v -

clT' 

Llp 
8-S = v d']" 

af, v is Inueb gl'eatel' than v'. 
lf the vapour pressure is velT low' we may tl'eat tlte \'apolll' as 

an ideal gas, sa that 
Rl' 

v=- . . . . (14) 

and 
p 

8-8' = RT d log P 
dT 

. (15) 

jJf 
lf noW in (6) we substitute Ft fol' hV, (14) fol' v, N fol' m, .M 

being the molecular weight, and t R T fol' E, we get 

8 = R f}ZOg(RT)-ZOgp-4l0gN + ~ log(2.?rM) + ~- 310,q(Wh)( 

By substitnting this in (15) we find , 

sr cl 
3 log Cl) = -~R - dT ('1' lO,g p) -t- A,. '.' (16) 

where for shortness' sake ]i have put 
535 

11 = 2 log (RT) - 4 log N + '2 log (2 .?r .. M) +2 - 3 log Ib . (17) 

'rhis quantity is completely known. Thus we can ralculate tile 
coeffi ri en t w as soon as we know p as a function of Tand besides 
the entropy S' of the fluid. 

~ :1 O. For th.e presslll'e we lUay use HERTZ'S t'ormlllR. I} 
. Y 

lO,g p = a- (J laf! ']' -1' 

1) H. HERTZ, Ann. d. Phys .. 17 (1882), p. 193. 
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with 1) CC = 31,583; ["I = 0,847; y = 7697, from which we draw 

d 
d'l' (1' lo.cJ p) = (a - (:l) - [j log l' . (18) 

To be ablé to determine S' too, we shall take for T the melting 
point of mercury (234°). lf l' is the heM of fusion and S/I the 
entropy of soliel rnercul"y we have 

? 

S' = S' +-- :1'" (19) 

We must remal'k here that stl"ictly speaking thlS foJ.ruula giyes 
tile value of 8' for a pressure of 1 atm. (if we consider the eqUl­
lIbrium between soHd and flllid mereur.)" undel· that pressure), while 
in the preceding equatlOlls S' denotes the entropy of the flmd under 
the pressure of ita vapour. It IS easily seen th at we may neglect 
th is difference. 

lt l'emains to detel'mme the entl'opy 8/1 of soEd mercury. Tlns 
call be found by snpposing, as IS of ten done in connectioll ""ith 
NF.RNS'r's heat theorem, rhat tlllS elliropy lS ° at the absolnte zero. 
Then it ean be calculated for any othel' temperature bS means of the 
specific heat cp of solid mercury. We have 

l' 

Jc 
8/1 = ...E d'l' T ,. 

o 

(20) 

if we assume the pressure to be 1 atm. during tlte heatmg from 
0° la 1'0. 

NERNST J) has given a fOl·mtlla for the specific heat of a gram 
mOleeule, based on POLLITZER'S measurements and by means of whieh 
we find 3) 

1) According to HERTZ we 'have, usmg Briggian logarithms and expressing the 
vapour pressure in millimetres of mercury 

, _ 3342 
log p = 10,59271 - 0,847lorJ T --y. 

If we want to know the preSSllre in dynes per cm2• we must add log 1330, 
as a pressure of 1 mmo of mercury cOl'responds to 1330 dynes per cm2 To pass 
finally to Neperlan logarithms we must divide the first and the thlrd term by loglQ B. 

2) Ann d. Phys., 36 (1911), p. 431. 

S) According to NERNST we have in C.G.S. umts 
3 

o,) = 2" Rrrrta) +- rp( 10 )1, 

where the fuuctJOn rp is determined by 
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S"=6,95R. 

Now the heat of fusion pel' gram molecule is M4,5 cal.. 
\ 

1'= 279 R, 

alld, accol'ding io (19), 

Fl'om (18) follows 

anel fl'om (17) l) 

l' - = 1,Hl R 
T 

8'= 8,14R. 

d . 
dl' (7 lo.cJ p) = 26,12 

A -= 33,92. 

Su bstituting these diffE'rellt values in (16) we filld 

w = O,J. 

so that 

~ J 1. As Lo Uw clegl'ee of pl'ecision of this l'esult it must be 
l'emal keel in the fit'st p]<l.ce th at, according to (16) and (17), w is 
pt'opol'tional fo low powers of RT, n and lt. Therefore, all uncer­
tmnty in the val nes of these qnantüles "VIJl not cause an error of 
many percentages ll1 w. 

g;(x) 
( '1:)2 .:.. 
T eT 

For mercury rr must be put equal to 97. Further 

cp = C,) -I- f1'3/~. 

Fol' the coeffiClent f NERNST gives 21.10-5, but here a calory is taken as unit 
of heat Cl]oosl~]g the el'g illstead aDel substituting gR for f, 50 that 

Cp = C"~ + RgT% 
we have 

!/ = 10,6.10-; 
[.'rom (20) we now find 

3 2 
S" ="2 R lx(()) + X(~())] +"3 Rg1'3/2 • 

if wc put 

'f·eT (~) 
X (m) =-'/,---log eT -1 . 

e1'-1 

1) Calculated with: R=83,2.10G; N=67.1021 ; "111"=,200; h=û.42.10-27• 



- 756 -

759 

S' 
On the contl'alT the valu~ ~~lbstitl1ted fOl' R may be in error 10 

ê.l considel'able extent. A change of a fuJl unit however in tbis 
\'alue (one eighth of ihe alllount) prodllces a ('hange in w of about 
14% onl)'. So we may perhaps conclude thai the value of w will not 
cl i ffe I' much fl'om 1 ancl that the values found fol' the vapoul' pressure 

\ 

of mercmy agl'ee in a rathel' satisfactoJ'Y way with the theol'Y of 
TETRODE, if we give the elemental'y domain G the value ha 1). 

Nevel'the1ess, in m)' opinion, we ma)' not attach much vaille to 
I 

this l'esult. Besides the difficulties which we pointed ont already 
there is still anorher serious objection . 

Formula (15) connects the vapol1r pl'es&ure with the entl'opy­
diiference between gaseol1s anel fluid mercur)' 01', when- we take 
into account the l'elation (J 9), with the difl'el'ellce bet ween gaseous 
anel solid mel'cury. N ow we must clonbt seriously wh ether this 
d~fJè1'ence éan be rightly evalllated if the nncletel'minate conl:>(anls in 
S and Sf( are fixed in the above melltioned rathel' arbill'ary way. 
On Ihe ground of BOLTZJ\:lANN'S formula we may aceount fol' the 
entl'opy 5", viz. for the change which the entropy of solid mercnry 
l1ndergoes when heated fl'om 0° to TO; to this effect we have to 
compare the pl'obabilities of different states of the soJid mercury. 
This is clone e.g. by DEBYm iJl his theol'y of specific heats. In this 
comparison we are concel'ned ouIy with ql1antities referl'ing to the 
solid state, e.g. the modulus of elasticity. In the deduction of (6), 
on the otliel' hand, only the gaseous state has been conside_red. The 
ql1eetion arises whethel' it wiJl/be possible, by a combination of 
these results, to determine the difference S- S", w hielt according 

1) The objection might be raised that in the above calculation HERTZ'S formuJa 
for the, vapollr pressure has been applied for a tempeJ'atul'e at which this pressure 
lIas never been measured. In realily however the value of "' given by (16), (17) 
and (18) is independ/mt of lhe choice of the temperatut'e. 

Indeed, the differentiaJ coefficient of the right hand side of (16) wilh respect to l' is 

IdS' d2 I) 
- ----(7'loqp) +-

Rdl' elP , 2'1' . 
(T~~: is the specific heat of the flllid under.:. its vaponr preSSUl'e). According to 

a. weIl known thermodynamic theorem this quantity must be zero. In vil'tue of 
(18) it becOlnes 

IdS',~ 5 
- R dl' + l' + 2 '1' 

anel this expression l'eally is zel'O because HERTZ has chosen thr coefficient fl in 
accordance with Ibe theorem in question. 
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ta BaI.TZl\IANN'S theol'em is connected with tlle pl'obability that, in 
a sj'steltl consisting of asolid anel 1.1. gaseous -phase, a gl'eatel' Ol' a 
smalle!' part belOllgs to Ihe lattel'. The circumstallce that, in con­
sidering this latter pl'Obabi lity, we must attend to lhe dilfel'ence 
in poteniial enel'gy of the two phaseR eannot bilt increase 0111' 

doubt, fOl' neitllel' in the determinalion of S" nor in the determi­
nation of S in the above mentioned way we have had to speak 
of this diffel'ence. lf, as we shotlld expect, the diifel'ence 8--8" 
depended to a COJIsidel'able exlent 011 Ille relative vailles of the 
pOiential energy, -we might still put Ihe entropy 8" = 0 fol' T = 0, 
but it would na longer be possible to detel'mine the constant a 
which OCC1lI'S in forffillia (1) fol' the gaseous state by consielerillg 
only the phenomena in tbe gas, as is done in the theories discussed 
here. We ought rather to derive it from an examinaiioll of tue 

equilibrinm between tbe two phases. 
I think we may conclude fl'om what precedes that, thougb the 

value found fol' ro, if it be not C[nite accidental, pleads in favonr 
of the application of the theol'y of q llanta to the problem of vapor­
isation, yet the way in which this application hag been made 
l'equires fnrther explanation and jnstification. 

Pbysics. - "On HAi\IILTON'S 7J?'inciple 'UI EJNSTF.I~'S the01',1/ of gm­
vitation". By H. A. LORENTZ. 

(Communicated jn the meeting of January 30, 1915). 

The discllssion of same parts of EINSTEIN'S theory of gravitation 1) 
may perhaps gail1 in simplicity and cleal'ness, if we base it on a 
principle similar to that of HAMJJ.TON: SO mllch so indeed that 
HAMII,TON'S name may properly be connected" with it. Now that 
we are in possession of EINSTEIN'S theoJ'J we can easily find how 
this variation principle must be formulated fol' systems of different 
nature anel also fol' the gravitation field Hselt'. 

jlfotion 0/ a mrztm'ial point. 

~ 1. Let a matel'ial point move lUlder the inflllence of a f()l'ce 
with the compollents 1('!(~d(3' Let us var.}' every position ,u,y,z 

1) EINSTEIN U. GROSSMANN, EntwUl'f einer vel'aIlgemeinerten Relativitätstheorie 
und einer Theorie del' Gravitation. Zeitschl'. f. Math. u. Phys. 62, (1914), p. 225. 

EINSTEIN, Die fOl'male Gl'undlage der allg'emeincn Relativitätstheori"l, Sitz, Bel'. 
Akad. BerIin, 1914, p. 1030. 
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o(,t'ul'l'ing in the real motion m the way defined by. the infinitely 
small quantities (Y.v,óy,óz. If, In the val'ied motioll, the posltion 
.1' + d.v, y + ó,lJ, z + óz is l'eached at the same time t as the pOE>ition 
.1',y,Z in the real motion, we shall have the equation 

óJ Ldt + j'(l(Jó.'u + ](AY + K 3 óz) rjt = 0, (1) 

L bemg the J.Jagrangian function and Ihe mtegrals being taken over 
an arbitrary inter, al of time, at the 'beginning and the end of 
which the variations of the cOOl'dinates are zero. J( is supposed to 
be a force acting on the material pomt beside the fo!'res that are 
mcluded in the J.Jagrangian function. 

§ 2. We mayalso suppose the time t to be varied, so that in the 
varied motion the position ,v + (ftu, y + óy, z +- ffz is reached at the­
time t + ót. In the flest term of (1) this does not make an)' differencer• 

if we suppose that fol' the extreme positions a/so ~t ='0. As to the 
second term we remark that the coordinates JJ1 the varied motion at 
the time t may 110W be taken to be lIJ + d.'IJ - V1fJt, Y + óy - v~ót, 

z + óz - V3~t, if V I ,V2,Va are Ihe veloritles in the real motion. In 
the serond term we must therefore l'eplare fl.'IJ,óy,f!z by Ó,'IJ -VI ót, 
óy-v28t, óz - vaat. In tlle equation thus found we shall write I 

.1J 1 ,.'lJ2 ,,'lJa,,'lJ4 fol' ,'IJ,y,z,t. For the sake of uniformity we shall add to the 
th1'ee velo('it~ components a fourth, which, however. necessarily must 

d.'IJ 
have the vaiue 1 as we take for It _4 . We shall a/so add to the 

dtlJ~ 
( 

th1'ee components of the force J( a fourth component, '" hich we 
define as 

K4 = - (V1 ](1 + V 1 K~,+ Va K 8), (2) 

and which therefore l'epl'esents the w01'k of the force pel' UnIt of 
time with the negative sign. 

Then J we have Jllstead of (1) 

ó JLdt + j2 (a) K(I Ó,'lJa . dt = 0, (3) 

anel fol' (2) we may wJ'ite I) 

1) In these formulae we have put between parentheses behind the sign of 
summahon the index with respect to which the summation must be etfected, which 
means that the vallles 1, 2, 3, 4 h.lVe to be givèn to it successively. In the same way 
two or more mdiccs behind tbe sign of summatioll will mdicate that in the 
expressIOn under this sign these values have to be glven to each of the indICes. 
'E.(ab) f. i. means that each of the four vaJues of a has to be combined with 
each of the fOlll' values of b. 
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. . . . (4) 

§ 3. In ,EINSTEIN'S theory the 'gravitation field is determined by 
ce1'tain chal'arteristic quantities ,qab, .flmctions of llJ l , iUz, ,'IJ" ,'lJ4 , among 
which the1'e are 110 different ones, as 

(Jba = gab . . . (5) 

A ,pomt of fundamental impol'tance is tlle connection between 
these qnantities aml tlle cOl'responding coefficients lab, with wbich 
we .are concerned, when hy an arbitral:y substitution.ilJl> ... iIJ 4 al'e 
changed for other coordinates ,v'p ... ,V'4' Tbis connection ·is detined 
by the condition that 

ds2 = gll d,v/ + .. , --I- g44d,V/ + 2g12d,v l d.'lJ 2 + .. , , 
or shorter 

ds2 = ~(ab) gab dma dmb 
Le an imTariant. 

Putting 

we find 
g'ab = 2(cd)pf'a pab (J('d 

Instead of (6) we shall also' write 

dlV'a =~(b) fflba d,Vb, 

(6) 

(7) 

so that the set of quantities "ba .may be ralled the inverse of the 
set pab, Slmilady, we intl'oduce a set of quantities rba, tile inverse 
of the set gab. ~) 

Vve remark here that in vil'tue of (5) and (7) g'ba= g'ab and that 
likewise .rba=,1ab. 

Our formlllae will also contain the.deteJ'JninaJJt'of,the quantities 
gab, which we shaIl denote !?y ,f/, ,and .the determinant,p of the 
coefficients pab (abboillte 'vaIue: 'p'). The determinant güs always 
negative. 
~We ,may now, ras has been 'shown by tEINSTEIN, deduce the motioll 

of a material point in a gl'avitatLOn .field fcomJbe,princ!ple exptessed 
by (3) if we take for tbe Lagrangian function 

ds 
L= - 1n-= - m V~(ab)gab VaVb • (8) 

dt 

l)'Suppose 

to follow &om.the<'equations 

Sa = :2(b)nabl/Jb ; 

then the set V~b, is the inverse of the set naó, 

Proceedings Royal Acad. Amsterdam. Vol XIX. 
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. Motion of a system o} incohel'e1û matm'ial points. 

~ 4. Let us now, following EINSTEIN, ('onsider a very large munber 
of material points wholly free from each other, which are moving 
in a gravitahon field in snch a way that at a definite moment the 
velocity components of theE>e points are con tin 1l0US functions of the ( 
coordillates. By taking' the number very large we may pass to the 
limiting case of a continuously distributed matter without internal 
forces, 

Evidently the laws of motion for a system of this kind follow 
immediately from Ihose for a single matel'ial point. If Q is the 
density and dtv dy dz an element of volume, we may wl'ite inst~ad 
of (8) 

(9) 

lf now we wish to extend equation (3) to the whole system we 
must l11ultiply (9) by dt anel integl'ate with l'espect to lIJ, y, zand t, 

In the last term of (3) we shall do &0 likewise aftel' having 
replaced the components 1((1 by [((I d.'IJ ely rlz, so that in what follows 
f{ will represent the extel'ual fOl'ce per unit of volume, 

If farther we l'eplace d.'IJ dy dz dt by elS, an element of the four­
dimensional extension ml> ' , • {V 4 , and put 

f!Va = Wa! • 

L=- V2(ab) gapva Wb 

we find the following form of the fundamental theOl'em. 

(10) 

(11) 

Let a variation of the motion of the system of material point'3 be 
defined by the infinitely small quantities ó.'lJa, which are arbitrary 
con tin nons functions of the cool'dmates within au arbitrarily chosen 
finite space S, at the limits of which they vanish. Then we have, 
if the integrals are taken over the spac~ S, and the quantities 
gab are 1eft wwhangeel, 

óJ LdS + J 2 (a) J(aÓllJa. dS= 0 .. (12) 

Fo!' the first term we may wrIte 

JdL.dS, 
I '! 

if óL denotes the change of L at a fixed point of the slJace S. 
The quantity LetS and therefol'e also the integral fLdS is ir~variant 

when we pass to another system of coordinates. 1
) 

l) This follows from the invariancy of ds2, combined with the relations 

cl Q 1-
d-:t = Ipl d-:-' dS' = -I I dS, 

.'/] 4 .'IJ. P 
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~ 5. Tbe equations of motion may be derived from (12) in the 
following way. 'Vhen the val'iations ÓiVa have been chosen, the 
varied motion of the matter is perfectly defined, 80 that the changes 
of the density anel of the vefocity components are afso known. For 
the variations at a fixed point of the space S we find 

\ 

OXab 
ówa =2(b)-;:,-' . (13) 

UaJb 

where 
Xab = WbÓiVa - 70aÓiVb 

. (Therefore: Xóa = - Xa6, Xaa = 0). 
lf for shortness we put 

p= V~{ab)gabWaWb, 
so that L = -- P, and 

we have 
r Ua tta dXab . 

óL=-2(a)-ówa=-2(ab)--a = 
P P [/Jó 

a (tta ) 0 (tea) = - 2(ab) OiVb pXab + 2(ab) Xaó aiVó p' 

so thai, with l'egard to (14), 

, 1 0 (ua ) 
dU + 2(a)KaóiVa = - 2(ab) -a - Xaó + 

mó P 

a (ua) + 2(ab)(wóÓtlla-70adtlló) ibm p + 2(a) Kadtlla 

. . (14) 

(15) 

(16) 

. . (17) 

If aftel' multiplication 9Y dS this expl'ession is integrated over 
the space S the fh'st term on the right hand side vanishes, Xab being 
o at the limits. In the last two terms only the variations dma occur, 
but not their differential coeftlcients, so that according to our fun­
damental theorem, wh en these tel'ms are taken together, the coeffi­
cient ot each Ól/Ja muc:,t vanish. This gives the equations of motion 1) 

[ 
0 (ttb) 0 (ua)] f I 

](a= 2(b)Wb Oma p - èmb P , (18). 

which evidently agree with (4), Ol' what comes to the same, with 
,I 2(a)70aKa = 0 . (19) 

In virtue of (18) the general eqnation (17), which holds for 

1) In the term· 

o (na) 
- 2(a~)WaÓi/Jb omb p 

the indices a nnd b must first be interchanged. , 
48* 
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arbitrary 'v ariations th at ,need not vanish at, the Iimits of S, becomes 

a (ua ) dL + ~(a)J(aÓilJa = - ~(ab) a''!;b p 'lab . . (20) 

§ 6. We can derive from this t11e equations 1'01' the momenta 
and the energy. ~ 

'Let us suppose that' only alle of the foU!' variations O,'lJa differs 
from 0 and let this one, sa)' i5wc, have a constant value. Then (iJ) 
shows that fol' each value of a that is ,not equal to c 

'lac = - waó.vc, -'lca'= WaÓ,'lJe,. • • • .'. (21) 

while all X's without an index c vanish. 
,Putting fil'st b = c and then rt= c, and replacing at the same 

time in the latter case b by a, we find for the right hand side 
of (20) r 

a (uawa) a (UeîOa) ~(a) -a - Ó,Ce - ~ (a)-a - ólre • 1) 
lC~ ,P llJa P 

But, according to (15) and (16), 

so that (20) becomes 

, Ua,Wa, 
.2(a)-'=,P= - L, 

P 

aL a (ztewa) 
dL + I(,ó,'lJc = -;--a Ó.7J c - ~(a)-a.) --:---p d,'lJc' 

\. lVc "Va 

It remains to tind the value of óL. 

. (22) 

The material system together 'with its tltate :of 'motion has been 
shifted in the direction of the cool'dinate t/Je over a distance di/Jc' If 
the gl'avitation field had participated in this shift, óL would have 

been 'equal to - aL (fxe• As, however, the gravitation field has been 
alC~ , 

aL 
left unchanged, aal" in rthis last 'expression must be diminishe{l tby 

(~~.), the index 'W tmeaning 'that we .must keep constant the 
V,'lJc tV 

quantities 'Wa and consider on1y the variabilityof the roefficients gab. 
'Hence 

I 
aL (aE) t óL = - ~ + -a' ÓlCe • 
V,'lJc lCe tv 

Substituting this in (22) and putting 

1) The circumstance that (21)' does not hold for a = c might lead us la exclude 
j • this value from the two sums. We, need not, however, intro duce this restl'Îclion, 

as the two teems th at are now written ,down toa 'much, 'unnul each other. 
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1lcWa T p= ac' . (23) 

we tind 

(OL) oTac 
Kc + -, = - :E-(a)- . o.'Vc lV oma 

. (24) 

The fil'st thl'ee of these equations (c = 1,2,3) refel' to the momenta; 
the fOlll,th Cc = 4) is the equation of energy. As we lmow all'eady 
the meaning of 1(, .... 1(4 wc can easily see that of the othel' 
quantities. The stl'esses Xx, Xii, X;, Yx . .. are TlU T~l,_Tn' TI~ ... ; 
the components of the mOlUentulU per unit of volume -'1'41' -Tw 

-T43 ; the components of the flow of enel'gy' T w T24' TH' Furthel' 
TH is the energy per unit of volume. The quantities 

are the momenta which the gl'avitation field imparts to the mat~dal 
system per unit of time and unit of volume, while the energy 

which the system draws from that field is; given. by __ (aL), . 
\a''V 4 lV 

An elect1'omaynetic system in the gravitation field. 

, 
~ 7 • We shall now considel' charges moving under, the influence 

of external forces in a gravitation field;· we shall determine tbe 
motion of these- charges and· the electromagnetic field belonging to 
them. The density Q of the charge wiII be snpposed to be 'a con­
tinuous (nnction of the coordinates; the force per unit of volume ./ 
will be denoted by ]( and the \'elocity of the point of a charge by 
v. Further we shall again, introduce the notation (10). 

In EINSTJ!.IN'S theory the electromagnetic field is detel'lIlined by 
two sets, each of four equations, corresponding to weil known 
eqnations in the theory of electl'ons. Wè shall' consider one of these 
sets as the mathematical description of the sylltem to whirh we,have 
to apply HAMII.TON'S principle; the secOlld set will be fOllnd. by 
means of th is application. 

'fhe first set, the fll ndamen tal equations, may be wl'itten in 
the form 

~ (b) al/'ab _ - -::\--wa, 
umb 

. . (25) 
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the quantities lPab 1) on the left hand side being subject to the con­
ditions 

l/'aa = 0, l/'bn = - t~ab, • (26) 

so tllat they l'epresent 6 mutually independent numerical values. 
These are the components of the electl'lC fOl'ce E and the magnetic 
force H. We have indeed 

lP41 = ET , lP42 = E~ , lP43 = Ez, ~ 
1/'23 = He, lP3l = Hl! ' l/'12 = Hz, . 

. (27) 

and it IS thns seen that the th'st thl'ee of the formulae (25) expl'ess 
tbe conneetion between the magnetie field and the electrie Cllrl'ent. 
The fOUl'th shows how tbe electric field is connected w!th the ehal'ge. 

On passing to another system of coordinates we have fol' Wa tbe 
transformation formula 

W'(! = Irl :2 (b) :!rba Wh, 

W hich can easily be dedueed, while fol' lPab we shall assume the 
formula 

lP'ah = Ipl:2 (cd) Tea :!rdb ~ed. • • • • • (28) 

In vil'tne of this assnmption the equations (25) are eo variant fo)' 
any change of coordinates. 

§ 8. Beside ~ab we shall llltroduce cerfain othel' quantities ~ab 
whieh we define by 

- 1 
~ab = /_:2 (cd) gcn gdb lPal (29) 

~ -g 
Ol' with regard to (26) 

- 1 -
tpaó = V-:2 (cd) (gen gdb-gdn g~b) lPcd, .' (30) 

-g 
in whieh last equation the bar over cd means that in fhe sum each 
combination of two numbers occurs only onee, 

As a consequence of this definition ,\ e have 

tPaa = 0, tpóa = - l/'aó, • (31) 

and we find by inversion 2) 

l/'ah = V -!J:2 (cd) YaeYbdlPed (32) 

1) The quantities lPab are connected with the components (Pab of the tensor 

introduced by EINSTEIN by the equations '1'ab = V -g . (Pab' 
2) By the definition of the quantities 'Y (§ 3) we have 

I :2 (a) gab 'lab = 1 . (a) 
and for b =1= ( 

:2 (a) gah YaL = 0, or :2 (a) gba Yea = O. (~) 

Substituting for -;j;cd an expression similar to (29) with other letters as indices, 
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To tbese equations we add the tl'ansformatl6n formula for ;Pab, 

WhlCh may be del'ived fiOm (28) 1) <\ 

lp'ab =;S (ed)PcaPdb 1/.'(.(Z. (33) 

§ 9. We shall now considel' the 6 qllantrties (27) which we shall 
especially eaU "the q llantities lp" and the corresponding qilantities 

1/.', viz. lP41 ••• 11}12' i 

Accol'ding to (30) tbese latter are homogeneous and lmear ftinctions 

of the fOl'met' and as (beeause of (5») the coefticient of ll}c,( iJ' :;Pab is 

eqnal to tbe coefficient of tPab in ;Pcd, there exists a homqg'eneous 
quadratic function L of "'41 , ••. W12 ' wbieh, when diffel'entiáted witb 

respect Lo these quantities, glves :;PH' . , . lP12.~Thel'efoL'e \J' 

and 

aL 
-a- = 1/.'ab • 

tpab 

L = i 2(ab) tf}ab tf}ab 

(34) 

(35) 

H, as in (34), we have to consider derÏ\;ahves of L, this qnantity 
will be l'egarded as a quadl'atic funchon of t.he quantities ll}. 

The quantity L can noV\'" play the same part as the quantity that 
is represented by the same letter in §§ 4-6. Again I,dS is invariant 
w hen the eoordinates are changed. 2) , 

we have 

V 9.2 ~cd)yac '1bdtf}al = .2 (edej) YaL Ybdgeeg/tl tJ}et =.2 (df) Ybd gjdtpaj-tpab. 

The last two steps of this transformation, which rest on (ce) and ((3), WlJl need 
110 fmlher explanation, In a simiJar way we may proceed (comp. the following 
notes) in m'lny olher cases, using also the relations ~ (a) Pba ';Tba = 1 and 
~ (a) Pba roea = 0 (the latler for b =1= cl, which are similal' to (u) and.. ((3). . 

1) If we start from the equation fOl J:' ab that corresponds to (29) and if we use 

(7) and (28), attending to V-g'=lpjV=-g, we find L" 

- 1 
1/."ab =v ' .2 (cd) g'ca g'db tI 'cd = 

-.9 

, , 

1 =v---= .2 (c d efh ij k) pee pja Plul pzónJc :Jrlcdgejmtttf}JJf' 
-g " , 

This may be transforl1led m two sleps (comp. the preccediIlg note) ~to 
1 ~ 

V
- ~ (ej lt i) pfa plbgef9111 tr'eh. 
-g 

In this way we may proceed further, aftel' first expressing' .valt as a functioll 

of 'Ji1l! by means of (32). 

2) lnstead of (35) we may wl'Ïte L = ~'S (ab) l)iab Iliab aud now we have accord· 
ing to (28) and (33) 
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§ 10. We shall' define a val'ied motion of tile electric charges-by 
the quantities óaJu and we shall also vary the q~1antities tf1ab, so far 
as can be done withont violating the connectiolls (25) and ~26). The 
possible variations d'tf'au may be expressed in d'xa and tour other 
infinitesimal quantities q" whieh we shall presently, introduee. Our 
condüion will be that equation, (12) shall be true if, leavin~ the 
gravitation field unchanged, we take for d.1Ja and qa any eontinuous " 
fllflctions of the coordinates wluch vanish at the limIts of the domain 
of integl'ation. We shall understand by ówa, d't/Ju,b: d'L the variations 
at a fixed point of this space. The val'iations d'wu are again déter­
mined by (13) and (1.,1), and we ha\'e, in virtue of (26) and (25); 

MtPab àXab 
d'tPaa = 0, d'tPha = - d'tpah, :!J(b) ~-= d'wa = !:(b) -~-,. 

vaJh VaJh 

If therefore we put 

ÓIJ'ah = Xah + ~aó, • . . (36) 
we must have 

a~ab 
~aa = 0,. ~ha = - .{tah" ~(b) _;k = O. 

VaJb 

It can be shown that quantities {}ab satisfjrmg these condltions 
may be expressed in terms of four quantities qa by means of the 
formulae 

àqb' àqa' 
~ab=-~ ---~ -(a=l=b). . . (37) 

VaJa U·1Jh' 

Here a' and b' are the numbers that remain when of 1, 2; 3f 4 
we omit a and b, the choice of' the value of a'l and j that' or b' 
being; sueh th at tlie order' a, b; a/~ b" ean be derivedffrom tl1e ordèl' 
1, 2, 3, 4- by an even num15el' of permutations each, ofJwo numoel's. 

§ 11\ Ey (34); (36) and (37) we have 

- - (dql), àqa') dL + ~ (a) Ka naJa = ::E ([tb) l/'ab ~ --a - + 
l'aJa! .1Jb' 

+ ~ (ab) 1J.'ab Xab + ~ (a)' Kad'.1Ja . . . . (38) 

Here, ll1 the transformation of the first term' on the~ l'lght hand 
side lt is found convenient to ll1troduce a new notation for the 
quantities- lPab' We' shall put' 

1J.'ab = 1J.'~/b', 
L' = 1-~' (ab) tP'ab tp'ab = i Ipl ::E.(<J:bcdef) 3tca ~db peaPfh "'~d 1J.'ef=· 

=i Ipl ~(Cd)1J.'cd1J.'cd= Ipl Lp 
while 

Ipl dS'=dS. 
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a consequence of which is 
tl'6a,=- t/J~b 

'and we shaU complete: our definition, by 1) 

tf'~a=·O'I!. . . .. .). . . . (39) 

The term we are considering' them becomes 

- " (Oqb" àqa')' ., - ,,(Oqb Oqá)" "2(ab)tfJa'b' -a --a- =.:i(ab)tfJab ~-~ = 
l/Ja' tcb'!, vtca vl/Jb 

,., * (à q& àqa) " àqa = ! 2; (ab) tfJab ~ - ~ = - .2 (ab) tl'ab ~ = 
vtca Vl/Jb Vl/Jb 

à(") air." = _ "2 (ab) tfJab qa + .2 (ab) ~ qa, 
Ol/Jbl a,va 

so that, llsing (14), we' obtain fol' (38) 

à(tfJ~bqa) a"'~b 
óL + "2 (a) Ka dilJa = -.2 (ab) à + "2 (ab)-:l- qel + 

tcb Vl/Jb 

+ .2'(ab) tfJab Wh Ól/Ja + .2v'(a) Ka d'.va, •• (40) 

wbere we have taken into consideration tbat 

.2 (ab) tfJab (Wb ó,va - Wa. d'.vb) = .2 (àb) tf'ab Wb ó./Ja• 

If we multiply (40) by elS and integrate over the space S the 
first term on the l'ight band side2 vanishes. Therefore (12) requires 
that in the subsequent terms the coefficient of each CJ..a and of each 
(y,va be- 0: Tlierefore 

a ,,-
.2 (b) :l1lfl,h = o. . . . . . . . (41) 

Vl/Jb 
and 

Ka = - .2 (b) tfJab Wb. • (42.) 
by which (40) becomes 

L ......, a(tJr~bqa)' ) 
ó + ~.(a)Xa Ó,Vat=---,.;;.,(ab) a- .... (43 

IlJb~ 

In (41) we have the second set of fom electl'omag)1etic equatIons, 
whiJe (42) determines We fórcesl exerted- b:r tlie fieldll om the charges. 
W" e see that (42) agl'ees with (19) (namely in virtue ofr ($11): 

§ 12. To deduce also the equations fOl the momenta and the 
energy we pl'oceed as, in. § 6. Leavin~the grav.itatiomfield'unchanged. 
we shift the eJectromagnetic field, i. e. the vallles of 'Wa and tf'ab 
in, the. dlrection oft one of the coordinates, say, of Xc. over;a'distance 
defined by the constant variation o[/Je so that we have 

1) The quantities. tfJ[;b are connected t with the quantities CJ'~b introduced by 

EINSTEIN by the equation tf>~b =-I! -9·· (P~b, 
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atJ.'ab 
ÓtPab = - -a- Ó!/Jc 

Xc 

Fl'om (36), (14) and (37) we ean infer what valnes must th en b~ 
given to tIle Cjllantities qa. We mllst put qe = 0 and for Ct =1= c 1) 

ga = tl'a ~' Ól/h· 

For 01.. we must snbstitute the expression (cf. § ~6) 

\ _ aL + (aL) I Óivr. 
! a'Ve a/vc.iJ \ -, 

where the index tp attached to the second dedvative indicates that only 
the variability of the coefficients (depending on ,qab) in the quadratir 
fnnction I.. must be taken into consideration. The eqnation for the 
component Kc which ·we finally find from (43) may he wr~tten in 
the form 

(aL) aTbc 
Kc + -a, = - :2 Jb) -a-' . . . . . (44) 

!/Je ~ Xb 

whel'e 

Tee = - L + .::E (a) tJ.1~e t~lt'e" 
a=l=c 

. . . . (45) 

and for b =1= c 
1'öc=:2 (a) tl'~b l"a'c" . (46) 

a=l=c 

Equations (44) cOl'l'espond exactly to (24). The quantities T have 
the same meaning as in these latter formnlae and the intluence of 

gravitation is determined by (aa~) in tlle same wa)' as it was 
,'Vc ~ 

fOL'mel'ly by (~~Jw' 
We may remark here that t11e sum in (45) consists of three and 

that in (46) (on account of (39)) of two tel'ms. 
Referring to (35), we ~nd fj, from (45) 

1'11 = i (tJ.14Stf'43 + tf'Htf'42 - tf'41tJ.141 + 1.J'Utf'23 - t/JS11.J'S1 - tf'12 tJ.112) , 
while (46) gives 

Tlte d~§'el'ential equations of the .qmvitation field. 
. \ 

§ 13. The equations which, for a given material or electromagnetic 
system, determine the gravitation field caused by it can also be 
derived fl'om a variation principle. EINsn:IN has pt'epared the way 

1) 1'0 understand this we must atlend to equations (25). 
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for this in bis last papel' by introdueing a quantity whicb he caIls 
Hand which is a fnnction of the quantities ga'J and their derivatives, 
without further containing anything that is conneeted with the 
matel'ial or tbe electromagnetic system. All we have to do now is 
to ,add to the left hand side of equation (12) a term depending Qn 
that quantity B. We shall wl'ite fOl;- it tbe variation of 

'. 

~fQrlS, 
" wbel'e r. is a univel'sal constant, while Q is what EINSTEIN calls 

nV--g, with tbe same or the opposite sign 1). We shall now require 
that 

óJLdS + : óJQdS + J:E(a~J(adaJa. dS= 0,. . . (47) 

not only for tbe variations considel'ed above but tllso t'or variations 
of the gmvitation field defined by Ó,qab, if these too vanish at the 
limits of the field of integmtion. 

To obtain now 
1 

óL + - óQ + ~(a)KaóaJa 
" , 

we have to add to the rigbt hand side of (17) Ol' (40), first the change 
of Ij caused by thc variation of the quantities iJ, VIZ. 

- aL 
~(ab) -a - Ógab. 

gab 

1 
and seconrlly the change of Q multiplied by This latter change is 

" - aQ - aQ 
~(ab) a Ó,qab + 1; (ab e) -a - dgab,e; 

gab gab,e 

I l' b . i! 1 d' . agab 
W lere gab,e laS een Wl'ltten lor tlle el'lvatlve-

a'Ve 

As 

we may replace the last term by 

, - \ a ( aQ ) - a ( aQ ) ~(abe)a~ -a- dgab -~(abe)-a, a-- ogah' 
aJe gab,e 'Ve !7aé,e 

§ 14. As we have to proceed no,,,' in the same way in the case 

1) I have not yet made- out which, sign must be taken to get a perfect conform­
ity Lo EINSTEIN'S formulae. 

I \ 
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of a material and in that of an electromaglletic system we need 
consider only the latter. The· eonclusions drawn in § 11· evidently 
l'emain valid, so that' we may stal't from the equation 'whieh we 
obtain b.r addillg the new terms to (43). W e therefor~ have 

. 1 à(tp~bqa) 1 - à C àQ ) 
dL+-óQ+l:(a)Kaóma=-2(ab) à +-2.(abe)-à 'à--:--Ógab-t: 

" l/Jb r. - m, gab e 

+:2 (ab)(àà1 +~ààQ )Ógab -~2(abe)-àà (ààQ )ógab . . . (48) 
gab "gab " lUe .r/ab,e 

When we integl'ate over S, the tirst two terms on the right hand 
side vanish. In tbe tel'ms followillg' them the' coefficient of each rJHab 
must be 0, so that we find 

àQ. -.2 (e) ~ ( àQ,),= _,,~ 
àga~ à·'lJe \. àgab,e àgab 

. .-. (49) 

These are the differential equations we sOl1ght fOl'. At the sa~e 
time (48) beeomes 

óL + ~ÓQ+.2(a)Kaó,ca=-2(ab) à(tpà~bqa) +~.2(abe)-àà ('àà
Q 

d,<Jab) (50) 
" mb" l/J~ grtb,c 

§ 15. Finally' we ean derive fl'om this the eq\lations for the 
momenta and the energy of tne gravitatioll field. Fol' this purpose 
we impal't a vil'tuaI:.displaeement óXc to this field' onIy (comp. §§ 6 
and 12). Thus~ we put ÓXa = 0, qa,= ° and 

Evidelltly 

and (comp. § 12) 

ógab =-- gab,c ómc· 

àQ 
óQ=--Ó,'lJc 

àm~ 

dL = - (~~) Ó,'lJc' 
UtVc .!; 

Aftel' having sl1bstitl1ted these vallles m equation (50) we' can 

deduce from it the value of- r:~~) . 
\. IJ,'lJc .iJ 

If we put 

rlg 1 1 - àQ 
1 cc = - - Q -- .2 (ab) à--gab,e 

"" gab,e 
. . . (51) 

and for e =1= c 

"g _ 1r - àQ 
1ee - - -.2 (ab) ::.--gab,e 

- " vgab,e 
. . (52) 

the 1'esult takes the following form 
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_ (aL) = _ 2 (e) aT~c 
a,'/] f ame 

. . (53) 

Remembering what has been said in § 12 about the meaning of 

(~L), we may now conclude that the quantities T:ö bave the same 
UlOc .!; 

meaning for the gravitation field as the qnantities Tab for the electro-

magn'etir field (stresses. momenta etc.). The index ,q denotes th at TZb 
belongs ta the gravitation field. 

If we add to (53) the equations (44), aftel' having replaeed in them 
b bye, we obtain 

where 

aT!c 
Kc = - 2 (e) -;:,-, 

U{(;e 

T!e= Tee + T~c. 

(54) 

The quantities T!e represent the total stresses etc. existing in the 
system, and equations (54) show that in the absence of extern al 
forces the resulting momentum and the tota1 energy wi.Il remain 
constant. 

We could have found dil'ectly equations (54) by applyÏJlg formula 
(50) to the case of a common vil'tual displacement ome impal'ted 
both to the electromagnetie system and to the gravitation field. 

~'inally the differential equations of the gravitation field and the 
formulae derived from them will be quite conform to those given 
by EINSTEIN, if in Q we substitute for H the funcüon he has chosen. 

§ 16. The equations that have been deduced here, though mostly 
of a different form, cOl'l'espond to those of EINSTEIN. A& to the cova­
riancy, it exists in the case of equations (18), (24), (41), (42) and (44) 
for any change of eoordinate&. We can be sure of it because LdS 
is an invariant. 

On the contrary the formnlae (49), (53) and (54) have th is pro­
pel'ty only when we confine ourselves to the sJstems of eool'dinates 
adapted to the gravitation field, whieh EINS'l'EIN has reeent1y con­
sidered. For these t11e covariancy of the formulae in questioJl is a 

. consequence of the invariancy of of HdS whi.ch EINSTElN has proved 

by an ingenious mode of reasoning. 
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Chemistry. - - "On some P(l1'ticzt!m' Cfl.~es af CU1'1'qnt PO(!l1tirt! Li?1~f:". 
11. By Dl'. A. H. 'y. AT]~N. (Com,?.1llTlicntecl by Prof. :L F. 
HOJ.J,El\IAN). 

(Oommunicated in the meeting of October 28, 1916.) 

In the p1'eceding paper 1) an eql1ation was del'Îved which l'epresents 
the ratio bet ween the qllantity of silvel' chloride wbich is deposited 
on the anode in case of anodic polal'Ïsation of a silver electrode in 
a Sollltion of a chloride, and that whieh is deposited in the liquicl. 
'fhis equation now ennbJes us 10 indirale in what wa,)' the electl'o­
lytical -detel'minatioll of halogens as sil\'e1' lJalides takes plaee with 
the smallest en'or possib1e. 

In th"lse detel'minations the conditions must be satisfiecl thnl. the 
halogen is c1epo:5itecl as completely as possible on the anode as silver 
halide nnd that as liltIe si1ver as pos'lible goes )n10 solution from 
the anode. 

During the analysis the halogen content of the liquicl c1iminishes 
continually. 'fhe course of Ihe process eall therefore not be indirated 
by a single Clll'l'ent 'potential line, but only by a nlll~ber of Cl1l'rent 
potential line=: fOL' all coneentrations which the halogen iOIl passes 
through from the beginning to the end of the analysis. lf e.g. ,ve elec­
trolyse a 0.01 11 solntion of NaCI, tllG course is Ül the beginning 
l'epresented by line 1 in Fig. 2 of the precedillg paper. It' in course 
of time the solution !Jas become 0.001 n, line 2 is appliea,b1e, later 
on, when the concentration has become 0.0001, 1ine 3 applies, etc. 
As was demollstmted on p. 668 tlte points Oll lhe leftside of A 1] 

give CUlTent densities which chiefly yield AgCI Oll the anode. lf 
Cl = 0.01 we ean, therefore, work with a comparativel.l' lal'ge 
CllI'l'ent density, without Ag appl'eeiably going into soluiion. Fo1' 
Cl = 0.001 this Clll'rent density is ton times smaller, fOl' C\ = 0.0001 
a hundl'ed times smaller, etc. 

It' we now wanted to execute 1he electro1ysis with a constant 
Cl1l'l'ent density, till' ,G\ bad become = 0.0001, we should havè to , 
\Vork with a vel'y small ClIl'l'ent density ti'om the very beginning', 
fol' which with C = 0.0001 na appl'eciable ql1antity of Ag goes 
into solution. In consequelJce of this the ttnalysis would last \'ery 
long. ]i. is more ad, isable to work with a g'l'eatel' CIIl'l'ent density, 
as long as G\ b still great, alJd diminish it accol'ding I1S G\ descends. 
'fhis may be done by measlll'ing the anode potential during the 
analysis, and by l'P-gylating Ihe intensity of the elll'l'ent so tbat the 

1 

1) These PJ'oc. Vol. XIX, p. 65R. 
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anode p01ential, hence the concentration of the siIver ions at the 
anode, keeps a detinite vallle, or val'ies in a definite way. 

When during the e1ectrol,Ysis the concentration of the chlorine 
d2 

ions at the anode is kept at a constant \TaIue C1a, the ratio is 

constant during the electl'olysis, and equa! to: 

D c2 ' 
I la 

dl 

(1) 

d 
For silver chloride L is about 10-1°. If Cia is kept at 10-4, d

2 

1 

wiJl be about 0.01, DI and D 2 differing little. Hence 1 % of the 
tota] quantity of chIorine will pJ'eeipitate in the liqllid as AgOI. 
This quantIty is lost for the analysis. The error made in the analysis, 
is. ho wever, greatel' than 1 (1/0' for the increa~e in weight of the 
anode is determined. This is 1 % too smalI, becanse AgCI preeipitates 
in the liquid, uut this causes a quantity of Ag of (he anode to go 
into solnlion, whieh is E'quivalent to 1% ehlorine, hence'about three 
times the quantit). The tota'! erl"or amounts, theref:ol'e, 10 abont 4%' 
This error wOllld, be smaller, if tlle analysis was cartied out for 

d 
Cln = 10--:1• In (his case .2 wonld be = 10-.J.. But now there remains 

dl 
ill the solution a qualltity of eblorine ions equal to 10-3 ; to reach, 
therefore, an accuraey of 1 (1/0 we shonld bave to start from a 
solution whicb is 0.1 norma!. The lotal quantity of AgCl that mnst 

, Eeparate fl"01")1 ihis solntiolJ, is pt'etty large, for whicb a large silver 
snrface is neeessary, as Ille quantHy of Aicl that can be deposited 
on a given anode sm'face, is comparatively smal!. It appeal's, therefore, 
that an accurate determination of Ol presents cl ifficulties. More 
fayourable are tlle· eit'Clllnslances fol' BI' and T, as the solubility 
pl'OduclS of AgBl' and Agl ~U'e 10-12 ~nd i0-W• We ean, therefol'e, 
work fol' AgBt·, with C: a = 10 --I, and fOL' AgI witll 10 -0, withont 
n,n appreciable loss laking placE'. 

'l'he los::; of sih el' chloride beco~l1es slightly smaller when Cia is 
nol kept at H, constant "alue from the beginning, unt allowerl 10 
c1iminish during the elecfrolysis, so tbat C1a lJas a greatet' vaIue at 
the beginning of -file experimenr fhan at fhe end. 

Let ns sllppose the inteJlsity of (he CUl'rent 10 be so' regulated' 
that C1n always l'emains eqllal to nel> 11, beilIg a contant smaller 
than 1. 

Now: 
4~* 
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C
d. 

At the beginning of th€' analysis, where 1] ie, great, ~ i'3, there­
dl 

fore, smaller than at the end, where G\ has descepded to a small 
,alue. lf we eall this irntial and thit, flnal value Cll> and Clp , the 

f' d, mean value 0 - d1ll'ing the analysis is: 
dl 

Ol' 

(2) 

f' d~ For a given value of Olb and Cle the valne 0 - IS IlOW deter-
dl 

mined by n. 

If' we assnme 11 = 0.5, Clb = 0.01, G1e = 0.00004, then:!.: 10 -3. 
dl 

Ab a quantity of' sih'er of the anode dissolves which is about 
thl'ee times the value of the deficit of chlorine, Ihe diminulion of 
weight of the anode is found 0,4 X 10 - 2 too smal!. lVloreover the 
roncentration of the chlorine ions in the solution remains 0,00004: 
at the end of the determillation, henee 0.4 °10 of Ihe ol'iginal ql1an­
tity, Hence with thib mode of WOl'kulg the total error JS 0.8 0

/
0

, 

If 12 is taken gl'eater, e, g. = 1, and Cle = 0.00002, the shortage' 
of AgOI on the anode becomes 0.2°/n, 0.2 % of the chlodde remaiu­
ing in sohttion, so th at the total error amounts here to 0.4 0/0' 

With the given value of Clb a smaller error cannot be reached, 
This would only be possible by making Cll> greater, but this requires 
tl very large silver sl1rf'ace. Nor is rhe above givE'11 value for n = 1 
practically to be r~alized, as in this case the Cllrrent densit;r would 
become = O. 

In general the cm'rent density becomes greater, hence the time 
·l'equÏl'ed fOl' the execlltion of, the analysis shol'tel', as n is sma.ller. 
'.Fhe accuracy of tile analysis, is howevE'I' diminished by thib. 

The dl1ration of the analysis ean be ealcnlated in the followirlg wa,Y. 
When we work with a CUl'rent density smaller than the eritiral, 
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as 111 pl'actice is always the case, the Clll'l'ent density is given with 
grea1 approximation by: 

Dl 
d=1.117 d (Cl-Cl<l), Ol' as Ola=nC1 

Dl 
d = 1.11 7 - (I - n) Cl ' 

ó 
If the total quantity of halogen is Ai gmmme equh alents, the 

diminntion of this per time nnit is equal to the CUl'l'ent strength, 
divided by 96500, hence: 

- ~jJ;f = ~~ if 0 IS the surface of tile anode, 
dt 96500 

Ir fl1l'ther tlle volume of the Soilltion is V, then J11 = VCl' and 
consequent!y: 

Od ' OD1 C 
-- (l-n) 
96500 V- 86400 d TT 1 

from which follows: 
86400 óTT (Clb) t= X 2,3 l°log - , 
OD1 (l-n) Cle 

(3) 

It appears from this equation that fol' a given vallIe of C1b anel 
Cic the analysis wIlI -pl'oceed the more l'apidIy as (f is smalle!', 
consequently as the stirring IS more vigorolls, the volUlne is smalleJ', 
11, is smalleI', alld 0 and Dl aJ'e greater, ])1 may be illcreased by 
1'ise of temperattll'e, A large area of the anode is particlllady de­
sirable here bccallse the dep0Slted silver chlo~'ide covers the metal, 
and the cffecil ve area becomes, therefore, smallel' d'uring the' arralysi'S. 

The electro-anal,\ tical determination of the halogeus has been fnlly 
examined by S~nTH I) and his collaborators, and the l'ecol'ded J'esults 
are salisfactol'Y. The method fol' rhloJ'ides has appetwed to give the 
best reslilts whelJ the solution contains a sllffirient quant!t)' of 
OH-ions. to form AgOH with the silver, when the chlorine ions ale 
almost consumed. lil this way the los& of silvel' of the anode is 
prevented, In con&eqnence of the pl'eclpltaied AgOH tlle anode 
weighs too heavy, bqt the &il\'el' hydl'oxide can be easily derollJposed 
by heating, so that the incl'eafle of weight now actllally gives the 
deposited chlol'ine. 'fhere ahmys l'emains a deficit, however, as not 
all the chlorine from the solntiol1 can be deposifed. For the 
othel' halogens the error will be smaller than fol' chlol'Ïue, when 
the same metbod of worldng is folio wed , 

The ddfel'ence bet ween the thl'ee halogens appears clel:lJl'ly ti'om a 
research by REmDY ~), who fonnd· a deficit of 0.2 ~/o fol' a dilnted acid 

1) S~nTH, Electroallalysis. • 
2) Amer. ,'ourn. of Science. (4) 40 (1915) 281~ 400, 
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SlJlnlion of iodlde, of 0.8 % for bl'omide, and of 20 % for chloride. 
'rhat the error for cblodde is so exceedingly large, largel' than 

is necessal'J, is owing LO R~lmY's rnethod of wo,·king. He wanted, 
namely, 10 pl'ecipiLate halogen, LIl I 110 more than 0,1 mgr. was left 
III 200 crna of the solutioll. B'ol' this pmpose he calculated the potential 
which a bil vel' electrode covel'ed with AgOI presents in a solution 
ot' 0.1 mgr. pel' 200 crna, and then carl'ied ont the electrolysis tor 
this constant anode potential. Rence the halogen concentration at the 
anode was kept constû.nt, anel Cla 111 equation (1) had the value 
0.000014 fol' Ol, the vallle 0.000007 fol' Br, and 0.000003 fol' 1. 

The ratio of the q nantIty of si! vel' hal iele, w hieh pl'ecipitates in 
the liqnid LO tbat which precipitates on tbe anode is a,ccol'ding to (1) 

d, D, L -,-
dl Dl C~la 

As now DA" u is wout 1.4 X 10-10 , LA" BI 5 X 10-13 , allel 
b 0 

LA"r 10- lü , d, becomes 0.7 for chlorlIle, 0,01 fol' bromine, al1l1 
o ~ \ 

0.001 fol' iodine. 
'rite valne calcnlated bere fol' sil\'e1' elllol'ide is mnch greatel' than 

that of REEDY, which <.'an be explained by t his that tbe values of 
Cia nsed al'e ~ot vel'y accurate. When Cia ditfers little fl'om V L, a 

I 

'd 
slnall erl'Ol' iJl Cict g'Ïves 11 gl'eat change in tbe val ne -=-. Fol' AgBl' 

• I dl 
and AgI, whel'e Cic! is much smaller thall J/ L, aI! error in Cia bl'ings 

about only a small absolute change in d, 
- dl 

As fol' 1% bl'ornille thai pI'ecipitates in the Itqnid as AgBI', abont 
11

/ 2 time-s the amount of sil\'e1' of tIle anode dissol\'es, tbe total 
erl'01' cal<:ulaled fol' (he bl'ominc detel'mination is about 2.5 0/0, In 
the iodine detel'lninatlOll it amonuts to abonl 0.2 %' It appeal'::;, 
therefore, I hal iu these lat ter detel'minatiom; (he calcu lateci error 
corl'esponds III ordel' of magnitude with the deficit in L~EEDY'S deter-

, minatiolls. 
,As was ah'eadJ Ob5el'\'eu auove (he cletermination of chloriue as 

sil vel' chloride can be made mOI'e aCCUl'ate than was done by RElmy, 
Fo1' this pUl'pose the concentl'ation of the clllOl'ine ions at the anode 
must he kept aL a highel' mIne, e.g. 1 mgr. instead of 0.1 mgl'. 
pel' 200 erna. 

Further REEDY has detel'mined same elll'/'ent potentiallines, as they 
have been dmwn in tig~ 2 of the fit'st paper, among ot11er thilJgs 

) 

fol' KT (tig. 3 p. 286 REEDY). A quantitative compal'Ïson of the theo-
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l'etical and tlle experlmelltal lille IS not possible. Qualitatively the 
agl'eement is perfect. Tt appeal's fl'om the conl'se of the lines 1 and 
2 in ·fig. 2 that (he ITIlddle of the hOl'izontal pa!'t of these !ines lies 
at a concenLi'ation equal to l/ L. Hence at Cia = 10- 8 fol' AgI, which 
correspOlldb with a potentialof + 0.34 Volt. li appeal's from REEOY'S 
liue th at the middle of the hOl'lzontal portioJi really lies at this potential. 

This is diffeL'ellt wlth a line glven by H,mmy fol' AgBIOa in 0.5 
Illoleclllal' KB1'01' Here the middle of I,he horizontal portion lies al 
aboul 0.470 V, cOI'l'esponding wlth a bilyel' ion concentl'ation of 
10-G• Then the lwoducr of solnbilily of AgHI'Os woulc\ be 10-12• 

This value is mllch too small fol' AgBrOa• Fot' the SOlllbilit,)' HÓT'l'GER 1) 
found 7 X 1O-~ 1II01. pel' L. As fol' this clilntion AgBr01 is almost 
totalI,)' iorÎized, the pl'oduct of solubility will be about i) X 10-;>. 
The produet of solubility found from RFWDY'S line, is therefore eer­
tainly not that of AgHt,Os. lts value ag rees prett,)' well with that 
of Ag BI', wim' h leadb us 10 tlle Sll pposition that Rl~EDY'S I ine does 
1101, refel' 10 Agl3rOain KHt 0 1, but (0 AgBl' lfl KBr, whielt might be 
the ('ase if the bl'omate used "ms contamlflaled with bl'omide. Thib 
sUl>pobition is sllppol'led hy what follows. Fo\' fhe pO.lential of 
AgBt,O J III 0.5 molecula!' KBt,Os without polal'ÏsattOn REEDY finds 
0.400, V., wlllch Jields a pJ'odnct of solllbility tbr 'AgBJ'Os of10' ï. 

Ab was demollstl'ated above ,this valne is too low. If we aSbllme the 
ll1easll1'ed potential 10 refel' to AgBl' in KH1', the solutlOl1 used would 

I 

have to coutai n 10-i K Br, fot, whieh it would be tberefol'e neces-
sary that the bl'o11late med was contaminated with 0.002% bromide: 

Besides, (he leJl~th of tbe hOl'Îzontal piece in tbe line of R~;~:DY 
is slightI,r mOl'e than 0.1 Volt, as is reqnirep fol' a sih·er. salt, 1'01' 

which V L = 10' IJ in asointion which is 10-; molecnlal' at the 
anion. F01' AgBl'01 IJl 0,5 molecular KBl'Os the ltot'izontal portlOlI 
",ollId luwe (0 be about twice as long. 

" =n!, .1 I In fig. 1 the lino ('oum! by l~Kl<]ln IS 

dmwn, the dotted line IS lile calelllated 
one of AgBr in 10-5 n. l{ BI', ill whieh 
tfle scale of tbe clll'renl densities is 
c hosen so th at a poin t of the ealeu!atec1 
line coincides with a point of,the found 
line. 

It appears tlmt thel'e exists n satls" 
..... ---.. , factor)' agt'eement bet weelJ I hese two 

.·t • f • 6 V .. I liues, when it is borne in mind thaI,' 

I) Z. r. physik, ChGmie, 46 (190R) 602, 
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tlle value of 10 -5 of the bromine ion concentratioll is correct onI)' 
in approximatiol1. 

If we assume that the product of SOlllbilit.} of AgBrOa is iiXlO-ï, 
the concentmtion of the silvel' ions is 10 -4 in 0.5 molecuIar KBr03' 
The Cllrrent tension line of AgBrOa in KBrOa would not begin 
thel"efore befol'é 0.57 V., and would therefol'e be -a continuation of 
the one drawn in fignre 1. 

5. Anodic fUl'matiun of metal comp1ntnds in t!te., solution. 
In the pl'epal'arion of, insoluble metal compounds by electl'olytical 

way aeem'ding to LÜCKOW. we wish to aHain that the precipitatiol1 
does not fOl'lll on the anode, bilt in the hquid. The conditions for 
this follow immediafely from figme 3 of the th'st paper ang from 
eq uation (43) 

lt is eleal' that we shall ha\'e LO work with a CUl'l'ent denbity 
greatel' then the critlcal density hence: 

1.117 
d> -ó- ~.plCI -D2 C2 )· 

Tile cnrl'ent density need only be little greater than this value 
10 make all Ihe preeipltation fOI'm in the liquid. Tbis condition 
will the sooner be satisfied as Ol is smaller and (f gTeater. That is 
to say that the C'oneentration of the anion, whieh gives a precipitate 
with the metalion, must he smalI, and the liqllid shottld_not be 
stirred or only slightly. These [1,I'e t!lC \'er)' same conditions as 
LÜ.CKOW gives for his mode of ·worldng. r 

6. Electl'olysis of solutions of compie,/) $(llts. 
In the eleetl'olysis of Soilltions of complex salts, e.g. Ag2 (ON)2 

dissolved in KON, a pl'eeipitate ean be fOl'med on the anode lInder 
some cü'cumstanees, 111 th is case of Ag2(ON)2' / 

This very greatly increases the l'eSibtanee, and eufeebles (he CUlTellt, 
so that it is /necessal'j' la prevent the fOl'matioll of this precipitate. 
It is now easy to indicate at wilat CllrreJll density this pl'eeipitat.e 
will be formed. 

In a sollltion of Ag2(ON)2 in KeN exist the eqUIlibria: 

+ 
Ag + 2CN;:!. Ag (CNL 

and 

+ 
Ag(CN), + At! ~ Ag2 (CN)2' 

+ 
Ir we call j he concentration of Ag(ON)" Ag,ON allel Ag2(ON), 

Cl' <.:,' C3 and c4 , thell 

\ 
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(4) 
and 

CI ('2 = [('c4 (5) 

When the solntioll is satllrate with respect io Ag,(CN)" (5) passes 
in to : 

. . (5a) 
, 

where L is the procluet of solubility of silvel'cyanide. 
Now a precipitate will be fOl'med on the anode, ab boon as 

C3,tCla h~s become L, and the electl'olysis wil\ have to be C'ondncted 
&0 thai C2aCla reOlains < L . Cla, C2a etc. denotes the coneentl'atiori 
close to the anode, Cl> C~ etc, denoting the concenü'ation at the 
boundary plane of the diffusion layel' WILh the rest of the Iiquid. 

Aceol'ding 10 § 2 of the preceding paper, l!Je ql1antity of cyanogen 
lons diffusing pel' second towal'ds the anode, is eql1al to: 

Da CJ - Cda 

86400 Ö 

So long as no Ag, (CN)2 is pl'ecipitated, these wiU fOI'tl) IOns 

.Ag (ON)2 which move away from the anode through diffusion. Thè 
quantit,v of this iE> givE'n by: 

Dl ala - Cl 
864UO Ó 

From w hieb follows that: 

2 Dl (Cla - (1)=])a (Ca - C3,,), 

The CUl'l'ent density is: 

Cl -C 
d=1.117D

1 
a 1 

(f 

(6) 

This CUlTeni density is thE'I'efore Illaintained thl'ough the cyanogen 

ions diffnsing to the anode, alld ions of .Ag (UN)2 being formed 
thel'e, which diffusE' away ft'om Iho anode. If Ihe cm'rent density 

is increased, it wil! attain a value at whieh not enough ON dlffnses 

to the ,anode fOl' .Ag(CN1 2 10 be exclusi\'ely formed: also .Ag.(UN,) 
will then have to be fornled al the anode, When the clIrt'ent density 
is regulated so that the solution at Lhe anode is just salurate wHb 
Ag,(ON,), but no appl'eciable quantitJ of Ag~(ON,) is deposited, the 
equations (6) and (7) hoId, and at the same time: 

C2(( (Jla=L, (5a) 
and 

C2a C.la ' =!( 1:1,( (4) 

Fl'0ll1 ~4), (5a), tllld (6~ follows: 
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. (8), 

anc! f,'om (7) 

]) c--]) C V~ 1.117 a 3 3 I .L~ 

d=--DI • 

rI VA: 2D +D -
I a L 

. (9) 

V I( 
is ver.)' smaIl for silvel' cyanide, auout 10->, and whell 

I, 

Cl is not ve1')' htl'ge wiil! respect to Ca v'I'e may ,vrite: 

1.117 
cl = 2ó' ])a C3' (10) 

TILÎs equation gives, thel'efol'e, the Clll'l'ellt density below whieh 
JlO deposition of a pl'ecipitate on the anode takes pIace. 

It appears from It that tbis Cl1l'rent deo&ity is the gl'eateL' as the 
~ollcentl'atiolJ of the complex fOL'mer is gl'eateL', the diffllsion coem­
cient gl'eatel', and rJ smaller. 13y means of vigol'olls stil'l'Ïng and 
lUCL'eaSe of ternpel'atUl'e wc call woek with a, gl'eatel' C'Ul'rent densit):-

Fo!' tbe rest the C'lllTent density, at whil'h L,he anode is C'overed 
with a precipitate, is about the same for all C'omplex salts (for a 
same value of Ca), the coefficient of diit'usion diffel'ing little. Of 

V
/J( 

eonrse this holds only w hen - is small. The values of j{ . L 

V i( 
alld L have, tIJel'efore, 110 II1tluence, When JlOW .iJ is 1I0t 

ver)' small, Ol' Cl great with L'espeet to Ca' eqnatioll 19L must lbe 
used illstead of (10). The Wl'l'ent density IS now smalleI:, the 
numel'atOi' bemg smaller al1l1 tlle denominator gl'eater tlw,n in (10). 

The potential, at which lhe depositioll of A~2 (UN)2 begins, is 
found b.) substitutioJl of (9) in equation (16) of the preceding paper: 

(IJl) 
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If, thel'efOle, a CllJ'l'ent densily pl'evails gh'en by equatioll (9), tlJe 
liquid jusl at tbe anode is saturate with Ag2 (CN)2' but not in more 

distallt pal'ts o~f the diffusion layel', as here the cOllcentration of CN 

is gl'eater, and the silver cyanide dissolves under fOl'mation of Ag lUN2). 
Hence the 1ayel' of silver cyanide will not becöme thicker fOl constant 
CUlTent rlensity. ' 

lf the CUlTent dellsity is increased, nol ellough CN-ions wIII di1fuse 
to the anQde to form again complex ionR with the Ag2(CN)2 formeel 

::1--- -
by thp. Ag + Ag(ON)2' Part of the cyanogen iOBS will 110W yiel~1 

Ag2 (ON)2 with the silver of the anode. This part wiII be the gl'eater 
as the cnl'l'ent density if> gl'flater For a given vallle of the latter 

pl'actical1y all Ihe Ag(CN)~ and CN will be consumed to yield 
Ag2(CN)2 at the anode, For a still gl'eater value of cl the :iilVel' wilI 

+ 
Ihen go into soIution as Ag, 

So long as the Ag2(CN)2 is deposlted ol1ly on Ihe anode and not in 
the liquid, the following eq uation holds with close approximatioll : 

1.117 ' J 
cl = -ó- [Dl (Ct-Cia) + D:, (Cd-Cda) _. . , . (13) 

Ol' in connection with (4) and (5a): 

d = 1 117 [Dl ((\ _ ~\ + Dg ( Ca _ V:(L)] , . (14) 
6 ~a) qa 

'l'his equation combined with: 

E = f: + 0.058 lUlofJ C:!a 

yie1ds the CUl'rent potential line, 
Wheu at last the CUlTent den~ity becomes so great ~hat the l[uan­

lilj' of Ag(CN\ and ON di/Iusing to the anode, is not gl'eat enough 
10 maintain this CUl'l'ent density, silve1' ions wiJl a1so g'o into soIutioll, 
which precipitate at some distanee fl'om the anode as A'g2(ON)2' 
'l'his corresponds theli with the precipitation or AgOl in the liquid, 

I as has been treated in § 4, These two cases are, however, not I 

prope~'ly compal'able, as at tbe precipitation of AgOI the liquid is 
evel'ywhere saturate with AgCI, whel'eas in tbe case of Ag~(CN)~ 
the liquicl iu the ditfusiol1 Jayel' is satlll'ate with silver cyanide up 
10 a cel'tain distance from the a.node, but Hot tlte whole liquid. 
Oonsequently (til equatiol1 of the CUlTent potenlial liue will ho1d here 
which agrees with that tor AgCI in its main points, but not entil'ely. 

Fig. 2 gives the cu1'rent tension \ine of a solutiol~ which is O.in 
with respect (0 Ag(CN)2 anel O,in with respect to UNo The, portioll 
BA holds fol' cathoelir' po1arisation, AE, fOl' anodic polarisation, 

" 

( ) 
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Kathodisch. 

Fl'om A 10 C exclusively Ag(ON)2 IS fOl'med. At C Ihe depositlOl1 
of Ag2(CN)2 all tbe anode begins, from C to G it becomes gl'eatel' 
alld gl'eatel', at_ G besides the deposition of eyanogensilvel' on tlle 
anode, this C'ompound also begins to precipitate in the Jiqllid; at D 
the quantities of Ag 2(ON)J being deposited on Ihe anode and in the 
Jiqllid are equal, anel finally fl'om H io Jj) the cyanogen sdvel' 
pl'ecipitates practically exclnsively in Ihe liqnid. 

It iiS clear that in pl'actice a cUlTenl density will be wOl'ked w ith 
wllich is smaller than F. It is, indeed, possible to make the Clll'l'ent 
dellsity somewhat gl'eater than ]i' witbont AgiCN)2 being deposited on 
the apode, but this slight incl'ease of the Clll'l'ent density gives a 
\ ery great incl'ease of polarisation-tension, which can amount to 
about 0.4 Ol' D.5 V. A too gl'eat CUI'rent density at the anode, thel'e­
fore, gives rise here to an appl'eciable loss of enel'gy, 

C7wmieal Labontto?'y of t!te Uni'vel'sÜy, 
Amsterdam" October 1916. 

Physiology. "All el'llet method for the determinrttion of tlw position 
of t!te eyes at distul'brt7wps of motion." By DJ'. U. O'l'TO ROEI.Ol!'E>. 

(Communicated by Prof G. VAN Rr,JNBEHK). 

(Communicateu in the meeting of Octobel' 28, 1 \)16). 

In a communiCtLtion to the lVleetÎllg of the 26nd of January 1916 I 
indicated, in' w hat \VaJ' it IS possible to calculate the position of 
the axis l'ound which Ihe eye ha", as it were, tUl'ned, when we 
kll0W lhe abduetioJl, deorRllmductioll and imval'd rotation, callsed 
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by ft contt'action of the Il1. obliqllns superiol'. Thel'e exists howc"el' 
lJél.l'dly all,)' 'lllltahlc method exactly to aseerlail! the po::.itioll of tlre, 
eyes. We shall at all events best sl1cceed, i f binocnlm' "isioJl exists' 
(which will, as a rulè; be tlre case for Cl. paralysis or paresis) and 
we can make use of the position of tlre double-images fol' the 
p111'pOSe we have in view, 

In the "Zeitschrift fnl' Allgenhedlwllde" Vol. XXXV, N°. 4 HESS 

indirates a method, based on the sl1bjertlve 10calisatioJI of the double­
images. For clillical plll'poses thib method is as a 1'n1e snfficient and 
high1,)' to be l'ecommended, 1'01' ph,)'siological in vesligation it can 
howe\'er not satisfy all the l'eql1irements tlrat ma,)' be wanteel. 

I have tried to find a method that is more suitab1e fo a similal' plll'pose 
of which 1 intend to gi"e hel'e a descl'iption. Billocnlar \'isiol\ 
anel good ('OITeSpondence of the retina is fol' this methocl likewise 
I'eq ui l'eel, 

Tbe pUl'pose of the ll1vesiigation wiU consequentI,)' be exactly 10 
ascertain the position of one of the two eyes, whilst the othe!' eye 
has obtamed H, detel'lllined dll'ectiOlI of l'egarcl by looking at an 
incllcateel pomt of fixation. 

Fo!' this pnrpose the patienl is pJaced elil'ectl.r opposite a verlical 
wall, at a clistance of at least 3m. Directly in front of the pa~i~lIt, 
at a level with his eyes, ct pOllll U IS mal'keel on the wall, .Now 
we sl1ppose, that the distallce from U to the point of rotation of 
t.he eye is = a and t.hat when the head IS erect anel at binocular 
fi.\.ation of 0, both the eyes, al'e iJl the prima!'y position, conse­
ql1ently in the position ft'om which the nOl'mal eye moves accol'dillg 
10 tlle law' of LJSTING, 

As second point we apply to the wall 
sel'\ c as point of tixation. IJl some cases 
o and () coincide as Fig. 1 indICates. 

the point. Q ""hieh must 
we Càn make the points , 

+--------------4---~~~~~----~~----

+ 
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. Fig. 2 gives an' example of the more general case that these 
points do not coincidc. 

'rhe investigation is to bt:; Sèpal'aterl into two parts. In tlle first 
part we shall descJ'ibe 1 he investigation into the dir'ection of the 
line of regard, whilst in the second pal'[ the ilJvestigation of the 
l:otation of the eJe ronnd lts line of regarchs t,reated. 

The pUl'pose of !he first part of the investigation is to find the 
point P, w bel'e t he line of 1'egard of the examined eye cuts the 
wall, whilst the othel' eye fixes the point Q, 

For this pll1'pose we plaee exactly for Q a luminous point 
(short eandle-flame) and pla('e befol'e the examined eye the rods 
of MADDOX in a trial-frame. As long as the im'estigation lasts 
tbe fhing eye m us\,) const~ntly look at the poin t Q. N ow t be 1'octs 
of MADDOX in the trial-frame 3ol'e tm'ned tlll the luminous red \ine 
that the examined eye ob&erves, apparently goes 1l1l'ough Q, 

'Ve know then that the red line on the retina goes tlll'ough the 
fo\'ea ,of the examined eye. Now we remove the flame' fl'om Q anel 
move it in Ho eh'c1e l'onnd Q, w hiJst Ihe l'ods of MADDOX befOl'e the 
examineel eye have l'emained nnaltel'ed in their places, 'rwice 
the patient will then observe that the reel line goes apparently 
thl'Ollgh Q. 'rhe pOilltS where l11e Hame is at these moments (Q' 
and Q") être likewise marked on the wall. We Imow tbat we eau 
draw straight lines througIi the points Q, Q', and Q", wl;ich will 
likewise go throngh tbe point P, on which the line of regm'd of 
the eye behind the l'ods is directed, which we ,vant io find. As on 
account of the unaltel'ed position of the l'ods, the obsel'\'ed reel line 
can only move parallel to itself, these thl'ee lines which contain all 
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th1'ee thc poillt P, Illust coinC'ide, ConseCjllelJtly' P must lie Oll the 
line Q' Q Q". . . \ 

Thel'enpon we tUl'l1 the roels of MADDOX iJl the tl'ial-fmme about 
90~ anel no\\ move the flame along the line Q' Q Q" Ol' ils pl'olon­
gation, At a ~;iven mOl11ent the 1'eelline will agaill apparentl} be seell 
in Q, This point i5 mal'kecl anel wijl. as can easiJy be understoocl, 
be the point P we were in seal'ch of. 

How are we now to desC'l'ibe more accUl'ately the position of the 
point P, which we have found, Ol' the dil'ection of the line of l'egal'd? 
Fo1' tbis plll'pose we can folIow two wa) s, In the fir8t place we can 
expl'ess the dircC'tion of tbc llne of l'egard in its abdnction Ol' addnctiun 
anel in its eleorsumduction Ol' sUl'sLll11duction. 

By abcluClion and aclduction we undel'stand the smallest angle that 
the line or l'egm'eI makes \Vith tbe sagittal plane. lf now we seék a 
fOl'n1111a fOl' the abdnction (A), then we slIall call ()R positiye, when B 

OR 
lies tempomlly fL'ol11 0, so that the fOl'l11ula is: t({ 11 = ----, 

. Va J -I- PR,J 

If UR i~ negative, then tp A is riegative anel there exisls aelductioll. 
By ueol'su Illd uciioll Ol' sUl'&umcl uction Wf' shall understand 1 he smallest 

angle that Ihe line of l'egarcl lllake5 1 wilh the hOl'lzonlal plane. Ir 
now we seek a fOl'rnllla for t he cl eors 11 mclllC'tion (D) we shall caJ] 
PR positive. whell P lie& lUIder the horizontal line, so that the 

PR 
formula is: tr; IJ = ----. 

, V{/~ + ORJ 

If I~R is, negative (as in tIJe. Fig, 1 allel 2') then ty J) is ne~ative, 
and thE'l'e is sl1l'SUmdllction, We have not 10 tnke account here of 
angles htI'gel' than ~:lO0, ft' we wisIJ (0 indicate the posi lion of t IJe 
line of l'egal'c1 in tIJe lllannel' as HEL;\IROL'I'Z has tallght liS (illc1illatioll 
of the plalle of I'egard) then the deorsnmdllC'tion IS expl'esseel by the 

PR 
fOl'mnla: üJ D' =-, 

, \ ct 

A seconc1 method of descl'iping the dil'ection of the 'line of l'eg~u'd 
is the following one. In the th'st plaC'e we can ('ajeulate the angle, 
that the line of l'egal'd in the position we h:we found, makes with 
the line of l'egnrd in the prilllaJ'y p05ition, aml aftenval'ds the angle 
thaI. OP makes with OR, We sball call these angles l'espectively 

OP V PR,2+ OR.~ 
L H I anel L (C. FOI' l.:" H the fOl'mula, iR :tg H = -- = ----

ct a 
, PR PR 

,.) F01' /. (( the fOl'lunJa is sm (! = and tg lt = - , 
VPR 2+ OR2 OR 

As Cl can have all \'alues t'l'om 0° to 3600 vve' shall ag'l'ee, Hmt 
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L (( ie; ealculated fl'om thc hOl'izonta,1 plane temporalwal'd c1ownwal'c1. 
lIJ Flg 1 OP lieE. consequentl,) JIJ the tllml qunclmnt, In Fig. 2 iJl 
the ton\'th qnadnmi. [f now we eaU OR positivc, when R hes tem­
pomlly and PB positjve when P lies nncler the lJorizontal plane, 
then two value" will in genet'al /'atisfy the fOl'mnla fol' sin a, 

and also two thaI fol' tg a, but onl)' one valne will satis(y both fol'­
mulaE., con'3eCJnently ..(.. ( tS detel'lll1ned. 

For the tb'st pari of the in vestigMioll we ha \'e ('onseq nently cal­
clllated the a,ngles 11, D, Hand (/ from ·the data a, P R anel 0 R. 

In Ihe second part of the lIlvestigatioll we must leam to know 
the 1'otatioll of the eye l'onnd its line of 1'egard. If we call the 
position thaI the e) e must assume accol'ding to the la", of' LTSTING 

dnring its different dil'erÎlons of regard the norm al position, then we 
can make it on!' task to aseertain, if, how rnuch and in what direction 
the eye has l'otated l'ound its line of regal'd Ül relation to that 
nOl'mal positioll. 

Let Q again be the point of fixation and P the }Joint where the 
line of l'egard of the examined eye cuts the wal\. Now we pla('e a 
som'ce of light in Panel hoM befol'e the exarnined eye again the 
l'ods of lVIADDOX, as perpendicnlarly io the line of regarrl as possible. 
lVe now move the l'ods ll1 theit, plane so long, tIll the red line is 
apparentlr seen 1l0l'Ïzontai (as the thin dotfeel line in Fig. 3 going 

~.3 

\ -------\\-- ------r---
I 

\ 
I 
I 
I 
/ , 

I : 
,'7 

+----------~------~~~~~--------------Jt 

Ihl'ough Q indieates). Leaving the l'ods in this position we l'emove 
tlle flame fl'om Pand move it in a eircle round P. The points 
where the flame is, when the red line goes again apparently through 
Q (namely pi and Pil) a'J.'e márked, anel il neéds no fl1rthel' demon-
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stration, th at P' PP" is a line, that IS observed by the examined 
eye as horizontal, i. e. forms an image on the horizontal meridian 
of the retina. If now we represent to onrselves a plane thl'ough the 
hOl'izontal meridian of the retina and P' P P' and likewise a plane 

~ throllgh OP and the meridian of the retina rorresponding \vith it, 
~ ~ then in Ilormal cases, tbe angle between these 

eL two planes must be equal to L POR. We 
""'... must howevel' take into consideration, that 

" \ >.... the angle bet ween the mentioned plan es is, 
'. \ not expressed in the angle OPT, berause the 

\ _-~1' wal! does Ilot stand pel'pendicularly to the 
_----i-,' \ secant Jine of tbe two planes, namely the 

n --::.=-------tr I 
/0 line of vision (coinciding nearly with tbe line 

,/'/' of regal·d). lf we repreE>ent to oUl'selves howevel' 
, 0 a pIane in P perpendiculal' to tbe line of 

regat'd and fmther a globe constnH'ted \\'lth P as renh'al point and· 
PO as radius (vide Fig, 4) then it is easy to see, that in tlle 
l'ectangulal' sphericai triangle ST' T ~q SPT' = ('os S tg SPT or 
cat OPT' = cas H cat OPT. 

If we ('all /... OP]" = /~, then the difference between L ~and 
L POR indicates tbe rotation we wanted to find. 

(POR ) 
tg POR-tg ~ PR - ROtg~ 

tg --1~ = = ----
I + tg POR tg ~ RO+PRt,g~ 

tgOPT 
and as tg [:j = ...:.._- the rotation (R) is expressed by the fOl'mula 

cos H 

R 
PRI'osH-ROtg OPT 

tij = . , Ra cos H+ PR tg OPT 
Oonseqnentl] wC' have 10 calculale ty OPT. lf we no longer 

regard T as the pomt ofintel'section of PP' wIlll the spherical surfaee, 
bnt as tlle point of intersection 'of pp" with lhe pel'pendienlar 

OT 
10 pp' paE>~ing thl'ongll 0, the1l: tg 0 PT = Pl' 

-
Yve must howevel' cal'efnlly pay attention to the marks (±) 

in ordel' to find the exact value for the rotatlOl1, 111 conCUl'rence 
with the fit'st part of tlle investigation we shal! eail PR positive, 
when P lies under the hOl'lzontal line and RO positive wllen R 
lies tempol'alwal'd from (he vel'tictll line. If noW' we eÀpress 
L POR in its tangent, tg PO R is positive, when P lips undel' lhe 
hOl'lZontal line and temporalwal'd fl'ol1l lhe vel'tieal line Ol' oveL' 
tbe horizontal line and J1osewftl'll ft'om lhe \ cJ'tical line, 

We shall likewise eall O'T pO'litive when 0 lies under the line 
50 

Pt'oceedings Royal Acad. Amsterdam, Vol XIX, 
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PT and PT positive, when T lies temporah\-ard from P; conse-
quently t.tl OPT will be 'positive, when 0 lies under PT and, 
temporalwal'd fl'om P Ol' ovel' PT and noseward from P. 

I 
Jf now we apply this rule, we shall find a positive value for the 

l'otation, when the l1ppel' part of the vertical meridian of the retina 
inc1ines toa much temporalwal'd, a negative \'alue- when it inelines 
toa mncll noseward. ' 

For all OLll' calcnlations we have consequently to meaame on 
the waIl: OR, PR, 01' and PT, whilst th~ ~istanee from the eye 
to the wall must be known, 

Now we can ask how the axis lies, l'ound which the eye would 
have to come fl'om lhe lJrimary position into fhe position we 
have found, 

Some formulas for ils caleulation have been given in tbe communi­
eation meJltroned auove. I think it a good vlan to repeat these 
formulas again, 110t only beeause Ihis gives me an oppol'tnnily 10 

COl'reet a few tronblesome printer''3 errors, but likewise uecanse I 
ean call attention to the fact, that these formulae do not sel've 
exell1sively to find the axis of the m, obliql1ilS superior, bnt that 
they al'e of a much more general signifieatioJl. In the former 
eommunieation the rotation waf, ealled pof,i!ive, when the l1pper pal·t 
of the vel,tieal meridian of the retina inclined nose-wardly; in eon­
nection with what is generally understood by positive eyelophory, 
J sllppose, I have beeJl obliged to rectify this likewise. -

The fOl'ffil1las mentioned rnn C'onsequently: 

sin H = Vsin~ A + sin~ D 

tg 1/2 H 
tg (.t::...: ~/ -R (t' is alvi'ays less than 90'"). 

sm ~ 

sin t' 
IJosl = --;--H(sinD cos 1/2R - bin A sin 1/2 R) 

szn 

- sin t' . 
co~ v = - -.- (sin D sin 1/2 R -t- sin A cos 1/2 R) 

, sm H 

in whieh R = the ang'le between the line of regard in the position 
we have found and Ihe primary position, A = Abdllction, D = 
= Deol'sumductioll, R === Rotution temporalward. ), = angle of Ihe 
antel'Ïol' half of the axis of motion with "v-as (temporalward). u = 
= angle 9f the anteriol' half of the axis of motion with y-axis (for 
wal'd, l' = angle of the antel'ior half' of the axis of ffiotion with 
z-axis (llpward). The sigu befol'e fJ, indicateR the dil'ection in w hieh 
the eye haR l'otated. 
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Mathematics. "The }J1'i11)itive divisoJ' of .1;11I_~I'. BJ" Prof .. l. 
O. KLUYVmR. ,l 

(Communicated in the meeting of November 25, 1916). 

Tbe binomial equation 1)JI! - 1 = 0 has i1 = (f! (m) &pecial roots, 
which do. not belong to an)" binomial eqnation of lowel' .degree. 
Denoting by v the integet's less than 111 nnel prime to 1n these specIal 

, . 
roots are of the form ,'1.') = e 111 anel thc pl'OdLlct. 

Fm (IV) = ll(lIJ-IIJ») 

is called by KHONECKER the pt'imitive "di\'itJol' of lIJJI-I. 

It is shewn that Fm (tv) camlot be 1'e801 ved' into rational factors 
anel thaI the e1eeompositioll of .ul/J~1 info l'afional ptimc f,w101'S is 
given by the equation 

llJlll - 1 = Illi'a. (./;), 
dim 

whel'e d is buccessi"ely efJual to' the different e1idsol's of m, llnity 
anel 1/1 itself incluueel. 

13y invet,ting Ihis fOl'mllla in tlie llsllal mannel', ''\Te infeL' thaL 

(
1" • 

l!~JI (.7') = lIJM Plll -) = 11(.vel-l)IJ(cI) = Il(l-.vd)u(d'l. 
,l) dim dim 

(dd' =m) 

In tltis funelamental equation ft (d') stands for zero, if d' !tas a 
sqlltlre divisol' and otltel'wise ft (d') eqllîtls + 1 Ol' -1, according 
as cl' is a pl'oeluC't of an even Ol' of an odel nllmbel' of prime nllmbet's. 

Fl'om this expl'ession of Fm (.v) the following propel'lies of the 
primitive dJvisor may< be deell1cerl. 

r. )f m = n11;'2 anel n l anel n2 al'e l'elatively pl'Ïme, then 

, u (''i) 
P m(tv)=lIF

I12
(tv d)' d ° .n", 

. -' " dl .' 
~ . 

IT. l'he gl'eatest common meáslll'e of l~ll (,'V ll !) and 1~'2 (.vIII) is 1~111l2 (.v), 
n l and n2 being prime 10 each -afhel'. 

111. If' m has at least two diffet'ent pl'ime divisors,.tben Ji~(J)=1, 
but F.'1I(l)=p, when 171 i5apl'i,IIlC'l1umbel'pol'eql1alto,apowe,l'ofp, 

'- ..... '.. J .. ~ .I! .. 

IV. If m l'esolved into pl'irne f~ctol's is of thè farm m = 
= l\"IP/'J '.>' pek alld ?nu denofes the lil'odnët /J 1}J2 ••• Pl., then 

}~ ,.).~ .. , .. ,~ ~~:.(~) ;f...~:t ... :\_J .... 

j ? (.,) ---~11" l'lJ .. "t '" - "0 a. 0 _0 5~ yi 

From fhis pl'oposition' it, follows that I in order "to· fiud a definite 
5 Ol:< 
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expression fol' the polynomial l~n (:r), we need onl)' consider the case 
that m has no sqllal'e divisol's, and a fUl'thel'limitation is slill possiule. 
In fact, when m having a single factol' 2 is eCJnal to 2n we have 

F,,(,'IJ~) ~ 
F2n(a') = -;;--, = l' 11 (-,7:), 

1 ,,(m) 

and titus the ronst1'l1ction of the pI'Ilnith e divisol' in geneml is made 
to depend on the case that m is a pl'odnct of IlnequaJ odd prime 
numbers. 

V. Let 1) be a prime nnmber not dividing the integer n and 
m =pn, then 

F,/;(.v) - 1 is di visible by a;/·-l --1, 

when n is not <t factor of p-1. 
On the coutrary. when lJ -1 = kn 

ancl 

,VI,-1_1 
li~i.'1') - 1 is divisible by --­

F,/(,v) 

11,n(x) T P is divisible by .F'n(.1'). 

VI. Let p be a prime llllmb~l' not dividing the integer 11 allel 
11/, = pn, then 

Ji'm(,'IJ) - ,V!'i{n) is elivislble by ,7,/+1 -1, 

when n is not a factoL' of p + 1. 
On the contrm'y, when IJ + 1 = l.:n 

and 
F,n(:.I.') + p,l'7Yr(lI) is dirisible by F:,(m). 

VII. The sum of the roots ,11, of the pl'imitive divisol' F,1I (.1.) is 
equnl to fl (m). 

VIII. Denoting by D the gl'eatest common meaSlll'e of Ihe integers 
/.; and 1n and snpposing m to have 110 square divisol's the Sllm of 
the kth powel's of' the roots ,'IJ, is equal to 

ft (111) fl (D) (f' (D). 

From tbe knowIl valnes of tbe snms )!,' ,t~C, /.; = J, 2, 3 .... the , 
coefficients Ah of' the polynomial 

Fm (,'tl) = Au + Al .1) + iI,,'tl~ + ." + AMlt)'1l 

might be ('alculated, but we may proceed in a slightly different way. 
Supposing m to be a product of unequal odd prime numbers the 

integers l' less than mand prime 10 m, may be arl'anged into hvo 

.~. 
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groups according as the LI~GENDRE symbol (~) has the vallle + 1 

Ol' -1. 'fhis imvlies an al'l'angement of the roots of Fm (IV),- We have 
2irW 

the 1'00ts~t=e-;;;-, Whel'e(~) = + 1 and an eql1al llllmuel' of roots 

2irl( , 

a' = e lil , where (~) = - 1. 

Now by proposition V.III we have 

:Suk + :Su'k =fL(m)~t(lJ) tp(D), 
te ,,,' 

but at the same time we infel' ft'om GAUS",,'S theorenl 

1 

( k) -(111-1)" 
:Suk -- :::i7t"~ = - i 4 V m, 

lt 11' ,n 
Bence the sums :s uk and,:S tt'k may be calculated sepal'alely 

u u' 

and if we intI'odllce the ronjngate (realor complex) il'l'ationalities 

-(1Il-1 - ( 
1 

1), 

1/ = 1- fL(m) + i 4 Vmj, 

\ .2:. (lIl-l)2 { 
1]'=~ jfL(m) - i 4 Vm\, 

it wilI be found that there exists a polynomial fm(JJ, 1/) = Il(,t:-tt), 
ti 

lineat' in 11 with rea I integer eoefficients, ha\'ing Ihe roots u and 
also a quile sImilar conjugate polynomial j;/I (,v, 11') = n «V _ 11'), 

t/ 

having the roots U'. 

As obviollsly 

Fm (tV) = j;/I (,'1:,1/) X j~, (.v,11') 

it appea~'E. tbat - by ad.ioining the il'l'ittionality 11 to' the set of t'eal 
integers t be polynomial l!:/I (.'1.,) has become decomposable. 

BI 
'fhe values of :Suk and :Su~k tOl' 1..' = 1, 2,3, . , ., -2 being calcu-

u Pl, 

lated, it would be possible 10 find the coefficiellts of either of the 
polynomials j;/I (ü', Ij) and /;11 (,IJ, li), but 1 wiII only apply GAUSS'S 
theor6m 10 dedl1('e a tolerably l'egulat' expression for tlieir prodncl 

Fm (.v). 
,lf we Sl1bstitute fol' [I} successively the roots u and u' in the 

idelltity 
• h=lt1 

.'l: l1 l"m(m)= :s- .11".1"+", 
"=0 



- 794 -

788 

the a,ppliention of the theol'em gl\'es ctt onee - . 
2. (1II-1)! h=.IL (k +n) 

. O=:2ullJi'm(u) -:2ït'nFm(u')=1'4 l/m:2 Ak -- , 
!I u' 71=0 ?n 

and henee ,/ 

{, =,11 (l~+n) 
:2 .Ale -- = 0, 

{,=O m 

Prom tlus l'elahon we obtain taking n equal to 0, - 1, - 2" '" 
- M + 1 a set of jJ{ equations fl'om whlCh the ratios of the co­
efticients A" ean be solved. In fact, the5e M efjnatlOns mllst be 
mlltually independenL, becallse they are equivalent 10 the ol'dinary 
NJiJWTON and WARING relátions between the coeffielents of an algebl'aic 
equation anel the sums of similal' powers of 1'oots, 

Joining to the M equations the eqllatlOn 
h=.1I 

Fm (,v) = :2 A,I,IJIt, 
11=0 

we may ehminate the coefticlent Alt and mll'odllcmg a detel'Jlllnatc 
constant C we shall tind 

1 ,I) ,v J il!3 ,v.11-1 ,IJ 11 

o (~) (~) (:~) .... C~~l) (:) 

CXF'IIl('v)= 
(~) (~) (j~2)(M~1) 

(~) (ff~:3)(M~4) 

o (~) 
(-~) (~) o 

. . 

(-kJ: 1 )( -1}~ + 2)( -~~; 3)( -ff~+ 4) .... o (~n) 
Observing that the (erm iI! 11 In .Fm (.v) has the coeffiClent + 1, 

the constant C is l'eadIly determined as a symmetrie or as a skew 
symmetrie determinant. ' 

A~ we alread,Y remal'ked pl'OpositlO11 VIlT in ltself suftiees to cal­
clllate the coefficJenls Ah and it is evident Ihat in this waj' there might 
be dednced aserond detel'minan( also representing ~Il (,v). To obtain 
this sèconct detel'minant we have on IJ (0 rel}lace evel'ywheJ'e in 

(k) (-- k) -the fil'5t the symbols ~ and '-;;: by [t (D) rp (])), when D 1S the 

greatest common measure of kj anel 111, lakmg D=m fol' '" = 0, anel 
it is ratller remarkable that notwithstanding tlle dissJmilar charactel' 
of the elements of these determinant::; both repl'esent one alld the 
same polynomial. 
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If m IS prime, we have Jlf = In -1 and the determinant mpre­
senting li~1I (m) by adding to the first colnmn all the olher ones is 
immediately reduced 10 the polynomial 1 + !IJ + :v~ + ... + .1]111-1. 

In the general case the coerticients of 1~/I (.'IJ) al'e not of so si mple 
a character as perhaps might be presumed. Only two of them, the 
coefficlents Al and A U-i> take the slmple value - [1 (m) and thel'e­
fore I ma)' end wlth the pl'oposition 

IX. If m is tbe pL'oduct of unequal odel ppme factoL's, then 

o (:) ~ (!) ., CVI~l) 
(-~) o (~) .. ' Ct~:~) 

(.t(m) X (-~) . (~~) o " . (Llf~a) = 

o 

(~) o 

(:) (~) o 

(
-.M-t 1) (-lVl+2) r--.M+~) .... (-1) (~) 

m m \111 m mi 
Tbus lt IS shewn (hat the &ymbol ft (m) J6 expl'esslble by LEGI<;NJ)R.I<~ 

symbols on I,)', 

Pathology, - "On passioe mnnwdsation Ctgamst tetanllb." By Prof, 
DL'. C. H. H. SPRONOK and Wn,Hl!JJ,l\IINA HAMBURG1<:R, Arts. 

(Conunulllcated in lhe meetmg of Novembel' 25, 1916), 

As known, the ll1,jectlOll of tl. hetel'ologous sel'Ull1 not seldolll 
causes symptoms of disease, a,nd experience teaches us, that the 
injection of a large quantity of serll m oftener ranses the so-ralled 
serum disease tlutll tbe injectioJl of a smallel' quantity, Hence the 
endeavours of the serum institnles to pl'odnce an immune serum 
with high titre, so that th_e injectioll of a small qllantity ot' sernm 
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wiJl be snffieient. Fol' tlle same l'eason in some countl'ies a minimum 
titre has been prescribed by law for a fe,,· sera. In Germany e.g. it 
!tas ueen fixed by law lhal anlitetanlls serum has to conlain at least 
4, diphtllel·ja se1'nm at least .500 antitoxic units (A.U.) in one e.c. 
seru m. 

As, l'egarding the p(jsbibiJitJ that also' OUl' l'ouniI~y might be drawn 
into the war, gl'eat q'lantities of alltiletanu'l sernm had io be pro­
c1t1ced, to immlllUze the wOl1ncled againsL tetanus, the qllefltion I'ose, 
whether indeed there are snfficient reasons to l'efuse an antitetanus 
serum tbat contains less tlutn 4 A.D. in 1 e.c. fol' this plll·pose. 

The resem'eh we have made to answel' ihis question, has given 
a sUl'prising 1'esn11. FOl' it has beco\lle c1ear to us, that the cheaper 
anti-tetanns serum with, a titre of 2' A.U. is IlOt only fit to immunize 
Ihe wonncled, bnr tbat it is even to be prefel'recl' fol' th is purpose to 
tbe mueh more expensive product wii.h a tilre of 4 A.U. 

WlJilst in the beginning of tbe gll1'opean WR!' many c1iecl or' 
tetanus, this dreaded wound-Jisease \tas 110W, so to say, entirely 
disappeared, thanks to the propbJ'lactic injection of 20 antitoxic units 
into each wOllnded man. At present little is lmown about the tilJ'e of 
the antitetanns serum, wbieh is nsed in Lile wal'faring co).ll1tries fol' 
prophylactie inornlations. Referring to Germany ho\\'eve1', we have 
been tolcl, that they inject Sel'lllll of 4 A.U. as weil as serum of 
2 A.U. When tlolel'e came a shortness of letanusantitoxine of'* A.U., 
the Gel'man Gouyernment also allowed the injection of a -serum 
with a titre of 2 A.U. 

According to them'etical considerations we had eome lo the suppo­
siti.on, that the passive immunity caused by tlte injection of 20 A.U. 
in 10 e.c" is not gUlte identic to the injection of 20 A.U. in .5 e.c .. 
as in the lattel' case the inoeulated antitoxine might dümppeal' soonel' 
out of the ol'ganism than in the former case. 

lt is not Lo be doubted, that tbe injection of horse flerum causes 
the development of antibodies, ",hieh attaek the horse &erUIU anel 
destl'oy it. Hence that [.'om lhe 5 th tiJl 7th day aftel' the injectioll, 
wben in tbe mean time a cel'tain gnantitJ" of antibodies has been 
pt'odllced, the horse serum and also the antitoxine for an important 
pal't disappear out of the blood, as DEHNE and HAlIIJ3UHGER 1) c1emoll­
strated. That the tetanus antitoxine and the horse albllmen disappeal' 
out of tlle blood at (he same time, is l'efel'l'ed by these ·reseal'chel's 
to the fact, that the antitoxine i.s chemically nnited 10 the horse 
albllmen. 

Aftel' the 5th till 7th day a certain quantily of autitoxine and 
I) Wiener klin. Wochenschrift 1904 and 1905. 

)i 
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- lJol'!'e albumen may remain cil'clliating in the blood fol' a longer Ol' 
shol'tel' ti me. 

Accol'ding to LWMAIRW, 1) who investigaled how longjl!e horse albu­
men ('an be ShOW11 in the blood of children thai l'eceived an injeëtion 
of diphthel'ia serum, also prod llced by- horses, this albumen remains 
pl'esent fOl' at least 10, tlnd a,t most ;)0 da)'s. 

That hOl'se aJbnmen l'emains circllJating longel' in olie indiyiduaJ 
than in another, is refel'l'ed untiJ now to the fact that the pl'oduetion 
of antibodies indh idually diffel's H, great deal. Tbe more antibodies 
the organism pl'oduces, the 800ne1' the horse albmnen will disappeal' 
out of the body. 

Accol'ding to our suPPOSitiOll a seeond factor is of inflnence upon 
t!lis, na~nely tbe qu(~ntit,l/ of horse serum. 

We have expel'imentally proved the rightnesR of th is supposilion 
in the following way: 

Two goats of uboul the same age anel Blze, got each oue SUbCll­
taneous injedioll of antitetanus serUllJ, whielt we had obtained from 
hOl'ses anel ttecUl'ately tested. One goat (A) got 80 A. U. (BlmRING­

EHHLJCH) in 20 e.c. serum, the other (B) tiO A.U. in 40 c.c. 
serum. _Hterwal'cls both goats have been bied fom timee, namely 
on the 10tll , 17tll , 24111 alld 318t da.)' aftel' the inoclllation. 'Vith the 
serum with whieh theE>e bleedings supplied ns, a great numbel' of experi­
ments bave been laken Oll white mice, 10 detel'mine, if the antitqxine 
disappeal'ed soone!' ont of lhe blood of goat A than of goat B. 

Evel'Y time inrreasillg doses of goat sel'um were adminisrered 
sllbcutaneollsly into series of mice under the skin of tbe back. Exactly 
aftel' 24 hoUl's, these mice alld also a contl'ol-monse got alethal 
dosis of tetannstoxine lll1del' the skin of the left hind-leg, which killed 
tlle control-mouse regllJarly in:3 ela.rs. This constant toxic action 
has been l'eached by using a !etannstoxine, filtered throllgh a GHAM­

B~:RMND filter, preeipitated by means of slllfas ammolliae anel dried 
in vaello; fl'om this toxine every time 50 m.g. was taken 1'01' each 
experiment, drssol\'ed in 10 e.c. physiologiral salt SOllltioll; from 
this, a hllUdl'ed times diluteel solution, 0.3 c.c. has been injected 
in,to each monse. 

The sera we got fL'om the fil'st bleeding, pl'oved to act eqllttlly 
immunizing. Those f('om the seCOIld bleeding (17 days aftel' the 
inoculation) on the contl'al'y, did not show any more an equal 
immunizing action (see experiment n° 1). 

Also 24 days aftel' the injeetion tlle sel'nm of both goalS still 

1) Thèse de doclOl·al. Paris 1907. 
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E X PER I MEN TN°, 1 

Go at A. Go atB. 

Mouse I Date I Subcut ] Result Mouse I Date I Subcut. I Result 

NO: 411 
J I 
: 11 Sept. '16 10.2 cc. serum N°. 414/11 Sept. 0.2 e.c. serum 

12 
" 

0.3 C c. toxine 12 
" 

o 3 e.c. toxine 

13 
" 

no symptoms 13 
" 

no c;ymptoms 

14 I local tetanus 14 local tetanus 
" " 

Ilocal tetanus 15 
" 

loeal tetanus 15 11 

16 dead 16 - I lives 11 " 

N°. 412 11 Sept. 0.3 e.c. serum N=>. 415 1 11 Sept. 0.3 e.c. serum 

12 
" 

0.3 C c. toxine 12 
" 

0.3 c.c toxine 

13 
" 

local tetanus 13 
" 

no symptoms 

14 " 
loeal tetanus 14 

" 
no symptoms 

15 
" 

loeal tetanus 15 
" 

no symptoms 

16 I' Jives 16 
" 

no symptoms 
I 

I I 
N°. 413 11 Sept. 0.4 e.c. serum N°. 416 11 Sept. 0.4 e.c. serum 

12 
" 

0.3 e.c. toxine 12 
" 

03 e.c. toxine 

13 
" 

no symptoms 13 
" 

no symptoms 

14 
" 

local tetanus 14 
" 

no '3ymptoms 

15 
" 

local tetanus 15 
" 

no symptoms 
-

16 
" 

hves 16 
" 

no symptom", 
-

. 
CONTROL. 

Mouse I Date l Subcut. 
I 

Result 

N°. 417 12 Sept. 0.3 c e. toxine 

13 local tetanus I , 

" 
14 11 dying 

15 
" 

dead 
I 
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EX PER I MEN TN°. 2. 

Goat A. Goat B 

Mouse 
I 

Date 
I 

Subcut. 
I 

Result 
I 

Mouse I Date 
I 

Subcut. 
I 

Result 

N°. 431 22 Sept. 1.6 e.c. serum N°. 434 
I 

22 Sept 08 e.c. serum 

23 
" 

0.3 e.c. toxine 23 
" 

0.3 e.c. toxine 

24 
" 

local tetanus 24 
" 

local tetanus 

25 
" 

dead 25 
" 

local tetanus 

26 
" 

26 
" 

local tetanus 

27 
" 

27 
" 

byes 
I 

N°. 432 22 Sept. 1 8 e.c. serum N°. 435 22 Sept 0.9 e.c. serum 

23 
" 

0.3 e.c. toxine 23 
" 

0.3 e.c. toxine 
-

24 
" 

no symptoms 24 
" 

local tetanus 

25 
" 

local tetanus 25 
" 

local tetanus 

26 
" 

local tetanus 26 
" 

local tetanus 

27 
" 

dead 27 
" 

hves 

N°. 433 22 Sept. 2.0 e.c. serutn N°. 436 22 Sept. 1.0 e.c. serum 

23 
" 

o 3 e.c. toxine 23 
" 

0.3 e.c. toxinè 

24 
" 

no symptoms 24 
" 

no symptoms 

25 
" 

local tetanus 25 
" 

no syll'ptoms 

26 
" 

local tetanus 26 " no symptoms 

27 
" 

dead 27 
" 

no symptoms 

CONTROL 
I 

Mouse I Date 
I 

Subcut. I Result I 

N°. 437 23 Sept 0.3 e.c. toxine I 
24 

" 
local tetanus 

25 
" 

dead 
L. __ , 
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showed a distinctly immunizing action, but tIle serum of goat B 
a" twice as great action as the-serum of goat A (see experiment n° 2). 

Comparing the sera got 01 days aftel' the injection, the immuni­
zing act ion of the sel'l1m of goat B sti 11 pl'oved to sUl'pass that of 
goat A distinctly. 

I! would have been cleal'el', if we had been abre to iuiect twice 
as IrJllch sel'l1m of goat A as of goat B. BuL in. the mean 
tIme the immunizing action of the sernm of goat A_ had deehned 
in sneh a way, that the qnantJty to be inoculated became too large 
to be injeeted into mice (see expel'irri, N°. 3\. 

EX PER 1 MEN TN°. 3. -\ 
G a a t A. Go at B. 

Mouse I Date 
I 

Subcut. 
I 

Result Mouse I Date 
I 

Subcut. 
I 

Result 
I 
I 

N°. 438 25 Sept. 2.0 e.c. serum N°. 439 25 Sept. 20 e.c. serum 

- 26 
" 

0.3 e.c. toxine 26 
" 

0.3 e.c. toxine 

27 lacal tetanus 
, 

27 no symptams 
" " 

28 
" general " 28 

" 
no symptoms 

29 
" 

dead 
1

29 
" - na symptoms 

30 
" 1

30 
" 

no symptoms 

CONTROL 

Mouse I Dale 
I 

Subcut. 
I 

Result -

. N°. 440 26 Sept. 03 e.c. toxine , 

27 
" 

local tetanus 

L 28 " 
dying 

29 " 
dead I 

J 
As we had to considel' the possibility that the immul1lty of goat 

B did las! langer becanse tlllS animal was less fit ia pl'oduce anti­
bodles against tJol'se albumen than gaat A, we have repeated tlJe 
experiment on two other goats. 

We chose again two goats of aboll t ! he same age and size, and 
injected snbclltaneously into goai C 80 A.V. in 20 r.c. se ril 111 , inlo 
goat D 80 A.U. in 40 e.c. sel'um. At the 10th , 17th , 24th and31,t 
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E X PER I MEN TN°. 4. 

Go at C. Go a t D. 

N°. 448 20 act. 0.2 e.c. serum N° 451 20 act. 0.2 e.c. serum 

21 " 

22 " 

23 " 

24 " 

30 " 

0.3 e.c. toxine 21 " 0.3 e.c. toxine 

N). 449120 act. 0.3 e.c. serum 

21" 0 3 e.c. toxine 

22 " 

23 " 

24 " 

30 " 

N°. 450 20 act. 0.4 e.c. serum 

21" 0.3 e.c. toxine 

22 " 

23 " 

24 " 

1

30 
" 

local tetanus 22 " 

local tetanus 23 " 

local tetanus 24 " 

dying 

local tetanus 

!ocal tetanus 

loca! tetanus 

dying 

local tetanus 

local tetanub 

local tetanus 

lives 

25 " 

N° 452 20 Oct. 0.3 e.c. serum 

21" 0.3 c c. toxine 

22 " 

1

23 
" 

24 " 

25 " 

N°. 453120 act. 0.4 e.c. serum 

I 21" 0.3 e.c. toxine 

22 " 

23 " 

24 " 

25 " 

CONTROL. 

Mouse I Date I Subeut. I Result 

N°. 454 21 act. 0.3 e.c. toxine 

22 " 

23 I) 

10ca! tetanus 

dead 

I 

no symptoms 

1 no symptoms 

slightloc. tetan. 

slight loc. tetan. 

no :::.ymptoms 

no symptoms 

no symptoms 

no symptoms 

no symptoms 

no symptoms 

na symptoms 

no symptoms 
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<;0 at C. 

·Motlse I 
, "'f 

Date 

N°. 4~5 1'27 Oct, Il,~ e.c. serull1 

28 " , I .0.3 e.c. toxine 

.. , 29" 

30 " 

,31 " 

I,Nov. 

N°. 456 27 Oct. 1.8 c,c. serum 

28 " O.~ e.c. toxine 

·29 '" 
.. 

" 

. ," ~O " 
~1 " 

1 Nov. 

N°. 457 27 Oct. 2,0 e.c. s~rum' 

28" 0~3 e.c. tqxine 

29 " 

~o ," 
31 " 

1 Nov. 

Mou!?e I 

.. -,' . 

E.X:P E RI 111 ENT :N.0 .. :5. 

ResuIt 

IocaI tetanus 

dying 

dead 

IocaI tetanus 

:dying 

dead 
" 

IocaI tetanus 

Ioc~I tetanri's 

dead 

G.oat D. 

Mo~se.:I. 'Date 1',~.SUbCUt., 
N°. 458 27 Oct;,,0.8 c.c._s,ernm 

28 ":_k,!,.Q.3 e.c. toxine 

, 29, " 

30, " 

~L" ' 
I Nov. 

N). 459 27 Oct.". Q,.9 e.c. serum 

28 ",' Q.3 e.c. toxine 

. , 21)" 
".:; 

.' ,,30 " 

31 " 

1 Nov. 1 

ResuIt 

IÓc;l.I tetanus 

Iocal tetanus 

! IocaI tetanus' 
I l Iives 

, IocaI tetanus 

IoçaI tetanus 

IocaI tetanus 

Jives 

N°. 460 27 Oct. 1,1.0 e.c. ,serum:~ 
28 ", 0.3 e.c. toxine 1 

29 " 

,30, " 

31 ," 

r Nov. 

nosyinpto'ms 

no symptoms 

no $ymptoms 

no symptoms 

Date I 'SUbcut. ""I ' ResuIt 

N°. 461 28 Oct., o.~c.c. toxine 

','. 

29 " 

~o " 
31 " 

Ioca!,' tetanus 

dying 

dead 
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, 79[1' 

, EX P ER I MEN T N'. 6. 

GoatC. ,Goat D. 

"M6~se -1':' Date': I 
" 

I 
,Subcut. Mouse, I Date 1 Sübcut. 

I 
Result 

I 
Resllit 

N°. 4621 
:. '.' 

3 Nov. ·2.0 e.C. serum N,o. 464 3, Nov. 2,0 e.c. serum 
, . 

4 '0.3 e c. toxine. 
" 

4 
" 

0.3 e.c. toxine 
: 

5 
" - loca! tetanus 5 

" 
no symptoms 

.,' . ,', 

6 
" 

dead 6 
" 

no symptoms 

7 
" 

no ,symptoms 

" 

~ 8 
" 

no symptoms 

7 ", 
I 8 ,', " 

N°. 463 I· 3' Nov, 2,0 c,c,seru,m-I 
I' . 1 

N.::>.4651 
:1 

3, Nov. I,z' 0 e.c. s~ru~, 
I ' " 

4" 0,3 c,c. toxine 1 
, , 

,·5 " 

'6 " 

7 " 

8 ;;1 

.. Mouse I ' .. 
\ 

I 

N°. 466 
I 
-

iocal tetan'us 

dying 

dead 

CON TROL. , 

Date I, 
I . Subcut. 

'4 Nov. 0.3 c,~. toxine 

5 " 

6 " 

I 

I 
I 

4" I 0.3 e.c. toxine·' 

5" I no symptoms 

6 " no symptoms ' 

7 ".,. 

8 ' , 

" 
.-

., Result 

lo'càl tetanus 

dead I . 

no symptoms 

no symptoms 

day' aftel' the immuni~ation .both goats. wet'e bIed and. thè anti­
toxic pot~n,cy of their serl:1Ïn. was cOl~pal:ed., . .", . 
,A~ it 'appeal;s from the expeÏ'inients 4, 5, and 6, the, ~~esl1~ts we re 
quite ëonfói.'nla,ble to those we ,gat fCH'goats A anel B.' ' 

. The l'esult' of . ~he' 'expel'imënts meniionecl' t.tbove, shows cleal'ly 
that, totix the dosiE; ofan' immune sel'urrI' which has' to beinjecteel 
to' tl.cquire au 'immUility of a cei'jain e1eg'l'ee and dUl'ation, not only 
attention ,has to, bé jiaicl to the titre of the set'um, as now ~ genel'ally 
happens, 'btt~ álso:tothe quantity. The' quantity maymot be"chosen.· 
too,small, beeall~~ Jhe, ~organis!l1d!3fençls, itself, ~g~i~~t thc IlE~të~;olo-

• ". '11 • ~, ' , • ~ • 
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gOllS serum and is easily able to destl'oy a small quantity in a few 
days, e\'on if the titre is \fel'y high. 

To obtain all itllll1l1tlity fOl' a. longer time, a. qnautit.r ofsol'ut11 bas 
to lJC injectecl, which the ol'ganism, even if it clefencls itself vigo­
I'ollsl,)' against the fOl'eign 13el'll m, eannoi dest roy too E>oon. The 
c!isac!vantage that is atlached 10 the injection of á lal'ge quanlüy of 
sel'llm, namei,)' the c!eveloping of symptoms of serum c!isease, whieh 
111'e al wa.ys tem pOl'l1l',)' , is not of gl'eat importanee when a pel'ilons 
iIlnoss is to be pre\'en teel. 

Relatjng to the passlvei 1111l111tlizatIOJl of the wOllnc!ec! against tetanus, 
whiclJ ga\'e dse to our resem'eh, we C'.'1.me tberef'ol'e to tlJe conelu­
sion that tltel'e is ausolutel,) no caUfSe 10 \Ise fol' this plll pose, aE> 
noH' commonl,)' happens in all!' country, an antltetanus serum that 
contains 111 Olle e.c. 4 A.U. 

The injection of 10 e,c. antitetaullS serum with a Wt'e of 2 A.U. 
desel'ves to be pl'efeneeL beeause iJl this way, all eq ual degree of 

\ i mm UIl i Iy is procluced as by injectioJl of 5 e.c. an ti tetatlllS serum of 
4 A.U., anc! tbe imtl1unity lasts longer. 

M01'eOyer, the l'eslllts of OUt· expcriments give an impol'tant incliealion 
conceming the imlfJunizaliolJ against cliphthel'Ïa. Years f.lgo, wlten in 
all countt'ies diphlhel'w serum wn,s used with a titre of abont 100 A.U., 
jt has been fixed empit'icall.v that the injection of 5 e.c. serum 
(= 5Ul) A,U.) was snfficieni 10 proteet a cllllcl against c1ipl~tltel'ia for 
about 3-4 week~. Aftel'wal'ds iJl some conntl'ies the titre of the 
diphthel'ia sel'um has been rd,isecl more and more. If now, - relying 
on the false snpposition, tbat the duration of the il1lmlJnity has 
1I0thing to do with Ihe quantity of serum that is inoculated -, to 
pl'event diphthel'ia, 1 e.c. diphthel'ia 8el'um with a titJ'e of 500 A.U. 
is injected into a child, expectillg to get in Ihis way tbe same l'eslllt 
as formerly wilh the injection of 5 c.e. with a titre of 100 A.U., 
thel'e is a gl'eat chance that the immunity, inslead of 3 Ol' J weeks, 
on IJ la5ts 1 week. 

Chemistry. -- "On th!~ Allotl'opy of the Ammonium Halides". III 1). 
Bj' Dl'. F. E. C. SCHEI!'Ji'ER. (~omll1unicated by Pl'of. P. ZEEMAN.) 

(Cornmunicaled in the meeting of r\o\'. 25, 1916). 

~ 
~ 14. In ~ 1 I saiel that in the oldel' literatlll'e statements OCClll' 

whieh point to the orCUl'renr.e of two different modifications of am­
monium bromide anel ammonium C'hlol'ide, anel tlu!,t it has been 
demonstrated in a paper by WAT,LACI~ thaf ammonium bl'ornid.e is 

1) Fit'st papel', These Proc. XVl/I p. 446. Second paper. These Pl'oe, XVIII p. 1498. 
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enan tiotl'opic. Accol'ding to W Al.LACE'S dete1'll1inations tbe transitiOll 
[Joint lies at 109°. As it has, howevet', appearod' TO me when I 
l'epealed Ihe experimenls witb ammonium chloride tbat tbe value 
tha.t W ALT.ACE gi veb, is considerably too low, I have determined the 
tl'ansitiOl1 point of ammonium bromide in' the same wny as in the 
fil'st paper. I all'eady aunounced these experiments in my tir'st paper 
in § 8, and I communicated the preliminary result that ammonium 
bromide possesses a trallsition point at 137° at the Natuur- en 
Geneeskulldig Congl'es in April -1915 1). 1 have, howevel', been 
obliged to postpone the fllil descl'iption of tbese expel'iments till now. 

In 1916 thel'e appeal'ecl tIVO papers by SlIH'l'H and EAS'l'J,ACK; in 
the former 2) they communicate that they discontinued thE' deter­
mination of t he tml1sition point Qf ammonium chloride at the publi­
eation of my th'sl paper, bnt that they have ron tin lied the ex peri­
ments wilh ammonium bromide. TheÎl' cOllc)nsion del'i"ed from 
determinations of the' solubility iu water is that tbe transition point 
hes at 137°.3. Iu tlte lattel' papel' ~) It is stated that ammonium 
iodide does not possess a trltn8ition point between -- -I ~o and 136°. 

In wbat follows r will briefly give the l'eslllts of my investigation 
with arnmOnill111 lwomlde, which as appeal's from the above mentioned 
preliminary comrnllnicltiion, agree with those of S:\flTH and EASTLACK, 
and those of ammonium iodic!e, whieh have yielded tIJe transition 
point, which had not been fOllnd up 10 now. 

The result obtained with ammonium iodide, bas a)ready been 
pu blished by :.vIr. HOOGENBOO~[ i 11 his Thesis fol' the Doctomte. 4) 

'15. 'TlteJ'mnJ determination of tlte tra11sition 1Joint of ammonium 
bromide. 

The expel'iments described in §§ 15-18 have been carried out 
with alllmonium bromide jll'epal'ed from hydl'Ogen bromide and 
ammonia. Hydl'ogen bromide was obtained by leading purified bro­
mine (method :.vlEERUlII TERWOGT) 5) with bydrogen over heated platinum ; 
ammonia wa8 obtained by fl'aetionating liquid ammonia obtained 
fl'om ammonia liquida and' leading it into water. 

WIJeÏl we Ir)' 10 detel'mine the tml1sition point of ammonium 
bromide in -the well-knowJl way thl'Ollgh curves of heating and 
cooling, it appeal's thaI, the comel'sion of the two modifications into 

1) Handelingen van het 15e Ned. NaL eli Gen. Congr. (April 1915) p. 242 e.seq. 
2) JOllrn. Amer. Chem. Soc. 38, 1261, (1916). ' . 
a) Journ. Amel'. Ohem. Soc. 38, 1500, (1916), 
4) Dissertatie Amsterdam (Jul)' L 9i6), p. 64 and ~6;-'. 
iJ) Dissertatie Amsterdam (Nov. 1994:), p. 6 et seq. 

Proceedings Royal Acad Amsterdam. Vol. XIX. 
51 
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each other goes bO slowly thai the LempemtUl'e wIJich l'emains 
eonstant is fOllnd much higher fol' healing than fol' cooling. 

The limits found in this wa,)' fol' the tl"l1llsitioll point, are ± 124° 
and 147°. The distanee betweerl them lS, thel'efoJ"e, still greatel' than 
for ammonium chloride. (Cf. ~ 3). 

The velocity of cOI1\'el'sion can, howevel', just-as for ammolllurn 
chloride, be increased by the additioll of glycedne. (Cf. § 6). The 
hmits bet ween which the tmnsition point must lie, l1I'e redllCed in 
Ihis case to 137°.3 and 139°.5. Hence a180 with the catalyzel' the 
distallce l'emains gl'eater than fol' ammonIUm chloride. Experlments 
with glyeol as cata1yzel' yielded 137°.3 anel 140°. 1. 

16. Va]JoU1~ ]Jres.mre meaSUl'ements. 
1 have detel'mined the vapom tensions of lbe salurated SOlutlOJlS 

in all apparatus of the form as descl'lbec1 by LI'10POLD 1). No morc 
than fol' NH 4 Cl does the transition point express itself in the vapolll' 

TAB L E 11. 

t P 103 7-1 I logp t (ca Ic.) 

98.1 43.1 2.6947 I 1.6345 98.0 
I 
I 

110.35 63.6 2.6086 1.8035 110.5 

116 75 76.65 2.5657 1.8845 116.75 

126.0 99.8 2.5063 1.9991 126.0 

128.8 107.9 2.4888 2.0330 128.8 

129.3 109.1 2.4857 2.0378 129.2 

134.7 125.8 2.4528 2.0997 134.5 

136.3 131.8 2.4432 2.1199 136.25 

141.0 149.5 2.4155 2 1746 141.05 

144.0 161.2 2.3981 2.2074 144.0 

147.2 174.9 2.3798 2.2428 147.2 

147.45 175.8 2.3784 2.2450 147.4 

147.8 176.8 2.3764 2.2475 147.6 ... 
J 

•• 111:>3.;4 204.0 2.3452 2.3096 153.4 

153.9 206.4 2.3424 2.3147 153.9 

154.8 210.3 2.3375 2.3228 154.65 

157.5 225.2 2.32~9 2.3526 157.5 

1) Dissertatie Amsterdam (Sept. 1906), p. 64 et seq. 

/ . 

Error 

__ + 0.1 

- 0.15 

0 

0 

0 

+ 0.1 

+ 0.2 

+ 0.05 

- O.O~ 

0 

0 

+ 0.05 

+ 0.2 

0 

0 

+ 0.15 

0 

Series 

II 

III 

II 

III 

II 

I I 

. II 

III 

II 

. ' 
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8,Q) 

tensiol1 Clll'\'eS, though tlle pl'es'3llre llleaSUl'ement could take place 
'here with gl'eatel' acclIl'acy. TlJe vallles wldch were fOllnd fol' the 
vapout' tensions (111 Clll.- of mercllI'Y) with tht'ee differE'llt fillings, 
and which wet'e llsed fOl' the calclllattOns of~ 1 ï, have been comb1l1ed 
in table 11 (p.800). It' in a. gl'aphical rept'esentation we draw log p as 
fllnction of '1'-1, one stratght l111e can be drawn throllgh the fOlllld 
points, A break is not to hl" found, ihongh the pl'essl1l'e III the 
nelghbourhood of the transItion point \tas been determined with an 
aceura('y of:t Ol' 2 %0' As appeal's from table 11 the vapoUl' ten sion 
line ean be l'epresented by the formnla: 

1927.6 
lO,g P = - T + 6.8302. 

17, Deümllinations of the .yolubility of (lIIwlOniwn bromide in 
water JO?' tem/J!31Yûw'es between 95° and 158°, 

The expel'imentR wel'e execllted in t\te way described in § 5. TlJe 
data are comhined in table 12 (p. 802); re l'epl'esents tile mimoel' 
of molecules of NH)h', pt'esent in one molecule of the miÀtul'e, 
and is tlterefol'e determined bY: 

9 

ll1NlJ4 Bl 9 
,v=------..:- -~-

9 100 - [J T 543.7 
--+--
j){NH4BI JlfH20 

In fig, 7, the valnes are dl'awn of log x and '1'-1. The "altles 
below the transition point appeal' to lie on a smooth curve with a 
faint cUl'vatlll'e; the elll've is convex seen fl'om below; through the 
points in tILe neighbondlOod of the transition point, however, the 
straight Ime can be dt'awn given by the equation: 

372,7 
log (IJ =-= - -- + 0.:n978, . ) '1' 

The points above tile trunsition point lie on .the line: 

293.7 
l011 i/, = - --- + 0.12727. 

,I T _ 

The concOl'dance bet ween the \.values eakl1lated ft'om these lines 
and tile obsel'valions is satisfaetory as appears fl'om table 13. 
(Error 1%

0 lH' slllallet'.) 
The two btraight lines indicaled above yield fOl' the point of 

intersertion: 

51* 
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802 

TAB L E 12. 
Melting points of the sohd substance in NH4Br-H20 mixtures. 

MNH
4
Br = 97.96; MH 0 = 18.016. 

NO. r 
1 

J 

Weight I Weight Weight \Grammesl 
NH4Br 

I 

t I water water in ~ -logx 103 T-I 

1 
NH4Br H"O rin vapour (corr.) 1100 Grs 

1 
H20 (g) 

1 
I 0.68913 

I 
1 2505.0 1791.6 94.95 0.2 1791.4 139.84 2.7178 

I 

2 3091.5 2038.6 106.25 0.2 
I 

2038.4 151.66 I 0.66134 2 6368 
/ I 

3 3155.6 2019.5 110.4 0.5 2019.0 156.29 o 6511 6 2.6083 

4 3195.0 1886.2 121.8 

I 
0.4 1885.8 169 42 0.62420 2.5329 

-
5 3275.7 1852.3 128.0 0.7 1851.6 176.91 0.60995 2.4938 

6 3346.3 1850 0 131.1 0.9 1849.1 180.97 0.6025Q 2.4746 

7 3647.4 1967 2 134 6 0.6 1966.6 185.46 0.59457 2.4534 

8 3410.5 1800.7 137.65 1.0 1799.7 189.50 0.58761 2.4352 

9 4342.9 2241.4 142.05 0.4 2241.0 193.79 0.58043 2.4094 

10 4220.7 2147.5 144.75 1.0 2146.5 )96.63 o 57578 
1 2.3938 

11 3318.4 1665.1 147.65 1.2 1663.9 199.43 0.57127 2.3773 

I 
12 3802.8 1885.8 149.7 1 3 1884.5 201.79 0.56754 2.3658 

13 4342 4 2121.7 152.6 1.0 2120.7 204.76 o 56292 2.3496 

14 3746.0 1779.6 157.95 

I 
1.4 1778.2 

1 
210.66 0.5540' 2.3204 

a$~ 

a5S -&;x 
0$6 

0$1 

QS8 

0JlI 

QJo 

S.fI 

IIÜ 

a.jJ . ' 
oM 

o6s 

oM +'" 

a67 

aée 

a&f 
27 26 2.5 23 

Fig. 7. 
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4 

5 

6 

7 

8 

8 

9 

10 

11 

12 

13 

14 

t, 

121.8 

128.0 

131.1 

134.6 

137.65 

137.65 

142.05 

144.75 

147.65 

149.7 

152.6 

157.95 

803 

TAB L E 13. 

Number of grammes NH4Br to 
100 Grammes of H20 

calculated 

169 40 

1=77.06 

180.98 

185.44 

189.39 

189 31 

)93.83 

196.63 

199.65 

201. 79 

204.83 

210.49 

found 

169.42 

176.91 

180.97 

185 46 

189.5° 

189.51) 

193.79 

196.63 

199.43 

201.79 

204.76 

210.66 

error 

+ 0.02 

- 0.1 5 

- 0.0 1 

+ 0.02 

-I- 0 11 

-I- 0.1 9 

- 0.0-1 

o . 
- 0.22 

,0 

- 0.07 

+ O.P 

This value fOl' the tl'ansilioll point eall, 111 1lIJ' Opillioll, oul)' 
deviate a few lellths of degl'ees from tlle real valne. 

18. lL eau he del'ived from tbe l'esults of ~~ 15 anc! 17 that tbe 
tl'ansltil\ll pomt ot ammonium bl'0l11lde hes at 137.4°, a yalne WhlCh 
within Ihe errors of Obbel'VatlO1I agl'ees with the \'allle fOUlld bJ' 
SIIII'l'H and EASTLACK. In tlJe therrnal c1etet'lllll1alloll"l the l'etal'dalion 
on coohng appeal'::' to bave beell desll'oyed b,) the ralaly/,el's glycellJle 
alld glJ'col, in case of l'l'ling tempel'atul e some l'elal'daholl cont1l1ues 
Lo eÀisL in splte of the ealalJ'zel'. 

J 9. 
fodie/e. 

l'hel'7lwl dete1'lIûnation of t!te tmn/)ition point of 1IIIl11l0WWn 
( 

I Iw,ve succeeded 111 demonslt·ating the eXlblelice of a, (l'anbitlOIJ 
point of îtmmOlllllll1 iodtde unlmown \lp to IlOW by thennal experiments. 

In these expel'iments the same difficlllly pl'esents itself as 
fol' NH 40l and NH 4Bl'. On cooling a valne is again fonnd that 
lies Iowel' than Lhat whiel! is. fonnd fl'om the Cllrves of healing. 
FOl' my expel'Ïmen!s I lIsed a pL'epal'îttion of SCIlDIUNG, whieh as 
tlppeal's fl'om the analysis (C'xpnlbion of iodine bJ NaN0 2 anel H

2
S0 4) 
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contained only 0.1 Ol' 0.2 % NH 401 or NH,Bl·. Thermal experiments 
yielued the limits - 20° and - 14° JOl' the transition point. To 
bring these limits close!' together I have examilled wlJethel' a smaJI 
qnanlity of water is a &nitable catalyzel'. I have sllcceeded in l'educing 
the limits to -17.2 and -15.6. From these expel'imellts I hlwe, 
thel'etol'e, 10 conclllde to a fransition point at ~ - 16°, a value; 
which can depart a degl'ee fl'om the accurate one. The eutectic 
point Nd)-H~O lies at - 28°; I have. been able to obsel've both 
the OCCllI'l'ence of the eutectic point and of the tl'ansition point ill 
one CUl've of cooling. 

I have not yet bad au. opportunity to determine the tran5ition _ 
point more acclll'ately. In the cited paper by SmTH l1,nel EASTLACK 

there have been l'eeol'deel eleterminations of tbe solnbility of-ammo­
nium iodide; the lowest temperature already lies below the transi­
tion point. When these detel'minations of the solubility al'e continued 
towards lowel' temperatures the break wil! undonbtedly be clearly 
pel'ceptible and the valne can be detel'mineel with greatel' accuracy 
than haq taken place above by the aid of thel'mal expel'imeIlts. 

20. SummCl?'.I! of t/le 1'esults. 
The, ammonium halides NH 40I, NH 4 Br, and NH 41 ean all occur 

in two modifications. The transition points of (he two fil'st lie above, 
thM of the thil'rl below the ordinary tempel'atul'e of the room. At 
the orelinal'y temperature a-NH40l anrl a-NH 4Br are IS0ITJOI'phous; 
,~-NHJ is, 110 wever, not continuou5ly miscible with the two otbers. 
By the a-form the foml is indicated that is stabie below, by the 
Ij-form the form that IS 5tab1e above the trltnsition point. The sup­
position suggests itself that the a-fol'ms are continuous1y miscibfe 
inter se, and hkewibe the j1-f0I'1118, but that between (C- and j1-forl11s 
incom plete mixillg al ways takes place. 'fbe snccession of the transi­
tion points NH 401 184.5°, NH 4 Bl' 137.4:° anel NH 4I -16° is that 
,'vbieh would be expected ,accord)ng 10 the periodic system. 

Pustc1'ipt dw'in,q the C01'1'ectlon: In Proc. Amel'. Acaa. of Arts and 
Sciences 52 91 el, seq. (1916) BRIDG~lAN ca1clliates from observations 
at hig'h 'pre5sure that the transit ion points of NH 4Q, NH 4 Bl' and 
NH 41 at ordinal'y pressure must 1ie aL 184.3°, 1:17.8°, and -17.6°. 
The fil'st I wo deviate but little ft'om my eletel'minations; the thil'd 
value may point to this that the tl'ansition point lies at the loweL' 
limit ot' my thel'ma1 detel'minatiol1s. 
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Botany. "Va/'iability of seY7'egation zn tlte Ii!lb,'id". By Dl'. 

J. A. HONING. (Commllnicated by Prof. F. A. F. O. Wellt) . 

(Communicated in the meeting 'of November 25, 1916.) 

Most botanists inve~[lgatillg- lJel'edity prefel' io employ annual 
plants anel elldeavO\ll' Lo force hiennials Lo tlowel' in tlJeit' tiL'st year 
in ordel' to obtain seed, as was done by nearly all investigatol's 
of Oenotlwl'a. Pel'eullials, to say nothing of trees, often l'equire 
several yeal's befol'e tbeir seedhngs bioom, alld &ometimes they pl'O­
eluce but few seeds, so that their \Ise has naturally been less in fa\'oll1'. 

Tbe flowel'l11g season of annuals IS brief, a few monlhs onl)', 
aud the seed ob_tained by self pollination of aDl1Ual bybl'ids from 
different fruits is generaliJ' sown mixed, on the a&sUluption that tbe 
segl'egation ratios are constant, so that fOl' the !'atlOS of the phaeno­
types it does not matter mucil whether seed has been collected from 
the fil'st frllits' or f1'om those matllred a montp later. Probably tiJis 
assumption is correct in ~any cases, perbaps in most, but not in 
all, as ZIfDIfRBAUER 1) has showll fol' Pisum. 

Thel'e is no reason whatevel' to assume thaL PiswIl is unique in 
this respect anel fu1'thel' examples will dOllbtless be fOllUd. The best 

I 

chance of finelll1g deal' case~ will be, for annuals, among those 
with a long flo\\fel'ing seaSOll, and flIrt her among those pel'ennials, 
of whieh one ttrld the same indlvldual ean be studied for some years 
in successi0n. A troplcal climate enabling one to collect seeel almost 
througho\lt the ye.w, would then be advantageons. 

In ol'der to ascel'tall1 whethel' Illdependent l\1endelian segl'egatlon 
cau ttl,ke plaee simnltalleously with respect to a number of factors, 
largel' than that of tlJe chromosomes, I cl'osseel in '1913 a val'iety 
of Ccmnrt, glauca with one of C. indica. The lIumber of genes in 
which these two differ was - and I'emaills, uuknown; it was 
cel'tainly larger than tb ree, the Il um bel' of elll'omosollle~ in Canna 
indica accol'ding to WmGAND ~) and eertainly larger than eight, the 
aetual llnmbel' of chroUlosollles, which' was alt'ead)' H1dieated by 
KOERNICfSlf 3). A brief des<.'ription of the two species will make 
this clear. . 

IJ ZEDERBAUER, E., ZeJtliche Vel'schiedenwel tlgkeit del' Merkmale bei Pisum 
sativum Zlschl'. f. Pl1ánzenziIchlung II p. 1-26, 1914. 

~J Bot. Gaz. T. 30, 1900. 

S) Bel'. d, d. bot. Ges. XXI. 1903. p. 66 See also Rec. cl. lnw. bol. ,\éel'l. XII, 
1915, p. 23. 
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Ol'gan 
Slem 

Lettves 

Staminodes 

o val')' 
Seeds 

ROl) 

('anna indico 
tall, about 2 m, 
stool with few staiks 
shot't abou t 39 cm. 
bl'oad, abollt 16 ('m. 
with broad reel 1nrt1;qin 
shiny 

two 
dark 1'èel 

Canna gllT1lca 
10\\' about 1 m. 
stool with man)' staiks 
long about 50 cm. 
1 HtI'l'Ow, about 12 cm. 
green 
duN, on account of a la)'er 
of wax 
tlt/'fe 

pale yellow with a few 
pink spots 

shol't, average 59 m,m. long, average 83 m.m. 
narrow,8-12 m.m , avet'age broad 13-20 m.m:.1 avel'-
10-8 age 16-2 
1'ed 
sm all 
l'Ollnd 
unif'll'mly blaclc 

green 

lfl1',qe 
oblonp 
brown Wltlt blaek speckles 

Tbe t,,~o pitmis nsed fol' cl'ossing wel'e botb F2 individuals, 
obtaine9 by repeated self pollinatlOl1 allel were sllllilul' (0 t helt' F 1 
and P. Aftel' repeated failul'es a sllIgle 1'Ipe fruit was obtaill€'d from 
thë cross glallca X inclica; II eontall1ed two seeds, one of w hkb 
failed, so tbat the entn'e F 1 consisted of a single individual, sinee the 
revel'se clossing was n IlsnCeE'SSflll. This one JI1d. vidual waS tall, had 
long, fall'lJ broad lea\ es, wlth a red ll1U1gll1 and a CO\ el'iJlg of wm., 
somewl!<tt Ot'ange-red flowel's with 3 long, broad staminodes, red 
ovaries and lal'ge, 'long, black seeds, Tbe dominant chal'aeters are 
pl'Ïnten in italics in the abo\ e f'ompal'ison. 

Of the F2 1168 seedlings ha\'e so far been obtained, of WlllCh 
867 aftel' al'tificial pollinatioll and 301 aftel' f'l'ee pollinatioll, no 
othel' Cannll's grew in the neighbomhood. Of these 1168 plants a 
faidJ large number died befol'e flowel'ing, 80 Ihat fol' man)' of the 
characters accurate ratios have pel'haps not been fonne!. The devia­
hons from the numbet's to be expected 111 all independent lVIendelian 
segregation are in some cases, hovire\'el', so eonsidel'able, that they 
cannot possibly be l'edllCed to thelll, not even on the assnmption, 
th at all the dead individnals belonged to the type Ol' types of which 
there was a shol'tage. Fot' the present we must saj', lhel'efore, that 
thet'e was hardi)' any eVldence if at all of [tIl independent Mendelian 
segl'egation, as will appeal' fJ'om the fóllowmg discllssion of 'lome 
of the rhat'acters. 

\ 
\ 
\ ~ 

\ 

f 
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1 l:)07 

The red leaf margin. 

ft was shown 111 a pl'e\'lOllS parel' 1) that the ditference between 
tlle variety of Canna in(lica wüh a I'ed leaf n'lal'gin and tllat wlth 
entiI'ely green leaves is one of three heredltary factors. The ob­
sen cd lIumbel's of plants with and without I'ed mal'gin, viz. ~5 red 
as against 127 green and l:)3 ,vitl! red edge as against 112 gl'een, 
agreed very weU with the~ ratio 27: 37 which l'equil'e, tOl' 222 and 
195 indivIduals respecllvely 93.6 red: j 28.~ green and 82.3 red, 
112.7 green. In additiol1" howevel', the l'atios 3: j (45 red: 17 gJ'een) 
and 9: 7 (29 I'ed: 22 green) werc fonnd amOlJg the offspring of 
indl\'iduals, which must be repl'escnted genotypieally by AaBbCc, 
and thlS points to the couplmg ot' all thl'ee factors Ol' at least of 
two of them. Furthermore all ldnds ofcratios wel'e observed WlllCh . 
defy explanation, as fol' ilJstance, 63 red. 9 green. 

The F2 of the cross U. glfluca X indien with red leaf margm 
wem SOWJI iJl seven batches. Segregation accOl'dliJg to thl'ee inde­
penden t ehal'acters, t herefol'e necOl'ding to 27: 37, did not OCCUl', 
but tWlce t11e !'atio 9· 7 was observed \vIth very slig'ht deVlations 
(nos. 5 and ti) anel 111 thl'ee batches (nos 3, 4 and 7) the ratio 1 1 
was unmistakable, lil the remaming two 10ts the ratio approxlmates 
1}10&t closely 10 9. 7, but stIll diffel's fl'om It rat hel' eomiderablj. 
Fl'OIlJ the5e two taken together the de\'iatlOTI i$ small (nos. 1 and 2) 
See tabJe I. 

TASLE I. SegregatlOn of F'2 mto mdividuals with and without a red leaf margin 

I Number Sowing Date Number 
lOf seeds of seedlings 

1 3-9-'14 200 158 

2 28-7-'15 92 68 
/ 

3 19-8-'15 223 202 

4 29-9-'15 75 60 

5 15-12-'15 260 233 

6 30-3-'16 267 232 

7 17-5-'16 263 215 

T,otal . , . ,\ 1380 1168 

~--

I 
With red 

I 
margin 

83 

43 

101 

30 

132 

129 I 

107 

625 

Green 

75 

25 

101 

30 

101 

103 

108 

Theoretically 
by segreg~tlOn 
accordJng to 

9: 7 

1(127, I , 98,9 
(actually 
126:100) 

I 
L 

131,1: 101,9 

130,5: 101,5 

l) HONING, J. A., Kl'euzungsversuche mil Call1l,l' ral'ietJ.len. Ree ll. llal'. hol. 
Néerl. Vol. XII, p 1-26, 1915. 
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The seeds of sowings 2 and 5 wore ol{tained aftel' free pollination 
at a time when no othel' Canna's we re 111 flowel', 

Here thel'efol'e the offspring of a &lflgle individual is split accol'd­
ing to clifierent l'atios, wbilst thel'e is some snggestion of periodi­
city, Aecidental variations are pretty weU excluded on arcount of 
the considerabie lHllnbers employed, The mean 'e1'1'Ol' fol' segl'egation 
accoJ'ding 10 9· 7 is for 1000 indivicluals 0.2510 pel' 16 1). Hel'e 
with 1168 plan Is, Jt is 0.4384:, For tbe separate sowing", s\1rll as 
those which sepal'ated Into 101: 101 anel 107: 108, the diffel'ence"i 

I 

fl'om the mean el'1'01'& are m\1cb large\' still. 
There IS yet nnother objection . In tlle ('rossing of vttl'letiE's of 

C. indica 1t was found thaI one of Ihe factors fol' the red leaf 
mal'gin, 0, might be &epal'ately visible J), alld indeed in a _segrf'ga­
tion acconling to 27. 87' exactly as reqnit'ed b,r the theol'Y, in 
87 -16 = 21 of the 64 lIl~ividllals. Sueh plants with a vet'y nart'OW 
red mal'gm were, however, alway& pt'esent in too smal! a nnmbel' 
when the segl'egation deviated f\om 27: 37. In the rl'oss wlth 
C. ylauca this shot'tage extends 80 fa I' that among the 548 green 
&eedlings not ({ sin,qle one was fOllnd to have a nal'I'OW red leaf margin. 

For the sowings segl'egatmg acrorcting to 9: 7 on the other hand 
an explanation is not l'eacldy available, f01' 0 !lIay be completely 
rOllpleel to A Ol' R. The ratio 9: 7 al60 points to the complete 
ioining of two of the three factors. 

In the ras es of segregation acco1'ding to 1 1 we are not cèmcel'lled 
\Vlt.h a mlxltll'e, formed by segl'egallon n~cording to two different 
l'atios (VIZ. 9 7 and 27· 87) fOl' in that rase some of the green 
seedlings wOllld ne\'erthele6s have shown at n Inter stage that they 
possessed tbe factor O. 

It' we adhel'e to the assumption that, in tills ('ase also, 0 IS 

completely conpled to A nnd H, we Call1lOt attribule the displace­
men t of the ratiO eed: gl'een m favoUl' of gl'een to tlle eou pling of 
A and H, fol' in thai case tbe number of individuals with red leaf 
mal'gin would be incl'eased; we ma)', howevel', attribtlte tbe cbanged 
ratio to repnlSIOI1. This l'eplllsion would nOl e\ en have to go SO 
fol' as to rause the ratio red: green to approximate to 1: 1, for 

AB - (Ab + aB + q,b) = (2n J + 1) - [(n 2 
-- 1) + (n 2 --1) + 11 = 2. 

Ab soon as n, half the sum of the numbers ex pressing the ratio 
of the gametes, is 5, 6 01' more, tbe elifference 2 is, proportionally, 
ver.)' small. Bul then ttlso tlle Ab Ol aB inellvidllals, amounting to 

1) JOHANNSE.N, W., Elemente del' exakten El'blichkeJt~lehre~ 

2) I.c. b. 18. 
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nearly 25 % of the total. would, with C, have a nal'row red leat' 
mal'gin, and this phaenotype is absent. 

The total absence of plants v,rbich do not at the same time have 
ba tb the factors A and B, but have C and ollght to be able 10 

bbow that fartor separatel)' al'8o eÀclndes any explanatlOl1 based on 
imperfect coupling OL' replllsion of C with l'espect to A and B. 

Thl'ee pOEosibiIities still remain: a. part of the germ cells die off; 
b. a factor might come into play which prevented tbe manifesLation 
of C and was itself dependent on the presenre of A and B, e. with 
complete coupling of C to A and B unilatel'al l'eduplieation might 
orcuI', as ,HERIBEItT-NILSSON 1) postlllates in same Cà&eS for the factor 
for red leat' veins in Oenothem Lmna7'c!.:irfnrr, Surh leduphC'ation 
would then accU!', not, as is sllpposed in Oenatbera, in the gel'rn 
cells which posse'Ss thls factoI', but mthel' in those wIJleh are deficienL 
111 the factor 0. 

Of course the F 2 mllst be rl'ossed back wllh the l'ecessive fOI'm, 
fol' tbis chal'actel' therefol'e wllh C, [Ilauea, and tlns will take mneh 
time. Moreover the same varlabihty in the segl'egation I'atio'l may 
be expected as in self-pollination, sa that tlle .qnestion will pl'obably 
not be cleared up mueh hy Ibis. 

That the ronfllsion of the Mendelian segregation involving a lal'ge 
llumber of factal's need have na permanent effect on the offspring, 
is shown by the ratias of some of the F 3 numbel's. 

TABLE II. Segregation in F 3 for the charader' of red leaf margin. 

F2 NO. I Number Number of I Wlth red I Green I Ratio I Theory lOf seeds seedlings I margin I I 
red: green I 

I 

I 
, 

I 1 10 48 36 12 3 : 1 36 : 12 

I 
I 

I 
9 61 49 28 21 9 : 7 27,6 : 21,4 

I 1 

Wax on the leaves. 

Whethel' a uefinite wa,x layel' is pl'esenl on the Iflaves, as in 
C. g!rwcl7, Ol' whetber il is absent, Call1lot oe detel'mined in young 
seedlings. Not llntil 1-11/~ months aftel' planting out does tbe chance 
of erl'Ol' become small, but even then donbtful individnals remain, 
which are best jndged by subseql.lently fOl'med shoots. 

The nnmber of factors fol' wax is still nnknown; it. wil! most 
likely berome evident in F 3, bLlt then only fOl' these nnmbe1's of 

1) l:fERIBERT.NILSSON, N, DIe Spaltungsel'scheÎnungell der Oenothel'a Lamarckiana, 
1916. . 
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" , TABLl~ lIl. 'Segregation'ofF 2 into: individuals. with and with~utwa:~ Iayel'; !' . -
~umber of plants, 

" : 0 ••• 

. " "Number ofplants '" " 
, Ratios n' 

wlth wax; of these 
' without wax; , 

Sowing 
, of these , 

I ,wax:" r :gr; 

/eá ',gre~n Itotal 1 ~re~~,1 total, 
, r: gr:; 

red ho r:gl' originaIlYI without 
wax, 

1 
~ : • ,'1 " wax,'" , . , 

i 
,I " .. 

~?,OOI.I,21 I" :3,~Ö.' 29 2.7 56 6 2 8, 1,1l 
" " .. 

,'2 24 15 39, 11 4 Hl 2,60" , .1;84, ' 1,72 I " 2,75 " 
! .. .. ' 

, 3' 75 76 151 ' ' 22.', ' 9', 31 ,'4,87 ".11,14, :, ~.J,OO' 2,44 ' 

"'4' 22 23' 45 2 5 ,7 6,4$, "0;86 ' '1' 00' ," 0,40 
" , , 1 

: 

5 104 75 17~! , 10, 7 17 10,53 1,39 1,31 1,43 
-,'. , , 

" " .. -" 

6 92 73 165 14 9 23" ,7,17 " 1,2~ , 1 25 ,1,56 
: } "J. ' . " 

I' ),~l 
.' 

7 72 49 121 17 10 27 4,48 1,51 1,70 
! " 

.. 

, .. ;' " ".: L: ., 

\vhich t'hè F 2 is coqsidel'ably les8 hetel~ozYgo.t':iè, for, the pi,lwl' fact~~·~ 
,t~an thep'1.Cleal'ly, in all,)', case, there was no illêlep~ndentlVIel~'c1eliall 

'segl:egatioil fo!' the ,factQI's ,?.f the ",,,axlay,el' ~rid the ':l'atios: lIl, tbe 
vai;iolls batches,s~,wN' snowed, e\ren g\'~atei' ,d~ vE?l'gen~e :~h~;l, ,HI~së of 
I'ed and gl'een, ' (See" tables lll)~" " ,'.' , " , " ' ',' -' " , " 

Thel'e: is,an 'appreciable :repulsion hétweenthe Ja.c'toi's, JOJ~Tthe red 
Ièa,f rnal'g:iii,' anel : ''thó$e : fO'I'" t b~ ,\'Vax laY~l< 'ThïsÎs b~sr se~ri ' ~l,y 
obs~~~vi!lg how' many ~'ecl;and 'greeri, ,indi-viduals: thel'é'a:l;e_~ithou t 
wdx, ,'The I1l1inbèl·'of I'ed' ones is thèn foun'ö' (excepf'ln'the fO~ll·th .. 
so\~rjng):' tobe, thelal;g'el:,'soIilèü;lles 2~3 IIÏ·üesas'jai.'g'e -and,' OH 
t.he ~i.vel'age 1,78 a's lat·ge as that' of the green, whel'eas the {'utio' 
)'eèftog;'eell was ;H'iginally 1,15: 1 and was' not .displa'ced, ih~'ough 
the "slightly ,Ial'gel" lllol'tality of' the gTeen individuals, beJond .. the 
ratio 1,30: 1. 

: The number: of staminodes,>' . ..' 

'C, incZicà" 'lIas' h:Vó sli:LlIlin'odes,' 'In a fe,,\rflo\'Vel's; ho,ve\f~I·,· an' 
irid'icatiö~ 'of" 'a, tl}ird Is 'füunct in the' st~ape' or~~ red filament, geneïiaiIi' ' 

. '. ',' ," 1': ".' ,'. • .': '.'-.- , .. . -. .' '. " I ' 

.. not longel' than a . few'rrjillimétel's;:' ' ' 
: ':0 rilaiica hits \,lways'th'l'eé'staminodes, Tile :Fl';ot"the:,ci;ö'sking 

, has 3: aricF thev,asClIi~iol:it); of' '~"2 als~' 3',:: ;-,::,;-:/~'r::,,',',: ".i/~:;i,i 
, \ -...... .. .. ,-, , , , .. --. . , 

,,:i,A,h~, ;J:lt~mp~r,9~ "p)anlt~)yiOl :"~': p~:;':~:~3.:; s:tt~!nil,1~4,e"svv~r.~ê~:irathel· 
considel'ably in the diffel;ent sowings, th'é last three fllrnishing rnalluT 

I .'. 

, \ 

, \ 
, ' , 

. " ~ .. ::.,; 

'-

" l 

, , 

, Jo' 

• ,'.> 
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,",:" ' , ' 
" 

" ,i"~ 

',', \ . \' 

f ' 

,mOl'e tlmnl he fil~sl;:", fóïi,,:: For .' plants':ViT,{th, .tiWO and t hree 'staini- , 
hades diffeJ-enëesÏIi tlle' ëxlei'liril"cöndilionsmighfbe the ';êause,' btit. 
for' thösc :with ,on1y t\vothÎs, ï~less" 'likely.' , ' .. ' '; "' .. , 

" 

, ", .,' . ". '-,'; ;'" . 

Sawing 

.. , 

1 

2 

3 
I 

4 
,; 

5 I 
6 " \' 

1 

'7' " 

TABLE IV'The' nu'mher of stàmiilodes of' the.' F 2: ' 

" 

I tht:ee 
, , 

56' , I 
,27 I 
131 

44 
,., 

157 

'113 

67 

, Numbër, of staminóCiès 

three Jo four I 
I 

6" 

4' 

3' 

lO " .. 

8 

3 
.. 

6 

.: < 

three to two,two 

" 

2 '0, 

6" , 

4 

9 

10., 

" 6 

o 

'2 ' , 

Total,;· . ~ .. / 595 I 30', I I \ 
38 , ; 9 

"" I, 
, ':.. ~' ' ':,' j~ 

,l!i: a,' discnssion' of the eolóUl' , of theflowel's it ,vilrbê:'sho\vn 
tllat,,~ eyen' apart fl'om thefai rly lal'g~ varia:tiQn of, the~e figures" no 
iüdependent .1Vren9~lian segl'egàtioll OCCLllT~,d" since i;. 'the fhst fom 
so,,,üigs' the ,indiv.\c(;ia]s' with 'h\,'oand witl;t\~O Ol' tlll'E~e stamillodes 
wer~>oill ot~ pr~pol'tion,more;' i1llmero~s arboilg .the 'plantE'; \vith 

yeJlO\y tll3.11 , amoilgthose' wiih 'I'ed flowers. ' . 
, " 

I, ' 

'The length andbr~àdth ~f the "staminódes. ' 

:Thèse'" ciiffer" considerably,' in ,'C~ indica' alitl -Co 'fllali,ca.' Iri the 
f'armer 'speCies the'length' varied from 45-69 mm.' àJid the a,'e'rage 
\vas:59,297 mm: calculated f~'öm'482 'specimèns; Thehreadth'w'as', 
S;'::"':'14~nürï:;the'avel'áge;'of,-4SD :tlowel's'10,SOS, mmo ,Foti , C. gla?icà ' 
these' liguiies \v'ei.'e- :7Ü-L97lmn .. ',ivith' ~in"'::"sel'àge:'of, 87,076 rnm, 

(/ f'Ól' '435 nieaSUL'elli~nts;; imc113~.20,:;a~el'agè:'16;235'.nm. :' , 
, 'fhe Fl 'had" staminodes 'of lengti~ 70":'-S9'mrn. ~vel'age Sfl66'j l11m~' 

~ild bl;éadth' l'4~tS;av'eragè 'J6;i24":mm~'The 'Slarriinodes wel;e 
", Ihel;efö,~'~~a tl"Ïfle' shortel' ,t,han :)hose:' of 'the ,pal'ent;wilh,:.longe~t 
. statriiriÖdes:;i, thel'Él":ls' no':iäppreeiablè-~'ëlifference: in' bl'eadtlk, In' com~' ' 

i-jal'isón ,,'wit h : O. g lauc'a, ' the, ex teIl tof, ,vul'iatioil';is' very '1imi ted, w hic h 
is no doubt' ,~xi)lained .by,the,.fac.t tpat the Ff C01Jsi.~ted':'QCa",sirigle 

, ."" """', '"''~'.,~'''~''' ,~,' . ',.~.: "; .. \.\.~ ,,' 

,-oe, 

, ' , , 

",I, " 
" J-

" 
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TABLE V. Length of staminodes. 

Species or hybrid Number of I Limits of variation Average Standard-
flowers 

I 
in mmo deviatIOn 

C. mdica 482 45-69 59,.?97 3,225 

C. glauca 435 70-97 87,076 4,383 

F1 454 10-89 82,661 2,438 

F2, sowing 1 2752 57-95 76,346 6,467 

" 
3 620'1") 57-97 76,132 7,097 

n 4 975**) 56-100 77,277 8,206 

" 
total 4956 56-100 76,449 .1,076 

~ 

TABLE VI. Breadth of staminodes. 

-, I 
Limits of variation I I, Standard-S' . I Number of Average pecles or hybnd flowers in mmo I I 

deviation 
I 

C. indica I 480 I 8-14 10,808 0,728 I 

I 
C. glauca 434 13-20 16,235 1,334 

Fl 452 14-18 16,524 0,696 

F2, sowing 1 2748 8-21 14,508 2,050 

" 
3 620*) 8-22 14,429 2,541 

" 
4 975 *") 9-21 15,135 2,236 

" 
total 4949 8-23 14,637 2,240 

individual, whel'eas 30 indica- and 14 ,qlauca-plants were measul'êd. 
The figlll'es of F2 al'e fonnd in tables V and Vr. A.s long as the 

number of factors has not been detel'mined, thee dimensions of the 
staminodes would not bave an)' ill1pol'tance, if large and smal! 
flowers wel'e nniformly distributed between the plants wilh gre~n 
leaves and those witb red leaf margm. This is, however, not the 
case. The shol'test as weIl as tbe longest flowel's are found among 
(he green leaved individuals, which theL'efol'e have a lal'ger variability. 

In table VII is given the numbel' of p~ants having an _a"erage 
length of the tlowel' of 62-63, 64-65 mmo etc. The limits of 
variability are fol' the plants with red leaf margin 66-90 mm., 
for tlte green,ones 62-96. The differenre, 10 mmo is not so very 
gl'eat, bnt on the other hand the diffel'enre in the numbers of 
-\-----

*) 10 flowers per plant. .") 25 flowers per plant. 
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TABLE VII. Re!ation between average !ength of staminodes and co!our of !eaves. 

~vera~~ -p~ant::~~~:T - Leaves green I 
!ength 1eaf margin. ----I 
in mmo F!owers red. Flowers red Flowers yellow 

62 63 

64-65 

66-67 

68-69 

70-71 

72-73 

74-75 

76-77 

78-79 

80-81 

82-83 

84 -85 

86-87 

88-89 

90-91 

92-93 

94-95 

96-97 

Tota! .... 1 

3 

2 

2 

10 

13 

12 

7 

5 

5 

11 

7 

79 

(5) 

2 

2 

5 

7 

3 

2 

3 

3 

2 

2 

35 

(5) 

6 

o 
2 

3 

6 

4 

6 

5 

2 

3 

2 

42 

(8) 

I 

Tota! 

2 

11 

5 

7 

19 

19 

(18) 

20 

14 

14 

11 

15 

12 

3 

156 

iJldivid uals at the two extl'emes IS consldel'able. Thel'e are 18 plants 
'haviIlg stamiJlodes of an average length less than 70 mmo anel of 

// (hese onl)' .5 have H, red leaf mal'glll. 'l'his ratio of red. green, VIZ. 

5 : 13 Ol' 1 : 2.6, difJ'ers from the ratio of total reds: total gl'eenó, 
which IS 79: 77 Ól' practically 1: 1._ Fot' plants with an avel'age 
staminodal length of more than 87 mmo which is that of C. glauca, 
the ratio red margin : greeJl is 2: 5 = 1 : 2.5 which likewióe deviates. 
We must add (hal, the 5 illdividuals aU had light ('oloured flowel'ó, 
viz. 3 yellow and 2 'pale red. 
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li'lIlthermore the lal'ge number of small-flowel'ed plants amollg 
(uose wlth Jellow flowel's IS remal'kable, 8 of the 42 Ot' 19,0 °10 
show an uNCI'age of les;:; than 70 mm, FOI' Ihe plants with red 
Oowers the nUmbe1'8 were 10 out of 11J Ol' 8.8°/0. Among the 
gl'andpa.I'ents It was just the oppo&lle, tlte small flower5 being led 
and the large Olies ,}eIlow.lf thc led'flowel'ed~)Jlants are fl11theJ' 
sepal'ated into tllOse wlth red leat' margm and those without, the 

\ 

gleel1 ones compJ'lse 111 pl'oporLion more than double the l1umber 
or' small tlowet'ed illdlVlduaLs, namely 5 out of 35 'Ol' 1J,3 0/0 as 
ag'ainst 5 onL of 79 ,'vith !'ed mm'gll1, Ol' 6,3 °10 

Colour of the :O.ower 

Accol'dmg to the mtensIty of (he I'ed In tllc fIower8 oL Ihc F2 
five Ol' SIX dIfferent tints may be distingnished. 'fhe J ellow yal'ies 
les'3 and not more thaI! thl'ee sllades ean be cleal'ly recogmzed, 
Between the&e ther€' are a nnmbel' of Ol'ange ('olours, so that the 
determinatlOn of the Ilnmber of factors fOl' red wdl not be eas.)'. 
(See table VlIJ), 

The pl'oportion of the numbers of plants with red and yellow 
flowel'b val'ies from 2,1' 1 to 4.79' 1 anel tbe sa.me propOl'tron fol' 
tlle green leaved lIldivlduals from 0.35,1 to 1,29 '1, dIfferences which 
al'e so gL'eat that an independent lVJendphan segregation Call110t be 

TABLE VIII The proportion of the number of plants, 
A) with red flowers and red leaf margm. 
B) wlth red flowers and green leaves 
C) with yellow flow ers and green leaves. 

Number of plants Proportions 

Sowing 

I I I 
A B C A B : C red: yellow 

j 
1 34 15 15 2,27 1 1 3,27 1 : 

I 

2 22 5 6 I 3,67 : 0,83 1 4,50 1 

3 76 19 45 I 1,69 : 0,42 : 1 2,11 : 1 

4 24 10 15 1,60 : 0,67 : 1 2,27 : 1 

5 108 18 52 2,08 0,35 1 2,42 : 1 
l 

6 79 23 25 3,16 : 0,92 1 4,08 : 1 

7 - 49 18 14 3,50 : 1,29 : 1 4,79 : 1 

Total .", 1392 108 1172 2,28 2,79 
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81,5 
J) l' 

r~~,og]?i~e~ SOl' tlle separaJte SP}Vlll~S; .ançl ~t !I!0st ol}ly ,for }~e tp~al 
and non-red (yellow) flowers. ... ... • ,; 1 

If the Jonrtll and fifth columns of table IV for the number ot 
J , i } j ( 1 ..:l-... 1': ..... 

starninodes is split in the same way as! in table 'VIII, ~according to 
..."'l 1- 1 ) ... '" 1 ... ~ -::, t-

the colour of leaves and flowers, it is found th at the first four 
J... J , .... 1.(' ~ ,tL ) f Hl 
Eowings produced twice as many plants with yellow flo'.ve.rs having 

I 1 ~ 1 vJ \ t-l c} H 
2 or 2-3 staminodes as plants with red flowers, although the latter 

.... ~ ~_J~ f { ... tc\t '>.. 

are two and a half times as numerous (205 as against 81). 
", 1 1_ t ~ 1 1 ~ .. J 

T A!3LE IX. The proportionally large number of p!ants with yell ow tlowers 

having 2 or 2-3 staminodes. 

- . 
Three to two staminodes Two staminodes Tota! number 

Sowing 
A ' [ 

[ [ I A+J3[ B C A B C iC , 
'- .... 'l..Jo,.I t1- .'-y-. . "-"':'1" ~, , " - " - " -tIo~ .. ~ , ., • <- JJ~ ~ ... \ft" ..... 1-r -, 'J' 

1 1 - - - - I :19 15 , 
2 2 - 4 - - - 95 ;45 

3 1 - 1 - - 27 6 

4 - J - 3 - - 1 34 15 
~ -- -- , -- -- -- . ~ 

(Sum) 5 0 8 0 0 2 ·?9p 81 

5 5 1 3 2 - 2 126 52 

6 6 2 2 1 - - 1,02 25 
y' 

7 3 - 3 1 - 1 67 14 
-- -- -- -- -- -- -- _,_ 

(Slim) 14 3 8 I 4 0 3 2,95 i 91 

~ence tl~~~e \9 a .ten~en('y to~~{rds co~~ling b_et~~~n lth~ ltact~~s 
fçn' !:ed flO,~~~l:S and tho)~e for 3 .st~~in~~es, ~es~~c.~allY.R~prly,~~o~ 
the plants with red flowet's and green leaves (8), which in .tabIe IX 

.... t .... J.j~'" '~ 1-- 1 t J 1"'... ly\... 

h?-l'dly occu!' ftpo~g the last thl~ee so~ings; t~e lat!f3l' ~?evi"ll;te ~~on-
si~erabJy Jl:om the fil'st four, )n wpich ~such ~~lvèrs ,~~~é '~~~tir:ly 
wanting. It is among the non-red (yellow) individualE, that most plants 

.. t I'<,.:l; UII\J! 

1/ ~re fO,und to b,e }vholly qr parti~lly l:ec~s~jye ;tpl' t~e ,9?)~~~.Çtel:R of 
,the."st!l'mil}9de !n~lmb~el'. 

Summarizing we may conclude .fol' the ~F2 offspring of the cross 
J 1_ t... -e .. "\..f .... J... ~.... f... _ .... 'i: ... ..t\.· I~f"' .. "-

Canna ,qlauca X C. indica, in wh i C}l .fI1 0 l',!3 .~";.e l:"..er?,i t,"a?' J 
fa c tor s we r ebI' 0 U g h t 1.,,0 g_e, t h..,.e r t,h a n th e n u III b e r ... , . 
of chromo's(o,p_e_s th_at 1) Jp)' th_e.-fa .. c{~ors of the red 
I e a f III ar gin, to.l' t.h e I.as e.r 0 f wa_x int hel e a v e s, 

1 - \. t'" IJ'.... I j 

52 
Proceedings Royal Acad. Amsterdam. Vol. XIX. 
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a n d f 0 r t hen u m b e r, t hel eng t h a n d t h e col 0 U.l' 

o f t hes t a Hl i n 0 el e s, t h e pro por t ion 'S 0 f f h e p h a e­
not y p es el i f f er w i d e l-y int h e di f fe ren tso win g s, 
ins pit e 0 f t hef act t h a t t h e ]:i' 1 con sis t e dof a 
s î n g 1 e i n el i v 1 el u a 1; s 0 th a t th e se g reg a,t ion 0 f 
the hybriels is variabie; ~ 

2) t h a tin n 0 11 e 0 f t hes 0 win g s t hes e g' reg a t. ion 
ratios cOl'l'espond to those which may be expecteel 
from an independent Menelelian segregation. 

Chemistry. - "ln-, 1I10no- and diva1'iont eqw·lib1'ia". XII. By Prof. 
F. A. H. SOHREINEl\fAKERS. 

(Uommunicated in the meeting of November 26,1916). 

19. Tema1'.'iJ systems witlt two incl~/le1'ent phases. 
In communicalion II we have seen that in tel'l1ary systems thl'ee 

types of P, T-eliagram [fig. 2 (II), 4 (IJ) anel. 6 (II)] exist. When, 
howevel', two indifferent phases oceur in tbe invarÎant point, then, 
as we shall see further, four types of P, T-diagl'am exist. 

VVhen . in the invariant point two indifferent phases occm, then 
consequently there are thl'ee singular phases, they are l'epresented 
by three .points, situated on a straight line. In the types of eoncen­
tration-diagl'am of figs. 1, 3, 5 anel 7 the indifferent phases al'e 
repl:esenteel by A anel B, the sillgular phases bye, D anel E. 

Jn figs. 1 and 3 A and Bare situated on the same siele, in 
figs. 5 alld 7 on different sides of the line eDE. 

In fig. 1 the prolollgatiQn of the line AB Întel'sects the prolon­
gatioll of the line EDe, in fig. 3 the prolollgation of AB intersects 
the !ine eDE in a, point between e anel D. [Of course the type 
9f . concentl'ation-eliagram of fig. :3 remains unchanged, when the 
{:Joint of intersection was situated between D and EJ. 

In fig.' 5 the point of intersection of AB and eDE is situated 
on the line CDE, in fig. 7, however, on the prolongation of the 
'line eDE. 

Of course -a type of' P, T-diagmlTI belongs to each of the four 
types of concentl'ation-diagl'am, they are l'epl'esented in the figs. 2,4, 
'6 and "8. We find in each of these diagl'ams: 

the three singulal' curves: 

(111)== e + D + E 
(A)=B+ C+D+ E=B+(M) 
(B) = A + e + D + E = A + (M) 
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, and furthel' tb€' CUl'ves: 

(C) = A + B + D + k 
(D)=A+B+ C+E 
(E)=A +B+ C+ D 

In the singulal' equilibrium (M) the l'eaction: 

C+E~D 
may occur. Hence it follows fol' the pal'tition of the curves with 
respect to tlle (M)·curve: 

(C)(E) I (111) I (D) ....•. (1) 

In each of the figs. 2, 4, 6, and 8 the CLlI'\'es (0) and (El must 
be situated, therefol'ë, nt the one siele and curve (D) at the olher 
side of the (M)-cul've. 

In commllnicntion I we have deduced !he rule tOl' the partItio)} 
of the CUl've'l fol' the general case, thnt each curve of n system of 
n components l'epresents an equilibrium of n + 1 phases. As the 
(M)-curve l'epresents, howevel', nn equilibrium of only n phases, we 
have to cleduce this -rule nlso for this case. 

As the' (lll)-CLll'Ve C'oincides with the two othel' sing ulal' CUl'YeS 
(A) anel (B), we may considel' insteael of the (1If)-curve also èurve 
(A) or (B). In the equilibrium (A) = B + C + D + E, as B takes 
no part in the reaction as indifferent ph ase, the reaction: 

C+E~D 
OCCllrs. Hence follows for the partition of the regions with respect 
to curve (A): 

B+ O+'E I B+E+D 
B+C+D 

Each of those l'egions is limited, l>esides by CUl've (A), also by 
nn other curve; the region B + C + 13 by curve (D), the region 
B + 13 + D by Cl1l'\'e (C) nnd t.he l'egion B + C + D by CUl've 
(15), As each l'egion-angle is smaller lhan 180°, il nppeai's lhat 
curve (D) must be si tuated nt tlle one siele, nnd the Cl1l'ves (Ç) nnd 
(E) at the other SI de of (A). Oonsequently we find: ./ 

(C)(13) I (A) I (Dj ), 

or, ns the curves (A) anel (111) coincide: 

(C) (E) I (~~1) I (D). 

I' 

Now alrenely we know, therefol'e, thnt in each P, T-dingl'am-type 
the curves (C) anel (E) must be 'lituated at the one, and Clwve· (D) 
nt the othe1' side of the (ilf)-curve. It is nppnrent, howe\'e1', thnt 
this - is not sufficient 10 detel'mine the P, T-dingmm-type cOlllpletely. 
Now we shall deduce this type for each of. the fOllr cases. 
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0) The five phases fOl'lll a eoncentl'ation-diági'am-type as in fig. 1. . 
, t 1- .,., 

Fl'om [he position of the pliases wifh regpeet to one anothel' 
follow tlle reactions: 

A+D:;:B+F. 
À + C;;i.B + E. 
A+C~B+D 

(2) 
(3) 
(4) 

(A) (D) I (Cl I (B) (E) (2a) 

(A) (0) I (D) I (B) (B) (3a) 
(A)(C) I (E) I (B)(D) (4a~ 

It àppears from 2a, 3Ct ànd 4á that tlte Clll'\Tes (A) alld (B) are 
situatei! at different sides of each of the three curves (C), (D) and 
(Ë). As (Á) ànd (B) Me singlllal' CUl'ves and they eoincide, 
theÎ'eforè, with the (Jll)-clll've, the (.M)-curve is consequently bidirêc­
ifonaBl,e. We dt-àw, the~:efo-l'e, iri a P, T-diagl'!1m the cUl;ves (A), (B) 
and (M) as in fig. 2. 

c------" 
B 

Fig. 1. Fig. 2. 

At the o'ne 'side of the (Jl)-cur, e we ch'aw cUl"ve (D) [fig. 2J; 
at fhe othel' side of the (Jf)-Clll'Ve are situated then tht:' curves (C) 

and (E), of ~vhich the position with respect to (A) and (B) has s'till 
to be defined. lt appeal's from 3a that (A) and t C) are situated at 
tllè o'l~e anel (B) arid (E) at the other side of curve (D); the CUl'ves _ 
(C) and (E) are sitllated, tliet-efore, as in fig. 2. 

We see that this diagl!a:m is also fn accordanee with 2a and 4a. 
b) The five phases form à 'type Of coricentration-diágl'an1 as 

in fig. 3. 
From the positi6n of the phas~s with respect to one another 

follows: 

(A) (D) I (C) I (B) CE). 
CA) (C) (E) I (P) i (B) . 

(A) (C) (D) I (15) I (B) ~ . 

(5) 

(6) .,. 
(I) 



- 825 -

819 

Because, as it appears from (5), (6), and (7), the singular curves 

(E) 

c 
Fig. 3. I!'ig 4 

(A) and (B) are situaled on different sides of each of the thl'ee curve:; 
(C), (D) and (E), it follows again that the (Ll1)-Clll'Ve is bidirec­
tionable. With the aid of (1) and (6) we find a type of P, T-diagl'am 
as in fig. 4. We see that thiR diagram is also in accordance with _ 
(5) and (7). 

c) The five phases form a type of concentrationdiagram as in fig. 5. 
Fl'om the position of the phases with respect to one anothel' 

follows: 

(A) (B) (E) 1 (C) I (D). . 

(A) (B) I (D) I l C) (E). 

(A) (B) I (E) I (C) (D) 
" 

· (8) 

· (9) 

· (10) 

Hence it appeal''3 that the singular curves (A) and eB) are situated 
on the same si de ot' tbe three CUl'ves (C), lD) and lE); the (lll)-cnrve 
i':l, thel'efol'e, monodirectiol?able and the three ~ingulal' (,lH'ves (iJl), (A) 
and (B; coincide, thet'efol'e,' in the same direction. We (haw, thcl'efol'e, 
in a P, T-diag'l'am those three curves as in fig. 6. When we draw 

I' 

E. 

~'ig. 6, 
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"J •• jo". Cl ~~I \); !.t f ~tlr .. ,.~ t 'lf f'J.# ~..1,l 

011 t be one side of the (.111 )-curve the cUt've tD), then (C) and (R) 
must be situated on the other side. Now it follows furtbet' from (9) 
that (C) and~ C$) must, be situated within the al1g1e whicb is formed 
by the ';. m~tastabl~ parts of tht CUl'ves (D) and (ilf·. N ow it appeal's 
fl'om (8) or CW) that those curves (C) and (E) mu§.t be situated, as 
is drawn in fig. 6. 

- v , 
d) ,The ti ve pba~es farm a type of concentration-eliagl'am as in fig. 7. 
From the position of the phases with respect to one another follows: 

(A) (B) (E) I (C) I (D) (11) 

(A) (B)(E)'I CD) I (C) (12) 

(A) (B) (D) I CE) I (C) (L3) 
t. ~ 0"-

Becau5e, as it appears fl'om (11), (12) allel (13) the singular curves 
(A) and (B) al'e situated on the same side of each of the th ree curves 
(C, (D) ~nd (E), the (M)-r.urve is, therefore. 1110n'óelirectionable a"nd . " 
th~ tlll'ee singulal' curves CM), lA) allel (B) coin<'ide, thel'efore, in 
the same dirertion. Now we draw those three curves in a P, :I7-dia­
gram, as in fig. 8. "Vhen we draw curve (D) at the oi;e "side of 

J ' 

FIg. 7. 

. 
" 
E 

Fig, 8. 

the (1Jtl)-cUl've, thell (C) allel (E) must be sitnated ai the other siele. 
lt appears from (12) that (C) must be sitllated at the ol1e sIele, and 
(A), (l}) anq (E) at the other side of (D); we obtain, thel'efore a 
type of P,1'-diagram as in fig, 8. 

'f \........... ( 

We are alsp ,a.~le to find the diffel'eni,types of>l~T·diagram by 
using the three ,mai.n~J'yp.es ~oL..ç',T-dia~ram~ [dz. T, II.A Jtnd HB]. 
which we have deduc~d in commul1ication X. 

In main-tvpe I clll',;e (JH) is monodil'pctionable, sa that the Ulree 
J ~ Jl' 

singlllal' curves coillcide in the same dit'ectiol1; the P,T-diagl'am of 
a system of n-co~P9pellts has then the same ~pr_e~ntnce as thai of 
a system with n-1 components. The P, T-diagl'am of a ternary 

J' , 
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system hàs, tIiel'efol'é, the same áppèarkllce 3.4 that of a binary 
sysfem; cOllseêi~{entI} it êxi~is, tis i (1)', of ó'iie t{~ötlii:vicál and two 

\ 1.......:: r _ ... 1, ..... I~ 

onecUl'vieai bnndles. One of tIîe curves o'f this figul'e 111ust l'epresent 
(. . 

now,. the thl'ee coinciding singular cUl'ves. 
Wllen the singular cuÏ'ves ai'e repÎ'êsèritecl hy one of the cbr'ves 

of tile t,~ocui'vieal bundie, tlien fig. 8 al'ÏsE'E>; ,,,hen they ài·è j'epl'e­
sented bJT one of the two ótIler curves, theri fig. ï3 a!·ises . 
. i~ mai;l-typ-e 1I curve (.L1f) i; 15idii'ectionable; thë two ot,hel' E>in­

glL!al', c~l~~es ëoinride thèl'efól'è in o'ppo&lté diÎ'e(!üah [fig. 2 X, 3 fX) 

and 4: (X)]. 
In main-type II A cune (NI) is a micldle-cUl've of the (.M)-Oluidlè 

[fig. 3 (X)]. The typ~ of P,T-diagram consists of: 

(Jt)-bundie + 2,'t' ótheL' bUll?les 

VIZ. /e bnndles on each of the sides of tbe (J11}bundle. pn fig. 3 (X) 
IS ,e = 2J. The (Ll1)-bundie Itself consists of one Clll'Ve at the one 
side and thJ'ee Clll'VeE> at least ai the othel' side of the invariant 
point; it consists, tberefore, of fOUL' curves at least.LIn fig. i:L\. of 5 J. 

WhE'11 we take all (l11}bundle of. 4 cUJ'\'es, then, as 5 curves occur 
in t,he invariant point, 4 + 2 .r = 5, consequently :e =~. An (111)­
bundie of fou!' CUL'VeE> cannot exist, therefore. When we take an 
(.M)-bu'ndie of 5 curves, tIJen 5 + 2x = 5 Ol' X = 0, Oonsequently 
th~ P, T-dl'agL'am consists only of an (Jll)-bundle of 5 curves; we 
obtain, therefore, a diagram as')n fig. 4. 

In main-type II 13 Cll1've (111) is a side-cul've of the (111}bundle 
I fig. 4 X J. The type of P,'T-diagram consists, thèl'efol'e, of: 

(J1f)-bundle + (2 a: + 1) othel' bllndles 

viz. 01.: bundlés at the orie side aml (,v'+ 1) burîdles at the otheL·'side 
Of the .L1I-bllndle. [In fig. 4 (X) is x = 1l The lIf-bnndle consists of 
1wo curves at least at each side of the invariant point; c~nsequently 
'H consists of fom CUl'\'es at leäst. I In fig. 4 (X) of '6]. 

When we take 'an (i1f)-blll1clle of tOUl' CllITes, then 4 + 2 e+l=5, 
consequently ,'I] = O. At the one side of the (J1f)-bundle is situated, 
"therefOl:e, one etirve ï viz. te + 1 = 1] on the othel' side not a single 
c':ll've is situated [viz. ie:"" '0]. Now we obtain the type of P, T-

// diagrám öf fig, 2. 

111 comml1l1ication (X) we have deduced the mIes: 
i, The t~o indlffel'eÎlt l)lutses llave the sanle sign Ol' -in othel' 

words: the siJfgulnl" equJlibJ'iul11 (11/) is transformabie inib tlle in-. , ; 

'\'al'Ïttnt one and )·evel:sally. OUl've (J1I) is mohódireciiolliöle;' the 
'tl~è~e sr~~NI'al' -~lil;\;eS lcórllcicle in lÜle "s'àme dil'ecÜün [fig. 1 (X)J. 
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2. The two indifferent phases have opposite sign Ol' in other 
\Yords: the singulal' eqllilibrinm (jl:f) is not transfOt'mable. Curve (M) 
is bidil'ectionable; both the other singnlal' curves eoincide in opposire 
dil'ection [fig. 2 (X), 3 (X) and 4 (X)j. 

The four types of P, T-diagram [figs. 2, 4, (j and 8] al'e in 
accordance with tbose l'ules. In fig9. 5 -and 7 tIle singulal' equili­
brium (M) = C + D + E is viz. tl'an&fol'mahle; in aecordance with 
rule 1 in figs. 6 and 8 the (.L11)-cul've is monodirectionable. In figs. 
1 and 3 the singnlal' eq.tlÎlibrinm (.M) i& not transformabIe ; in 
accol'dance witl! l'ule 2 the (Jlf)-cl1l've is bidil'ectionable in figs. 2 
and 4. 

We mayalso elednce the type& of P, T-diagl'am Jl'om the types, 
which at'e valid fol' temal'y systems withonl indifferent phases; we 
find them in the figb. 2 (lI), 4 (lI) anel 6 (Il:. [We have to beal' in 
mind that the figs. J (Il) anel 6 (1I) must be rhanged mutually.J 

We may cOl1sidel' viz. fig. 1 ::ts a pal'ticular case of tig. 1 (lI) 0\' 

3 (1I). W'hen viz. in fig. 1 (lI) we let point 5 coinciele with a point 
of the line 2 3, then this concentl'aiion-diagram passes into tbe type 
of fig. 1; this is also the case wben point 4 coincides with a point 
of jhe lil1e 12, or point 3 with a point of tlle line 15 etc. When 
point 5 coincides with a point of the line 23, then 1 and 4 al'e 
the indifferent phases and (J) and (4) the singulae equilibria. In tbe 
P,-Tdiagl'am of fig. 2 (n) thc singnlal' cnrves (1) alld (4) must then 
coülcide; it is apparent from (he figl1re th at tbis coincidence must 
take place in opposite dil'ection. The P, T-diagram of fig. 2 (IJ) passes 
then iJltO the type of fig. 2. 

When in fig. 3 (Hf point 4: coincides with a point of the line 12, 
tben tllis concentration-diagram passes also into that of fig. 1. The 
indifferent pha&es are then l'epresented by 3 anel 5, the singulal' 
equiltbl'ia by (3) and (5). In the P,T-diagr'am of tig. 4 (II) the curves 
(3) and l5) coincide then in opposite elit'ection; then the P, T-diagram 
becomes the same as that of fig. j. 

In the same way we are also able to deduce the otbel' types of 
tbe P, T-diagram. We may viz. consider fig. 3 as a particular case 
of fig. 3 (Ir) or 5 tIl). Fig. 5 is to be considered as a special case 
of fig. 3; fig. 7 as a particulal' case of fig. 5. 

When in a ternat·ST system no indifferent phases OCCUl', Ihen, as 
\ve have seen in communication Il, lhe (,Lll'ves sllrceed one another 
in "diagonal succession" . With the aid of th is rille we are also able 
lO find the succession of the curves, when two indifferent phases occur. 
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In order to apply this l'ule to fig: t we imagine the point D a 
little lèft from tne 1ine GE; then we obfáin a concenti'atioll-diagram 
of the type of fig. I (TI), viz. a convex ql1intang1e. The diagonal 
sûccessio'n of the pnasès is th en : A--C.::....:..E-B....::-D-!.....A; the succes­
sion of the èUl'ves in the P,T-diagrani Inust be, therefol'e, (A)-(C)"-­
(E).::...-(B)-.:.(D)-(A) 01' revel'sally, we see thai this is in accordance 
with tig. 2. 

WlSeh we imagine the point, D a httle l'ight from the line CE, 
then the concentl'atiön-diagram forms a monoconcave quintangle, 
as in fig. 3 CU). The diagonàl succession of the phases is th€'11 also: 
A-C-E-B-D, sa that tbe CUl'\'es have to succeed one anothel' 
tis in fig. 2. 

In ordel' to apply the l'ule io ~g. 3 we imagine in this figlll'e 
'ihe point D a little at the l'ight or at Ihe leff of the line CE. In 
the Ih'st case a biconcave quintailgle arises [fig. 5 (II)], in the secOlld 

- case a monoconcave quintangle [tig. 3 (II)J, In both cases the dia­
gonal sllccession of the phases is: A-,,-C-E-B- D-A; the succes­
sion of the CUl'\'es in thle P, ~r-diagram must be, therefore: (A)­
(C)-(E)--(B)-(D); this is in accordance with fig, 4. 

In order to apply tbe l'ule to fig. 5, we imagine also the point D 
in this figure a httle at the l'ight or at the 1eft of CE. In both 
cases a monoconcave quintangle al'ise"l [fig. 3 (lIn. The diagonal 
succession of the phases is then: A:~B-D -C-=-E 01' A--B...::..·E­
C-D .. When we bear in mind that in the P,..T-diagram the CUl'v~S 
(A) and CB) coincide, then we get a succession of the ClU'\'es as 
in fig. 6. 

In order to find the succession of th€' curves iu the P, T-diagl'am 
whieh belong:; to tig. 7, we imagine in fig. 7 the point D to be 
bitl1ated again a litÜe at the 'l'ight 01' át the left of the line CE; 
thén in botll caseb a biconcà\'e quintangle arises [fig. 5 (U)]. The 
diàgonal sllccessio'n of the 'pháees is th'ell A-B-D-C-E Ol' 

A-B- E-C~]). As th'e cui-ves (A) 'and (:8) cöill'eide, a P,T-dia-
gram ás in fig. 8 al'Ïses. " 

In om' previous considerations w'e 'have shifted "a little the point 
D in each of the tiglll'es 1, 3, 5, and 7; it is evident th at we might 
have shifted also the point C or E a little. 

20. Q,ltatfJ1'nal'y systems wtth two ind~tI'eI'ent pltases. 
We have seen in communication III that fout, types of P, T-dia­

gl'am exist in quaternary systems. When howevel', 2 indifferent 
phases occur in the invariant point, then, as we _shaH see furthel', 
12 types occur. In order to find those tj' pes, we might, just as in 
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tlle case of the ternat'Y systems, construct the diifet'ent concentl'ation­
dlGtgrams and the type of P, T-diagram belonging la each of those 
dragrams, Now we shall dedl1ce them, howevel', wIthout. l1sing the 
concentl'ation-diagrams, with the aid of the thl'ee main-types I, HA 
and IIB, which we have deàuced in cOll1ml1l1ication X. 

In main-type I curve (M) is monodu'éctionable anel the 3 singular 
curves coincide III the same direction. Consequently tbe P,T·diaglam 
bas the same appeal'ance as thaf of a te1'llary system. In the types 
of P. T-diagram of the ternary system& [fig. 2 (U), 4 (Ir) and 6 (H)] 
we let one of the curves repl'esent the (.Llf)-cl1rve. Tben we fil1d 
the following diagrams: 

13 (J.Vi) + 13J + BJ + 13J + 13J (1) 
~(M) + 13J + 132 -; (2) 
13, + 13 (M + 1) + BJ . (3)-
BI + B (1 + 1Jlt) + 132 , (4) 
13 Olf) + 131 + Ba (5) 
BI + B1 + 13 (M + 2) . (6) 
BI + 131- + B (1 + .1J[ + J) (7) 

Hel'em 131 means an onecul'vlcal bun dIe, 132 a twocurvical bnnclle 
etc., 13 (J)[) wdicates a bundIe wlllch consists of the (Jl1}cUl'\'e only, 
13 (J.l[ + 1) a bllndle, which consists of the (J.lf)-curve and still 
another curve, etc. 

With the aid of main-type Il A we find the diagrams 

13 (M1 + 131 + 13 (1 + kj + 1) + 13, . (8) 
13(M)+13(1+M+3) . (9) 
13 (})tl) + 13 (2 + ,:tl + 2) . (JO) 

'VIth the aId of rnain-type 11 B we find Jet the diagrams: 

13 (M + 1) + 13 (1 + M) + 132 , •• (11) 
B (M + 1) + B (2 + })tI) + 131 , • (12) 

Thc reader lnrns'31f may ea&ily deaw the 12 P, T-dlagrams of whlCh 
the diagrams (1)-(12) are the symbohcal repl'eSentatlOns. 

(To be continueel). 
Leiden, lnol'g. Cltem. Lab. 
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