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N . g " . : v - H
Year | -~ Date. 1Ilr!112.e‘ Longitude | Syn. arc R;gtléc' L.—R.D. l;irl;fg' gg{g' )
I ¢ : 320433/, : :
242 IX (6) - 30333/, - 2 , 2 [ 5
- T we | 346l , ‘
243* | X (1) 74 P | oo 14 | 21
244 X 9 | 1340 ¥ | 19 | 440 |- 26 9
S ' I 36 0 | I
245 | XI 27 1940 - X - 15 | 440.| .8 | 27
. 48 _ 36 0 .
247 | 1 15 |40 YV 21 | 440 20 15
‘ : 4 |- |35 5 : , '
248 | 1I 2 | 04 T o 26 | 445 2.0 2
: 4 | 13345 | - "L
249 15 , 430 9 28 | 630 14 " 18a
_ 45 ) 30 30 :
250 v 1 5 0 '8 1 | 470 | 2 1.
42 30 0 L ‘
251 | VI 13 15 0 W 1,] 4 0 8 13
, B. First stationary point. .
Year|" Date ’Iil;];e-. Longitude Syn.arc - 1;?:&? g:%g'
180* | X (17) 26013 1 21 17
. : | 8000
- 181 X (29) 26 13 & 3 29 -
e 32 113
182 XII 13 28 2433 M - 15 13
46 S 33 455/ g
183 | XII29 210 “%o : 27 - 29
, : 48 . C 360 ,
18 | 1 17 8§10 ux , 9 17 -
o 48 o 3600 '
186 |- IV 5 | 1410 X7 " 2t 5
. - 48 - | 3 0
187 IV 23 2010 YV ‘ : 3 23
o ~ | 35255 - Co
188 VI(11) 25 355/ ¥ : 15 - 10
: : 33 45 . - .
189+ | VIb 26 ~ 29 2053 TI 21 26
: 43 - : | 31 484 ‘ .
190 | VII 9 025 . Q) 9 9
: 42 : 30 0 , » .
191*.| IX 21 - 025 - 21 - 21
‘ : 130 0 ‘ ,
192 X 025 o : 3 3
= ‘ . . 300 -
193 X1, 16 025" m ™ - - 16 16
45 32 405)g o
194% | XIII 1 . 3 By 4> 28 1
9 1 a7 710 |3 Sk t =
196 amn Wy 0 17 - .
. _ e 36 0 -
197 | M 5 1310w 22 5




- e e

L {
Year|  Date 1;11'?6' " Longitude Syn. arc ]i’ﬁlrrlgg‘ ’ g:%g'
: . 360 0/ :
198 mes) |- 90100 . X . 4 23
, o , 4 36 0
199 |V (1) 2510 VYV o 16 11
, , . 35 67 .
200 |- V' 28 . 01675 I - i 28 . 28
e 46 : 33 45 , <
201 | VIL14.] - 4 17y % +10. 14
] 42 30 331
©202¢ | VIII26 | loas 8L | 22 26
: 1 : 42 | , 30 0 :
-203 IX 8 | . 43 W - 4 8
: 43 o 30 0 N
204 |. X 21 43 = 117 21,
: : ' 42 . 30 0 _
; ' ©, . 208 | XII 3 43 M : 29. 3 .
| - ~ R 33 17 - . :
206 X1 17 - 13673 T L~ 11 18 a
§_ ' o ' 48 . 34 231, :
208 | 1 5 . 1210 % 23 5
. .48 - 36. 0
200 | I 23 1810 u% 5 23
: 48 ; 3 0 .
210 | IV 11 , 2410 K ' 17 1n -
_ ~ T S « 36 0 o
211 IV 29 1 o010 ¥ 29 29
' ' : : 34 481, : -
212 | VI(16) 458y, W | 1 - 15
S 33 45 N
213 VIII 1 : 8 43l 9O é \ 23 1
L : 42 017
214 | VIII3 845 6L s 5 13
42 30 0
215 .| IX 25 | 845 mp. . 17 25 .
. Co42 30 0
S| X7 845 = | . 29 1
' : 43 30 0 :
207 | XI 20 - 845 M 12 2
46. 33 431, - —
218 | XII 6. | 12 28V > : 24 6
47 34 4175 .
220 | 1 23 - 1710 Y : 6 23
R : o 48 36 0 |
) ‘ Rl mon 2310 u& ‘ 18 11
N 48 . |- : 36 0 -
222 I 29 2910 X .| . 0 29
o 49 .| 36 0
223 V18 510 ¥ 12 17a
¥ 45 : 34 393 :
, 224* | VIl 3 9 303 IT. ‘ 24 3
45 33 155, ,
i ‘ 25| VI8 1255 @B ‘ 6 18
‘ - S 42 | 30 0 :
226 | VI3 | 125 18 30
. 42 30 0 " -
ar 27| IX 12 C|zss o om | 0 12
i : I 30 0
. 228 X 24 | 112ss & ] 12 24
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230
231
232*
233
234
235"

I 25
Iv 12
Iv 31
Vi 18
VIII 6

46
41
49
47
48

C. Opposition.

8055/
12 399
17 22
23 22
29 22
5 22

n
>

e

.
20

36
36
36
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339443/
34 425,

0
0
0

13
25

19
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“—m
Year Date Tilr?t]e- Longitude Syn.arc ljgrlr?l;l' %ﬂ‘é‘

M 309299’
220 | XII 8 130243 M 25 8
46 33 45
230 XIl 24 17 93 + - 7 24
41 35 05/
230% m 11 210 ‘v ; 19 11
48 36 0
233 I 29 28 10 w= 1 29
48 36 0
234 v 17 410 Y ) 13 17
48 35 0
235* VI 5 1010 % 25 5
46 34 109
236 VI 21 14 203, OO0 7 21" -
45 32 443/g
237 VI 6 175 9 | 19 6
42 30 0
238 VIII18 17 5 ° 8 1 18
42 30 0
239 IX 30 175 mw 13 30
42 30 0
240 Xl 12 17 5 o 25 12
43 31 05
241 Xl 25 18 555 m 7 25
33 45 _
243« | I (11) 21 508, +> 20 11
35 193/
244 1 29 21710 v 2 29
36 0
245 mamn 310 X . 17
36 0
2461 V5 910 VvV 26 5
48 36 0
247 vV 23 1510 ' % 8 23
46 33 517/
248 | VI 9 19 173" I 20 9
43 32 13,
249 VII 22 2115 OB 2 23 a
43 30 0
250 IX 5 21 15  §) 14 5
42 30 0
21| X 17 2115 W 26 17

(Only the last part of this table is sufficiently undamaged to be used).

25
12
30 a
18
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Year Date ’l}lr?ge- Longitude Synod. arc iiréfg' g:{g'
o]

46 o 34 285/

236 VIII 22 9 505y I 13 22
46 33 143/,

237* X 8 135 \ 25 8
42 30 0

28 | X 20 135 8 v 20
42 30 0

239 | _XII 2 13 5 W 19 2
42 30 0

240* X1 14 13 5 = 1 14
42 30 305/

242 I 26 13 355 M 13 26
47 33 45 —_

243* | I 13 17 205/ +> 26 .13
47 . 35 19

244 I 30 22 22 Yo 8 30
48 36 0

245 V 18 2822  uwE 20 18
48 36 0

2461 | VIib 6 492 2 6
49 36 0

247 VIl 25 102 Y 14 *24a
45 34 97/

248 | IX 10 14 317y II 26 10

The time-intervals, derived in the same way using 304 for each
month, show the same character as the synodic arcs: the 487 and
4249 occur repeatedly several times in succession, just as the synodic
arcs are 36° and 30°. The number of intermediate values isin these
tables greater than in those of the first kind. Here also it is natural
to assume that the intermediate valnes of the time-interval are cal-
culated in the same way as those of the synodic arc, but the devia-
tions between the- first and 129 - the last are here even more
numerous and larger than in the tables of the first kind Even in
the constant extreme values deviations occur; now and then 43
(once 41) and 49 stand in place of 42 and 48.

In order to be able to see, if at leasl on the average the values
for the time-interval increase in the same way as the synodic ares,
they were combined into groups of full degrees and the mean was
{aken. This showed that

with 30°22’ corresponded a mean of 42.47 ( 6 values)

, 3115 ) y 43.3 (6, )
. 82929 y N al.2 (5, )
, 3310 ) 45.2 (4, )
. 8345 ,, y 45.6 15 ,, )
, 8432 N N 46.6 (10 ,, )
, 3523 y . . AT (6, )
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3

This indicates, that with great approximation the synodic arcs
80° 31° 32° 33° 34> 35° 36°
correspond to time-intervals, of
42 43 144 45 46 47 48 days.
That this, however, cannot be quite accurate is shown by the
following consideration. -
From the length of the synodic arc the time-interval to be added
may be calculated, according to the formulae
syn. arc -+ 360
360

X sidereal year — synodic period

= time-interval--

. : 30
{synodic period —lunar year} 59,5308
This gives for )

synod. arc == 30>  synod. period = 395,698

Lo 30 .

time-interval — 995306 X 41.331 = 41.99
synod. arc = 36°  synod. period = 401.786

30

29.5306

whereas for the mean value there was already found :
syn. arc = 33‘%’8'45” time-int. 454.23. .

For the extreme values, therefore, without a great error 42 and 48
may be taken, provided care is taken that the mean value comes
out correct. If we take all the time-intervals =— the syn. arc 4~ 12
days, the mean value of the time-intervals becomes 45981451 — 454,146,
therefore 04.08 less than it should be. In 12 periods this difference
must rise to a day.

The longitudes of Jupiter in the table have resulied from successive
summation of all the synodic ares. If the time-intervals are obtained
by adding 12 to the number of degrees of the synodic are, the dates
that result from successive summation of the time-intervals must
each time get ahead of the longitude by 12 and thus successively
differ with it by v,v 4-12, v 24, v + 36 etc. As the degrees of
longitude only go to 30, and similarly the dates, the dates must be
deduceable from thie longitudes by adding

v, v4+12, v424, v46, v+ 18, v, v+ 12 etc.
the same five differences constantly recurring.

This, however, as already said, cannot come out exactly; in order,
to find the character and origin of the remainders, we subtract from
the successive dates the series of numbers

12 24, 6 18 0 12 etc.

time-interval — X 47.419 = 48.18

- 705 -
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A

and compare the resnlts with the longitudes. We then find the numbers
which in the table III on page 694 stand in the column “reduced date”,
beside which the values of the difference “longitude — reduced date”
(L.—R. D.) are placed. These values become gradually smaller, alto-
gether 5 days in the course of the whole table. This is exactly as much
as it should be to account for the difference beiween 45.23, the actual
mean time-interval, and 45.146, the mean syn. are 4 12. We now
see that a correction for this difference is not iniroduced gradually,
but suddenly, by shifting one day each time after 10—13 numbers;
this is done at the places where the horizontal lines are put (the
first line is uncertain, as there is some error here).

If we leave out these regularly recurring jumps, the differences
L—R. D. everywhere show variations up and down. On the other
hand they show a great constancy, if we only pay attention to the
whole numbers .and not to the fractions. If we may consider afew
cases “in which this does not come out as erroneous, we find this
rule: the Babylonian calculator found the dates by taking the
numbers of the degrees jfrom the calculated longitudes, increasing
them successively by the periodic series of numbers v, v 12, v 24
v+ 6, v+18, v, etc., cach time after 10—I13 periods taking the
number v one higher.

As a final test, in all the seclions of the great Jupiter table of
the second kind?) the dates were calculated according to the above
rule by means of the periodic series of numbers v, v 4 12 ete.
The few cases, indicated by a, where there isstill a day’s difference,
are not such as to throw a doubt on the correctness of the rule
for. the calculation that we have found; these are probably due to
copying errors or errors of calculation in the cuneiform texts. The
first error in the 3'¢ section, where Duzu 31 stands instead of 30,
is undoubtedly of that kind In the first error of the first section
there was a doubt as to where the periodic number had shifted
so that either Duzu 6 or Abu 17 must be one day wrong; we
have chosen the transition so, that the latter date, the number of
which lies at the edge of the illegible damaged part and has therefore
perhaps been misread, was taken to be erroneous. The 3 erroneous
number of the 27 section also lies at the edge of a damaged portion.

If we now return to the Jupiter tables of the first kind, we find
that our rule applies there also. In the table II on p. 692 which con-
fains the dates and places for the second stationary point and the

Y The columns “reduced date” and *‘L—R D" have only been computed for
the first section, the heliacic rises; the system of calculation having been discovered
from these it was not necessary to compute them for the other sections.
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heliacic setting from this table, the periodic number and the dale
calculated are placed in the last two columns. The agreeufen} is
everywhere complete, except in the first two dates; but here it can
be shown, that there is a copying error in the cuneiform text. We
found above (p. 691) that the 2! synodic arc has been calculated
wrong : to a starting point of 0°25' m~an arc of 30°5 belongs. How
could this error have arisen ? [f we assume that the first {wo longi-
tudes have been copied wrong' and should be 1°25', the synodic arc
belonging to these would be 30°17', therefore the 3'4 longitude 1°42°
as it stands in the table. And then the dates calculated become at
the same time one higher: Airn 22 and Simannu 4 as the table
gives them. In this way all the dates agree with the calculation.

The fact that here the method appears of-using the whole
number of the degrees of the longitude and not the nearest number
rounded off upwards or downwards, indicales that this may have
been done in the tables of the third kind also. We cannol setile
this, because it is of no consequence; for in that case the first
number only, from which the summation started, needs to be taken
301 greater.

It appears, thus, that the Babylonian astronomers made use of
a very simple arithmetical system in order to deduce at the same
time the longitude and the date of particular phenomena of Jupiter.
By the use of normal months of 30 days and corresponding enlar-
gement of the mean value to be added, they made themselves in-
dependent of the unequal lengths of the calendar months. Having
noticed that the periodic alternation in the time-interval between
two successive oppositions contained abont the same number of days
as the alternation in the synodic arc degrees, they were able by a
very simple process of reckoning to find the date from the longitude.
They might have done the same in the tables of the third kind;
then the column of time-intervals would not have been necessary
and practically the same result would have been arrived at with
less trouble. Theoretically, it is true, the periodic variations in the
synodic arc and in the time-interval should differ by the influence of the
varying velocity of the sun: this inequality has practically no influence
upon the periodicily in the synodic are, while 1t increases the phase
of the periodicity of the time-intervals by about 20°. The Babyloni-
ans were indeed acquainted with this inequality in the velocity of
the sun; but in the Jupiter tables they have not taken it into
account. Although Kuerur finds an indication in the didactic text
SH 279 (81.7.6) that in the tables of the 27 kind the unequal
velocity of the sun was taken into account (p. 149—150), noihing
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of this appears in (he f{ables. In the tables of the 3'd kind also,
where it would have been quite possible {o apply a different perio-
dicity to the (ime-intevvals and to the synodic arcs, this has not been
done; they ran practically parallel, differing only by an unimportant
computational quantily; and the metliod of calculation which is used
in the lables of the first and second kind excludes any possibility
of taking into account the varying velocily of the sun.

Chemistry. — “On the System Mercury-lodide.” By Prof. A. Smits.
(Communicated by Prof. P. ZpEmMaN.)

(Communicated 1n the meeting of September 27, 1916.)

As was already discussed more at length before mercury iodide
exhibits a very pecnliar phenomenon on being heated, which phe-
nomenon consists in this that afier the red phase has been converted
-to the gellow pbase at 127° the substance remains yellow up to
abount 188°, but then gradually assumes a more and more pronounced
red colour, and finally melts {o a dark red hquid at =+ 255°5.
This, combined with the fact that the vapour is colourless or light
yellow, tells us that as far as {he composition is concerned the solid
phase lies between the vapour and the liquid at the three-phase-
equilibrium solid-liquid-gas. In virtue of these data a pseudo figure
was derived that took these above facts into account, and gave,
moreover, an exceedingly simple explanation of the fact that on
sudden cooling of the vapour the yellow modification always malkes
its appearance fivst. ’

Yet this figure had a drawback, which was felt by me and also
by others, and which gave an indication that the view would still
have to be modified somewhat. This drawback ‘consisted 1n this thal
it was assumed that above the point of transition the yellow rhombic
mixed crystals would continuously pass into red tetragonal ones.

As was communicated in the last paper on this subject, Dr. A. L.
W. E. van per Veey had at my vequest undertaken the crystallo-
graphic study of mercury iodide in the hope that this research
would bring the problem nearer its solution. This has actually been
the case. By making use of a special sublimation arrangement Du.
v. 0. Verx ) has succeeded in making crystals of yellow mercury
iodide, - 2 em. long above 127°.2, and in studying them accurately
microscopically at different higher temperatures. It then appeared
that the originally yellow crystal begins to gradually assume an

1} Verslag van de gewone vergaderingen der wis- en nat. ald. Kon Akademie,
Vol. XXIV (19186) p. 1557,

[y
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orange tint above 200° which becomes more and more distinct but
does not pass into red as formerly seemed to follow from the in-
vestigation of a large quantity of powdery Hgl,. The distinetly
orange coloured crystal was converted to a darkred liquid drop at
the melting temperature. Tn this 1t could be ascertained withi perfect

-

red liquid

Fig. 1.
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certainty that the change of colour from yellow to 01'angé is perfectly
continuous, and is not attended with a change in crystalline form,
50 that the assumption of a continuous transition from rhombic into
tetragonal between 127° and 255,5° must be abandoned. It follows
therefore fiom Dr. v. p. VeEN's investigation that: (see p. 703)

1. between 127° and 255°.5 the internal equilibrium very per-
ceptibly shifts to the side of the p-component, but the colour proves
already that this shifting is not so considerable that the composition
of the red modification is reached.

2. this shifting of the internal equilibrium, which is accompanied’
with a change of colour, is not attended with a change of crystalline
form.

These new data rendered it necessary to modify the designed
figures of the pseudo- and of the unary system somewhat. Led'in
this way to reconsider the problem mercury-iodide, I found that
the solntion was after all exceedingly simple.

One of the particularities presented by the system Hgl,, is this
that as has been stated, the concentration of the solid substance at
the triple point solid-liquid-vapour lies between that of the vapour,
and* the liquid is richest in that component that in the solid red
modification is represented in the greater quantity. This is a'situation
to which we are' not accustomed, though it undoubtedly occurs now
and then, and it is 10 be attributed to this that another solution was not
immediately thought of; which possesses all the advantages of the
former solution, while the objections advanced against the former
solution are entirely removed here. »

If we begin' with the simplest representation, we take the 7%-
section of the spacial figures corresponding to a constant pressure,
and that‘such a pressure that equilibria with vapour cannot occur.
Now there are two difticulties.. The first that I. will discuss here is
this that the Z,a-section” bas the shape of the figure indicated in
thin lines in fig. 1. The pseudo components aHgl, and gHgl,, there-
fore, give mixed crystals, but the mixing-is limited, hence a con-
tinuous transition between mixed crystals of a different crystalline
system takes nowhere place. The situation of the unary system in
this section has been indicated by thick lines, so that the connection
between the’ pseudo binary and the unary system is at once'clear.

The internal equilibrium in the tetragonal red modification is
indicated by the hne S,” )5, below the transition point. The internal
equilibrium in rhombic: moditication, which continuously passes from
yellow’ into orange: between: 127° and 255°.5; is-indicated:by the
line S, .S. Comparatively near below the melting-point this line'bends

45

Proceedings Royal Acad. Amsterdam, Vol, XIX
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very perceptibly to the right, which means that the unary mixed.
crystal becomes richer in the f-pseudo component on rise of tem-
perature. At the moment that the rr;ercury iodide melts, it lies in.
composition between that of the yellow and of the red modification
at the transition temperature.

The liquid L formed is very rich in the B-component, which 1s
in harmony with the fact that the liquid is dark red. The internal.
equilibrium in the liquid phase above the melting point is indicated
by the line LL . What direction this line has cannot be ascertained
with any certainty.

The possibility of the occurrence of red mixed crystals above the
transition point by sudden cooling of Hgl, from e.g. 240° to 130°
is also immediately to be seen from this fignre, just as the dirvect
formation of the red modification by sudden cooling of molten
Hgl, in a mixtme of carbon dioxide and alcohol.

This is sufficient to show that this figure perfectly accounts for
the observed phenomena. To be able also to explain the phenomena
that can present themselves in the presence of gaseous Hgl,, we
should also indicate the 7,a-projection of the threephase regions of
the pseudo-system, and then the somewhat unusual situation of the
system Hgl, is apparent.

The vapour coexisting in the triple point with the orange solid
phase and the dark red liquid, has a light yellow colour. The
vapour is, therefore, richest in the pseudo component aHgl,; conse-
quently the vapour lines in the psendo system lie as they are
indicated in fig. 2. This is, indeed, an unusual situation, which
however, will undoubtedly occur now and then. The vapour hnes
of the unary system are, just as the lines for the solid phases and
those for the liquid, indicated by thick lines. What the direction is
of the vapour lines and of the liquid line in the unary system,
cannot be stated with certainty as yet, but it is of very little
importance here ').

If we knew that gHgl, is a polymer of eHgl,, the line for the
internal equilibrium in the vapour would run towards higher {em-
perature to the left, but that this case should present itself does not
seem very probable, because, at has been said, the liquid at the
triple point temperature is richer in the p-component than the
coexisting solid phase. The assumption of isomerism, therefore, seems

1) The vapour lines ag and &g of the pseudo system must intersect in g in
such a way that the metastable prolongations do not lie inside each other, as is
drawn here, but oulside each other. In this case the point ¢ will ulso lie exactly
on the prolongation of the line G4G.
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to be more likely. This, however, is a'question, which cannot be
settled until later on. For the present we may be contented to
have found a view which explains the observed phenomena in

an exceedingly simple and plausible way.
I have pointed out in this paper that there are two possibilities,

G
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of which the first has only been mentioned as yet. The second
differs from the first only in this that the melting-point diagram
possesses a eutectic point.

Fig. 3 represents in this case the 7u-projection of the three-
phase regions of the pseudo system vvith the two phase regions of
the unary system lying in them. -

This figure, which does not call for any further elucidation, -also -
represents a case not considered up to now, for which the solid
phase lies between the two others on one three-phase region for
S L 4 G, the situation on the other three-phase region being the
usual one. At present there is no reason to prefer one representation
(Fig. 2) to the other (Fig. 3). -

In conclusion it may still be pointed out that as is known, Hgl,
at high temperatures begins-to split up appreciably into Hg,I, and
I,. This splitting up is disregarded ‘here, because evidently 1t is not
essential here for the phenomenon of allotropy.

SUMMARY:

On the ground of new researches a modification was applied to
the representation of the system mercuryiodide, which has entirely
obviated all the former difficulties and in consequence of which an
altogether satisfactory concordance with the observed phenomena
was obtained.

Anorg. Chem. Lab. of the University.

Amsterdam, Sept. 1916.

Chemistry. — “On the Influence of the Solvent on the Sttuation
of the Homogeneous Equilibrium”. 1. By Prof. A. Smirs.
(Communicatedr by Prof. F. A. H. SCHREINEMAKERS).

(Communicated in 'the meeting of Octéber 28, 1916).

|

1. It is universally known that the solvent frequently greatly
influences the situation of "the homogeneous equilibrium. This has
appearedf for instance in the- determination of the equilibria of the
triazol carbonic acid esters in different solvents, carried out by
DimrotH '), and from vown Ha1baN’s *) researches on the conversion

’

1) Lieb. Ann. 877, 133 (1910). ,
%) Zeitschr, f. phys. Chem. 67, 129 (1909).
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of para bromine phenyldimethyl ollyl ammonium bromide,: besides
from the study of the equilibria between.the.keto- and enol forms
of the acetyl acetic ester made by Kurr Mrwer'). In spite of various
atlempts the explanation of this. phenomenon has not yet been found.
Yet it seems {o me that the solution might be given in the follow-
ing way.
For this purpose we start from the equation:
Z=E-TH+PV . . . . . . . ()
When with constant P and 7" we now differentiate with respect
o n,, we get: '

dz dF < (dH av
—-—) = — — 7| — 4+ Py — R )]
dn, Jp7 de, /Jp71 -~ \dn,/p7T dn, JpT

dz:\ - .
):(‘17-------(3)

dn, )p.1
1t should further be noticed that as we consider solutions here,

avy .
(——) is very small,
d111 P.T

With regard to P it may be said that when the solvent has a
slight vapour tension and the expetiment is made in vacuum, this

uantity is very small too. Buat also when an open vessel is
q J ) p

: 0 ! dV . ’
used, and P is 1 atm., the term P(—) is so small, that we
P

Now

dn,
may safely neglect it by the side of the others.
Just as in general the entropy may be split up into a concen-
tration entropy and a concentration term, we can write here for
‘the entropy increase when 1 gr. mol. is added reversibly:

aH dH
(__) :(__ —~RWC,. . . . .. @&
dn, Jp.r dn. Jp
=t
so that we get:
dE dH
= — — T — Rl'lnC, .°. . . .(5
- t (dnl) PT d?ll)P_’[' T " )
=1

Now on summation over all reacting components, we get:

dE dH
- Srp=2v| — — T2y {— + RTZ%inC, . (6)
dn,/p.T dn, lgvf
. =1

If we now put:

dF dH
dnl) P.T » (dn1) FC)'Zl e

po

1) Ber. 47, 832 (1914), !
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we get:
Svp=Zv B —-TZvH,  _, +BTZv inC . . . (7)

10—
If we now bear in mind that in the state of equilibrium:
Zpvu=20 and that RT'Zv, In C, = RT In K¢
it follows from (7) that:

RlIn K¢ = — Zv,E, + I'Zv, H, =1

or

2 E, SvH,
2 TR ®)
Before we proceed it should be pointed out that Zw, £, which

quantity denotes the change of energy at the temperature of obser-
vation, is practically independent of the temperature, and may,
therefore, be considered as a constant; because the sum of the-
specific heats of the second member of the equation of reaction
diminished with the sum of the specific heats of the first member
yields a quantity perfectly negligible here as was lately fully de-
monstrated by Drv. Scuerrer *).

The solution of the problem now under discussion, is exceedingly
simple, when the sum of the entropies Evll:fzcz . has the same
value in the different solvents, at least so little different that the
deviations can be entirely neglected by the side of the sums of the
energies =v, 7, %). '

This case can of course only be expected when the influence of
the solvent on the dissolved substance is of exclusively physical
nature. . .

If we, thevefore, apply equation (8) to the same equilibrium in
two different solvents / and [/, the just mentioned supposition
comes to this that in the equations:

(ZvE),

RT

n Ko —= —

In Ky —= — Y S (1)}
and
(EleJH

n K= — BT

+Chre v . (10)

the relation :
Ci=Cp . . . . . . . . (Y

1) This part of these Proceedings p. 656.

%) This assumption is of the same nature as that introduced by Dr. SCHEFFER
in his paper ‘On the Velocity of Substitutions in the benzene nucleus”. He assumed
there that the ‘“difference in substitution entropy would be zero for the different
hydrogen atoms”, These Proc. Vol. XV. p. 1118. -

\
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holds for the entropy constants, so that, when we put (Zv,E);=
] S
= Qr and (Zv.E)n = Qu
K Q-

[ ./ S S T
e RT (12)

Tins formula expresses that the differenée in situation of the chemical
equilibrinm in the two different solvenis must be ascribed to a differ-
ence in heat of reaction.

Now it is at once clear that a difference in thermical effect of
the same reaction in different solvents is due to the difference in
heat of mixing of the reacting components in the different solvents.

If we, namely, consider the simple conversion :

A2B+Q
we can think this heat-effect spht up into three factors.
1. the differential heat of unmixing of 4 = — Qu,

2. the heat of reaction of the conversion of 1 gr. mol. ot hqud A
m 1 gr. mol. of liguid B= Qp,
and 3 the differential heat of mixing of B = Qup;

hence

Q=—Qu,+ dr+ Quy
We oet, therefore, for the heat effects in the two solvents:
G=—CQu, +Q@+Qu - - - . . (19

and
= — J; + —+ oz, e e e . 14
Q]I Q 3l 111 QR Q 11! I \ ( )

50 that
Qr— G = (QMAI — QMAH) — (QMBI — QMB”) . . (1)

If we now indicate the difference in heat of mixing of A in the

two solvents by Qury,; ;. that of B by Qurp, ; , owr equation (12)
becomes ‘
. M ~Qu
~ ln{\i_Q A Bra L ()
X, RT

i ¢. the influerice of the solvent on the situation of the chemical equi-
Lbrium is due to the difference in heat of miving for the reacting
components m these different solvents.

To test this conclusion it will, thercfore, be sufficient to deter-
mine by the side of the constants of equilibrium the heats of solution
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of .the veacting substances in different solvents, because the difference
in heat of solution of e.g. 4 in different solvents is equal to the
difference of heat of mixing.

3. Another conclusion to which the supposition made here leads,
is this: It follows from equation (12) that when Kr>Kjr, also Q> Qr.
If we now differentiate (12) with respect to 7}, we get:

ciln{ﬁ’£
Kn_ a—Qu_ negalive (17)
= pg =" e

from which thevefore follows that when A1>[\[[ the difference
InKy—InKy; will diminish on increase of temperature, i.e. the difference
in situation of the equilibria in -the two different solvents will
decrease at higher temperature.

4. It is almost superfluous to point out here that when the supposition
Cy= Cyr is not introduced, we obtain through subtraction of equation

(10) from (9) the equation : .
K _ Qu—&
ln—K—ﬂ BT +C—Cnp . . . . . (18
which likewise gives
ain

n———-

Ky Qr—Quu

ar  — RT

on:differentiation with respect to 7, but this equation in itself could
not convey any special meaning to us. In virtue of (12) it could be
concluded that when K;> Kp, also Qp must be > Qr, and this
gave rise to the conclusion under 3.

5. In conclusion it may be pointed out that when it should
appear ‘that the difference C7—Cpr may not be neglected the above
given consideration will lead us to the knowledge of this difference,
so that at any rate a study in this direction \v1ll lead us to a deeper
insight in this so important phenomenon.

Anorg. Chem. Laboratory of the
Untversity of Amsterdam.
Amsterdam, 17 Qctober.,
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.Chemistry. “In-, s mono--and devariant equilibrin.”” XI. By Prof. F.

A. H. SCHREINEMAKERS.

\

(Communicated in the meeting of Oclober 28, 1916).

18.  Binary systems with two indifferent phases.

After the general considerations [Communication X]about systerns
with two indifferent phases, we shall apply them now to binary
systems.

When in the invariant point of a binary system occurs the equili-
beium: F, 4 F, 4+ F, - F,, then only one type of P,T-diagram
exists; we find it in fig. 2 (I). )

When in a binary system, however two indifferent phases occur
and, therefore, also two singular phases, then two types of P71+
diagram exist [figs. 1 and 2].:We may deduce them in different ways.

When in the concentration-diagram of fig. 2 (1) /, and F, ave the
indifferent phases, then F, and F, are the singular ones; 'F, and F,
have then the same composition, so that the points #, and F, coin-
cide [fig. 1]. Then we have the singular equilibria :

. (M)=F,+F, [Curve (M) in fig. 1]
F)=F +F,+F, [Curve (3) in fig. 1]
(Fy=F + F,+ F, [Curve 4) in fig. 1]

and further the equilibria:
() = Fp+:Fy +.0, [Curve (1) in fig. 1]
(F)y=UF + F,+ F, [Curve (2) in fig. :i1].

We may:deduce the type.of P,T-diagram.from-fig. 2 (I). As (3)
and (4) are the singular curves, they must, therefore, coincide. It
follows from our previous considerations that this coincidence may
take place in fig. 2 (I) only in sueh a way that curve (3) coincides
with the prolongation of (4) and therefore also curve (4) with the
prolongation of (3). Then we obtain a type of P, 7-diagram, as in
fig. 1, in which carve (M) is bidirectionable. This diagram contains
two™ bundles :of curves; the one bundle consists: of the.curves (1),
4) and (2), the other only of curve (3). Curve (M) is a middlecurve
of the (M)-bundle.

We are able to find the bivariant regions in,this P,7-diagram in
the same way as in other diagrams -Between the curves (1)-and
(4) is situated the region (14) = 23, between the curves (1) and (2)
we find the region (12) = 34, ete. In.fig. 1 those .regions are indi-
cated ; they are the same.as in fig. 2 (I), with this difference, how-
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ever, that the region 12 from fig. 2 (I) is missing in fig. 1 and is
replaced by the singular curve (M)=F, + F,.

We have seen in the previons communication that each region
which extends over ihe stable or metastable part of a singular curve,
contains the two indifferent phases. In fig. 1 the region 34 extends
over the singular curves; and therefore it contains the two indifferent

phases F, and F,.

Ig. 1.

When in the concentrationdiagram of fig. 2 (I) #, and F, are
the indifferent phases, then F, and F, are the singular phases,
F, and F; have then the same composition, so that the points #, and
Fy coincide [fig. 2]. Then we have the singular equilibria :

(My=1F,+ Iy, [Curve (M) in fig. 2]
Fy=F,+ 1{’3 + F, [Curve (1) in fig. 2]
F)y=0+F,+F, [Curve (4 in fig. 2]

and further the equilibria:
=18+ I+ £, [Curve (2) mn fig. 2]
) =F, + F,+ F, [Curve (3) in fig. 2].

"When we wish to deduce the type of P, 7T-diagram from fig. 2 (I)
then, as (1) and (4) are the singular curves, we have to'let them
coincide. Then we obtain fig. 2. The three singular curves (M),
(1) and (4) coincide now in the same direction; the (M )-curve is,
therefore, monodirectionable. Consequently the P,7 diagram consists
of three onecurvieal bundles.

“In order to find the bivariant regions, we have to bear in mind
that between the curves (1) and (3) the region (13)= 24 is situated,
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between the curves (1) and (2) the region (12) = 34; etc.; then we
find the regions indicated in fig. 2. Those regions are the same as
in fig. 2(I); only the vegion 23 from fig. 2 (I) is missing in fig. 2,
it is veplaced by the singular eurve (M)=F, 4+ F,.

In fig. 2 the region 14 extends itself over the metastable parts
of the singular curves (M), (1) and (4); indeed this region contains
the two indifferent phases F, and F,.

Now we have let the phases /, and F, coincide and also F, and
F, in the concentration-diagram of fig. 2 (I), we might as well have
made F, and F, coincide. Thén we obtain however a same type of
P,T-diagram as i fig. 1. Consequently only two different types of

P,T-diagram may occur; they are represented in figs. 1 and 2.

We are able to deduce the rypes of P,7*diagram also in the
following way. In communication X we have viz. seen that we
may distinguish three main types, viz. I, 114 and 115.

In main type I curve (M) is monodirectionable; the P, 7 diagram
of a binary system has then the same appearance as that of a
unary system. Therefore, it-consists, as in fig. 2, of three one-
cuarvical bundles; one of these curves represents then the three
singular curves. [In fig. 2 they are the curves (M), (1) and (4).]

In main type II4 curve (M) is bidirectionable and a middle curve
of the (M)-bundle [fig. 3 (X)], we obtain then for a ternary system
a type of P,7-diagram as in fig. 1.

In main type I1B curve (M) is bidirectionable and a side-curve
of the (M)-bundle [fig. 4 (X)]. As in this type, besides the (M )-curve,
still five curves at least have to occur, in binary systems a P,7-
diagram of this type cannot exist.

We can also find the types of P,7-diagram with the aid of the
reactions, which may occur between the phases of the invariant
point.

In order to find the type of P,7-diagram, which belongs to the
concentration-diagram of fig. 1, we consider the reactions, which
may occur between the phases and the partition of the curves, resulting
from those.

'ZPI (_—>' {12
()| (M) ()
'-l?l + -1{14 2 ]Pa -117'2 + .1?4 2 1{3
FEYE) | ) | (F) NURYCARRIARNC AL

We see that this partition of the curves is in accordance with
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fig. 1. It is evident that we can also find easily the type of P,7-
diagram with the aid of this partition of the cuarves. v
We find from the concentration-diagram of fig. 2

FZF,
(Fa) | (M) | (F)
I+ F,ZF, A+ Z2E,
() (F) | () | (Fy) ) (F) | () | (Fy).

Hence we find a type of P, 7T-diagram as in fig. 2.

We are also able o deduce the types of P,7-diagram with the
aid of the series of signs. In order to find the series of signs, we
have ,to know two reactions, each between the four phases-of the
invariant point. We can easily deduce those' reaction’s from the
concentration-diagrams of figs. 1 and 2; for the concentration-diagram
of fig. 1 we find then series of signs 1, for that of fig. 2 the series
of signs 2.

Series of signs 1 (fig. 1) Series of signs 2 (fig. 2)

F, F, F, P, F, 7. F, T
£ = [+ Fl=|=]
—{'o] 0|+ —loloi+
—|+{—o0 —[+l+10

In sevies of signs 1L F, and F,, in series of signs 2 F, and £,
are the indifferent phases; they have opposite signs in series of
signs 1 and they have the same sign in series of signs 2. The
positions of the curves with respect to one another as mn the
figs. 1 and 2 follow immediately from those series of signs.

It is appareni from the previous considerations that two types of
P,T-diagram [figs. 1 and 2] may occur in binary systems with two
indifferent phases. Those types are in accordance with the rules
which we ‘have deduced in the general considerations |Communica-
tion X|. We found amongst others:

1. The two 1indifferent phases have the same sign or in other
wovds: ~the singular equilibrium (A/) is transformable into the in-
variant equilibrium (M) and reversally. Curve (J) is monodirection-
able; the three singular curves coincide in the same direction.
|fig. 1(X)].

2. The two indifferent phases have opposite sign or in other
words: the singular equilibrium (Af) is not transformable. Curve
(M) is bidirectionable, the two other singular curves coincide in
opposite direction [fig. 2 (X)].
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In order to examine whether the two indifferent phases F, and
£, in fig. 1 have the same sign or not, we take e.g. the reaction:
Fr+F2F o0 /,—F, -+ F,=0.

Hence it appears that 4, and F, have opposite signs so that the
singular equilibrium (/)= #, <+ F, is not transformable. Moreover
the lalter appears also at once from fig. 1; it appears viz. from the
position of the points 7, F, F,, and F, with respect to one another,
that a complex of the phases #, and F, can never be converted
into the mvariant equlibriom #, + I, + F, + F,.

In accordance with rule 2 curve (J/) must be therefore bidirect-
1onable and the two other singular curves [(3) and (4)] have to coincide
in opposite direction. We see that this is in accordance with fig. 1.

In the same way it appears that the indifferent phases F, and
I, from fig. 2 have the same sign and that the singular equilibrium
(M)=F,+ F, is transformable. In accordance with rule 1 curve
(M) must then be monodirectionable and the three singular curves
have to coincide in the same direction. This is in accordance with

fig. 2.

Now we shall contemplate more in detail some P,T-ciagrams.
We take a binary system: water 4 a salt S, of which we may
assume that S is not volatile; consequently the gasphase G consists
of water-vapour only. When no hydrates of the salt .S occur, then
we find in the cryohydratic point the invariant equilibrium :

‘ Iee + G+ L+ 8,

in which L is the solution saturated with ice - .5. As the water-
vapour G and the ice I [fig. 4] have the same composition, Gand
lce arve the singular phases, L and S the indifferent ones. Con-
séquently we have the singular equilibria:

M)y=1Ice + @ [curve (M)in fig. 4].

(Ly=1Ice+ G+ S [curve (L) in fig. 4).

S)=Ice+ G+ L [carve (S) or ¢t fig. 4 and ¢¢ fig. 3]
and further the equilibria:

(Iley =G + L+ S [curve () or ¢qa fig. 4 and qa fig. 3|

(" =leet+ L+ S [ecurve (&) fig. 4].

In fig. 3 a concentralion-temperaturediagram of this binary system
is drawn; Wand S vepresent the two components, ¢ is the cryohy-
dratic solution L. The curves q¢ and qa go towards higher tempe-
rajures starting from q; gt is the ice-curve, it represents the solutions
of the equilibrium (S) =Ice + G + L; ga represents the solutions,
saturated with the salt .S, viz. the solutions-of the equilibrinm
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(leey= G+ L+ 8. Curve ¢t terminates in the point #: the melting-
point of ice under its own vapour-pressnre, consequently the triple-
point: water -4 vapour +ice. Curve ¢q terminates in the melting-
point « of the salt .S.

<

Fig. 8. Fig. 4.

We find in fig. 4, besides the P,7-diagram, also the concentration-
diagram; as ice and watervapour have the same composition; in
this the points / and G coincide.

We find in fig. 4 besides the curves (M), (L), (S), ({) and (G)
also the triplepoint ¢ of the water. Three curves start from this
triplepoint; # is the evaporationcurve (equilibrium: water -~ vapourj;
s is the meltingcurve of the ice (equilibrium : ice 4~ water); {g is
the sublimationcurve of the ice (equilibeium : ice 4~ vapour). This
sublimationcurve #g of the ice is, therefore, at the same time the
singular curve (M) = Ice + G of the binary system.

This (M )-curve is bidirectionable, for the invariant point ¢ of.
course cannot be a terminating-point of this curve; at the one side
of the point ¢ it coincides with the singular curve (S) =Jce+G+L,
at the other side of the point ¢ with the singular curve (L) = lce
+ G4 S

The reaction Ice+ SZ> L may occur between the phases of
curve (G) Ice + S+ L consequently curve (G) is the common
melting-curve of ice and salt S. In general it proceeds upwards
starting from the point ¢ fairly parallel to the P-axis. When at the
veaction Ice -+ S— L the volume increases; then it goes starting
from ¢ towards higher temperatures; when the volume decreases,
it goes towards lower temperatures. In tig. 4 we have assumed that
it proceeds, just as the melting-line ts of the ice, starting from ¢
towards lower temperatures.

It follows from fig. 3 that in fig. 4 curve ga must be situated
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4

below ¢i. For this we draw a horizontal line xyzu in fig. 3;
assume that all the points of this line represent liquids. (Those hqu]ds
ave then parily stable, partly metastable). In the point « this liquid
is water, while the percentage of salt increases starting from x
towards u. Consequently the vapourpressure decreases along this line
starting from 2 towards w.

The horizontal line axyzu is represented in fig. 4 by the vertical
line ayeu-, -as the vapourpressure in the point = is practically zero,
this point has not been drawn in fig. 4; it is situated in the imme-
'diate vicinity of the Z-axis. The point @ is situated on the metastable
part of curve #v, point y on curve (¢f) = (S) and point z on curve
ga = ([). Hence it is apparent that curve ¢a must be situated,
therefore, below ¢

As the concentration-diagramn of fig. 4 is the same as that of fig. 1,
the P,T-diagram of fig. 4 must belong also to the same type as
that of fig. 1. We see that this is the case; both P,7T-diagrams
[fig. 1 and 4] consist viz. of a threecurvicali and a onecurvical
bundle; in both diagrams curve M) is also a middle-curve of the
(M )-bundle. ‘

Just as the P,7-diagram of fig. 1 the reader may deduce also
that of fig. 4 in different ways; just as in fig. 1 we are able to
draw the bivariant regions also in fig. 4. As this tigure would be then
overfilled with letters, 1 give in (1) a symbolical representation,
[Compare communication IV], The reader may indicate them in a
P, T-diagram, which is drawn on. a larger scale.

Stab. (G (SY(M) (0 (L) () @
lee + L G+ L G-+S | lee+ S

S4+L——8+ I - @
| .
Metast. (L) @ W8 (1I )

When in the binary system: water -4 salt S occurs a hydrate H,

then the equilibrium:
lee+ G+ L+ H

may occur in the cryohydratic point ¢. When this point A is sitnated
as in fig. 3, in which ¢b vepresents the solutions, which are saturated
with H under their own vapourpressure, then the P, 7-diagram is
the same as in f jg. 4; in this we have only to replace (S) by (H)
and o by b. Curve ¢b in fig. 4 obtains then in its further proceeding
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first a point of maximumpressure and afterwards a point of maxi-
mum. temperature. -
The hydrate H however may be situated also as in fig. 5; curve
agmb of this figure represents the solutions; saturated with.H under
their own vapourpressure ; the solutions of the dotted ‘part bmq are then
metastable. Now we have the following singalar equilibria :
(M= Ice + G [Curve (M) fig: 6]
Ly =lee+ G+ H [Curve (L) fig. 6]
(Hy=1Ilce+ G+ L [Curve (H) or ¢t in fig. 6 and g¢in fig. 5)
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and further' the equilibria
(leey= G 4 L4 H [Curve (/) or qu fig. 6 and ¢a fig. 5)
() =lece+ L+ H [Curve (G) fig. 6]

Besides the curves (A/), (L), (H), (I) and G we find in fig. 6
also the triplepoint ¢ of the water, #s: the melting-curve of the ice
and fv the evaporationcnrve of the water.

It appears from a comparison of the figs. £ and 6 (hat curve
(S)=q¢ from fig. 4 is replaced in fig. 6 by curve (H)= gi. Curve
([) = qu, which represents the equilibrium G -+ 1. -+ H, proceeds
in fig 4 from ¢ towards higher 7' and P, i fig. 6 this cnrve
proceeds, however, starting from ¢ towards lower 71" and P. The
metastable part ¢mb of this curve has its point of maximum tempe-
rature in the vieinity of the point m [figs. 5 and 6].

Wlhen we draw n fig. 5 the horizontal line ayzu and in tig. 6
the vertical line xyzu corresponding withi this then we see that the
different curves must be situated with respect to one anothetr, as is
drawn in fig. G. B

As the concentrationdiagram of fig. 6 is the same as that of fig. 1,
the P, 7-diagram of fig. 6 must therefore, belong to the same type
as that of tig. 1. We see thal this is really the case.

Now we take the binary system: water - salt .S, of which S
occurs in two modifications .S, and Sz..In fig. 7 ¢ is the solution,
saturated with the two modificatious under its own vapourpressure.
Consequently we have the equilibrium : -

GHI+S+S

Curve (g8) [fig. 7] represents the solutions of the equilibrium
G+ L 4 8g; it terminates in the meltingpoint 3 of the modification
Sz Curve dg represents the solutions of the equlibrium G4 L-4-S,,
the metastable prolongation gu of this curve terminates in the mefa-
stable meltingpoint « of the modification S,.

Curve o represents the solutions of the equlibrium S,4-Se+L ;
with this we have assumed that this curve proceeds starting from
¢ lowards higher temperatures.

We have the singular equilibria :

M)y=3S8,+ Sz [Curve (M) fig. 8]
L)y =8 +8:+ G  [Curve (L) fig. 8]
(@) =8, + S+ L [Carve (() or go fig. 8 and go fig. 7]

and further the equilibria:
46
Procecdings Royal Acad Amsterdam. Vol. XIX,
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(S)=G+ L+8: [Curve(S) or ¢3 fig. 8 and ¢B fig.-7]
(S)) = G+ L 4.8, [Curve(Sg) orgd fig. 8 and ¢d fig. 7]
When S, and Sz are notl volatile, then G consists of watervapour
only. 1f they are volatile, then ' contains also S. The niore
S is contained in (, the move the point G' shifts towards the right
in the concentration-diagram of fig. 8. As long as the four phases
with respect to one another are situated, however, as in fig. 8, the
P,T-diagramtype remains the same. -
As it appears from the change in volume at the reaction S, 2 Sz
which is generally small, the (M)-curve proceeds general fairly
parallel to the P-axis; it terminates towards lower pressures in the

w

3 £ I
Fig. 7. Fig. 8.

LN

%

k"’

triplepoint . S, + Sz 4+ vapour §. It may proceed from this triple-
point as. well towards higher as towards lower temperatures; in
figs. 7 anid 8 we have assumed that it goes {owards higher 7

The position of the curves ¢3 and ¢d with respect to one another
in fig. 8 follows from fig. 7: for this we have to draw a horizontal
line, which intersects the stable part of the one and the metastable
part of the other curve.

As the conceniration-diagrams of figs. 1 and 8 belong to the same
type, this must also be the case with the P, 7-diagrams of both
figures. We see that this is really the case.

Now we shall discuss a binary system, in which oceurs a P,7-
diagram of the type of fig. 2. 1*“()1' this we take the syslem: water
-+ salt .S, in which a hydrate H occurs in the two modifications
H, and Hp [fig. 9].

When we represent the solutions of the equilbrium G+ L -+ H,
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in a conceniration-temperatare-diagram, then we obtain a curve
dqag,c [fig. 9], which has its maximum of temperature in the vicinity
of the point «. The curve, which represents the solutions of the
equilibrium G' -4 L 4 Hy, is represented by wgBg.z (fig. 9); it has
its point of maximum temperature in the vicinity of the point 8.
The curves inlersect one another in ¢ and ¢, (fig. 9); in this we
have assumed 77, > 77 . The dotted parts of the curves represent
metastable conditions.
Now we have two invariani equilibria, viz.

in the point ¢ : G+ L,+ H, 4 H;
in the point ¢, : G4 L,+ H,+ H;

In fig. 9 the solutions of the equilibria G -4 L 4 H, and
G+ L 4 H; are represented by dgag,c and x¢Bq,z; in the P,7-
diagram' of fig. 10 those equilibria are represented by the same
curves. As we have assumed in fig. 9 T, >» 17, this must also be

the case in fig. 10.
The position of those curves in fig. 10 with respect to one another

follows from fig. 9. On the horizontal line dzc viz. the vapour-
tension of the liquids decreases starting from d towards ¢; in the
P,T-chagram the points d,»,z and ¢ must be sitnated, therefore,
with respect to one another, as in fig. 10. When we draw in fig. 9
also other horizontal lines, then we see that the position of the
curves dac and aJz in fig. 10 is in accordance with that in fig. 9.
In the point ¢ we have the singular equilibria:
MY=H,+ H; [Curve (M) fig. 10] ]
(L)=H,+ H;+ G [Curve (L)=g¢q, fig. 10]
((h =H.+ H;+ L [Carve (G)=qo=qo, fig. 10
and Curve go fig. 9]
and further the equilibria, already diseussed:
(H)=G+ L+ H; [Curve ¢3 figs. 9 and 10]
Hy)=G+ L4 H, [Curve qd figs. 9 and 10].

In distinction of the equilibria OCCill‘l'illg in ¢, we give to the
equilibria occurring in ¢, the index 1. Then we have in the point
g, the singular equilibria:

(M), = H,~+ Hp [Curve () fig. 10]

(L), =H.+ Hs + G [Curve (L), = q,q fig. 10]

(&), =H,+ Hy+ L [Curve (), = q,0, = q,0 fig. 10
and Curve g,0, fig. 9]

and further the equilibria, already discussed:
46%*
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(H), =G+ L+ Hz [Cuarve ¢,f fige. 9 and 10] -
(Hy), = G+ L+ H, [Curve g,c figs. 9 and 10]. -
Let us imagine the singular equilibviom (M) =), = H,+ He
in the point ¢. It appears from fig. 9 that a complex H, 4 Hj, ean
not be converted inio the invariant equilibrium of the point ¢ viz.
into G+ Ly+ H.+ H. [We assume that the gas (¢ consisis of
watervapour only, so that point G coincides with W |. The singular
equilibrium (M) = (M), is, therefore, not transformable into the
invarviant equilibrium ¢; curve (A{) is consequently bidirectionable
and does not terminate, therefore, in the pomt ¢, but it goes through
that point.
Let us now imagine the singular equilibrium (M) = (M), in the
point ¢,. It appears from fig. 9 that a complex H, - H; may be-

Fig. 9. Fig. 10,
converted into the invariant equilibrium of the point ¢, viz. into
G+ L, -+ H,+ H;. The singular equilibrivm (M) = (M),, is,
therefore, (ransformable into the invariant equihibrium ¢, ; conse-
quently carve (M) is monodireclionable and terminates in the
point ¢,. The (M)-curve is represented, therefore, in fig. 10 by
eurve ¢,90 = q,qo,.

Further the singular equilibria

L)y=H,+H;+ G and (), =H,+H;+ L
start frow the point ¢,; as the (4/)-curve 15 monodirectionable in
¢, the three singular curves (M), (L), and (G, coincide in the
same direction. The curves (L), and (G), go, therefore, also, starting
from ¢, in the direction towards g.
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As the equilibvium (L), = H, 4+ H;-+ G may be converted in
the point ¢ into the invariant equilibrium ¢ viz. into ¢ 4+ L, ++ H, -+ H,s
curve (L), terminates i the poini ¢g. Consequently curve (L}, is
represented in fig. 10 by curve ¢,q.

The equilibrium. (), =H, + H:+ L may not be converted in
the point ¢ into the invariant equilibriom ¢= G'4 L, + H, + H;;
curve (G), does not terminate, therefore, in the point ¢, but it pro-
ceeds further. It is represented in fig. 10 by cnrve ¢, go =4, qo,.
When we represent the solutions of the equilibrinm (G, = H, -+ H:+- L
in fig. 9, then we get a curve as ¢, 0,.

The singular equilibria )

(L\ H+H,+G and (D=H, 4+ H:+ L

start from the point 9. As the (M)-curve is bidirectionable in ¢,
the singular curves (L) and (&) go in opposite direction. Conse-
quently curve (L) goes starting from ¢ fowards lower pressures and
it terminales in ¢,. Curve (G goes starting from ¢ towards higher
pressures, it is represented in fig. 10 by go = go,. The solutions of
the equilibrinm ()= H, + H;+ L are represented in fig. 9 by
curve ¢ o.

Let us now consider the P,7'diagram in the vicinity of the point
q- In this point the equilibrium: G+ L, 4 H. - H; occurs, it
appears from the position of those phases with respect to one ano-
ther in fig. 9 that the P, 7 diagram must belong3 to the type of fig. 1.
We see that this is really the case.

In the point ¢, the equilibrium G 4 L4 —l—I—L—}—H oceurs. In
accordance with (he position of those phases with respect to one
another in fig. 9, it is apparent that the /P, 7-diagram belongs to
the type of fig. 2 in the vicinity of the point ¢, in fig. 10.

The curves o= (GY= H, + Hz -+ L and ¢,0, = (@), =H, +H:; + L
are no separale curves in fig. 9, but paris of one single curve
goro,q,; this curve has a point of maximum- or of minimum-tem-
peratare in its point of intersection » with the line «f (viz.- with
the prolongation of this line). In fig. 9 we have assumed that 7'
is a maximum. In this point r the equilibvium: H, + Hez <L, s
oceurs, in which L,z vepresenis a liquid of the composition H, = H,..

In fig. 10 the point 7 has not been drawn, of course it is situated
somewhere on that part of the (J/)-curve, which ascends staltmg
from the point ¢, for we have assumed in fig. 9 7, > 7,. This
point » is the stable terminating-point of the curves go and 7,0,
and, as we shall see further, the common point of intersection of
three curves viz. of the (M)-curve, of the meltan-lme of HY a,nd
of the melting-line of Hp. o

4

LY T
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In the point » viz. the equilibrium: H, -+ Hs ++ L,s occurs; as
the melting-line of H, represents the equilibriam H,4 L. 7 is,
thevefore, also a point of this melting-line. In the same way it
appears that » is also a point of the melting-line of H,.

The melting-line of H, is represented in fig. 10 by «a, that of
H; by Bb. The three curves ea, 36 and (M), therefore must go in
fig. 10 through a same point 7.

-

In the deduction of fig. 10 we have assumed that the gas-phase
(¢ consists of watervapour only; now we shall briefly diseuss the
case that the compounds H; and H, are also volatile.

Then G contains, besides the watervapour, still the substance S.

When we represent in fig. 9 the compositions of the gas-phases
which -may be in equilibrinm with the liquids of curve dec, then

a curve d'a’c’ arises, which is not drawn in fig. 9. This curve is

the vapourcurve belonging to dec. Also a vapourcurve a’g’z’ which
is not drawn belongs to curve a8z. Now we assume firstly that the
vapours, which are in equilibrium with the liquids, contain less of
the substance S than the liquids. Branch d’¢’ is then situated in
fig. 9 more towards-the left than de, branch ¢’«’ more than ce,
branch 2’3" more than a8 and branch z'® more than z8.

The two vapourcurves d’a’¢’ and 2’3z’ intersect one another in
fig. 9 in g and g, ; the vapour ¢ is in equilibrium with the liguid ¢;
the vapour-g, with the liquid ¢,. The point g is always situated al
the left of the line «%, the point ¢, may be situated also,
however, just as e. g. g, at the right of the line af. . We, first
consider the case that the vapour. which is in equilibrium with the
liquid g¢,, is represented by ¢,.

In the same way as we have deduced above fig. 10, we now
find that the P,7-diagram keeps the form of fig. 10. -

The vapours of the equilibrium (L) = H, + H; 4 G'and of(L),
= H, + H;+ G are represented in fig. 9 by curve_gg,. The equi-
libvium H, 4+ H; -+ G has a point of maximum- or of minimum-
temperature, when the vapouwr ' has the composition H, = Hj.
When we produce in fig. 9 curve gg, until it meets in », the line
aB, then the tangent in s, is borizontal. Consequently in », the
equilibrivm H, + H, -+ G,soccurs, in which G, represents a vapour
of the composition H, = Hj.

In fig. 40 this point », is sitnated somewhere on the metastable
part of the (Al)-curve, viz. on the part, descending starting from
the point ¢,. This point 7, is the metastable terminating-point of
the curves (L) and (L), ; at the same time it is, as we easily see,
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a common point of intersection of three curves viz. of the (M)-curve,
of the sublimation-curve of H- and of that of Hz It appears from
the position of the vapourcurves d’a’c’ and a'f’z’ with respect to
the line «f in fig. 9, that the points in which the sublimation-curves
come in contact with the curves deac and 23z in fig. 10, are
situated at the left of ¢,. .
As long as the vapour, which is in equilibrium with the liquid
¢, is represented in fig. 9 by a point ¢, at the left of the line «3,
the P,7-diagram keeps a form as in fig. 10. The P, 7-diagram
changes, however, when the vapour is represented by a point g, at
the right of the line ep. The singular equilibrium (M)= H. -+ H
is then viz. no more transformable into the invariant equilibrinm
¢, = H,+ Hs+ Gy, + L, . Curve (M) is then bidirectionable not
only in point ¢ but also in ¢, (fig. 10); consequently it proceeds
now also in stable condition below the point ¢,. Curve (@), =H,+
-+ Hz -+ L continues to be represented in fig. 10 by ¢,0,; curve
(L), no more goes now, however, starting from ¢, upwards, but
downwards. 3
The vapours of the equilibria (L) = H. + Hz + G and (L), =
= H, + H; 4 G' are rvepresented in fig. 9 by curve gr,g,, which
has in r, a minimum-temperature. In fig. 10 this point », is situated
somewhere on the (M )-curve below the point¢,. This point 7, is the
~ stable terminatingpoint of the curves (L) and (L),. [Now curve (L},
viz. as has already been said above ascends no more starting from ¢, hut
it descends]. Point r, is also now again the common point of inter-
section of three curves,-viz. of the (4 )-curve, the sublimationcurve
of H,-and that of H; The point in which the sublimationcurve of
H, comes in contact with curve dee, is situated at the left of ¢,;
the point in which the sublimation-curve of H, touches curve 28z,
is situated, however, at the right of ¢,.
Now the reader may easily draw the changes in the figures 9
and 10, when the vapours, which are in equilibrinm with the
liquids, contain more of the substance S than the liquids,

(10 be continued.)

Leiden, Inorganic Chem. Lab.
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Geology. — “Modifications of the facies in the Tertiary Formation
of East Kutei (Borneo)’ by Dr. L. Rorten. -(Communicated by
Prof. Dr. A. WicHMANN.) , -

(Communicated in the meeting of October 28, 19186).

The coast tract of Kutei is for a ‘widih of more ithan 100 km.
occupied by a folded chain of mountains, chiefly built up by rocks of
posteocene age. As far as it is hitherto known eocene sirata occur
only infrequently and in a tectonic connection, which has not yet
been sufficiently explained.

It is not astonishing that no delailed siratigrapbic subdivision
that holds everywhere without modification can be given for the
tertiary slrata building up this chain of mountains pf a length of
more than 3000 km. A rough subdivision of the Posieocene into-
three sections, which will Le briefly described below, can however
be made for the greater part of the regions. -

The oldest part of the posteocene deposits consisis chiefly of grey,
concretionary shales. Besides these pretty pure silicepus sandsiones
occur, which are — especially on the lower parts of the formation —
thin-laminated. They often contain on the planes of stratification fine
scales of coal. Very accessorily limestones are found. In the lower
part of the formation they contain, besides small l.epidocyclinae,
also large specimens of this species, in the higher parts of the
formation occur only small Lepidocyclinae. The principal characteristic
of the formation is of a negative nature: the great scarcity or the
absence of coal seams. '

This section, embracing the Oligocene and the greater part of the
Miocene, is known 1 South Kutei to the west of the Balik Papan
Bay. The entire Pamaluan group and the bottom part of the Pulu-
Balang group with an estimated thickness of upwards of 1500 m.
are to be considered as belonging {o this section?).

In the neighbourhood of Samarinda the coal-free sandsiones
and shales to the West of Batu Panggal, which are free from coal,
belong to the oldest part of the Miocene?).

In the surroundings of Bontang and Santan only a small portion,
valued at about 250 m, has been brought to the surface by the
folding.

To the south of the river Sangatta we find at about 25 km. from
the coast a deeply folded, domeshaped anticlinal, in which more

Y Tijdschr. Kon Ned. Aardr. Gen. (2). 38. 1911, pp. 590 et seq.
?) Jaarh. van het Mijnwezen in Ned. Indi¢ Techn, Adm. Ged. 1887, -
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than 1000 m. of the older coal-free tertiary formation crops out,
whilst in a still Jarger and deeper folded part between the rivers
Sangatta and Bungalan nearly 1500 m. of this formation is to be seen.

In the region of the river Sekurau, where we find likewise a
great dome-shaped anticlinal, about 800 m. of the older, coal-free
tertiary formaltion have been brought to the surface. -

The second section of the Posteocene, comsists again partly of
hard, grey, concretionary shale and of sandstones which, as a rule,
are .less pure than in the lower formation. Limestone, and marl-
banks occur now and then: they contain almost always corals and
small Lepidocyclinae. Characteristic of this formation are especially
the — most numerous sirata of black shining, scaly breaking coal.

Near Balik Papan this section is represented by the greater part
of the Pulu-Balang group and the bottom part of the Mentawir
group, together more than 1300 m. thick.

Near Samarinda the coal-bearing mountains of Balu Panggal and
the inferior part of the coal formation of Tenggalung Ajam to a
thickness of nearly 13000 m. are to be considered as belonging fto
this section.

Near Bontang the section embraces a complex of strata more than
1500 m. thick, near Bungalun the formation is nearly 1000 m. thick,
near Sekurau over 1000 m.

The youngest section of the tertiary formation in East Kufei con-
sists for the greater part of clays and sands with numerous seams
of coal and local intercalations of limestones and marls. In contra-
distinction to the two former groups the habitus of the rocks is
however much yonnger. The hard, 'grey shales especially have been
replaced by soft, grey clays, often with impressions of leaves into
the planes of bedding. Instead of sandstones we usually find loose
sands, and the shining, scaly breaking blackeoal of the older group
changes towards the top gradually into dead black and browneoal,
and al last even into peaty coal. The limestones and marls are in
by far the most cases free from Lepidocyclinae and Miogypsinae, these
fossils oceny only in some places in the lower parts of the forma-
tion. The {hickness of this section — embracing the younger part
of the Miocene and the Pliocene — is very important.

Near Balik Papan — where the greater part of the Mentawir
group and the Pliocene belong to it — it is more than 2000 m.
thick, and near Bontang, Bungalun and Sekurau it has about the
same thickness.

The posi-eocene deposits between Balilk Papan and Sekurau have
consequently a thickness of over 4500 m. The facies of these deposits
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which we shall call henceforward the normal facies of the Kuies
Tertiary formation, remains nearly unchanged from the bottom to
the top: sandstones and shales prevail greatly; coals can frequently
occur among them; limestones and marls, which can locally some-
times become very important, have always a littoral character.

We give here a short scheme of the stratigraphy developed above:

Miopliocene. Sands, loose sandstones, soft, grey shales, very seldom
hard clays and even shales, coralligenous limestones and
marls, often with very fine fossils, coal from peaty brown
to dead black, Lepidocyclinae only locally in the deeper
parts of the formation. More than 2000 m.

Old-Miocene. Hard, grey shales, loose to hard sandstones-black,
scaly breaking glance coal (anihracite), coral limestones and
marls with small Lepidocyclinae. Thickness over 1000 m. and
under 2000 m.

Oldest Miocene and ? Oligocene. Hard, grey shales, rather pure,
quartz-sandstones, which are thinplated in the lower parts of
the formation, coal seams entlirely or almosi entirely absent,
limestones and marls at the top with small Lepidocyclinae.
Thickness about 1500 m. -

Even when we stick to this scheme, there remains already
abundant room for facial modifications, which are often met with
indeed. -

In the neighbourhood of Balik Papan e.g. banks of limestones
and marls are entirely or almost entirely wanting in the miopliocene.
Near Bontang they are plentiful and not bound to a definite level,
near Bungalun they are again raere. To the West of the lower part
of the rviver Sekurau littoral sirata in the miopliocene are chiefly
vepresented by a thick complex of coral limestones in ihe centre of
the formation.

Coal seams are further exceedingly numerous in the miopliocene
near Balik Papan; near Bontang and Bungalan they are much rarver,
near Sekurau again very frequent.

Whilst with these facies modifications the general character of
the formation remains intact, we find to the Kast and the North of
the river Sekurau transitions of facies that lead us to quite different
types of deposits. Guided by the annexed map, in which the principal
geological structure lines of this region — the axes of the anti-
clinals — are indicated, we shall retrace these transitions of facies
more particularly.

In a profile throngh the Sekurau anticlinal directly to the West
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of the river Sekurau (lower course) we find the fertiary formation
still in the normal Kutei development.
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In the neighbourhood of the apticlinal axis hard shales and sand-
stones occur without coal. Then follow — locally separated from these
by a fault — the normal rocks of the old miocerme containing
glance coal (anthracite) in which, as likewise in the nucleus strata
of the anticlinal, some limestone banks are found. In the bottom
half of the miopliocene. we meet with the well-known soft, grey
clays, sands and inferior coal; on the top of these the above men-
tioned thick coral limestones lie, and the youngest part of the
tertiary formation consists chiefly of clay, sand and gravel, in which
only traces of limestone and coal occur.

Only a few kilometers to the East, in the Sungei Narut, we find

an exceedingly thick complex of white and grey coral limestenes,
!
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and of grey very sandy coral marls containing even sometimes-
gravel, towards the fop they gradually change into the clays, sands
and gravels, which constitule to the West of the river Sekucau the
youngest part of the tertiary formalion. Whereas the group of
the calcareous rocks in the wiopliocene westward of the river

Selcnvan has only a thickness of a few hundred mefers ~— and still _

farther in a western direction quickly diminishes in thickness — it
has become in the Sungei Narut, {owards the Sekerat Mountains,
1000 m. thick or move. Traces of dead lLlack coal between the
coral sands and marls in the Sg. Narut and of transitions befiveen
glance coal (anthracite) and dead black coal in the deepest denudation™
of coral marls in the Sg. Mampang indicate that we have here to do
with a modification of facies at a short distance, that tlie “younger
epalbearing tertiary formation with limebanks™ to the west of the
river Sekurau is replaced by a system of sandy marls and coral
limestones. constituting a great part of the Sekerat Mountains.

A iransition of facies of much inferior intervest in the old-miocene
containing glance coal (anthracite),iakes place in the neighbourhood
of the Sekurau anticline. Whereas in this formation coal strata ave
still numerous in the southern part of the Sekurau anticlinal, their
numbefrapidly"diminishes, so that the older miocene in the Northern
part of the Sekmau anticlinal, on the Sembulu anticlinal and on the
Sonth and North Sampajau anticlinal is very poor in coal seams. The

‘consequenhe of this modification of facies is, that in these regions

we can no longer separate the “oldest coal-free posteocene” and the
“old miocene containing glance coal” (anthracite) from each other
in a satisfaclory manner. ,

In the centre of the domeshaped Sembuin anticlinal, which is
less strongly folded than the Sekuran anticlinal, we find hard shales
and sandstones, belonging certainly io the old-miocene containing
glance coal (anthracite), though the coal is entively wanting, — with
the exception of a few unimportant seams only sowe cenlimelers
thick and numerous traces of coal on the planes of the siraia of the
sandstones. On the Northwestern limb limestones with small Lepido-
cyelinae occur besides the typical sandsiones and argillaceouns shales.
On the South-eastern limb we find — still in the old-miocene and
alternating with the hard shales — exceedingly fine strata of uswally
orey elayey sands and sandy clays which often contain shales. In
the Northern part of the Hastern wing these clayey sands change
towards the top gradunally into a thick system of Globigerina marls,
sandy and even gravel-coniaining limestones and grey, clayey sandy
marls rich in fossils of a littoral ovigin. The Globigerina marls are
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grey to blue, clayey and clayey-sandy, and the strata ave for the
greater part very imperfect; they often confain bulbs and sirata ef
dense, grey, yellowishly disintegrating marl-limestones. The limestones
are partly coralligenons rocks, partly very remarkable lime-sandstones
poor in fossils; quartz conglomerates of hornstone with a very
abundant cement of caleite ; analogous roeks occur likewise in the
above described coralligenous limemarifacies of the Sekerat Mountains.
The marls which are very rich in fossils are grey, often very sandy
and can easily Le separated; they contain besides Globigerinidae
many littoral Foraminifera (Ampbhistegina, Operculina, Cycloclypeus
and in lower strata also Lepidocyclina) and numerous fragments of
Corals, Echinids and Molluses. We shall by-and-by distinguish maris
of analogous habitus — though they may partly be of a different
age — especially on the Batu Hidup and the Gunung Batu anti-
clinal, in the river basin of the Lower Sampajan. We shall heveafter
indicate these facies constantly as Swmpajaw marls.

On the Northern part of the Eastern limb of the Sembuln anti-
clinal the superposition of the deseribed steata is thus, that the
Globigerinacmarls, with a few banks of limestones and Sampajan
marls lie deepest; then follows a rather thick complex of limestoues,
limesandstones and gravellimestones, whilst typical Sampajau marls
lie on the top. The fotal thickness — from the lowest Globigerinae-
marls to the axis. of the synclinal between Sembulu and Maluwi
anticlinal — is here about 1200 m.

In this formation oecur moreover on the Upper Lemudjau and the
Upper Lindak banks of a very remarkable rock — for East Kutei, —
which we shall meet afterwards on the Souathern limb of the Maluwi
anticlinal in the river basin of the Sungei Mangenai, in about the same
stratigraphical level. They are white clayey -- sometimes sandy —
very light voleanic tufas, most likely deposited in an aeolic way.
Where the rvock is fresh, we see in microscopical preparations,
that the principal mass consists of an entangled conglomerate of
glass threads, between which mineral splinters of biotite, green horn-
blende not or little twinned feldspar and most likely also quartz are
found. With the naked eye one recognizes from these minerals as
a rule only the numerous, idiomorphous biotite scales. The result of
a determinatlion of siliceons acid that Mr. Mow, assistant al the agro-
geological laboratory at Buitenzorg, was kind enough to make for
me, was that asandy tufa of the Upper Lemudjan contains 72.2°/, Si0,.

We saw that the described limy- {(ecalcareons) marly- tuffaceons
formation in the North of the Sembuiu anticlinal rests on the old
miopliocene ; it must consequently be synchronous with part of the
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miopliocene that we saw already so remarkably facially modified in
the Sekerat Muntains. Perhaps it embraces also still the youngest
parts of Old-miocene. .

The study of the Maluwi anticlinal gives us still more information
in this direction. We saw above, that the vertical distance from the
deepest Globigerinaemarls in the Northern part of the Sembulu
anticlinal to the youngest Sampajan marls in the synclinal lying
eastward, amounts to about. 1200 m. From the synclinal to the cul-
mination point of the Maluwi anticlinal there is however over 1700 m.
Consequently we should expect, to see in the centre of the Maluwi
anticlinal the shales appear again. This is however not the case:
the whole of the Maluwi anticlinal is composed of monotonous, grey-
blue, clayey sometimes glauconitic marls of Globigerinae and of
blne, plastic clays, containing but few layers of quartz sand, and
in one spot an extremely thin stratom of glance coal (anthracite).
An important part.of the old-miocene strata, which occurred on the
Sembulu anticlinal still almost exclusively in normal facies, has con-
sequently been developed as GGlobigerinaemarls in the Maluwi anticlinal
lying towards the sea. In the synclinal between Sembuln and Maluwi
anticline we discovered slill true Sampajau marls; more EN.E.-
ward they are however modified, becanse the (lobigerinae come
much more to the front, and at the same timer:the other fossils
recede more backward. In this way we find in the region of Pulu
Sangkuwang and Godang marly rocks representing as it were a
penetration of the Sampajan marl-facies and the Globigerinaemarl-
facies. W. Staus?!) has. described a.small fauna of most likely plio-
cene _age. The youngest. strata of this region are coralligenous lime-
stones, which come to light at the mouth of the Sungei Tungkap
and between the_lower course of the rivers Kauli-and Lindak.

On the southern limb of the, Maluwi anticlinal, lying towards the
sea, we do not find back anything of the Sampajau marl-facies; as
far as the central part of the Sungei Mangenai exclusively Globige-
rinaemarls occur here, which contain towards the top banks of the
Biotite bearing tufas described above. The Globigerinaemarls are then
succeeded.at the Sungai -Mangenai by coralligenous limestones, which
in their turn are covered with a series of sands and gravels — the
youngest part of the tertiary formation .or perhaps already of quari-
ernary age., These limestones suggest, that towards the end of the
tertiary fovmation the, sea. slowly receded, a conclusion, which had
already been arrived. at by W. Staus.(l.¢.) on other grounds.
mschrift der Naturf. Gesellschaft in Ziirich. 61. 1916, p. 128 et seq.
(The thickness of the Sadgkulirang marls is indicated here too small.)

-

t

- 739 -



735

Now we leave South Sangkulirang and repair to the more northern
anticlinals, where we shall likewise find remarkable modifications
of facies.

The nuclei of the Southern and Northern Sampanju anticlinals are
formed by the Old-Miocene, that contains here remarkably little
coal and limestone, but for the rest it is built up of the normal
sandstones and shales. On the Western limb of these anticlinals we
meet- with the Miopliocene, in the South in entirely normal develop-
ment, in the North with indications of Sampajau marls.

On the Eastern limb we find on the strata of old-miocene like-
wise miopliocene, partly in the normal development with soft clays,
sands, gravel and dead black to brown coal.

In higher parts follow then — in the neighbourhood of Sungei
Labuan — between the normal rocks banks of Sampajau marls. In
Bafu and Batu Hidop anticlinal, rising more towards the Hast the
types of the Sampajau marls and limestones obtain a much greater
development, though they alternate in the Western limbs still with
rather numerous seams of coal. On the Eastern limbs the develop-
ment of the marly facies is still greater. Sandy clays and sands
occur here still in fact, but the coal has almost disappeared. The
youngest parts of the tertiary formation consist here of a complex

of sands and gravels, — as is likewise the case in the Sembulu
anticlinal dipping down towards the North, near Sekurau and south-
ward from the Sungei Mangenai. — We must mention that the

miocene Gastropoda, which K. Marmin') described a few years ago
from Sangknlirang were collected on the Batu Hidup anticlinal, whilst
the fossils deseribed by me from Sankulirang-were found on the
Gunung Batu anticlinal *). Whilst for these two faunas the age was
determined as young miocene, -or as transition between old and
young miocene, W. Stauvs (L. c¢.) determined the age of the facial
analogous fauna of (rodang as pliocene. To a certain height these
determinations of’ age are supported by the representation on the
map: the strata of fossils of Gelingseh are situated on the farther-
most anticlinals of the Sangkulirung vegion, the fauna of Godang
was found in the deep synclinal region between the anticlinals of
Maluwi and Sembulu and the anticlinals of North Sangkulirang.

We have come to the end of our descriptions and give on the
annexed table another geographical-stratigraphical sketch of the,
facial modifications in the tertiary formation of Sangkulirang.

A few short considerations may be added to the facts described above..

- 1) Samml. Geol. Reichsmus, Leiden. (I). 9, 1914, p. 325 e. s.
% Samml. Geol. Reichsmus, Leiden. (I). 9. 1914, p. 383 e. s.
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The normal facies of the Kutei Tertiary formation is undoubtedly
for a great part of flerrestrial origin; the limestones and marls,
which, in proportion to the entire mass of the formation, are always
very insignificant, point only to a temporal inirusion of a very
shallow sea into the land. The different facies of Sangkulirang
(Sekerat facies, Sampajau mail facies and Globigerinaemarl facies) are
on the contrary decidedly of a marine origin. Now it is highly
remarkable, that the boundary betiveen lerrestrial and marine facies
in Sangkulirang constantly nearly follows the normal N-—S coastline
of Kurtei. The suppz)sition 15 suggested that already in great periods
of the {erdary formation the present, noimal coastline. of Kulei
-— allongated towards the North through Sangkulirang — form-
ed the boundary between land and sea. Exclusively the terrestrian
deposits were seized by the “normal” folding, which laid afterwards
the terfiary formation into the anticlinals extending from SSW.—
NNE. Only in Sangkulirang, where — for reasons that have not
yet been sufficiently explained — the direction of the foldings is
abnormal i.e. from SW (0o NE to W—E, also part of the sediments
deposited towards the sea were upheaved through the formation of
the mountains.

From the fact that in the “normal” coast margin of Kutei ter-
restrial deposils and in more easterly regions marine deposils of old
miocene age are found, we may conclude, thai, even if in the old”
miocene the isles of Borneo and Celebes rose above the level .of
the sea, they must already have been separated by a sea, so that
already in the Old Miocene the Strait of Makassar was extant in
design. VerBeek ') has likewise — by other considerations — come
to the same conclusions.

We still find an inclination in literature to regard extensive Glo-
bigerin marls as being of a pelagian origin. This conclusion would
certainly be incorrect for the very thick Globigerinaemarls of Sang-
kulirang For in the first place we could observe how very near
the coast these sedimenis have been deposited. In the second place
W. Sraus has described a collection of gastropoda from Globigerinae-
marls of Godang which contain besides {rue marine forms also
forms of brackish and of fresh water. At last I could state in Glo-
bigerinaemarls on the west coast of the isle of Sennmpa and in glau-
conilic Globigerinaemarls in the island of Serai, lying to the East of
Senumpa, that they show cross-bedding, a phenomenon that totally
excludes their being deposited into deep water,

Buitenzorg, August 1916.

1) Jaarh. Mijnw. Ned. Indié, 87. 1908. Wetensch. Ged., p 800.
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Ga. BATU ANTICL. |

{
SERURAU ANTICLINAL SEKURAU ANTICL. | SEKURAU ANTICL. MaLuwi anTICL. | MALUWI ANTICL. | Batu Hipup Ga BaTu ANTICL.
{Southern part) (Eastern part) (Northern part) SEMBURU ANTICL. (Northern part) (Southern part) SAMPAIU ANTICL. ANTICLAL (Western limb) (Eastern limb)
Miopliocene. Sands, gravel, | Sands, gravel, a Sands, gravel, | Coral limestones | Sands, gravel, | Sands, gravel, | Sands, gravels,| Sands, ‘gravels, | Sands. gravels,
clays. clays. clays clays. clays, brown to | clays, brown coal | clays, brown coal
) Sampajau marls . dead black coal, | (lignite). (lignite). Sampajau marls,
Coral limestone. | Coral limestones Sampajau marls, |with Globigerinae | Coral limestone. | in the North tra- | Sampajau marls, | Sampajau marls, | limestone, sands,
and marls with and Biotite tufas. ces of Sampajau | limestones. ' limestones. clays, clayey
Sands, gravel, | traces of coal, Limestones, san- Biotite tufas. marls. sands.
clays, brown to i dy and gravelly | Globigerina marls. '
black coal. Biotite tufas. ! Globigerina marls. I
Globigerina marls, | L !
fraces of hme- ! L
rock and Sam-
- pajau marls, finely l :
. strated  clayey | :
sands. ‘ , R
y ]
Old Miocene, Shales, sandsto- Shales, sand- | Shales, sand- | Globigerina marls,| Globigerina marls,| Shales, sandsto- !
in normal fa.- nes, black glance rocks, separate | stones, traces | trages of sand | trages of sand. nes, traces of
cies coal- coal (anthracite), strata of coralli- | of coal. Lime- | and glance coal coal and lime- 5
bearing. separate strata of gene, Lepidocy- | stone banks with | (anthracite). stone. }
coralligene, Lepi- clinic hmestone. | Corals and Lepi- i
docyclinic  lime- docyclinae, finely ;
stones. - strated, clayey '
sands, traces of
: Globigerina marls ,
b on the upper
parts. .
: i
Oldest Mio- Shales, traces of Shales, traces of , |
cene, ? Oligo- saundstones and sandstones. it
cene. (coal- limestones.

free).
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Physics. — “Some remarks on the theory of monatomic gases”.
By H. A. LorenTz.

(Communicated in the meeting of September 26, 1914.)

§ 1. Several physicists have recently applied the theory of quanta
tn gaseous bodics, especially to monatomic gases. The common object
of their considerations, much though they differ from each other,
may be said to have been the determination of the entropy S of a
gas as a function of the volume v and the energy .

If this function is known, the temperature 7" and the pressure p
may likewise be expressed in terms of E and v by means of the
thermodynamic relations

o8 1 08 p
0E- T ' o T

Further the relation between p, v, and 7} 1i.e. the equation of state
can be found and also that between v, 7' and %, from which we
can derive the specific hears. '

In the case of an ideal monatomic gas classical thermodynamics
lead to the formula

S::lcN(log'u—{-glogE)—}-a,, N )

in which NV denotes the number of molecules, . Pranck’s well known
coefficient and a an undeterminate constant. In the way just men-
tioned we infer from this

3
pr=ENT , E=kNT . . . . . . (9

Now, the new theories differ {rom classical thermodynamies in so
far as they assign to the entropy a completely definile value without
an undeterminate constant. As to the way in which v and Z occur
in the formula, this may either remain as it is in (1) or the form
of the connexion may be a more complicated one. In the first case
the only change is, that «, which has been called by Nernst “the
chemical constant” of the gas, takes a definite value, the equations
(2) remaining unmodified. In the second case these latter equations
have to be changed.

In the theories in question the entropy is always determined by
means of Bovrzmaxn’s formula

" S=lklog W,
where W is the  “probability” of the state considered. Generally
speaking there can be no doubt about the validity of this relation

47
Proceedings Royal Acad. Amsterdam. Vol. XIX
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and it certainly is one of the most important equations of modern
physics. Nevertheless, diffienlties may arise when we come {0 consider
the roles according to which the value of W must be determined.

§ 2. The state of a gas may be defined by the coordinates of the
AV molecules and the components of their momenta. These parameters
may be rvegarded as the coordinates of a point in a 6 NV-dimensional
space Iy, the ‘‘extension-in-phase”. The part of this space corre-
sponding to a given value of the volume and to values of the energy
between X and K 4 dL, ‘a part which we may call a thin “layer”,
will have a definite magnitude proportional to dZ. Let this value
expressed in some properly chosen unit be 2dZE. By patting W
proportional to £ one really finds formula (1) by means of Borrzyann’s
equation.

Indeed, if we take as wunit of space in Ry a cube, the edges of
.which are parallel to tlie axes of coordinates and are of the length
1, we have

o (2 Em)eN-1 . amoN

p(i,zv) _
2

where the mass of a molecule is denoted by m.?)

Let us now put W = (L, understanding by C a factor that has
the same value for all states of the gas. Omitting in the expression
for L oy & all terms which do not contain the factor &V, as we may
do if .V is very large?), we find

3 3 3 3
—z—log CaEm) + log v— é«log (é— N) + 2—: + klog C,
which is in agreement with (1), if we put

a 3
a= ;—]clV log (8am) -— log (5 N) -+ 1£ +- klog C.

. ()

S=kN

1y The domain ndF in lhe extension-in-phase may be decomposed into a domain
mn the extension in-configuration and one in the extension-in-velocily. The nume-
rical values of these two must be multiplied by each other. The first domain is
dK
. dE .
velocity, in which the energy has a value below E. X is a 3N dimensional sphere
with radius (2Em)Y;, so that we have

K= (2rnEm)kN

"
r (2— N+ 1)

. 3N \:NV 3 .
%) We may then wrile 5 for r E—N {
B :

vN and for the second we may write dk%, il K is the parl of the extension-in-
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§ 3. To get an idea of the probability of different states of the
gas we can imagine that the stale is determined by a lottery in
which slips of paper with different numbers are drawn from an arn.
This can be arranged in such a way that a slip is drawn for each
molecule snceessively, the number on the slip indicating the place
and the state of motion of the molecule. If for each malecule we
take the coordinates of the centre and the components of the momentum
as the coordinates in a six-dimensional space F,, the slip will indicate
the point in this extension which vepresents the position and the state
of motion of the molecule or, as we may say, the place of the
molecule in £,

Now Pranck') has introduced the fundamental conception of the
theory of quanta by imagining that the space Z, is divided into
equal finite elements of a definite magnitude G' and that only the
question in which of these elements the molecule has to be placed is
decided by the lottery. Whether the molecule will lie at one point
of the element or at another is not determined in his theory by a
consideration of _probabilities. lnstead of this Pravck supposes that
the molecules lying in the same element of space G are uniformly
distributed over its extension. On these suppositions he tinds an
expression which Le considers, not only as proportional to the pro-
bability but as equal/ to it and which leads to a formula for the
entropy containing no indefinite additive constant.

We need not repeat here these calculations of Pranck. [t suffices
to remark that the extension-in-phase Iy, which we mentioned
in § 2, way be regarded as composed of NV extensions-in-phase
R; each of which belongs to one molecule and that a division of
each R, inlo elements of magnitude G' mnvolves a division of Rex
mto elements of magnitnde G¥. Pranck’s final resnlt is found
if the layer corresponding to /7 (§ 2) is expressed i the domain
GV as wmty, and if the value of £ thus found is considered as
the numerical value of TF.

Instead of (3) we now get

CaEm)lsd—1 | 2 ;mvN

r (?- ’]V) le
2

If we subsiitute this expression for W in BoLrzmany’s formula
and again omit all terms not containing NV as a factor we find

2 =

O

1) Praxog, Vorlesungen tiber dic Theorie der Wirmestrahlung, 2. Aufl. (1913},
p- 125; Vortrige tiber, die hLinetischc Theorie der Materie und der Elekiviztiit
{Wolfskehl-Kongress, 1918), p. 1.

47*
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3

3 - 3 s
S =iN 3 log 2 Em) -+ log v — 7 log (E N) -+ g log G} . (8)

We must remark here that for a definite state of the gas the
quantity in brackets is independent of the choice of the fundamental
units of length, mass and time and that, therefore, the numerical value
of S depends on this choice only in so far as this is the case with Z.
This becomes evident when we remember that the dimensions of G
are MsLST—3. d

'Pranck points out that' in all probabihty & will be connected
with the constant 4 which he has introduced into the theory of
radiation and which, when multiplied by the frequenecy, determines
the quantum of energy characteristic of a vibrator. As the dimen-
sions of A are ML2T—! the elementary domain (¢ must be propor-
tional to A°.

We have finally to make a special supposition about the magni-
lude 'of the'element G. If we combine 7 equal quantities of gas
simply by putting them side by side, we certainly must assume
that the entropy of the whole system will be equal to the sum of
thé entropies of each of the quantities taken separately. Thus S
must be multiplied by n when N, v and Farve made n times greater.
Now: it 'follows from (5) that this is possible only when G also
becomes 7 limes greater, so that the elementary domain must be
supposed to be proportional to the number. of molecules of the gnan-
tity of gas considered. '

§-4.. It -may Dbe objected to PrLanck’s considerations that he has
failed. to "attach a physical meaning to his elementary domain G.
As it would have six dimensions its magnitude would have to be
determined by certain intervals for the coordinates and the momenta.
Now,. in so far as we are concerned with the coordinates we can
hardly:-see-why we should have to introduce intervals of a fixed
finite value into our considerations of probability. To this objection
Pranck replies that we must think of the relative coordinates of one
molecule with respect to another and it must be owned indeed
that a mutual action between the particles might give us a reason
for introducing the finite intervals in question. In this line of thought
PLANCK ') even tries to account for the proportionality between G
and' the number of molecuies. His reasoning may be reproduced as
follows. Let all the molecules except one be already in their places
a.nfl‘ let Av, Av,.... Avy—; be small elements of volume, each in

!

1) Yortrige Wolfskehl-Kongress, p. 7 and 8.

7
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the neighbourhood of one of the wmolecules 4/, M,.... M _4, in
such a way that Aw, has the same position with respect to A/, as
Lv, with respect to M, etc. Then it might be that the element ¢
with which we are concerned in the case¢ of the Nt molecule
consists of the wvolumes Av, Av,.... Apy.; taken together and
combined with certain intervals for the momenta; if it were so,
would really be proportional to V—1 or to IV, as we may say as well.

It must be remarked however that, when we introduced the finite
elements G, it was expressly stated that the distribution of the
particles over one of them will not be determined by probability.
Thus, if Awv,Av,....Avy_1 must be considered as constituting a
simgle element of volume, the position of the N#h molecule either in
Ly, orin Av,, Avy ete. will not be delermined by our lottery. This
can hardly be admitted; whether the Nzh wmolecule will lie near the
first or near any other of the nolecules that are already present must
certainly be considered as something accidental. Moreover the above
" reasoning applies only to places in the neighbourhood of one of the
N—1 molecules, and in gases of small density these places form
only a small minority of all those thal may be occupied by the
Nih particle.

§ 5. Before PrLanck, Terropbr ') had already calculated the entropy of
a gas in a similar way ®). He defines (G in terms of the constant
L Ly the relation
‘ G = (wh)",
where w?®) is a numerical coefficient that has to be determined
later on. So his elementary domain does not depend on N. But
Trrrove divides the expression (4) by NV/; by this he reaches the
same result thai Praxck obtams by pntting G proportional o V.
Substituting the value found in tlis way for W in Borrzmans’s
formula Terrope finds
S=—kN 35 5 ( gy °
=N |~ 09(2x Em) + log v ——glog\z—l\> —log N —}-é— -— 3 log (wh)} (6)
This expression really fulfills the condition that S shall become »
times greater when N, v and £ do so. [ cannot see however a
physical reason for the division of (4) by V!

1) Ann. d. Phys., 38 (1912), p. 434.

%) Similar reasonings have been first published by SACKUR, Ann..d. Phys., 36
(1911), p. 958; 40 (1913), p. 67 ; Nernst-Festschrift (1912), p. 405,
%) In the notation of TETRODE: 2. :
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§ 6. The hypothesis. of quanta has been used in a wholly different
way in an other paper by Terropbr') and also by Lenz and after-
wards by Krrson®), the method followed in these cases being the
same that has been used with much success in the theory of the
specific beat of solid bodies. We shall confine ourselves to the
considerations of 1.eNz, which have been communicated by SoMMERFELD®).
Let the gas be contained in a vessel having the form of a cube
with the edge /. In this system stationary waves of sound of many
different kinds can exist. 1f v is the volume of the cube the number
of modes of motion for which the wave-length lies between 2 and
2 4 dx is given by

4
———m} dh,
3l

the largest value of 2 being 21.

Now ILixnz assumes that the ordinary theory of stationary waves
of sound may be applied down to very small values of A and that
we may regard the state of motion of the gas as composed of a
great number of such waves with wave-lengths between 2/ and a
certain minimum value, whicl: he calls 2,. The latter is chosen in
such a manner that the whole number of modes of motion is equal
to the number of degrees of {reedom of the system of molecules,
i.e. to 3.V. This is eXpIeSSed by the equation ’

ffi'idz_?,zv

1 L 91 - '
2,7 8P 4mdd’

or

v .
if we put d“:ﬁ, which means that ¢ is the distance at which,

in the case of a cubical arrangement, the particles would lie from
each other in the principal directions. If now the vessel contains a
very large number of particles so that / is very much greater than

1
d, the term 57 may be neglected and we find

)v.n = 1’12 d:

It is further assumed that, for every mode of vibration, we have

1) Phys. Zeitschr., 14 (1913), p. 212.
2) Proc. Acad. Amsterdam, 16 (1913), p. 227; 17 (1914), p. 20.
%) Vortrige Wolfskehl-Kongress, p. 126.

g
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the following relation between the frequency r and the wave-length A
4

'}T’

where ¢, the “velocity of sound”, has the same value for all the modes
of vibration. Lusz puts - :

_z_aE 110 7
A _'KTE’ fl-—w@’* . .. . . ... (

This relation occurs in the ordinary kinetic theory of a monatomic
gas and is mainlained by Lenz. although the equations he wants
to derive differ from those of the old theory of gases.

In cutting off the “sound spectrum’ at the wave-length 2, Linz
follows the example given by DgByr in his beautiful theory of the
specific heat of solid bodies. Just like DEsyr he assumes that the
energy is distributed over the different modes of motion in the way
required by the theory of quanta, the quantum proper to each mode

Y=

. he . . . :
having the value /m:T By probability considerations upon which

we need not dwell here the equations for the entropy ete. of the gas
are then obtained.

§ 7. In my opinion all this is open to serious objection. In the
case of a solid body we can imagine an “‘original” state in which
all molecules are at rest. The-different normal modes of vibration
which can exist in the body are all deviations from this state and
when they all exist at the same time with sufficiently small ampli-
tudes, the total energy — if the energy in the original state is taken
to be 0 — is equal o the sum of the energies belonging to the
separate modes of motion. The heat motion too may be regarded
as made up of all the possible normal vibrations.

The case of a’'gas is widely different. It is true that here also a
wave molion may be regarded as an alternating deviation from an
oviginal state, but the latter is not now a state of rest. On the con-
trary, it is endowed already with the total energy of the molecular .
motion; in fact it is this latter motion that causes the ‘“‘elasticity”
which serves to maintain the vibrations of sound. It seems rather
objectionable” to ascribe the energy of the internal motions to a
system of vibrations whose laws are deduced on the assumption of
a molecular motion that existed already before the vibrations themselves.

It must further be remarked that the ordinary laws of sound
motion ave {rue only so long as the wave-length 2 is large compared
with the mean free path s between two collisions. Only in this case

~
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a gas can be divided into elements of volume (the dimensions of
which are small compared with 7 and large compared with s) which
have a certain individuality, each element dilating or countracting
and exerting a pressure on the neighbouring ones, as is admitted
in ordinary aerodynamics. Things begin to change already when 2
is no longer very large compared with s. We must then take account
of the phenomena that are caused by the intern‘}ixing of adjacent
elements of volume. The viscosity and the conduction of heat, the
effects of this intermixing, lead to a departure from the simple
laws which hold for large wave-lengths. Stationary waves of
a length even smaller than s, and yet following more or less the
ordinary rules, are entirely out of the question. Indeed under these
circumstances the greater part of the molecules that enter a layer
of thickness 42 or £2 would traverse it without a collision. We
cannot say any longer thal one layer exerts a pressure on an other;
on the conirary, the molecular motion will cause a rapid r}]ixing
up of the layers. )

Now, the smallest wave-length 2, introduced by LeNz is not much
greater than the distance d of the molecules, while the mean free’
path s can be a considerable wultiple of d. We therefore come lo
the conclusion that, of the modes of vibration which he considers
in his theory, those with a wave-length near the lower limit 2,
cannot really exist.

SomMMERFELD') has tried {o meet-this objection by observing that
neither at somewhat high temperatures, nor al very low ones we
need fear considerable errors in Lrnz’s formulae. For high tempera-
tures they agree with those which may be derived from the ordinary

~ theory of gases and LmNz’'s equations show that at low temperatures
the energy becomes more and more concenirated in the modes of
vibration of large wave-length 1o which our objection does not
apply. This is so indeed, but a simple calculation shows that it is
not until the temperature is extremely low, that the greater part
of the energy will have shifted to waves considerably longer than 2,.

According to Lenz's theory the energy belonging to the modes of

vibration with wave-lengths beiween 2 and 7 4 d2 is given by

di
2he ' 2_5'
iT—1

dmhev
We shall use this expression to seek a certain mean wave-length
4 which we define by the condition that the energy corresponding

) Lic., p. 141, 142, .

)
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to the motions with wave-lengths beneath A' has the same magnitude
as that belonging to wave-lengths beyond 4. This is expressed by
the eruation

~

» o
i dr 1 1 dJ ‘
“2he F___?,— 2’!6——'35—’

) e];/—,.l:’_._]_ )o e’bT—T_. 1
or if we put
2he 2he 2he
— — and—————:w’. . . R . 8
T T T T (®)

by

2ida 3do
f = f)'v . .. . . . (9,

From this equation we can derive by suitable approximations
for each x, the corresponding =z’. If now we consider a gas of
definite density. ¢ and therefore 7, are given and we can determine
the value of z, for each temperature 7. It is true that the second
of the equations (8) does noi suffice for this, as ¢ depends, in the
way indicated by (7), on FE, which is a complicated function of 7.
But Lienz gives the formula

1)
6 (" atde
&t — — . ¢ 4
, Tfez--l (10)

0
which can be used to determine #,. The quantity
18ah®
T omka?

(1)

is a certain temperature which can be indicated for each gas as
soon as its density is given. After having chosen 7, we find @, from
(10), &’ from (9) and finally 2’ from the relation

=0 oL (19)

following from (8).
Let us consider as an example helium of the density corvesponding
to 0° C. and 1 atm. Then ® = 7° and according to (10) a, =1, if

o

—=10,22; for we have
(0]

1

t'adc’ }
.f%®:Q%u
a1

0 4
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From (9) we find approximately «'=0,75, so that (12) gives
4
}.' =‘3~ 20 .
So we see that al the temperature 7'= 0,22 6 = 1°5, which is
very low indeed, still half of the energy belongs to modes of motion
with wave-lengths below 44, ie. below 1,5¢ and therefore far

below the mean free path s.

§ 8. According to the theory of Lmnz tlie eniropy of a gas does
not depend on £ and » in the way expressed by (1); the equation
of state and the formulae for the specific heats become different
from those in the ordinary theory of gases. For temperatures high
compared with @ however we are led back to the form (1). For
then we find from Lrnz’s formulae

1 3
E="Snr 1—“[/3(’),
2 8 T

4 1 G
S:3kN(———Elog——,), B 0 5]

3 31
and after some reductions

3 ' -3 3
S=kN Y log (2 aBm) 4 log v — > log (2— N) —log N

?

1
—3 log (12000 2) + 4 — 3log 2

This agrees with the formula of Tergopg [(6) above] if we
put w = 3,5.

It must, however, be remarked that, even if one leaves aside the
first of the objections mentioned in § 7, one cannot expect a some-
what exact determination of the chemical constant. Equation (13)
shows that this constant is connected with log @ and therefore on
account of (11) with log 2,, 2, being the minimum wave-length, and
we have seen already that the part of the theory relating io the
smaller wave-lengths is the most contestable one.

§ 9. Terrop bas determined the chemical constant for the mona-
tomic _vapour of mercury, a substance whose properties are well
known, or rather he has derived the coefficient w of equation (6)
from the results of observation. He found ?)

w=1,05, .

Following the same course of thought and using the same dala

1) Amn. d. Phys., 39 (1912), p. 255.
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I have repeated ihis determination in the following somewhat differ-
ent way. I shall consider a gram molecule, so that N becomes
AvoeaDro’s constant and £V the gas constant E.

Let, at the temperature 7', p be the vapour pressure of fluid mer-
cury, S the entropy of the vapour, S' that of the fluid, v the
volume of the vapour and o' that of the fluid. Then we have according
to a well known thermodynamic 1elat10n .

§—8 = (v— )
()
for which we may write
dp
S§—8 = ,
. *aT

~

as v is much greater than v\
If the vapour pressure is very low’ we may treat the vapour as
an ideal gas, so that

. RT
Y ¢ 2
- p
and
d log p
S—S§ = RT R €
T (1)

A
If now in (6) we substitute B for i4&, (14) tor v, N for m, A
being the molecula,l weight, and § RT for E, we get -
S=R 5 log(RT)~—log p—4logN +- 5109(2”.”/[ ) + —2—-—— 8log (wh) ;.

By substituting this in (15) we find
Sl
Slogw:—:}—e———; Tlogp)—J[—A,. . . . . (16)
where for shortness’ sake I have put

5 3 5
A:glog(RT)——4logN—}—§—log(2.ﬂM) —}—.é——3log/o . (17

This quantity is completely known. Thus we can calculate the
coefficient @ as soon as we know p as a function of 7 and besides
the entropy S’ of the fluid.

§ 10. For the pressure we may use Hurrz's formula ')
l(;gp = - {J’log.’l’-—--;—’:.

1) H. Herrz, Ann, d. Phys. 17 (1882), p. 198.
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with ') « =31,583; § = 0,847 ; v ="7697, from which we draw

- d

dT(Tlogp):(a-—{)’)—ﬂlogT. e . (18)
To be able to determine S’ too, we shall take for 7' the melting

point of mercury (234°). If » is the heat of fusion and S" the

entropy of solid mercury we have -

S =8+ 1- (19)

We must remark here that strictly speaking this formula gives
the value of .S for a pressure of 1 atm. (if we consider the equi-
Iibrium between solid and fluid mercary under that pressure), while
in the preceding equations S' denotes the entropy of the flurd under
the pressure of its vapour. It 1s easily seen that we may neglect
this difference.

It remains to determine the entropy S" of solid mercury. Tlis
can be found by supposing, as is often done in conuection with
NernsT’s heat theorem, that this eniropy 1s O at the absolute zero.
Then it can be calculated for any other temperature by means of the
specific heat ¢, of solid mercury. We have

’
8”=f¥d1’,- N )
0

it we assume the pressure to be 1 atm. during the heating from
0° to 77 :

Nernst ?) has given a formula for the specific heat of a gram
molecule, based on PorLIiTZER’s measurements and by means of which
we find ?)

1) According to HerTz we have, using Briggian logarithms and expressing the
vapour pressure in millimetres of mercury

3342
T
If we want to know the pressure in dynes per em2 we must add Jog 1320,

as a pressure of 1 mm. of mercury corresponds to 1330 dynes per cm® To pass
finally to Neperian logarithms we must divide the first and the third term by logy, ¢.

9 Ann d. Phys., 86 (1911), p. 481.
$) According to NErnsT we have in C.G.S. umts

3 .
w=73 Bly0) + ¢lio))

log p = 10,59271 — 0,847 log T —

where the function ¢ is determined by

Lcd
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. 8'=6,95 R, , .
Now the heat of fusion per gram molecule is 554,5 cal.. so that
. \
. r=279 R, ‘
1 NI » _, 10 R ¢
T
and, according to (19),
S' = 8,14 R.
From (18) follows
d
— (T — 26,12
dT(T log p) = 26,
and from (I7)") :
A = 33,92,
Substituting these different values in (16) we find
w=10,7.

§ I11. As o the degree of precision of this result it must be
rematked in the first place that, according to (16) and (17), o is
proportional to low powers of RZ, n and /L. Therefore, an uncer-
taanty in the values of these gnantities will not cause an error of
many percentages 1n w. ,

&)

- T ) et

¢(@) = ,
Gy

For mercury « must be put equal to 97. Further
6p = ¢y - 1"
For the coefficient £ NERNST gives 21.10—5, but here a calory is taken as unit
of heat Choosing the erg instead and substituting gR for £, so that
¢y = ¢» + RgT":
we have
g=—10,6.10—7
f'rom (20) we now find

3 2
§'=5 El1(0) + x(10)] +5 BT
if we put -

& ey
I

T x
7 (@)= ——— log (L’T——l> .
el—1
1 Caleulated with: R = 88,2.106; N = 67.10%*; M =200; h = 0.42.10—21,
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4

. o8 ,
On the contrary the value substituted for 7 may be in error to
I 1

a considerable extent. A change of a full unit however in this
value (one eighth of the amount) produces a change in w of about
14°/; only. So we may perhaps conclude thai the value of w will not
differ much from 1 and that the values found for the vapour pressure
of mercury agree in a rather satisfactory way with the theory of
TerropE, if we give the elementary domain G the value 4*1).

Nevertheless, in my oplmon we may not altach much value to
this result. Besides the difficulties which we pointed out already
there is still another serious objection.

Formula (15) connects the vapour pressure with the entropy-
difference between gaseous and fluid mercury or, when-we take
into account the relation (19), with the difference between gaseous
and solid mercury. Now we must doubt seriously whether this
difference can be rightly evaluated if the undeterminate constanisin
S and S" are fixed in the above mentioned rather arbilrary way.
On the ground of BorL1zManN’s formula we may account for the
entropy S", viz. for the change which the entropy of solid mercury
undergoes when heated from 0° to 7'°; to this effect we have to
compare the probabilities of different states of the solid mercury.
This is done e.g. by DeBYE in his theory of specific heats. In this
comparison we are concerned only with quantities referring to the
solid state, e.g. the modulus of elasticity. In the deduction of (6),
on the other hand, only the gaseous state has been considered. The
question arises whether it will -be possible, by a combination of
these results, to determine the difference S—S", which according

1) The objection might be raised that in the above calculation Herrz’s formula
for the.vapour pressure has been applied for a temperature al which this pressure
Las mnever heen measured. In reality however the value of « given by (16), (17)
and (18) is independent of the choice of the temperature.

Indeed, the differential coefficient of the right hand <ide of (16) with respect to T'is

148 (r
RAT  d1* 27

H

17
a.well known thermodynamic theorem this quantity must be zero. In virtue of
(18) it hecomes

ds . . . .
(T— is the specific heat of the fluid under its vapour pressure). According to

1 a8 {3 + }

 RAT 27

and this expression really is zero because HERTZ has chosen the coefficient 8 in
accordance with the theorem in question.
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to Bormrzmany’s theorem is connected with the probability that, in
a system consisting of a solid and a gaseous phase, a greater or a
smaller part belongs to the latter. The circumstance that, in con-
sidering this latter probability, we must attend to the difference
in potential energy of the two phases cannot bui increase onr
doubt, for neither in the determination of S" nor in the determi-
nation of S in the above mentioned way we have bad to speak
of this difference. 1f, as we should expect, the difference S—S"
depended to a considerable exient on the relative values of the
polential energy,-we might still put the entropy S" =0 for T'=0,
but it would no longer be possible to determine the constant «
which ocewrs in formula (1) for the gaseous state by considering
only the phenomena in the gas, as is done in the theories discussed
here. We ought rather to derive it from an examination of the
equilibrinm between the two phases.

[ think we may conclude from what precedes that, though the
value found for o, if it be not quite accidental, pleads in favour
of the application of the theory of quanta to the problem of vapor-
isation, yet the way in which this application has been made
requires further explanation and justification.

Physies. — “On Hamuwron’s principle in EINSTRIN'S theory of gra-
vitation”. By H. A. LorenTz.

{Communicated in the meeting of January 30, 1915).

The discussion of some parts of EmstEN’s theory of gravitation )
may perhaps gain in simplicity and clearness, if we base it on a
principle similar to that of HamirroN, so much so indeed that
HaminroN’s name may properly Dbe connected® with it. Now that
we are in possession of EiNsTuIN’s theory we can easily find how
this variation principle must be formulated for systems of different
nature and also for the gravitation field itself.

Motion of o material point.
§ 1. Let a material point move under the influence of a force
with the components K, K,:K,. Let us vary every position 2,4,z
1) EINSTEIN u. GROSSMANN, Entwurf einer verallgemeinerten Relativitiitstheorie
und einer Theorie der Gravitation. Zeitschr. f. Math. u. Phys. 62, (1914), p. 225.

EmvsteiN, Die formale Grundlage der allgemeinen Relativititstheorie, Sitz. Ber.
Akad. Berlin, 1914, p. 1030.
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.

occurring in the real motion mn the way defined by.the infinitely
small quantities dx,dy,dz. If, in the varied motion, the position
# -+ dz, y + dy, z | dz is reached at the same time ¢ as the position
@3,z in the real motion, we shall have the equation

dedt —}—j (K 02 + K dy + K dz)dte =0, . . . (1)

L being the lLagrangian function and (he integrals being taken dver
an arbitrary interval of time, at the ‘beginning and the end of
which the variations of the coordinates are zero. K is supposed to
be a force acting on the material point beside the forces that ave
mcluded in the Lagrangian function.

§ 2. We may also suppose the time ¢ to be varied, so thatin the
varied motion the position & -} dz, y 4 dy, z -} dz is reached at the ™
time ¢+ d. In the first term of (1) this does not make any difference,
if we suppose that for the extreme positions also dt ='0. As to the
second term we remark that the coordinates in the varied motion at
the time £ may now be taken to be « - dov— v, df, y + dy — 0,4,
z -+ 0z —wv,0t, it v,v,w, are the velocities in the real motion. In
the second term we must therefore replace dz,dy,Jz by dz—v, dt,
dy—v,0t, dz—v,dt. In the equation thus found we shall write
#y,0,,0,,%, for a,y,6,t. For the sake of uniformity we shall add to the
three ve]ooit( components a fourth, which, however. necessarily must

dz
have the value 1 as we take for it *l‘-. We shall also add to the
1,04

three componenis of the force K a fourth component, which we
define as
By=—0, K 40, K+v,K), . - . . . (2
and which {herefore represents the work of the force per umt of
time with the negative sign.
Then ,we have instead of (1)

dedt+f2(a)Kad@a.dt_—_o, N )

and for (2) we may write ')

'

1 In these formulae we have put between parentheses behind the sign of
summation the index with respect to which the summation must be effected, which
means that the values 1, 2, 8, 4 have to be givén to it successively. In the same way
two or more indices behind tbe sign of summation will mndicate that in the
expression under this sign these values have lo be given to each of the indices.
s(ab) f. i. means that each of the four values of ¢ has to be combined with
each of the four values of b.
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S @veke=0 . . . . . . .. &

§ 3. In -Emstemn’s theory the-gravitation field is determined by
certain characteristic quantities g5, -functions of =, @,, #,, ,, among
which there are 110 different ones, as

—

Joa =9gab + - . + o« o+ « - « (5)

A pomnt of fundamental importance is the connection between
these quantities and the corresponding coefficients ¢'s;, with which
we .are concerned, when by an arbitrary substitution.z,, ..., ave
changed for other coordinates 2',,...«',. This connection is defined
by the condition that

ds" =g, do,® + ...+ g do’ + 29, de dey 4oL
or shorter
ds® = Z(ab) gap dae dap
ue an invariant.
Patting .
deg—=2(b) pupda’y . . . . . . . . ()
we find
9'ab = Z(cd)pea Pasged + + « - « - < (7)
Instead of (6) we shall also:write
de's =.2(b) mpq day,
so that the set of quantities &5, smay be called the inverse of the
set pas. Similarly, we introduce a set of quantities ys,, the inverse
of the set gam.?)

We remark here that in virtue of (5) and (7) ¢'s,—=g'ews and that
likewise Y5a=7ab.

Our formulae will also contain the.determinant-of -the guantities
gab, which we shall denote by ¢, .and.the determinant p of the
coefficients pos (absolute value: |p|). The determinant g:is always
negative.

‘We.may now, ras has been-shown by “ErnsruiN, deduce the motion
of a material point in a gravitation field from.the, principle expressed
by (3) if we take for the Lagrangian function

d
L_—:—mi:—-m‘/E(ab)gabvavb N ¢-))

1)*Suppose
wg = E(b)ve&s
to follow .from.theseqnations
§ = = (b)'nabt'”b H

then the set ”c;b! is the inverse of the set 7g6.

48
Proceedings Royal Acad. Amsterdam. Vol XIX.

- 759 -



754

Motion of a system of incoherent material points.

§ 4. Let us now, following HEINSTEIN, consider a very large number
of material points wholly free from each other, which are moving
in a gravitation field in such a way that at a definite moment the
velocity components of these points are continuous functions of the
coordinates. By taking the number very large we may pass to the
limiting case of a continuously distributed matter without internal
forces.

Bvidently the laws of motion for a system of this kind follow
immediately from those for a single material point. If ¢ is the
density and de dy dz an element of volume, we may write instead
of (8)

— o V Z(ab)gapvovy.dadydz. . . . . . (9
If now we wish to extend equation (3) to the whole system we
must multiply (9) by d¢ and integrate with respect to @, y, z and &
In the last term of (3) we shall do so likewise after having
replaced the components K, by K, de dydz, so that in what follows
K will represent the external force per unit of volume.
If farther we replace dz dy dz dt by dS, an element of the four-
dimensional extension x,,...x,, and put

OVa=Wg . . - - . . . . . (10)

L=—V3@)gawawr - - . . . . (11)
we find the following form of the fundamental theorem.

Let a variation of the motion of the system of material points be
defined by the infinitely small quantities dz,, which are arbitrary
continuous functions of the coordinates within an arbitrarily chosen
finite space S, at the limits of which they vanish. Then we have,
if the integrals are taken over the space .S, and the quantities
Jas are left unchanged, :

dfde—l—fZ‘(a)Kadwa.dS:O ... 9

For the first term we may write

‘JdL . ds,

if 6L denotes the change of L at a fixed point of théa space S.
The quantity LdS and therefore also the integral deSisinvariant
when we pass to another system of coordinates.?) '
1) This follows from the invariancy of ds?, combined with the relations

Q!
- = |p| —, dS =--4dS.
a, |p| = S
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§ 5. The equations of motion may be derived from (12) in the
following way. When the variations dz, have been chosen, the
varied motion of the matter is perfectly defined, so that the changes
of the density and of the velocity components are also known. For
the variations at a fixed point of the space S we find

0
g = 3 (b) aﬁf;” . (19)
where
: Kab = Wo8q — Wabzp . . . . . . . (14)
+ (Therefore: %60 = — %abs Yaa = 0).
If for shortness we put
P=V3I@bgawarr, . - - . - . . (19)
so that L =— P, and
2(O)gasor =ug » . . . . . . . (16)
we have :
i} Uy Ug 0ab
L — — — g = — = — =
d 2(a) iz dw (ab) P 3as
0 (uq 0 (g -
= — 3(ab) —( =3 (ab) yas —— [ =),
(CL )a{(}b (anb> + (a ) Aab a;’b'b (_P)
so that, with regard to (14), " )
' 0
ol + S(@)Kobw, = — Z(ab) —(@ M) 4+
0ap \ P 1

0 (ta
+ =(ab)(wsdwq— wadas) Fy (%) + Z(a) Kodzg

If after multiplication by dS this expression is integrated over
the space S the first term on the right hand side vanishes, y45 being
0 at the limits. In the last two terms only the variations dz, cccur,
but not their differential coefficients, so that according to our fun-
damental theorem, when these terms are taken together, the coeffi-
cient ot each dz, must vanish. This gives the equations of motion?)

' 0 up 0 [ug ! |
; I(a = E(b)wb [});',; (?) —_— r’vb(})] Y e e . e (1 8)'

which evidently agree with (4), or what comes to the same, with
4 S@wke=0. . . . . . . . (19
In virtue of (18) the general equation (17), which holds for

1) In the term-

— S(abjwgds a—ZZ (’%‘-)

the indices & and b must first be interchanged. |

48%
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arbitrary "variations that.need not vanish at-the limits of S, becomes

IL + S(a)Kydvg = - E(ab)aa (“ M) ... (0)

§ 6. We can derive from this the equations for the momenta
and the energy. -

‘Let us suppose that' only one of the four variations dz, differs
from O and let this one, say dw, have a constant value. Then (14)
shows that for each value of « that is not equal to ¢

Aae = — Wadde, Aea = Walley. . - . .7 . (21)
while all y’s without an index ¢ vanish.

Putting first 6 —=c and then @=c¢c, and replacing at the same
time in the latter case » by @, we find for the right hand side

of (20) ,
S(a) %(@’“} doe — = (@) 5— ("°“’“)dwc Y

But, according to (15) and (16),

uawa

=P=—1L,

=@

v

so that (20) becomes
L
IL + K due = — g_afm, 205 (“”“"’) do. . . (22)
* l’vc -

It remains to find the value of JL.

The material system together with its state of ‘motion has been
shifted in the direction of the coordinate @, over a distance dz,. If
the gravitation field had participated in this shift, JL would have

oL I
beenequal to _5—“6%' As, however, the gravitation field has been

we

left unchanged in ‘this Jast ‘expression must be diminished by

oL
’ a‘"-"(,
L . . :

a—-) , the index w imeaning ‘that we .must keep constant the
% /w
quantities w, and consider only the variability of the coefficients g.s.

"Hence
oL oL n ol :d
vl — - e o
Oz, 0z, )w |
Substituting this in (22) and putting
1) The circumstance that (21): does not hold for ¢=c¢ might lead us to exclude

" this value from the two sums. We.need not, however, introduce this restriction,
as the two terms that are now written.down too-much, annul each other,
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1elg

_P —_— .’['acs . . . . . . . . (23)
we tind
oL Tae
K, — = =2 S 271
+ (a) @5t (24)

The first three of these equalions (¢=1, 2, 3) refer to the momenta;
the fourth (¢c=4;) is the equation of energy. As we know already
the meaning of X ,....K, we can easily see that of the other
quantities. The stresses X, X;, Xo, Voo .. ave T, 1%, Ty, T}, . .
the components of the momenium per unit of volume —77,,, —7,,,

—T,;; the components of the flow of energy 7,, T,,, T,,. Further

T,, is the energy per unit of volume. The quantities

(OL oL oL
atTl)w , (5"2’:)10 ’ <E i

are the momenta which the gravitation field imparts to the material
system per unit of time and unit of volume, while the energy

: oL
which the system draws from that field is:given: by -— (——) .

60;4 w

An electromaynetic system in the gravitation field.

§ 7. We shall now consider charges moving under. the influence
of external forces in a gravitation field; we shall determine the
motion of these' charges and-the electromagnetic field belonging to
them. The density ¢ of the charge will be supposed to be a con-
tinuous function of the coordinates; the force per unit of volume
will be denoted by X and the velocity of the point of a charge by
v. Further we shall again,introduce the notation (10).

In EiwnsteiN’s theory the electromagnetic field is determined by
two sets, each of four equations, corresponding to well known
equations in the theory of electrans. We shall’ consider one of these
sets as the mathematical description of the system to which we:have
to apply Haminton’s principle; the second set will be found. by
means of this application. )

The first set, the fundamental equations, may be written in

the form

alpa[)

' =0
(05,

=Wa .+ - - « o+ . . . (29)
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the quantities s ') on the left hand side being subject to the con-
ditions A
Yoo =0, WPoo=— Pty - . R (26)
so that they represent 6 mutually independent numerical values.

These are the components of the electric force E and the magnetic
force H. We have indeed -

Y, =E , v,=E , P,=E,;
Wy, = H: , Py, = Hv/ s Wy, =H., )
and it 15 thus seen that the first three of the formulae (25) express
the connection between the magnetic field and the electric current.
The fourth shows how the electric field is connected with the charge.
On passing to another system of coordinates we have for w, the
transformation formula -

(27)

we=|p| = (0) Xoa wh,
which can easily be deduced, while for ¥, we shall assume the
formula \ .
. Wao = |p| 2 (cd) Tea Map Wea .« - . . . (28)
In virtne of this assumption the equations (25) are covariant for
any change of coordinates. .

§ 8. Beside w, we shall mtroduce certain other quantities W
which we define by
Vo= e 5 D) o gVt - - - - (29)
v —g
or with regard to (26)

VYas =—_1—_92 (ed) (gea gab—Gda 9u8) Wear - - . - (30)
in which last equation the bar over cd means that in the sum each
combination of two numbers occurs only once.

As a consequence of this definition we have
Yoo =0, Yoa=—Waty . . . . . . (8])
and we find by inversion *)
Yab = l/-———qE (cd) yac‘ybdl_pcd B 1))
}) The quantities w,, are connected with the components ., of the tensor
introduced by Emstemv by the equations i, = V-—_g. Pape
2) By the definition of the quantities ¥ (§ 3) we have

2@ gapyar=1. . . . . . . . (e
and for b ==«

2 (a) gab Yo = 0y Or 2(@) gb6 Yo =0. . . . . (§)
Substituting for Jcd an expression similar to (29) with other leiters as indices,
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To these equations we add the transformation formula for Wb
which may be derived fiom (28)) "

Voo = 2 (¢d) pea pas Wedo -+ - - - - ; (33)

§ 9. We shall now consider the 6 quantities (27) which we shall
espema]]y call “the quantities ¢’ and the corresponding quantities

Y, Viz. W, ... W, d
According to (30) these latter are homogeneous and linear functions
of the former and as (because of {5)) the coefficient of W, in Wap is
equal to the coefficient of ,, in r!’cd, there exists a homézg'eneous
quadratic function L of w,,,...wy,,, which, when differentiated with
respect o these quantities, gives w,, ,. .. le.VTherefore yi

T 34
awab_.lpab.........()

and
L=14} 3(ab) $abWat - - - - - . - (8%
If, as in (34), we have to consider derivatives of L, this qnantity
will be regarded as a quadratic function of the quantities wp.
The quantity L can now play the same part as the quantity that
is represented by the same letter in §§ 4—6. Again L.dS is invariant
when the coordinates are changed. ?*) )

we have
V' —g = (ed) Yac v5aWd = = (cdef) Ya. Yodge 9 a Yoy = = () Yba g fatlaf—=was.

The last two steps of this transformation, which rest on («) and (8), will need
no further explanation. In a similar way we may proceed (comp. the following
notes) in many other cases, using also the relations < (@) psa=sic=1 and
< (0) Pba mea = 0 (the latter for b =|=¢), which are similar to () and. (8).

1) If we start from the equation foi /gy that corresponds to (29) and if we use
(7) and (28), attending to vV_—g —lpjl/—-g, we find G

L
b

1
lPal)——‘—E(Gd)gm(]dbll od =
V—g

1
l/ ) (c d ef]l. 'Lj /c) Pec Pfa Phd Pub T je Aed Jef QhLlP;Jc
—g

This may be transformed m two sleps (comp. the pleccedmg note) to

1
—2 (ef hA) Pra PiubGef ki Yol
V=g

In this way we may proceed further, after first expressing: Jen as a function
of im by means of (32).

%) Instead of (35) we may write L = 4% (@) Jab $as and now we have accord-
ing to (28) and (33)
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§ 10. We shall-define a varied motion of the electric charges-by
the quantities dz, and we shall also vary the quantities i, so far
as can be done without violating the connections (25) and [26). The
possible variations dwp,; may be expressed in dz, and four other
infinitesimal quantities g, which we shall presently introduce. Our
condition will be that equation.(12) shall be true if, leaving the
gravitation field unchanged, we take for dez, and ¢, any continuous
functions of the coordinates which vanish at the limits of the domain
of integration. We shall understand by dw,, d,;, JdL the variations
al a fixed point of this space. The variations dw, are again deter-
mined by (13) and (14), and we have, in virtue of (26) and (25);

od G
e = 0, dise == — SWats B(B) o™ — gy = = (B) X
0w 0xp
If therefore we put
oPep = Yab +Faby - - . . . . . (36)
we must have
09
9ua=0,. Ig=— Doty S(b) e = 0.
s

It can be shown that quantities 9, satisfying these conditions
may be expressed in terms of four quantities ¢, by means of the
formulae
Ogy  Ogy
0z Oy

Here a’ and b’ are the numbers that remain when of 1,2; 3,4
we omit a and b, the choice of the value of a” and' that of 0’
being’ such that the order-a, b, a’; &’ can be derived'from the order
1, 2, 3, 4 by an even number of permutations each: of.two numbers.

b= (@==b). . . . . . . (8D

§ 11. By (34); (36) and (37) we have

— — [dap  dqw
oL + = (a) K, dwg = Z' (ad) Wab b | 1
Ozy  Oxp

+ = (@b) Was s + = (@ Eubze . . . . . (38)
Here, in the transformation of the first term' on the.right hand
side 1t is found convenient to introduce a new notation for the
quantities- ;. W shall put’
Wap = W,

L/ =1 ' (ab) Wt Was = |p| Z-(abedef) Fea 7db Peapfp Wed Wer =

=1 |p| = (ed) Wed Wea = |p| L, .
while
Ip| 48' = ds..
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a consequence of which is

Wio==— Wa
and we shall complete: our definition. by?)
Wa=0¢. . . . ... . . . (389

The term we are considering: then: becomes

— a . a' a* \* o - .a a i3 \>
= (ab) i (aﬂ — )=z (ab) Wi (—"b——q—)z

2y Oxp, 0z, Oy

a 0gq
3 2 (ad) Yap (M}‘— a‘q") — = (ab) Wap =— ey

Oz, Oaxp
= — 3 Wy 5 gy B,
so that, using (14), we: obtain for (38)
JL (IPaan) alpab
-I—E((L)K dwa_——E(b) +2(b) 9'(5"{"

+ Z(ab) Wap wb d:va—}—E*(a) Kodwg, . . . . (40)
where we have taken into consideration that
= (ab) Wap (wp dwg — wo ) = = (ih) Pap ws g,

If we multiply (40) by dS and integrate over the space S the
first term on the right hand side: vanishes. Therefore (12) requires
that in the subsequent terms the coefficient of each ¢, and of each
Ozs be 0: Therefore

oush

SOF-=0- - - - ... @D
and
K,—=—S®)Wap 0ty - - . - .. (42)
by which (40) becomes
Il + 2(0).K, dwg—=—3.(ad) a('gf;q") ... (48)

In (41) we have the second set of four electromagnetic equations,
while (42) determines tlie forces: exerted- by thie field! om: the charges.
We see that (42) agrees with (19) (namely in virtue off"(3i9):

§ 12. To deduce also the equations for the momenta and the
energy we proceed. as.in. § 6. Leavingthe gravitationfieldunchanged
we shift the electromagnetic field, i.e. the values of w, and W
in. the. direction ofione of the coordinates, say, of x; overa distance
defined by the constant variation Jw. so that we have

1) The quantities- yp7; are connected’ with the quantities ¢}, introduced by

Emvstey by the equation Wap =W g. gl
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a!,l’ab
0z,

From (36), (14) and (37) we can infer what values must then bé
given to the quantities g, We must put ¢ =0 and for a==c?)

WPep = — dz,

g” — l’?a I d‘{b’c-
For 0L, we must substitute the expression (cf. §76)

oL (GL) b
_E’I_}_c—‘— a:’ll'c 'b‘ ch’

where the index 1 attached to the second derivative indicates that only
the variability of the coefficients (depending on g¢.) in the quadratic
function L must be taken into consideration. The equation for the
component K, which we finally find from (43) may he written in
the forin

oL 07y,
. Kc_l_(ﬁ; 4]::——2\(6) s ICEEE (44)
where
) T?cz——L—[—a:?ia)lpzclp,yo'. R (1))
and for 0 ==c¢ o \
Tbcch_'lioz) Wop Parorr + - - . . . (46)

Equations (44) correspond exactly to (24). The quantities 7" have
the same meaning as in these latter formulae and the influence of

oL .
gravitation is determined by (—) in the same way as it was
,"IJ

O,
oL
formerly by (——~) .
a«771: w
We may remark here that the sum in (45) consists of three and
that in (46) (on account of (39)) of two terms.
Referring to (35), we find fi. from (45)
T,=1% (lpnis +- IP“E, - 1!’41;"’_41 + 1”23@;3 — w311E1 - wlzaz)v
while (46) gives
T,= %szs - "’416’—4—2'

The differential equations of the gravitation field.
' \

§ 13. The equations which, for a given material or electromagnetic
system, determine the gravitation field caused by it can also be
derived from a variation principle. EiNsTEIN has prepared the way

1) To understand this we must attend to equations (25).
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for this in his last paper by introducing a quantity which he calls
H and which is a function of the quantities g,; and their derivatives,
without further containing anything that is connected with the
material or the electromagnetic system. All we have to do now is
to.add to the left hand side of equation (12) a term depending ¢n
that quantity H. We shall write for it the variation of

1
_‘de‘S "
®

where » is a universal constant, while Q is what EinsteiN calls

H V:?, with the same or the opposite sign'). We shall now require
that

dedS—{-%dedS—i— (@) K. dS=0, . . . (47)

not only for the variations considered above but also for variations
of the gravitation tield defined by dge, if these too vanish at the
limits of the field of integration.

To obtain now

1
oL + — 6Q + Z(@)Kudva

we have 10 add to the right hand side of (17) or (40), fivst the ch'ange
of L caused by the variation of the quantities ¢, viz.

oL )

E(a_b_) dlgaln

a,(/ab

1
and secondly the change of ( multiplied by —. This latter change is
%

— 9 — 90 ,
E(Qb) < d9ap + Z(abe) < A9 ub,es
a,(]ab agab,e
\ . . . agab
where gq. has been written for the derivative
t’vc
As
’ 0dga
. dgab,e-——a;c—

we may replace the last term by

\
'S(abe) —

0 0Q 90 0Q
52, (agab,e "9“”) — B o (agae,e) et

§ 14. As we have to proceed now in the same way in the case

1) T have not yet made out which sign must be taken to get a perfect conform-
ity to EinstEIN’s formulae. )
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of a material and in that of an electromagnetic system we need
eonsider only the latter. The:conclusions drawn in § 11 evidently
remain valid, so that we may start from the equation‘which we
obtain bv adding the new terms to (43). We therefore have

oL+ = dQ-}— M) Kob2, = — = (ab) ("’“bq")+ z( be )5_( - d‘gab>—}7
1 0 a
+E(ab)( xagab>dgab-—— E(abp)———(aqf ) gas - . . (48)

When we integrate over S, the first two terms on the right hand
side vanish. In the terms following: them the-coefficient of each dgas
must be 0, so that we find

0 0 oL
N sl < “ )_ %
agaJ a"'e agabe agab

These are the differential equations we sought for. At the same
time (48) becomes

— . (49)

gL 4+ = dQ—l—Z(a)Kadoa:—E( b)

a abda 1 - aQ
(lP bq_) 4 2( Zhe )_(a dqab) (50)
Jab,e

§ 15. Finally we can derive from this the equations for the
momenta and the energy of the gravitation field. For this purpose
we impart a virtual displacement dz, to this field’ only (comp. §§ 6
and 12). Thus we put dz, =0, ¢,~=0 and

d‘,(/ab =" Jab,c dae.
Evidently
0
dQ = — 5—;9 dlb'c
&

and (comp. § 12)
oL
oL = —{ — | du.
(‘?w'c b ve
After having substituted these values in equation (50) we: can

)
deduce from it the value of ( L)

O,
If we put
o 1 1 — 0Q
Te :——;Q-—; E(ab)aab’c Jabe - - - (B
and for e=l=¢
¥
ch———~2(ab) o4 Jave - -+ - - - (32
h a Jab,e :

the result takes the following form
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oL oTE
—(&;,z_z@amc .. (59

Remembering what has been said in § 12 about the meaning of

oL
(a~>, we may now conclude that the quantities 777 have the same
Do

meaning for the gravitation field as the quantities T for the electro-

b

magnetic field (stresses. momenta etc.). The index ¢ denotes that 7705
belongs to the gravitation field.
If we add to (53, the equations (44), after having replaced in them
b by e, we obtain
07e,

[b'c

Y (-7

Ke=— = (o)
where
Tgc:ch‘|‘TZc- B

The quantities 7%, represent the fofal stresses etc. existing in the
system, and equations (54) show that in the absence of external
forces the resulting momentum and the total energy will remain
constant.

We could have found directly equations (54) by applying formula
(50) to the case of a common virtual displacement dz, imparted
both to the electromagnetic system and to the gravitation field.

Finally the differential equations of the gravitation field and the
formulae derived from them will be quite conform to those given
by EinsteIN, if in  we substitute for H the funciion he has chosen.

§ 16. The equations that have been deduced here, though mostly
of a different form, correspond to those of HinstEIN. As to the cova-
riancy, it exists in the case of equations (18), (24), (41), (42) and (44)
for any change of coordinates. We can be sure of it because LdS
is an invariant.

On the contrary the formulae (49), (63) and (54) have this pro-
perty only when we confine ourselves to the systems of coordinates
adapted to the gravitation field, which Emsteix has recently com-
sidered. For these the covariancy of the formnlae in question is a

.consequence of the invariancy of o f HdS which EiNstaix has proved
by an ingenious mode of reasoning.
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Chemistry. —- “On some Particular Cases of Current Potentinl Lines”.
II. By Dr. A. H. W. Arex. (Communicated by Prof. A. F.
HorreMmAN).

(Communicated in the meeting of October 28, 1916.)

In the preceding paper') an equation was derived which represents
the ratio between the quantity of silver chloride which is deposited
on the anode in case of anodic polarisation of a silver electrode in
a solution of a chloride, and that which is deposited in the liguid.
This equation now enables us to indicate in what way the eleciro-
lytical -determination of halogens as silver Lalides takes place with
the smallest error possible.

In these determinations the conditions musi be satisfied that the
halogen is deposited as completely as possible on the anode as silver
halide and that as liltle silver as possible goes inlo solution from
the anode.

During the analysis the balogen content of the liquid diminishes
continually. The course of the process can therefore not be indicated
by a single current potential line, but only by a number of current
potential lines for all concentrations which the halogen ion passes
through from the beginning to the end of the analysis. 1f e.g. we elec-
trolvse a 0.01 » solution of NaCl, the course is in the beginning
represented by line 1 in Fig. 2 of the preceding paper. If in course
of time the solution has beceme 0.001 7, line 2 is applicable, later
on, when the concentration has become 0.0001, line 3 applies, elc.
As was demoustrated on p. 668 the points on the leftside of AD
give current densities which chiefly yield AgCl on the anode. If
C,=0.01 we can, therefore, work with a comparatively large
current densily, without Ag appreciably going into solution. For
C, = 0.001 this curreni density is ten times smaller, for €, = 0.0001
a hundred times smaller, ete. ’

If we now wanted to execute the electrolysis with a consiant
current density, till' (', bad become = 0.0001, we should have to
work with a very small current density from the very beginning,
for which with €, = 0.0001 no appreciable guantity of Ag goes
into solution. In consequence of this the analysis would last very
long. It is more advisable to worl with a greater current density,
as long as (), is still great, and diminish it according as C, descends.
This may be done by measuring the anode potential during the

analysis, and by regulating the intensity of the current so that the
{

1) These Proc. Vol. XIX, p. 653.
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anode potential, hence the concentration of the silver ions at the
anode, keeps a detinite value, or varies in a definite way.

When during the electrolysis the concentration of the chlorine

. . .4,
ions at the anode is kept at a constant value ¢y, the ratio j is
1

constant during the electrolysis, and equal to:

! dﬂ_ 2 L (1)
1—1)1 02 . - . . . . . .

la

2

For silver chloride L is about 10—1". If ¢, is kept at 10—, -

1
will be about 0.01, D, and D, differing little. Hence 1 °/, of the
total quantity of chlorine will precipitate in the lignid as AgCl.
This quantity is lost for the analysis. The error made in the analysis,
is, however, greater than 1 °/,, for the increase in weight of the
anode is determined. This is 1°/, too small, because AgCl precipitates
in the liguid, but this causes a quantity of Ag of the anode to go
into solution, which is equivalent to 1°/, chlorine, hence'about three
times the quantity. The total error amounts, therefore, to about4°/,.
This error would xbe smaller, if the analysis was cariied out for

. d

¢1a =10-3. In this case j would be = 10—*. But now there remains
‘ 1

in the solution a quantity of chlorine ions equal to 10-3; to reach,

therefore, an accuracy of 1°/, we should bave to start from a
solution which is 0.1 normal. The total quantity of AgCl that must
separate from this solution, is pretty large, for which a large silver
smface is mecessary, as the quantity of AgCl that can be deposited
on a given anode surface, is comparalively small. It appears, therefore,
that an accurate determination of Cl presents difficulties. More
favourable are ihe -circumstances for Br and I, as the solubility
products of AgBr and Agl are 10— and 10—'6. We can, therefore,
work for AgBr with ¢, =10-4, and for Agl with 10-6, without
an appreciable loss taking place.

The loss of silver chloride becomes slightly smaller when ¢, is
nol kept at a constant value from the beginning, but allowed to
diminish during the electrolysis, so that ¢, has a greater value at
the beginning of -the experiment than at the end.

Let us suppose the intensity of the current to be so" regulated"
that ¢, always remains equal to n(), n heing a contant smaller
than 1.

Now : .

49*
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D, L

d,

d, D, wC;

d, .
At the beginning of the analysis, where C, is great, d— is, there-
1

fore, smaller than at the end, where C, has descended to a small
value. If we ecall this initial and this final value Ci, and Ci,, the

d .
mean value of j— during the analysis is:

1 \ -
C1,
D L
=2
I 5wz
d,  Cu .
d, Ciu—Ch.
or
i, D, L 1

@)

d
For a given value of Cy; and Ci, the value of—j 15 now deter-
' ) 1

mined by n.

d.
If we assume n = 0.5, (1, = 0.01, (., = 0.00004, then&f = 10-3.

1
As a quantity of silver of the anode dissolves which is about

three times the value of the deficit of chlorine, the diminution of
weight of the anode is found 0,4 > 10-2 too small. Moreover the
concentration of the chlorine ions in the solution remains 0.00004
at the end of the determination, hence 0.4 °/, of the original quan-
tity. Hence with this mode of working the total error i1s 0.8 °/,.

If n is taken greater, e. g. — 1, and (i, = 0.00002, the shortage:
of AgCl on the anode becomes 0.2 °/,, 0.2 °/, of the chloride remain-
ing in solution, so that the total error amounts here to 0.4 °/,.

With the given value of Cy; a smaller error cannot be reached.
This would only be possible by making Ci; greater, but this requires
a very large silver surface. Nor is the above given value forn =1
practically to be rgalized, as in this case the current density would
become = 0. ;

In general the current density becomes greater, hence the time
required for the execution of: the analysis shorter, as »n is smaller.
The accuracy of the analysis, is however diminished by this.

The duration of the analysis can be calculated in the following way.

When we WOl‘k' with a current density smaller than the eritical,
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as 1n practice is always the case, the current density is given with
greal approximation by :

D ,
d—==1.117 —d—l (Ci1—e¢1a)y or as cig=nC

D
d=1.117—dl(1 —n)C,.

If the total quantity of halogen is M gramme equiialents, the
diminntion of this per time unit is equal to the current strength,
divided by 96500, hence:

am Od
By el if O 1s the surface of the anode.
It further the volume of the solution is V, then M = F(,, and

consequently : )
dC, Od 0D,

—_—— o l—a) C
& 065007 —8edo0 g7
from which follows:
86400 JV° Cup
tm —————— X 2,3 19, — . . .. . (3
0D1 (1"‘”) X g (Clc) ©

It appears from this equation that for a given value of (}; and
Cie the analysis will proceed the more rapidly as d is smaller,
consequently as the stirring 1s more vigorous, the volume is smaller,
n is smaller, and O and D, are greater. D, may be increased by
rise of temperature. A large area of the anode is particularly de-
sirable here because the depesited silver chloride covers the metal,
and the cffective area becomes, therefore, smaller during the analysis.

The electro-analy tical determination of the halogens has been fully
examined by Swmira') and his collaborators, and the recorded results
are salistactory. The method for chlorides bas appeared to give the
best results when the solution contains a sufficient quantity of
OH-ions. to form AgOH with the silver, when the chlorine ionsare
alinost consumed. In this way the loss of silver of the anode is
prevented. In consequence of the precipitated AgOH the anode
weighs too heavy, but the silver hydroxide can be easily decomposed
by heating, so that the increase of weight now actually gives the
deposited chlovine. There always remains a deficit, however, as not
all the chlorine from the solution can be deposited. TFor the
other halogens the error will be smaller than for chlorine, when
the same method of working is followed.

The difference between the three halogens appears clearly from a

vesearch by REepy*®), who found a deficit of 0.2 °/, for a diluted acid
¢

s

) 1) Smirm, Electroanalysis.
9 Amer. ‘ourn. of Science. (4) 40 (1915) 281. 400,

—,
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sulution of iodide, of 0.8/, for bromide, and of 20 °/, for chloride.

That the error for chloride is so exceedingly large, larger than
is necessary, is owing to Reepy’s method of working. He wanted,
namely, to precipitate halogen, till no more than 0.1 mgr. was left
i 200 cm® of the solution. For this purpose he calculated the potential
which a silver electrode covered with AgCl presents in a solution
of 0.1 mgr. per 200 em?®, and then carried out the electrolysis for
this constant anode potential. Hence ihe halogen concentration at the
anode was kept constant, and ¢;, 11 equation (1) had the value
0.000014 for Cl, the value 0.000007 for Br, and 0.000003 for I.

The ratio of the quantity of silver halide, which precipitates in
the liquid o that which precipilates on the anode is according to (1)
d, D, L -

) dl_.Dl C"‘]a
As now Ly, is about 1.4 X 10-10, Ly.m 5 X 10—13, and

. . . .
Lagr 10716, T’ becomes 0.7 for chlorime, 0.01 for bromine, and
[¢; - t

1
0.001 for iodine. 0
The value calculated here for silver chloride is much greater than
that of Reepy, which can be explained by this that the values of
¢ used are not very accurate. When ¢y, differs little from V'L, a

' d

small error in ¢, gives a great change in the value j For AgBr
w1 . i

and Agl, where ¢y, is much smaller than V'L, an error in ¢yq brings

d
about only a small absolute change in (7’—
1
As for 1°/, bromine that precipitates in the hquid as AgBr, about

11/, times the amount of silver of the anode dissolves, the total
error calculated for the bromine determination is about 2.5°/,. In
the lodine determination it amounts to about 0.2 °/,. It appears,
therefore, that in (hese latter determinations ihe calcu'ated error
corresponds 1 order of magnitude with the deficit in REEpY’s deter-
minations.

,As was alread) observed above the delermination of chlorine as
stlver chloride can be made more accurate than was done by Rerbpy,
For this purpose the concentration of the chlorine ions at the anode
must he kept at a higher value, e.g. 1 mgr. instead of 0.1 mgr.
per 200 cm®.

Further Reepy has determined some current potential lines, as they
have been drawn in fig. 2 of the first paper, among other things
for KT (fig. 3 p. 286 ReEpy). A quantitative comparison of the theo-
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retical and the experimental line 1s not possible. Qualitatively the
agreement is perfect. It appears from the course of the lines 1 and
2 in fig. 2 that the middle of the horizontal part of these lines lies
at a concentration equal to VL. Hence af ¢1o = 10~ & for Agl, which
corresponds with a potential of 4 0.34 Volt. It appears from Reepy’s
line that the middle of the horizontal portion really lies at this potential.
This is different with a line given by Rutpy for AgBi1O, in 0.5
molecular KBrO,. Here the middle of the horizontial portion lies al
about 0.470 V, corresponding with a siver ion concentration of
10—6. Then the product of solubility of AgBrO, would be 1012
This value is much too small for AgBrO,. For the solubility Borreer *)
found 7 % L0—3 mol. per L. As for this dilution AgBrO, is almost
totally ionized, the product of solubility will be about & X 10-2.
The product of solubility found from Rerpy’s line, is therefore cer-
tainly not that of AgBrO,. Its value agrees pretty well with that
of AgBr, which leads us to the supposition that Ruepy’s line does
noi refer to AgBrO,in KBi0,, but to AgBr in KBr, which might be
the case if the bromate used was contaminated with bromide. This
supposition is supported by what follows. For the pofential of
AgBrO, m 0.5 wmolecular KBrO, without polarisation Reepy finds
0.400_ V., wlich yields a product of solubility for AgBrO, of 10-7.
As was demonstrated above this value is too low. If we assume the
measnred potential (o refer to AgBr in KBr, the solution used would
have to contain 10— KBr, for which it would be therefore neces-
sary that the bromate used was contaminated with 0.002°/, bromide.
Besides, the length of the horizontal piece in the line of Rukpy
is slightly more than 0.1 Volt, as is required for a silver salt, for
which /L =10-% in a solution which is 10— molecular at the
anion. For AgBrO, in 0.5 molecular KBrO, the horizontal portion
would have to be about twice as long.
o 7. 2 ¢In fig. 1 the line found Ly Rempy 15
‘ drawn, the dotted line 1s the calculated
one of AgBr in 10—5 n . KBy, in which
the scale of the current densities is
chosen so that a point of the calculated
line coincides with a point of -the found
line.
It appears that there exists a satis
. factory agreement belween these two
o o5 °6% lines, when it is borne in mind that’

1) Z. {. physik. Chemie. 46 (1908) 602. ;
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the value of 10-3 of the bromine ion concentration is correct only
in approximation.

If we assume that the product of solubility of AgBrO, is 5>X10—73,
the concentration of the silver ions is 10 -+ in 0.5 molecular KBrO,.
The current tension line of AgBrO, in KBrO, would not begin
therefore before 0.57 V., and would thevefore be-a continunation of
the one drvawn in figure 1.

5. Anodic formation of metal comptunds in the,solution.

In the preparation of insoluble metal compounds by electrolytical
way according to Lioickow, we wish to attain that the precipitation
does not form on the anode, but in the Liquid. The conditions for
this follow immediately from figure 3 of the firsi paper and from
equation (43}

1t is clear that we shall have (o work with a current density
greater then the critical density hence:

(Z> 1—];’_}—?{_0101 _-chz) :

The ecurrent density need only be little greater than this value
to make all the precipitation form in the liquid. This condition
will the soouer be satisfied as C, is smaller and J greater. That is
to say that the concentration of the anion, which gives a precipitate
with the 1netalion, must be small, and the liquid should not be
sticred or only slightly. These are the very same conditions as
Luackow gives for his mode of working.

6. Electrolysis of solutions of compler salls.

In the electrolysis of solutions of complex salts, e.g. Ag,(CN),
dissolved in KCN, a precipitate can be formed on the anode under
some circumstances, in this case of Ag,(CN),. ’

This very greatly increases the resistance, and enfeebles the current,
so that it is necessary to prevent the formation of this precipitate.
It is now easy to indicate at what current density this precipitate
will be formed.

In a solution of Ag,(CN), in KCN exist the equlibria:

+ —_ —_
Ag + 2CNZ Ag (CN), ‘
and | ‘

- +
Ag(CN), + 49 2 Ag,(CN),.

— + —
If we call the concentration of Ag(CN),, Ag,CN and Ag,(CN),
¢y, € ¢, and ¢,, then
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: e, =Ke, . . . . .« . . . (4
and
oy, = K¢, S ()

When the solution is saturate with respect io Ag,(CN),, (5) passes
into:

o, =>L . . . . . . . . . (54
where L is the product of solubility of silvercyanide.

Now a precipitate will Le formed on the anode, as soon as
¢2¢1. has become L, and the electrolysis will have to be condncted
$0 thal czeciq remains < L . ¢iq, C2, ete. denotes the concentration
close to the anode, C,, C, ete. denoting the concentration at the
boundary plane of the diffusion layer with the rest of the liquid.

According to § 2 of the preceding paper, the quantity of cyanogen
ions diffusing per second towards the anode, is equal to:

D, C;-cy
86400 d

So long as no Ag,(CN), is precipitated, these will form 1ons
Ag(CN), which move away from the anode through diffusion. The
quantity of this ie given by:

'D1 Gla— C’l
86400 ¢
From which follows that:
2D (6ja — C)=D,(C, —¢39). - - - . « (6)
The current density is: ’
d=1.117 D, ““‘;C‘ 7)

This current density is therefore mainiained through the cyanogen

ions diffusing to the anode, and ions of Ag(CN), being formed
there, which diffase away from the anode. If the current density
is increased, it will attain a value at which not enough ON diffuses
to the anode for Ag(CN), (o be exclusively formed: also Ag,(CN,)
will then have to be formed at the anode. When the current density
is regulated so that the solution at the anode is just saturate with
Ag,(CN,), but no appreciable quantity of Ag,(CN,) is deposited, the
equations (6) and (7) hold, and at the same time:
Cagbtg=4L. . . . . . . . . (b
and
C2q Cia® = K ¢1, . e e . 4)

From &), (5a), and (6.) follows:
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2D, C,+D,C,
Cig ==

K’
. 20,40, 7

and from (7)
K
D,.C,—D.C —
1i17 | T 1i/ -
d= D L. N ()]

3] ! N
\ 20,40,/

K o '
7 Is very small for silver cyanide, about 10—, and when

4

(8),

C, is not very large with respeci io C, we may write:
1.117

d=="""D,C,. . . . . .% (10)

2d
This equation gives, thevefore, the current density below which
no deposition of a precipitate on the anode takes place. ‘

It appears from 1t that this current density is the grealer as the
concentration of the complex former is greater, the diffusion coeffi-
cient greater, and ¢ smaller. By means of vigorous stirring and
mcrease of temperature we can work with a greater current density.

For the resi the carrent densily, at which the anode is covered
with a precipitate, is about the same for all complex salts (for a
same value of (), the coefficient of diffusion differing little. Of

K
course this holds only when [/ 7 is small. The values of K

and L have, therefore, no influence. When now j{Jg is  not
very small, or () great with respect to C;, equation (9) must ‘be
used instead of (10). The current density 18 now smaller, the
nomerator bemg smaller and the denominalor greater than in {(10).

The potential, at which the deposition of Ag, (CN), begins, is
found by substitution of (9) in equation (16) of the preceding paper:

‘?J)C—‘U(’[/
9D+J)|/
4

K
JJ,,C,,I/ Z 20,0, Z

E=2¢+4 0.058 oy K + 0.058 loy

— 0.116 *log 'y
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If, therefore, a current densitly prevails given by equation (9), the
liquid just at the anode is saturate with Ag, (CN),, but not in more
distant parts of the diffusion layer, as here the concentration of CN
is greater, and the silver cyanide dissolves under formation of Ag (CN,).
Hence the layer of silver cyanide will not become thicker for constant
current density. '

If the current density is increased, not enougl CN-ions will diffuse
to the anode to form again complex ions with the Ag,(CN), formed

by the A\:gj'_—:}- Ag(CN),. Part of the cyanogen ions will now yield
Ag.(CN), with the silver of the anode. This part will be the greater
as the current density is greater TFor a given value of the latler
practically all the Ag(CN), and CN will be consumed to yield
Ag,(CN), at the anode. For a still greater value of d the silver will

+

then go into solution as Ag.
So long as the Ag,(CN), is deposited only on the anode and not in
the liquid, the following equation holds with close approximation :

1.117 ‘
d:TIDI (C1—e¢10) + D, (C,;—c',.;,,)-]. ... (13

or in connection with (4) and (5a):

dz-l-#[pl((y_ﬁ +1)3(03_Vj'([‘)}. (1

C2q / G

This equation combined with:

E =g+ 0.058 **log ¢2¢ .
yields the current potential line.

When at last the current density becomes so great that the quan-
tity of Ag(CN), and CN diffusing to the anode, is not great enough
o maintain this current density, silver ions will also go into solution,
which precipitate at some distance from the anode as Ag,(CN),.
This corresponds then with the precipitation of AgCl in the liquid,
as has been treated in § 4. These two cases are, however, not
properly comparable, as at the precipitation of AgCl the liquid is
everywhere saturate with AgCl, whereas in the case of Ag,(CN),
the liquid in the diffusion layer is saturate with silver cyanide up
to a certain distance from the anode, but not the whole liquid.
Consequently an equation of the current poteniial line will hold here
which agrees with that for AgCl in its main points, but not entirely.

Fig. 2 gives the current tension line of a solution which is 0.1n
with vespect to Ag(CN), and 0.1n with vespect to CN. The. portion
B4 holds for cathodic' polarisation, AE for anodic polarisation.
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d Anodisch £
Fz‘é 2 6 D y H
F ¢
E
A
;]
Kathodisch, i

From 4 to ( exclusively Ag(CN), 15 formed. At C the deposition
of Ag,(CN), on the anode begins, from C to G it becomes greater
and greater, al G besides the deposition of cyanogensilver on the
anode; this compound also begins to precipitate in the Jiquid; at D
the quantities of Ag,(CN), being deposited on the anode and in the
ligmid are equal, and finally from H io K the cyanogen silver
precipitates practically exclnsively in the lignid.

It is clear that in practice a currenl density will be worked with
which is smaller than #. It is, indeed, possible io make the current
density somewhat greater than / without Ag,(CN), being deposited on
the apode, but this slight increase of the current density gives a
very great increase of polarisation-tension, which can amount to
about 0.4 or 0.5 V. A too great current density at the anode, there-
fore, gives rise here to an appreciable loss of energy.

, Chemical Laboratory of the University.

Amsterdam, October 19186.

Physiology. “An eract method for the determination of the position
of the eyes at disturbances of motion.” By Dr. C. Orro Rogrors.
(Communicated by Prof G. vay RunNsegk).

(Communicated in the meeting ol October 28, 1916).

2

In a communication to the Meeting of the 264 of January 1916 1
indicated, in what way it 1s possible to calculate the position of
ihe axis vound which the eye has, as it were, turned, when we
know the abduction, deorsumduction and inward rotation, caused
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by a contraction of the m. obliguus superior. There exists however
hardly any suitable method exactly fo ascerlain the position of the
eyes. We shall at all events best succeed, if binocular vision exists’
(which will, as a rule; be the case for a paralysis or paresis) and
we can make use of the position of the double-images for the
purpose we have in view.

In the *‘Zeitschrift fur Augenbeilkunde” Vol. XXXV, N 4 Huss
indicates a method, based on the subjective localisation of the double-
images. For clinical purposes this method is as a rule sufficient and
highly to be recommended, for physiological investigation it can
however not satisfy all the requirements that may be wanted.

I have tried to find a method that is more suitable to a similar purpose
of which 1 intend to give here a description. Binocular vision
and good correspondence of the retina is for this method likewise
required. .

The purpose of the investigation will consequently be exactly to
ascerlain the position of one of the two eyes, whilst the other eye
has obtamed a determined direction of regard by looking at an
indicated pomt of fixation.

For this purpose the patient is placed directly opposite a verlical
wall, at a distance of at least 3m. Directly in front of the patient,
at a level with his eyes, a pomnt O 1s marked on the wall. Now
we suppose, that the distance from O to the point of rotation of
the eye is —a and thal when ihe Lead 1s erect and at binocular
fisation of (), both the eyes, are in the primary position, conse-
quently in the position from which the normal eye moves according
to the law of LisTinG.

As second point we apply to the wall the point @ which must
serve as point of fixation. In some cases we can make the points
O and @ coincide as Fig. 1 indicates. I

0 Ao -
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Fig. 2 gives an example of the more general case that these
points do not coincide.

a&j?,z

The investigation is to be separated into two parts. In the first
part we shall describe the investigation into the direction of the
line of regard, whilst in the second part the investigation of the
rotation of the eye round its line of regard-~is treated.

The purpose of the first part of the investigation is o find the
point P, where the line of régard of the examined eye cuts the
wall, whilst the other eye fixes the point Q. )

For this purpose we place exactly for @ a luminous point
(short candle-flame) and place before the examined eye the rods
of Mappox in a trial-frame. As long as the investigation lasts
the fixing eye must’ constantly look at the point . Now the rods
of Mappox in the trial-frame are turned till the luminous red line
that the examined eye observes, apparently goes through Q.

We know then that the red line on the retina goes through the
fovea of the examined eye. Now we remove the flame from @ and
move it in a circle round @, whilst the rods of Mappox before the
examined eye have remained unaltered in their places. Twice
the patient will then observe that the red line goes apparently
through Q. The points where the flame is at these moments (@’
and Q") are likewise marked on the wall. We know thai we can
draw straight lines through the points Q, @, and @', which will
likewise go through the point P, on which the line of regard of
the eye behind the rods is directed, which we want {o find. As on
account of the unaltered position of the rods, the observed red line
can only move parallel to itself, these three lines which contain all

§
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threec the point P, must coincide. Conseguently "/ must lie on the
line @ Q Q" ‘ b

Thereupon we turn the rods of Mappox in the frial-frame about
90° and now move the flame along the line Q' 1 Q" or ils prolon-
gation. At a given moment the red line will again apparentiy be seen
in Q. This point is marked and will. as can easily be understood,
be the point P we were in search of.

How are we now to describe more accurately the position of the
point P, which we have found, or the direction of the line of regard ?
For this purpose we can follow two ways. In the first place we can
express the direction of the line of regard in its abduetion or adduction
and in its deorsumduction or sursumduction.

By abduction and adduction we understand the smallest angle that
the line of regard makes with the sagittal plane. If now we seck a
formula for the abduction (4), then we shall call OR positive, when I2

lies temporally from O, so that the formulais: t¢ A = —~_:0R~——
Ve + PR

If OR is negative, then fy A isniegative and there exists adduction.

By deorsumduction or sursumduction we shall understand the smallest
angle that the line of regard makes wilh the horizontal plane. 1f
now we seek a formula for the deorsumduction (/) we shall call
PR positive. when £ lies under the horizontal line, so that the

PR
Ve & OR -

If PR is negalive (as in the Fig. 1 and 2) then #y D isnegative,
and there is sursumduction. We have not to take account here of
angles larger than 90° If we wish {0 indicate the position of the
line of regard in the manner as HeLmnorrz has taught us (inclination
of the plane of regard) then the deorsumdnction 1s expressed by the

2
formula: ty D’ :%]—B
\ .

A second method of describing the direction of the line of regard
is the following one. In the first place we can calculate the angle,
that the line of vegard in the position we have found, makes with

formula is: {7 D=

‘the line of regard in the primary position, and afterwards the angle

that OP makes with OR. We shall call these angles respectively
or VPR 1 OR*
£ H and / « For s H the formulaisig H—=—= ~_*j_‘_9j__
/ T @ aQ
PR nd 1 PR
gy —— 3 ] U= —.
VPR LOE . OR
As « can have all values from 0° {0 360° we shall agree, thai

o For  « the formula is sin« =
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/ « is calculated from t(he horizontal plane temporalward downward.
In Fig L OF lies consequently in the third quadrant, i Fig. 2 in
the fourth guadvant. If now we call OR positive, when R hes tem-
porally and PR positive when [/ lies under the horizontal plane,
then two values will in general satisfy the formula for sin «,
and also two thal for {y e, but only one value will satisfy both for-
mulas , consequently , « 1s determmned.

For the first part of the investigation we have consequently cal-
culated the angles A, D, H and « from 'the data a, PR and OR.

In the second part of the mvestigation we must learn to know
the rotation of the eye vound its line of regard. If we call the
position thai the eye must assume according to the law of LisTiNG
during its different directions of regard the normal position, then we
can make it our rask to ascertain, if, how much and in what direction
the eye has votated round its line of regard in relation to that
normal position.

Let () again be the point of fixation and P the point where the
line of regard of the examined eye cuts the wall. Now we place a
source of light in P and hLold before the examined eye again the
rods of Mappox, as perpendicularly o the line of regard as possible.
We now nove the rods mn their plane so long, till the red line is
apparently seen horizontal (as the thin dotied line in Fig. 3 going

- 472’7 3
£
/\/ \\
\\‘ g

? |

7|
+ .
A 0

N

+

through € indicates). Leaving the rods in this position we remove
the flame from P and move it in a circle round P. The points
where the flame is, when the red line goes again apparently through
Q (namely P' and P") are marked, and il neéds no further demon-
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stration, that F PP" is a line, that 15 observed by the examined
eye as horizontal, i.e. forms an image on the horizontal meridian
of the retina. If now we represent to ourselves a plane through the
horizontal meridian of the retina and P’ PP" and likewise a plane
" through OP and the meridian of the retina corresponding with it,

| i

; then in normal cases, the angle between these
two planes must be equal to / POR, We
must however take into consideration, that
the angle between the mentioned planes is
not expressed in the angle OPT, because the
. wall does not stand perpendicularly to the
secant line of the two planes, namely the
line of vision (coinciding nearly with the line
of regard). If we represent to ourselves however
. a plane in P perpendicular to the line of
regard and further a globe constructed with P as central point and:
PO as radius (vide Fig. 4) then it is easy to see, that in the
rectangular sphericai triangle ST T t9 SPT" = cos S tg SPT ov
cot O'PT' = cos H cot OPT.

If we call / O'PT'= , B, then the difference between  gand
/. POR indicales the rotation we wanted (o find.
tg POR—tg8 PR ~ ROty
1+ tgPORtgR~ RO-+PRiyB

tg (POR—B) =

OPT
and as g g = — the rotation (R) is expressed by the formula
cos

PR cos H—RO tg OPT
RO cos H+ PRty OPT’

Consequently we have {o calculate ¢y OPT. If we no longer
regard 7" as the point of intersection of /" with the spherical surface,
but as the point of intersection -of F'P" with the perpendicular
or
_ PT"

- We must however carefully pay attention to the marks (=)
in order to find the exact value for the rotation. lu concurrence
with the first part of the investigation we shall call PR positive,
when P lies under the horizontal line and RO positive when R
lies temporalward from the vertical line. If now we express
»~ POR in ifs tangent, ¢y POR is positive, when /P lies under the
hovizontal line and temporalward from the vertical line or over
the horizontal line and noseward from the yvertical line.

We shall likewise call 07 positive when O lies under the line
50

ty B =

to PP passing through O, then: tg OPT =

Proceedings Royal Acad. Amsterdam. Vol XIX.
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!
PT and PIT posiiive, when 7' lies temporalward from P; conse-

quently #7 OPT will be ‘positive, when () lies under PT and

temporalward from P or over PT and noseward from P.

If now we apply this rule, we shall find a positive value for the
rotation, when the upper part of the vertical meridian of the retina
inclines too wmuch tempmalwald a negative value- when it inclines
too much noseward.

For all our caleulations we have consequently to measure on
the wall: OR, PR, O7 and PZ, whilst the distance from the eye
to the wall must be known. o

Now we can ask how the axis lies, round which the eye would
have to come from the primary position into the position we
have found. - -

Some formulas for ils calculation have been given in the communi-
cation mentioned above. I think it a good plan to repeat these
formulas again, mot only because this gives me an opportunity to
correct a few tronblesome printer’s errors, but likewise Lecause I
can call attention to the fact, that these formulae do not serve
exclusively to find the axis of the m. obliquus superior, but that
they are of a much more general signification. In the former
communication the rotation was called positive, when the upper part
of the vertical meridian of the retina inclined nose-wardly; in con-
nection with what is generally understood by positive cyclophory,
I suppose, 1 have been obliged to rectify this likewise. )

The formulas mentioned run consequently :

sin H=Vsin® 4 + sin> D

tg'), H .

& puding y — S & rFQVvQ ) 3 3 .
o= R (u is always less than 90°)
€08 A = ——-:::;;(sml? cos *[,B — sin A sin '/, R)
(08 P = — (stsm 1, R+ sin A cos '/, R)

sin H

in which H = the angle between the line of regard in the position
we have found and the primary position, 4 = Abduction, D =
= Deorsumduction, £ =— Rotation temporalward. 2= angle of the
anterior half of the axis of motion with a-as (temporalward). u=
= angle of the anterior half of the axis of motion with y-axis (for
ward, »=angle of the anterior half of the axis of motion with
z-axis (upward). The sign before p indicates the direction in which
the eye has rotated.
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Mathematics. — “The pronitive divisor of am—1”. By- Prof. J.
C. Kvuyven. - e o

{Gommunicated in the meeting of November 25, ]9f6).

The binomial equation »— 1=20 has M = (m) special roots,
which do not belong to any binomial equation of lower degree.
Denoting by » the integers less than m and prime to m these special

AR
roots are of the form a,=¢ ™ and the product .
I (2) = O (v—=.) )
4

- [

is called by Kronkcker the primitive ‘divisor of xr—1.

It is shewn that J, (#) cannot be resolved’inio rational factors
and that the decomposition of w»—1 into rational prime factors is
given by the equation

an —1 = I Fy (),
m
where  is successively equal lo-the different divisors of m, unity
and m itself included. .
By inverting this formula in tlie nsual manner, we infer that.

[ .
By (@)= oM F, (—) = H(ed—1)rd) = J1(1 i) (@,
v d/"l d/"l
(dd' =m)

In this fundamental equation p(d") stands for zero, if ' has a
square divisor and otherwise w(d') equals 41 or — 1, according
as ' is a product of an even or of an odd number of prime numbers.

From this expression of [, (z) the following properties of the
primitive divisor may be deduced.

I. If m=mnm, and n, and n, are relatively prime, then

V2 R IPINNY -

a . N »

. e
Fo(2) = U Fy (29) (d) .
: a0, ‘
IT. The greatest common weasure of F,, (+) and F,, (x) is B, (2),
n, and n, being prime to each other.
[1I. If m has at least two different prime divisors,.then £, (1) =1,
but Fn (1) =p, when m is a prime number p or equal to a power of .
IV. If m rvesolved into prime factors is of thé “form ‘m =
= p P2 . pe® and m, denotes the product PPy - - - Pis then

P

e ety rmy MO TR e b

< P =8, (o).

From this proposition : it. follows that:in order -to- find a definite
50%

.o :\e‘, [ ,
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expression for the polynomial 7, (#), we need only consider the case
that m has no square divisors, and a further limitation is still possible.
[n fact, when m having a single factor 2 is equal to 2n we have
Fo (2%
Fop(#) = ——— = F, (—a), -
o) = o= Fa (=)

and thus the construction of the primitive divisor in general is made
to depend on the case thal m is a product of unequal odd prime
numbers. l

V. Let p be a prime number not dividing the integer » and
m=pn, then

-

Fyz)y —1 is divisible by a—1-—1,
when n is not a factor of p—I.
On the contrary. when p—1=1'n
ar-1—1
Ffa)

Fu(#) — 1 is divisible by
and
Fouz) —p is divisible by F,().
VI. Tet p be a prime number not dividing the integer 7 and
m = pn, then
Fu(@) — ar#) is divisible by a4+ — 1,
when 7 is not a factor of p 4-1.
On the contrary, when p 4 1 =1/1n
artli—1
Fu(z)

Fo(d) — are) is divisible by
and
Py -+ parea) is divisible by F().
VII. The sum of the roots @, of the primitive divisor /7, (+) is
equal to u(m).
VIII. Denoting by D the greatest common measure of the integers
& and m and supposing m to have no square divisors the sum of
the 4™ powers of the roots x, is equal to
1 (m) @ (D) g (D).
From the known values of the sums X'ak, £=1,2,3.... the

coefficients Ap of the polynomial
Fo,@Y=A4, + Az 4+ A" + ...+ dpyad

might be calculated, but we may proceed in a slightly different way.
Supposing w7 to be a produect of unequal odd prime numbers the
integers r less than m and prime {0 m may be arranged into two

.
o
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m
or —1. This implies an arrangement of the roots of £, («)- We have

v
groups according as the LEGENDRE symbol (-> has the value -1

2zie
¢

the rootsu=—=¢ ™ ,Where< ): + 1 and an equal number of roois
m

27’ '

— ¢
w=—¢mn , where (——) = —1.

m
Now by proposition VIII we have
Zuk + Zu'k = p(m)w(D) (D),

but al the same time we infer from Gauss’s theorem

1
£ —(m—1)
Suk — Dyt = (——)z‘* ) V'm,

© u m

Hence the sums = u* and: T «* may be calculated separately

u u

and if we introduce the conjugate (real or complex) irrationalities

1
— (n—~1)*
=14 fuen) + i+ "7V md,

1 o
=1 fuem) — i+ "y,

it will be found that there exists a polynowial f» (¢, n) = II(¢—u),

u
linear in % with real integer coefficients, having the roots u and
also a quite sunilar conjugate polynomial f, (¥, )= I (v — u),

13
having the roots '

As obviously
L (@) = fun (wm) X fn (077)
it appears that.by adjoining the irrationality 7 to'the set of real
integers the polynomial £, (2) has become decomposable.
M
The values of Zuk and 2w for £=1,2,38,..., - being calcu-

u 173

lated, it would be possible to find the coefficienis of either of the
polynomials f, (v, %) and £, (s, ), but 1 will only apply Gauss’s
theorem lo dednce a tolerably regular expression for tlieir product
F, (@)

If we substitute for « successively the roots u and u' in the
identity

- k=M
wly(e)= X Ayattn,

=0
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the application of the theorem gives at once

n—1 h=J/ k
. O—Eu”]fm(u) —_ Ez&"lf,,l(t¢)~74( >|/m§.' AL( —}—n)’
=0 m

o/
and hence :

h=M !
= Ak (l—ﬂ) = 0. -
=0 m

From this velation we obtain taking n equal to 0, — 1, —2,. ..,
— M +1 a set of M equations from which the ratios of the co-
efficients A, can be solved. In fact, these M equations must be
mutually independeni, because they are equivalent to the ordinary
Newron and WarinG reldtions between the coefficients of an algebraic
equation and the sums of similar powers of roots.

Joining to the M equations the equation

]):411
.Zﬂm (fb') == 2 ./l-]lxb'h,
h=0

we may eliminate the coefficient 4, and introducing a determinate
constant C' we shall find
1 o

@@ Q@
i 1) ) ()
2@ 0 @)

m
—]l/I-{—l)(—M-{—Z —ZV[+3 (M-{—Al 0 1
m m m m o m
Observing that the term «¥ in £, (z) has the coefficient < 1,
the constant (' is veadily determined as a symmetric or as a skew
symmetric determinant.
As we already remarked proposition VIIT in 1itself suftices to cal-
culate the coefficients 4 and it is evident that in this way there might

be deduced a second determinani also representing F, (#). To obtain
this second determinant we have only lo replace everywhere in

k
the first the symbols (—) and( ) by u (l)) ¢ (D), when D 1s the
m m

greatest common measure of 4 and m, laking D=m for L =0, and
it is rather remarkable that notwithstanding the dissimilar character
of the elements of these determinanis both represent one and the
same polynomial.

oM

)

!
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If m 1s prime, we have M = m—1 and the determinant repre-
senting £, (#) by adding to the first column all the other ones is
immediately reduced to the polynomial I 4 & 2*+4 ... fam—1L
In the general case the coetficients of 7, () are not of so simple
a character as perhaps might be presumed. Only two of them, the
coefficients A, and Ay—;, take the simple value — u (1) and there-
fore I may end with the proposition

IX. If m is the product of unequal odd prime factors, then

w(m) X

0

)

5 @) ()
MOE
e

(M_g

et

() ).

) () (5
@ 0
B @)

Thus 1t 18 shewn that the s; mbol g (m}) 15 expressible by LEGENDRE
symbols only.

Pathology. — “On passive immunisation agamst teienus.” By Prof.
Dr. C. H. H. Seronck and WinHELMINA HaMBURGER, Arts.

(Commumcated in the meeting of November 25, 1916).

As known, the injection of a heterologous serum not seldom
causes symptoms of disease, and experience teaches us, that the
injection of a large quantity of serum oftener causes the so-called
serum disease than the injection of a smaller quantity. Hence the
endeavours of the serum institutes to prodnce an immune serum
with high titre, so that the injection of a small quantity of serum
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will be sufficient. For the same reason in somne countries a minimum
titre has been preseribed by law for a few sera. In Germany e.g. it
has been fixed by law that antitetanus serum has to contain at least
4, diphtheria serum at least 500 antitoxic units (A.U.) in one c.c.
serum. R

As, regarding the pdssibility that also our country might be drawn
into the war, great quantities of autiletanus sernm had to be pro-
duced, to immunize the wounded against tetanus, the question rose,
whether indeed there ave sufficient reasons to refuse an antitetanus
serum that contains less than 4 A.U. in 1 c.c. for this purpose.

The vresearch we have made to answer this question, has given
a surprising resull. For it has becotpe clear to us, that the cheaper
anti-tetanus serum with, a titre of 2 A.U. is not only fit to immunize
the wonnded, bar that it is even to be preferred- for this purpose to
the much more expensive product with a titre of 4 A.U.

Whilst in the beginning of the Buropean war many died of

letanus, this dreaded wound-disease has now, so to say, entirely
disappeared, thanks to the prophylactic injection of 20 antitoxic units
into each wounded man. At present little is known about the titre of
the antitetanus serum, which is used in the warfaring countries for
prophylactic inoculations. Referring to Germany however, we have
been told, that they inject serum of 4 A.U. as well as serum of
2 A.U. When there came a shortness of tetanusantitoxine of 4 A.U.,
the German Gouvernment also allowed the injection of a serum
with a titre of 2 A.U.

According to theoretical considerations we had come Lo the suppo-
sition, that the passive immunity caused by the injection of 20 A.U.
in 10 c.c., is not quite identic to the injection of 20 A.U. in 5c.c.,
as in the latter case the inoculated antitoxine might disappear sooner
out of the organism than in the former case.

It is not to be doubted, ihat the injection of horse serum causes
the development of antibodies, which attack the horse serum and
destroy it. Hence that from the 5t till 7 day after the injection,
when in the mean time a certain quantity of antibodies has becn
produced, the horse serum and also the antitoxine for an important
part disappear out of the blood, as Desse and Hampureer') demon-
strated. That the tetanus antitoxine and the horse albumen disappear
out of the blood at the same {ime, is veferred by these vesearchers
to the fact, that the antitoxine is chewmically united to the horse
albumen. :

After the 5t till 7% day a certain quantily of antitoxine and

) Wiener klin. Wochenschrift 1904 and 1905.
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- horse albumen may remain circulating in the blood for a longer or

shorter time.

According to Lumaire,*) who investigaled Low long the horse albu-
men can be shown in the blood of children that received an inje¢tion
of diphtheria seruam, also produced by-horses, this albumen remains
present for at least 10, and at most 50 days.

That horse albumen remains circulating longer in one individuoal
than in another, is referred until now {o the fact that the production
of antibodies individually differs a great deal. The more antibodies
the organism produces, the sooner the horse albumen will disappear
out of the body.

According to our supposilion a second factor is of influence upon
this, namely the guantity of horse serum.

We have experimentally proved the rightness of this supposition
in the following way :

Two goats of aboul the same age aud size, got each oue subeu-
taneous injection of antitetanus serum, which we had obtained from
horses and accuralely tested. One goat (A) eot 80 A.U. (Bemrine-
Enruicn) in 20 c.c. serum, the other (B) 80 A.U. in 40 c.c.
serum. Afterwards both goats have been bled four times, namely
on the 10, 170, 24™h and 3ist day afler the inoculation. With the
serumm with which these bleedings supplied us, a great number of experi-
ments have been taken on white mice, Lo determine, if the antitoxine
disappeared sooner out of the blood of goat A than of goat B.

Every time increasing doses of goat serum were administered
subcutaneously into series of mice under the skin of the back. Exactly
after 24 hours  these mice and also a control-mouse got a lethal
dosis of tetanustoxine under the skin of the left hind-leg, which killed
the confrol-mouse regularly in 3 days. This constant toxic action
has been reached by using a {etanustoxine, filtered through a Cram-
BERLAND filter, precipitated by means of sulfas ammoniae and dried
in vacno; from this toxine every time 50 m.g. was taken for each
experiment, dissolved in 10 c.c. physiological salt solution; from
this, a hundred times diluted solution, 0.3 c.c. has been injected
into each monse. ‘

The sera we got from the first bleeding, proved to act equally
immunizing. Those from the second bleeding (17 days after the
inoculation) on the contrary, did not show any more an equal
immunizing action (see experiment n° 1).

Also 24 days after the injection the serum of both goats still
!) These de doctoral, Paris 1907.
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EXPERIMENT No 1

Goat A. Goat B,
Mouse Date Subcut Result Mouse | Date Subcut. Result
N 411 1 11 Sept.’16 0.2 ¢ c. serum N°, 414 11 Sept. {0.2c.c. serum
1z, 0.3 cc. toxine 12, 0 3 c.c. toxine
13, no symptoms 13 no symptoms
14 , local tetanus 14 local tetanus
15 , local tetanus 15, local tetanus
16 dead 16 - lives
N°. 412 | 11 Sept. 0.3 c.c. serum N2. 415 11 Sept. | 0.3 c.c, serum
12, 0.3 cc. toxine 12, 0.3 c.c toxine
18 local tetanus 3, no symptoms
14 , local tetanus 14 no symptoms
15 , local tetanus 5, no symptoms
16 lives 16 , no symptoms
|
Ne, 413 | 11 Sept. 0.4 c.c. serum N°, 416 | 11 Sept. | 0.4 c.c. serum
12, 0.3 c.c. toxine 1z, 03c.c. toxine
13 no symptoms 13 , no symptoms
4 , local tetanus 14 no symptoms
i5 local tetanus 1B, no symptoms
16 , lives 16 nc; symptotns
CONTROL.
Mouse | Date Subcut. Result
NO°. 417 12 Sept. |0.3cc. toxine
13, local tetanus
14, dying
B, dead
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EXPERIMENT No 2

Goat A. Goat B
Mouse Date Subcut. Resutt Mouse | Date Subcut. Result

No, 431 | 22 Sept. | 1.6 c.c. serum N°, 434 | 22 Sept |08c.c. serum
23 , |03c.c. toxine 23, 0.3 c.c. toxine
24 local tetanus 24 local tetanus
25 , dead 25 local tetanus
26 26 local tetanus
21, 21, ‘ Iives

No. 432 | 22 Sepf. |18c.c. serum N°, 435 22 Sept | 0.9 c.c. serum
23 , 0.3 c.c. toxine 23 ,, 0.3 c.c. toxine
24 no symptoms 24, local tetanus
25 local tetanus 25, local tetanus
26 local tetanus 26 ,, local tetanus
21 dead 27 ,, lives

N©, 433 | 22Sept. | 2.0 c.c. serum N©, 436 | 22 Sept. | 1.0 c.c. serum
23 ,  |03c.c. toxine 23 , 103c.c. toxine
24 ,, no symptoms 24 ,, no symptoms
25 local tetanus 25 no symptoms
2 ,, local tetanus 2 ,, no symptoms
27 ,, dead 27, no symptoms

CONTROL.
Mouse | Date Subcut. Result

N°, 437 | 23 Sept | 0.3 c.c, toxine
24 local tetanus

25 , dead
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showed a dislinetly immunizing action, but the serum of goat B
a- twice as great action as the-serum of goat A. (see experiment n°® 2).

Comparing the sera got 31 days after the injection, the immuni-
zing action of the sernm of goat B still proved lo surpass that of
goat A distinetly.

[t would have been clearer, if we had been able to injecl twice
as much serum of goat A as of goat B. Bul in. the mean
time the immunizing action of the serum of goat A.had declined
in such a way, that the quantity to be inoculated became too large
to be injected into mice (see experim. N°. 3

EXPERIMENT Ne 3

e —————————————————— e ara———————————————
Goat A. Goat B.
Mouse Date Subcut. Result Mouse Date Subcut. Resuit
No°, 438 | 25 Sept. | 2.0 c.c. serum Ne°. 439! 25 Sept. |20c.c. serum
- 26 ,, 0.3 c.c. toxine 2 ,, 0.3c.c. toxine
27 local tetanus |’ 27 no symptoms
28 ,, general ,, 28 ,, no symptoms
29 dead 20 ,, _| no symptoms
3 30 ,, no symptoms
CONTROL
Mouse Date Subcut. Result .

L N°. 440 | 26 Sept. |03 c.c. toxine

27 ,, local tetanus
28 dying
29 , dead

As we had to consider the possibility that the immunity of goal
B did last longer because this animal was less fit 1o produce anti-
bodies against horse albumen than goat A, we have repeated the
experiment on two other goafs.

We chose again two goats of about the same age and size, and
injected subcutaneously into goat € 80 A.U. in 20 c.c. serum, inlo
goat D 80 A.U. in 40 c.c. serum. At the 10, 17th  24th and 3]s

- 800 -



795

EXPERIMENT No 4
S e e e e e

- Goat C. Goat D.
Mouse | Date Subcut. Result Mouse | Date Subcut. . Result
No, 448 | 20 Oct. |0.2 c.c. serum N© 451 20 Oct. |{0.2c.c. serum
21, 0.3 c.c. toxine 21, 0.3 c.c. toxine
22 local tetanus 22, no symptoms
23 , local tetanus 23 ,, no symptoms
24 local tetanus 24 slight loc.tetan.
30 , dying 2, slight loc. tetan.
N>. 449 | 20 Oct. | 0.3 c.c. serum No 452 20 Oct. |0.3c.c. serum
21 ,, 103c.c. toxine 21, 0.3 cc. toxine
2 local tetanus 22 no symptoms
23, local tetanus 23 , no symptoms
24 , local tetanus 24 no symptoms
3 , dying 25, no symptoms
N°. 450 | 20 Oct. [0.4c.c. serum N°, 453 20 Oct. | 0.4 c.c. serum
21 , 0.3 c.c. toxine 2, 0.3 c.c. toxine
22, local tetanus 22, 1o symptoms
i
23 ,, local tetanus 23, no symptoms
24 local tetanus 24 no symptoms
30 , lives 25 no symptoms
CONTROL..
Mouse Date Subeut. Result

Ne°, 4541 21 Oct. 10.3c.c. toxine
22, local tetanus

23 , dead '
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. . EXPERIMENT Ne.5. - | -
-———-————————E!5zz!5!55g55!5!=5ggg5;=g!Esgggzgzssgzsggazgzzggggg

G‘oat,(..‘.. . Goat D. .

‘Mouse_| . Da_té o S_L_}bcut. o Result Mouse | - 'Date | .- Subcut. S Result-_:fi '

-

) N°."455 ‘27 Oct,( 1.6¢cc serum |- - Ne. 458 | 27 QCt:-,.: .0.8 C.Q.\S,el‘l-lm

28 ,, _;03cc. toxine ' : 28 , 35:”.’().3 c.c. toxine . o B
129, | ‘local tetanus | ... . 29 . | ' 16_)C;il tetanus -

130 | dying YT -80,, | - | 1ocal :tétar;us',‘ o

KT S dead 3, - !local tetanus-

| .1-Nov. ‘ S N | 1 Nov.| ° ' -l lives

No, 456 27 Oct. |18ce. serum | - . - [N 450 27 Oct.. 0.9 c.c. serum |
28 .,, . 0.3 c.c. toxine ._ 3 ‘ 28 ,, .. 10.3c.c. toxine _
.[+29 ,, - local tetanus | 29 " : .‘Io‘cial tetémus
30 , | dyingt b 30 . | . local tetanus '
lat o [ | dead | . |, | tocal tetanius '

.| .1 Now. K o o - 1 Nov. Jlives

No. 457 | 27 Oct. 20cc segﬁm' - |Ne. 460 27'Oct.‘ 10¢c. >serum;.
|28 ,," QLSc.c. toxine . | 28 ;,,: O.3c.c._t0xiﬁe
.‘29 , L local tetanus | - .| 20 A' Sl . no sym[")to'ms‘r
130 ., . local tetaniss | 30, - o no symptoﬁ§ _

131, ' . ; dead o |3, L no symptoms.

ll_qu;' ' . | I'Nov.| "~ |no symptoms

CONTROL.
Mouse | Date "Subcut. _Result .|
N°, 461 | 28 Oct. |0.3c.. toxine |, . |
120, _ R local tetanus
30 : . dying
8, dead

- 802 -



L .EXP_E;RIME.-’NTINZ 6. ;.

- ..~ . Goat'C ST N : Goat D
Mouse |- Date ;| Subcut. .}  Result Mouse | Date Subcut. - Result
" 'N°, 462.| 3 Now.|20cc. serum |. - |No. 464] 3 Nov.|20c.c. serum |
4 03cc toxine:| - . - A A 03c.c tdxihe
5, - local tetanus | . -5, - | no symptoms
B 6o - : . . ‘ dead - 6 ) no symptoms
T 5, | C ' 1, 1 " | no_symptoms
8 : "8, 1 - | no symptoms
'N°, 463 |- 3 Nov, |20 c’.c,»seru'm"‘ ' CINe, 465 3-Nov, 20cc. serum-| - -
4, |03cc. toxine ] . B P 4, 103c.c. toxine -
5 ,, I . Ipcalrtetan'us 5 no symptoms
6 -, dying 6 novsymptoms o
I T dead BN - ; no symptoms
i 8 ; 8 , ho symptoms
CONTROL.
g .| Mouse | Date | Subcut, _ " Result
© |Ne. 466 "4 Nov. [0.3cc. toxine | -
' 5 . - local tetanus
6 —_— : dead

day after the immunization both goats. were bLled and. the anti-
toxic potency of their serum was compared. '

As it appears from the expeuments 4, 5, and 6, the re%nlts were
eqmte confmmable to those we got for goats A and B.

-~ The result" ‘ot the expemments mentioned above, shows clearly
that, to fix: the dosm of an immune serum which has to be injected
{o* acquire an- immunity of a cerfain degree and duration, not only
attention -has t0. be- paid to the titre of the serum, as.now: generally

- bappens, -but also ‘to -the quantity. 'The quantity may ot be’ chosen.

. too small, because the organism defends itself against the heterolo-
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gous serum and is easily able to destroy a small quantity in a few
days, even if the titre is very high.

To obtain an immunity for a longer {ime, a quantity of scrum has
to Le injected, which the organism, even if il defends itself vigo-
rously against the foreign serum, cannot destroy foo soon. The
disadvantage that is attached to the injection of & large quantity of
serum, nawmely the developing of symptoms of serum disease, which
are always temporary, is not of great importance when a perilous
illnegs is o be prevented.

Relating to {he passivei mmunization of the wounded against tetanus,
which gave vise to our research, we came therefore to the conclu-
sion thal there is absolutely no cause to use for this pmipose, as
now commonly happens in our country, an antitetanus serum that
contains in one c.c. 4 AU,

The injection of 10 c.c. antitetanus serum with a titre of 2 A.U.
deserves 1o be preferred. because in this way, an equal degree of
immunily is produced as by injection of 5 c.c. antitetanus serum of
4 AU, and the immunity lasts longer.

Moreover, the results of our experiments give an importani indication
concerning the imipunization against diphtheria. Years ago, when in
all countries diphtheria serum was used with a titre of abant 100 A.U.,
it has been fixed empirically that ihe injection of 5 c.c. serum
(=500 A.U.) was sufficient to protect a child against diphtheria for
about 3—4 weeks. Afterwards in some countries the titre of tle
diphtheria serum has been raised more and more. If now, — relying
on the false supposition, that the duration of the immunity has
nothing to do with the quantity of serum (hat is inoculated —, to
prevent diphtheria, 1 c.c. diphtheria serum with a titre of 500 A.U.
is injected into a child, expecting to get in this way the same result
as formerly with the injection of 5 c.c. with a titre of 100 A.U,,
there is a great chance that the immunity, instead of 3 or 4 weeks,
only lasts 1 week.

Chemistry. — “On the Aliotropy of the Ammonium Halides”. 1117).
By Dr. F. E. C. Scarerer. (Communicated by Prof. P. Zerman.)

(Cornmunicated in the me;ting of Nov. 25, 1916).

§ 14. In § 1 I said that in the %lder literature statements occur
which point to the occurrence of two different modifications of am-
monium bromide and ammonium chloride, and that it has been
demonstrated in a paper by WarLace that ammonium bromide is

y First paper. These Proc. XVIII p. 446, Second paper. These Proc. XVITI p. 1498.
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enantiotropic. According to WaLnacg’s determninations the transition
point lies at 109° As it has, however, appeared: o me when I
repeated the experiments with ammonium chloride that the value
that WaLrace gives, is considerably too low, 1 have determined the
transition point of ammonium bromide in’'the same way as in the
first paper. I already announced these experiments in my first paper
in § 8, and 1 communicated the preliminary result that ammonium
bromide possesses a transition point at 137° at the Natuur- en
Geneeskundig Congres in April 1915%'). T have, however, been
obliged to postpone the full description of these experiments till now.

In 1916 there appeared two papers by Smirr and Bastrack; in
the former?) they communicate that they discontinued the deter-
mination of the transition point of ammonium chloride at the publi-
cation of my first paper, but that they have continued the experi-
ments with ammoniom bromide. Their conclusion derived from
determinations of the solubility in water is that the transition point
hes at 137°.8. In the latter paper?) 1t is stated that ammoninm
iodide does not possess a transition poini between -— 19° and 136°.

In what follows I will briefly give the results of my investigation
with ammoninm bromde, which as appears from the above mentioned
preliminary communicalion, agree with those of Sarra and Eastrack,
and those of ammonium iodide, which have yielded the transition
point, whiech had not been found up to now.

The resuit obtained with ammonium iodide, has already been
published by Mr. Hoocrnsooa in his Thesis for the Doctorate. *)

15.  Thermal determination of the transition point of ammonium
bromide.

The experiments described in §§ 15—18 have been carried out
with ammonium bromide prepared from hydrogen bromide and
ammonia. Hydrogen bromide was obtained by leading purified bro-
nmine (method Meerum TerWoGT) *) with hydrogen over heated platinum ;
ammonia was obtained by fractionating liquid ammonia obtained
from ammonia liguida and- leading it into water.

When we try fo determine the transition point of ammonium
bromide in .the well-known way through curves of heating and
cooling, it appears that the conversion of the two modifications into

1y Handelingen van het 15e Ned. Nat. e Gen. Congr. (April 1915) p. 242 e.seq. i
9 Journ. Amer. Chem. Soc. 38, 1261, (1916). . B !

8) Journ. Amer. Chem. Soc. 38, 1500, (1916).

4) Dissertatie Amsterdam (July 1916), p. 64 and B5.
5) Dissertatie Amsterdam (Nov. 1904), p. 6 et seq.

Proceedings Royal Acad Amsterdam. Vol. XIX.

—
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each other goes so slowly thal the temperature which remains
constant is found much higher for healing than for cooling.

The limits found in this way for the transition point, are = 124°
and 147°. The distance between them 1s, therefore, slill greater than
for ammonium chloride. (Cf. § 3). /

The velocity of conversion can, however, just as for ammonium
chloride, be increased by the addition of glycerine. (Cf. § 6). Tie
limits between which the transition poini must lie, are reduced in
this case to 137°.8 and 139°.5. Hence also with the calalyzer the
distance remains greater than for ammonmm chloride. Experiments
with glycol as catalyzer yielded 137°.3 and 140°. 1.

16.  Vapour. pressure measurements. -

1 have determined the vapour tensions of the saturated solutions
in an apparatus of the form as described by Lroronp'). No more
than for NH,Cl does the transition point express itself in the vapour

TABLE IL _
t P 103 7! logp ¢ (calc) Error Series

9.1 43.1 2.6047 | 1.6345 98.0 | _+ 0.1 I
110.35 63.6 2.6086 | 1.8035 | 110.5 | — 0.15 1
116 75 76.65 | 2.5657 | 1.8845 | 116.75 0 1
126.0 99.8 | 25068 | 1.9991 | 126.0 0 I
128.8 107.9 2.4888 | 2.0330 | 128.8 0 I
129.3 100.1 2.4857 | 2.0378 | 1202 | + 0.1 i
134.1 125.8 | 2.4528 | 2.0097 | 1345 | -+ 0.2 Il
136.3 131.8 | 2.4432 | 2.1199 | 136.25 | -+ 0.0 I
141.0 149.5 24155 | 21746 | 141.05 | — 0.05 1
144.0 161.2 | 2.3981 | 2.2074 | 144.0 0 111
147.2 174.9 2.3708 | 2.2428 | 147.2 0 Il
147.45 | 175.8 2.3784 | 2.2450 | 147.4 | +£0.05 | |1
147.8 176.8 | 2.3764 | 2.2475 | 141.6 | - 0.2 B

1584 | 2040 2.3452 | 2.3006 | 153.4 0 I
153.9 206.4 | 2.3424 |. 2.3147 | 153.9 0 1
154.8 210.3 | 2.3315 | 2.3228 | 154.65 | -+ 0.15 Il
1575 | 225.2 | 2.320 | 2.3526 | 151.5 0 1

1} Disserlatie Amsterdam (Sept. 1906), p. 64 et seq.
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tension curves, though the pressure measurement could take place
‘here with greaier accuracy. The values which were found for the
vapour lensions (in em. of mercury) with three different fillings,
and which were used for the calculations of § 17, have been combined
in table LL (p.800). If in a graphical representation we draw log p as
tunction of 7-1, one straight Ime can be drawn ibrough the found
points. A break is not to be found, ]l]Oligll the pressnre 1n the
neighbourhood of the transition point has been determined with an
accuracy of 1 or 2° . As appears from table 11 the vapour tension
line can be represented by the formula:

1927.6
1‘]

logp = — -+ 6.8302.

17. Determinations of the solubility of ammonium bromide in
water for temperatuves between 95° and 158°.

The experiments were executed in the way described in §5. The
data are combined in table 12 (p. 802); « represents the nuimber
of molecules of NH,Br, present in one molecule of the misture,
and is therefore determined by :

g e
b My, 8 . g

g i 100 g + 543.7
Myum Mpo

In fig. 7. the valnes are drawn of loga and 7—1. The values
below the transition point appear to lie on a smooth curve with a
faint curvature; the curve is convex seen from below; through the
points in the neighbourhood of the transition point, however, the
straight line can be drawn given by the equation:

/9.7

_r[l

logas —= — -+ 0.81978.

The points above the transition point lie on the line:

293.7
loga = — 5 -+ 0.12727.

The concordance between the Walues calculated from these lines
and the observalions is satisfactory as appears from table 13.
(Errov 1°/,, or smaller.)

The two straight lines indicated above yield for the point of
intersection : ‘

{ = 187.4°.
< 51*
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TABLE 12
of the solid substance in NH;Br—H,0 mixtures.

MNH4Br =07.96; MH o= 18.016.

Weight ’ Weight | Weight | Grammes
No, t | water water in | —logx | 108 7!
NH4Br H,O in vapourj (corr.) ‘ Ilggoa(r;) ]

1| 2505.0 | 1791.6 | 94.95 | 0.2 1791.4 | 139.8¢ | 0.68013 | 2.7178
2| 3091.5 | 2038.6 | 106.25 0.2 2038.4 | 151.66 | 0.6613¢ | 2 6368
3| 3155.6 | 2019.5 | 110.4 0.5 ’ 2019.0 | 156.29 , 0 65116 | 2,6083
4| 3195.0 | 1886.2 | 121.8 0.4 1885.8 | 169 42 | 0.6242° | 2.5329
51 3275.7 | 1852.3 | 128.0 0.7 1851.6 | 176.91 | 0.60005 | 2.4938
6| 3346.3 | 1850 0 | 13l.1 0.9 1849.1 | 180.97 | 0.6025% | 2.4746
7| 3647.4 | 1967 2 | 134 6 0.6 1966.6 | 185.46 | 0.59457 | 2.4534
8 | 3410.5 | 1800.7 | 137.65 1.0 1799.7 | 189.50 | 0.5876' | 2.4352
9| 4342.9 | 2241.4 | 142.05 0.4 2241.0 | 193.79 | 0.58043 | 2,409+
10 | 4220.7 | 2147.5 | 144.75 10 2146.5 | 196.63 | 0 57578 | 2.3938
11 | 3318.4 | 1665.1 | 147.65 1.2 1663.9 | 199.43 | 0.57127 | 2.3773
12| 3802.8 | 1885.8 | 149.7 13 1884.5 | 201.7¢ | 0.56754 | 2.3658
18] 4342 4 | 21217 | 152.6 | 1.0 | 2120.7 | 20475 | 0 56202 | 2.3496
14 | 3746.0 | 1779.6 | 157.95 1.4 1778.2 | 210.66 | 0.5540' | 2.3204

asy|

o

a5y,

ast|

:

ako

%

ady|

L] L

afy

aés s ’ ’

d

P '

Z _ N . 10°T"

27 26 25 24 23

Fig. 1.

- 808 -



—

\ 803
TABLE 13
Number of grammes— NH,Br to L
100 Grammes of HyO
No £ error
calculated found
4 121.8 169 40 169.42 -+ 0.02
5 128.0 177.08 176,90 — 0.15
6 131.1 180.98 180.97 — 0.0!
7 134.6 185.44 185 46 -+ 0.0%
8 137.65 189.39 189.5 -+ 01t
8 137.65 189 3! 189.59 -+ 0.1°
142.05 193.83 193.79 1 — 0.04
10 144.75 196.63 196.63 0
11 147.65 199,65 199.43 — 6.22
12 149.7 201.79 201,79 ;0
13 152.6 204.83 204.76 — 0.07
14 157.95 210.4° 210.66 + 0.17

This value for the {ransition point can, m my opinion, only
deviate a few tenths of degrees from the real value.

18. It can be derived from the results of §§ 15 and 17 that the
transition pomt of ammonium bromide lies at 137.4°, a value which
within the errors of observation agrees with the value found by
Smite and Eastnack. In the thermal determinahions the retardation
on cooling appears to have been destroyed by the catalyzers glyceiine
and glycol, in case of rising temperatme some retardation continues
o exist in spite of the catalyzer.

t

19. Thermal determination of the transition point of cmmonium
lodide. A f

[ have succeeded in demonsivating the existence of a (ransition
pointof ammonmum iodide unknown up to now by thermal experiments.

In these experiments the same difficulty presents itself as
for NH,Cl and NH,Br. On cooling a value is again found that
lies lower than thal which is, found from the cnrves of heating.
For my experimenls [ used a preparation of Scuveixe, which as
appears from the analysis (expulsion of iodine by NaNO, and H,SO,)

\
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contained only 0.1 or 0.2°/, NH,Cl or NH,Br. Thermal experiments
yielded the limits — 20° and — 14° for the transition point. To
bring these limits closer together I have examined whether a small
quanlity of water is a suitable catalyzer. | have succeeded in reducing
the limits to —17.2 and — 15.6. From these experiments I have,
therefore, {0 conclude to a transition point at — 18° a value,
which can depart a degree from the accurate one. The eutectic
point N,I—H,0 lies at — 28° I have.been able to observe both
the occurrence of the eutectic point and of the transition point in
one curve of cooling.

I have not yet had an. opportunity to determine the transition
point more accurately. In the cited paper by Swmita and Eastnack
there have been recorded determinations of the solubility of-ammo-
nium iodide; the lowest temperature already lies below the transi-
tion point. When these determinations of the solubility are continued
towards lower temperatures the break will undoubtedly be clearly
perceptible and the value can be determined with greater accuracy
than has taken place above by the aid of thermal experiments.

20. Summary of the vesulls.

The, ammonium halides NH,CI, NH,Br, and NH,I can all occur
in two modifications. The transition points of the two first lie above,
that of the third below the ordinary temperature of the room. At
the ordinary temperature «-NH,Cl and «-NH,Br are 1somorphous ;
B-NH,I is, however, not continuously miscible with the two others.
By the «form the formi is indicated that is stable delow, by the
g-form the form that 1s stable above the transition point. The sup-
position suggests itself that the «-forms are continuously miscible
inter se, and likewise the g-forms, but that Detween «- and g-forms
incomplete mixing always takes place. The succession of the transi-
tion points NH,Cl 184.5°, NH,Br 137.4° and NH,I — 16° is that
which would be expected ,according to the periodic system.

Posteript during the correction: In Proc. Amer. Acad. of Arts and
Sciences 52 91 et seq. (1916) BripeMan calculates from observations
at high 'pressure that the transition points of NH,Cl, NH,Br and
NH,[ at ordinary pressure must lie at.184.3°, 137.8°, and — 17.6°.
The first two deviate but little from my determinations; the third
value may poinl to this that the transition point lies at the lower
limit of my thermal determinations.
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Botany. --- “Variability of seyregation in the hybred”. By Dr.

J. A. Homixe. (Commnnicated by Prof. F. A. F. C. Went).

(Communicated in the meeting ‘of November 235, 1916.)

Most botanists investigaling heredily prefer to employ annual
plants and endeavour to force biennials 1o flower in their first year
in order to obtain seed, as was done by nearly all investigators
of Qenothera. Perennials, to say nothing of trees, often require
several years before their seedlings bloom, and sometimes they pro-
duce but few seeds, so that their use has naturally been less in favour.

The flowering season of annuals 1s brief, a few months only,
and the seed obtained by self pollination of annual bybrids from
different fruits is generally sown mixed, on the assumption that the
segregation ratios are constant, so that for the ratios of the phaeno-
types it does not matter much whether seed has been collected from
the first fraits or from those matured a month later. Probably this
assumption is correct in many cases, perhaps in most, bat not in
all, as ZuperBAvER ') has shown for Pusum.

There is no reason whatever to assume that Fisum is unique in
this respect and further examples will doubtless be found. The best
chance of finding clear cases will be, for annuals, among those
with a long flowering season, and further among those perennials,
of which one and the same individual can be studied for some years
in succession. A tropical climate enabling one to collect seed almost
thronghout the year, would then be advantageous.

In order to ascertain whether 1ndependent Mendelian segregation
can take place simultaneously with respect to a number of factors,
larger than that of the chromosomes, I crossed in 1913 a variety
of Cannn glauce with one of C. indica. The number of genes in
which these two differ was — and remains, unknown; it was
certainly larger than three, the number of chromosomes in Canna
indica according t0 Wreeanp *) and certainly larger than eight, the
actnal number of chromosomes, which' was already indicated by
Korrnicke *). A brief description of the two species will make
this clear.

) ZEDERBAUER, K., Zeitliche Verschiedenweitigkeit der Merkmale bei Pisum
sativam Zischr. f, Pllanzenziichiung 1L p. 1—26, 1914.

%) Bot. Gaz. T. 30, 1900. '

) Ber. d. d. bot. Ges. XXI. 1908, p. 66 See also Reec. d. lrav. bol. Néerl. Xlil,
1915, p. 238,
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Organ Canna indica Canna glonuca
Stemn tall, about 2 m. low about 1 m.
stool with few stalks stool with many stalks
Leaves short about 39 cm. long about 50 cm.
broad, about 16 cm. narrow, about 12 ¢m.
with droad red margin ~ green
shiny . dull, on account of a layer
of wax
Staminodes two three
dark 2ed ' pale yellow with a few
pink spots )
short, average 59 m.m. long, average 83 m.m.
narrow,8—12 m.m ,average broad 13—20 m.m., aver-
‘ 10—8 age 16—2
Ovary red " green
Seeds small large
round oblong .
unifrrmly black brown with black speckles

The two plants used for crossing were both F2 individuals,
obtained by repeated self pollination and were similar to thewr Fi
and P. After repeated failures a single ripe fruit was obtained from
the cross glauca X indica; 1t contamed two seeds, one of which
failed, so that the entire F'l consisted of a single individual, since the
reverse crossing was unsuccessful. This one individual was tall, had
long, farly broad leaves, with a red maigin and a covering of wax,
somewhat orange-red flowers with 3 long, DLroad staminodes, red
ovaries and large, long, black seeds. The dominant characters are
printed in italics in the above comparison.

Of the F2 1168 seedlings have so far been obtained, of which
867 after artificial pollination and 301 after free pollination, no
other Canna’s grew in the neighbourhood. Of these 1168 plants a
fairly large number died before flowering, so that for wany of ihe
characters accurate ratios have perhaps not been found. The devia-
tions from the numbers to be expected in an independent Mendelian
segregation are in some cases, however, so considerable, that they
cannot possibly be reduced to thew, not even on the assumption,
that all the dead individuals belonged to the type or types of which
there was a shortage. For the present we must say, therefore, that
there was hardly any evidence if at all of an independent Mendelian
segregation, as will appear from the following discussion of some
of the characters. .
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The red leaf margin.

[t was shown in a previous paper ') that the difference between
the variety of Canna indica with a ved leat margin and that with
entirely green leaves is one of three hereditary factors. The ob-
served numbers of plants with and without red margin, viz. 95 red
as against 127 green and 83 with red edge as against 112 green,
agreed very well with the_ratio 27: 37 which require, for 222 and
195 individuals respecuvely 93.6 red: 128.3 green and 82.3 red-
112.7 green. In addition, however, the ratios 3: 1 (45 red: 17 green)
and 9: 7 (29 ved: 22 green) were found among the offspring of
individuals, which must be represented genotypically by AaBbCe,
and this points to the coupling of all three factors or at least of
{wo of them. Furthermore all kinds of-ratios were observed which
defy explanation, as for instance, 63 red . 9 green.

The F2 of the cross C. glauca X indicn with red leat margn
were sown in seven batches. Segregation according to three inde-
pendent characters, therefore according to 27: 37, did not occur,
but twice the ratio 9-7 was observed with very slight deviations
(nos. 5 and 6) and 1n three baiches (nos 3, 4 and 7) the ratio 1 1
was unmistakable, 1in the remaining two lots the ratio approximates
most closely 1o 9.7, but still differs from 1t rather considerably.
From these two taken together the deviation is small (nos. 1 and 2)
See table 1.

TABLE I. Segregation of F2 into individuals with and without a red leaf margin
W

. [ Theoretically
Sowing Date clg’ursne%%rs ofi\lsté?dtlj?ggs Wni‘xt:rgri?xd ‘ Green bgci%grafigtlt%n
9:
1 3—9—14 200 158 83 75 127,1: 98,9
(actually
2 28—1—15 92 68 43 25 126 : 100)
3 19—8—-"15 223 202 101 101
4 20—-9-’15 75 60 30 30
5 15—12-—15| 260 233 132 101 131,1:101,9
6 30—3-"16 267 232 129 103 130,5: 101,5
1 17516 263 215 107 108
Total . ... | 1380 1168 625 543

1) Honivg, J. A., Kreuzungsversnche mit Ganna-\'ariemen._Rec d. hiav. bol.
Neéerl. Vol. XII, p 1—26, 1915.
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The seeds of sowings 2 and 5 were obtained after free pollination
at a time when no other Cunna’s were n flower.

Here therefore the offspring of a single individual is split accord-
ing to difierent ratios, whilst there is some suggestion of periodi-
city. Accidental variations are pretty well excluded on account of
the considerable numbers employed. The mean error for segregation
according to 9- 7 is for 1000 individuals 0.2510 per 16 ). Here
with 1168 plants, 1t is 0.4384. For the separate sowings, such as
those which separaied intg 101: 101 and 107: 108, the differences
from the mean errors are much larger still.

There 1s yet another objection. In the crossing of vareties of
C. indica 1t was found that one of the factors for the red leaf
margin, C, might be separately visible ?), and indeed in a segrega-
tion according to 27. 37 ‘exactly as required by the theory, in
37—16 = 21 of the 64 ndividuals. Such plants with a very narrow
red margin were, however, always present in too small a number
when the segregation deviated fiom 27: 37. In the ecross with
C. glauca this shortage extends so far that among the 543 green
seedlings not a single one was found to have a narrow red leaf margin.

For the sowings segregating according to 9:7 on the other hand
an explanation is not readily available, for C may be completely
coupled to A or B. The ratio 9: 7 also points to the complete
joining of two of the three factors.

In the cases of segregation according to 1 L we are no¢ concerned
with a mixture, formed by segregation aecording to two different
ratios (viz. 9 7 and 27 37) for in that case some of the green
seedlings would nevertheless have shown at a later stage that they
possessed the factor C.

[f we adhere to the assumption thai, in tlus case also, C 1s
completely coupled to A and B, we cannot atiribute the displace-
ment of the ratio red: green n favour of green to the coupling of
A and B, for in thal case the number of individuals with red leaf
margin wonld be increased; we may, however, attribute the changed
ratio to repulsion. This repulsion would not even have to go so
for as to cause the ratio red: green to approximate to 1: 1, for

AB—(Ab 4+ aB +ab)y=@n* + 1) —[(»* — 1)+ (»* —1) 41| =2.

As soon as n, half the sum of the numbers expressing the ratio
of the gametes, is 5, 6 or more, the difference 2 is, proportionally,
very small. But then also the 45 or aB individuals, amounting to

1) Jouannsen, W., Elemente der exakten Erblichkeitslehre,
%9 Le. b. 18,

- 814 -



.

- 809 )
nearly 25°, of the total. would, with C, have a narrow red leaf
margin, and this phaenotype is absenl.

The total absence of plants which do not at the same time have
both the factors A and B, but have C and ought to be able fo
show that factor separately also excludes any explanation based on
imperfect coupling or repulsion of C with vespect to A and B.

Three possibilities still remain: a. part of the germ cells die off;
b. a faclor might come into play which prevented the manifestation
of C and was itself dependent on the presence of A and B, ¢. with
complete coupling of C to A and B unilateral reduplication might
occur, as Hurisgrr-NiLssoN ') postulates in some cases for the factor
for red leat veins in Qenothern Lamarckiana. Such reduplication
would then occur, not, as is supposed in Oenothera, in the germ
cells which possess this factor, but rather in those which are deficient
m the factor C.

Of course the 2 must be crossed back with the recessive form,
for this character therefore with C. glauca, and this will take mach
time. Moreover the same variability in the segregation ratios may
be expected as in self-pollination, so that the gquestion will probably
not be cleared up much by this.

That the confusion of the Mendelian segregation involving a large
number of factors need have no permanent effect on the offspring,
is shown by the ratios of some of the F3 numbers.

TABLE II. Segregation in F3 for the character' of red leaf margin.

Number | Number of | With red Ratio
F2 No. of seeds | seedlings margin Green red: green Theory
1 10 48 36 12 3:1 36 : 12
9 67 49 28 21 9:7 27,6 © 21,4

Wax on the leaves.

Whether a definile wax layer is present on the leaves, as in
C. glauca, or whether it is absent, cannot be determined in young
seedlings. Not until 1—1?/, months after planting out does the chance
of error become small, but even then doubtful individuals remain,
which are best judged by subsequently formed shoots.

The number of factors for wax is still unknown; it will most
likely Dbecome evident in F 3, but then only for these numbers of

1) HeriBerr-Nisson, N, Die Spaltungserscheinungen der Oenothera Lamarckiana,
1916. .
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" TABLE IIL - Segregation®of F 2 into individuals with and without wax layer; .

, -;Number ef -plaﬁts Nﬁ?hegu?fw%l,?f’ts . }ggﬁqgt BN
Sowing | 1 OO orthese
O N ek | g | e
red |green | total | .red g'reen, total, V\r/];x, Ar,’zgl/‘ originally W’g‘:}t‘t
A w2 s | s 2| s [T 12| L] 00
w2 |2 a5 e [t |4l 1s | 260 18e] 12 | 23
s || 16 sl 22 ol 31 |48 |iafa0o | 244
e | as | 2| 5] 7|6 0867|100 | 040 -
5 o4 | 75 |irg, | 10| 1| 17 ‘710,53”. 130 | 131 | 143
6 |2 | .'73. 165 | 14| .9 ‘2‘3;, ,’_‘;1,1'7_]_,1,29 1,25W ,‘1,56‘:".‘
7|2 s | 11| 10| 21 | aas| st a0 | 170
Total.. | 418" {338 |56 | 82| 6 |izs | 500 3:1"1301‘51"115"' S48

whlch 1he F2 is eonsxdembl;y lesq hetexozygohc f01 the other factms‘ o
J than the I 1. Clearly, in_any case, there was no 1ndependentMendelxan
sefrleganon for ‘the . mctoxs -of the ‘wax layer and. the- 1anos in .the
various batches sown showed even gleatel dwelgence than those: ot
red and green. (See fables 11I). T PR
- There.is.an- apprecxable 1epulsmn between the factons 101 theled
leaf margin ‘and “those for. the . ‘wax layel ThN is ‘best seeri by
nbsewmg how many red ;and’ gleen individuals: lhe1e are without
wax. The numbel of red ones is then found (ex(ept inthe fourth -

"'sowmg) fo be the lalgel. sometimes 2--3 f(imes as Jarge and. on.-

the cwelaoe 1,78 as lmge as that of the green, whereas the 1a1101

led to green was mlgma,l]y 1,15:1 and was ‘not dlsplaced thlough
‘the slightly . larger’ mOlta.lltY ot the gleen 1nd1\1duals begond the
ratio 1,30 J ' ' OOV

‘The number: ofstammodes o o I

C. m(hca has two shmmnodes In a few flowels howeven, an -

mdlca,tlon of a thud is found in the shape of a 1ed ﬁlament enelall) g
not longer. than" " few" mllhmetels\ - C T

e t/la,uca has always lhxee siammodes The I*l of the uoesmg
: has 3 and' the ‘vast ma]outy of T2 alsor 8t “unlT i el
. The .number of -plants with.2. O 23, qtammodes varies, mthef
01151de1ably in the different sowmgs the last thlee fnrmblung many 5

. . - N
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. .more than (he fifs: Fom Box p]ants “wwith" two and three- sfami- -
. nodes differendes ‘in the exlema] condmons ‘might e the Gause, but.

- fon thoso wnh onlv two- thls 1s less hkel)

TABLE IV “The’ number of stammodes of the F2 )

N ; Numlbér‘ of staminodes
Sov.vir'x‘ig' . — — . r— '
three |  three to four - three to two _V,--t"ﬁ"?,‘
) 1 56 6 1 ' 1
3 A 2 o,
3 8 o £ 6 0
T PR B S NI S B T
s T s N S R
6 113 R 3 0 ST PP IR
. e 6 N 2
Totali....| 595 } \:3‘0“ _ 38 TL9n

In a" discussion. - of the colour- of the flowers it will' be"bhoWn :
that,;even apaxt from the ffm]) large variation of these flomes no_
independent - Vlendehan segregation occarred, since in ‘the first four
sowiﬁlg’s. the mdmduals with two and w1th rwo or tluee staminodes
were’ ‘out of plopomon ‘more * inmerous amono the plants with
'3 ellow than among those wnth 1ed ﬂOWGlS : T,

‘The length a.nd breadth of the stamxnodes

These cllffel con31dexably in" C. indica’ and -C. - (/Zauca In the
tonmel specxes the: length- varied from 45—69 mm. and the average
was .59, 297 mm. calculated hom 482 specunens The breadth-was.
8--14‘mm.,, the: ‘average’ ‘012480 Howers 10,808 . mm. - For- C. glarica
these (1gu1es ‘were: 70—-—97 wm. - with an’ cu erage “of - 87,076 mm:
for 435 measmements and - 18—20;:average’ 186, 235 wm. :
The F1 -had- stammodes of length 70——89 mm. avelage 82. 661 mnm.

and’ breadth ]4—18 a\elage 16:524" 'mim. The slammodes were
‘ “lhe1ef01e " trifle * shorter thzm “those of’ the parent “with! longect
L staminodesy thexe‘ls no* apptemable difference! in" breadtliz Tii - com-~--
.7 parison- W1tl1 C. glauca, the extent of:variation’is very limited, which

' ‘15 no: doubt explmned by the fact that. the F1 con51sted of & smgle

.

T
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TABLE V. Length of staminodes.

Species or hybrid Ngguzglr.so’f Limitsinoin\:griation Average ’ Sdt:\?ig?l:)dr;
C. indica ' 482 45—69 59,?97 3,225
C. glauca | 435 . 70—97 87,076 4,383
F1 L a4  70—89 82,661 2,438
F 2, sowing 1 2752 57—95 76,346 6,467

., ., 3 620%) 51—917 76,132 7,097
. . A 975 +%) 56—100 11,271 8,206
, total 4956 56—100 76,449 1,076

) TABLE VI. Breadth of staminodes.

Species or hybrid N52122550f Limitsinoi;n\;g}‘iation Average |’ Sdt:\%g?il;&
' C. indica — 8—14 10,808 0,728
C. glauca | 434 1320 16,235 1,334
F1 452 1418 16,524 0,696
F 2, sowing 1 2748 8—21 14,508 2,050
. . 3 620%) 8—22 14,429 2,541
.. 4 975 *%) 921 15135 2,236
. total 4949 8—23 14,637 2,240

individual, whereas 30 indica- and 14 glauca-plants were measured.

The figures of 2 are found in tables V and VI. As long as the
number of factors has not been determined, the: dimensions of the
staminodes would not have any importance, if large and small
flowers were uniformly distributed between the plants with green
leaves and those with red leaf margmn. This is, however, not the
case. The shortest as well as the longest flowers are found among
the green leaved individuals, which therefore have a larger variability.

In table VII is given the number of plants having an average
length of the flower of 62—63, 64—65 mm. etc. The limits of
variability are for the plants with red leaf margin 66—90 mm.,
for the green, ones 62—96. The difference, 10 mm. is not so very
great, but on the other hand the difference in the numbers of

) *) 10 flowers per plant. **) 25 flowers per plant.
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TABLE VII. Relation between average length of staminodes and colour of leaves.

e ER—S—
Average | Plants with red ) Leaves green
'length leaf margin. | Total
in mm, Flowers red. Flowers red Flowers yellow
62 63 — 1 1 2
64—656 — — — —
66—67 3 2 6 11
6869 2 | 2 . 1 5
@ ! (5) 8) (18)
T0-—T1 2 ,] 5 0 T
72—13 10 | 7 2 19
74—15 13 | 3 3 19
76—T11 12 | 2 6 20
8—19 7 ! 3 4 ' 14
80—81 5 } 3 6 B
82-83 5 ! 1 5 Loon
84 -85 1 | 2 2 b5
86—87 7 | 2 3 12
88—89 1 — 2 3
90—91 1 — — 1
92—93 - , 1 — 1 -
94—95 — 1 ) — 1
96 —97 - — 1 1 ..
Total . ... 9 35 42 156

individuals at the two extremes 1s considerable. There are i8 plants
‘having staminodes of an average length less than 70 mm. and of
these only 5 have a red leaf margin. This ratio of red. green, viz.
5:13 or 1:2.6, differs from the ratio of total reds: total greens,
which 18 79:77 or practically 1:1. Fov plants with an average
staminodal length of more than 87 mm. which is that of C. glauea,
the ratio red margin: green is 2:5=1:2.5 which likewise deviates.
We must add (hat the 5 individuals all had light coloured flowers,
viz. 3 yellow and 2 pale red.
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Fuithermore the large number of small-flowered plants among
those with yellow flowers 1s remarkable, 8 of the 42 or 19,0/,
show an average of less than 70 mm. For the plants with red
flowers the numbers were 10 out of 114 or 8.8°/. Among the
grandparents it was jusl the opposite, the small flowers being 1ed
and the large ounes jyellow. If the 1ed flowered plants are further
separated into (hose with red leaf margin and those without, the
gieen ones comprise 1n proportion more than double the number
of small flowered individuals, namely 5 out of 35 or 14,3°/ as
against 5 oul of 79 with red margin, or 6,3/,

Colour of the flower

According to the intensity of the red in the flowers of. the F2
five or six different tints may be distinguished. The yellow varies
less and not more than three shades can be clearly recogmzed.
Between these there are a number of orange colours, so that the
determination of the number of factors for red will not be easy.
(See table VIII).

The proportion of the numbers of plants with red and yellow
lowers varies from 2.1-1 to 4.79-1 and the same proportion for
the green leaved mndividuals from 0.35 . 1 to 1.29 - 1, differences which
are so great that an independent Mendehan segregfation cannot be

1

TABLE VIII The proportion of the number of plants,
A) with red flowers and red leaf margin.
B) with red flowers and green leaves
C) with yellow flowers and green leaves.

Number of plants Proportions
Sowing

A B C A . B : C red : yellow
o | 15 | 15 221 -1 -1 321 : 1
2 22 5 6 ! 367 : 083 1 450 1
3 76 19 45 I 1,69 : 042 : 1 2,11 : 1
4 24 10 15 1,60 : 067 : 1 221 : 1
5 108 18 52 208 - 03 . 1 242 : 1
l 6 79 23 25 3,16 : 092 1 408 : 1
7" 49 18 14 350 : 1,29 : 1 479 : 1
Total .... | 392 108 172 228 : 063 : 1 279 : 1
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xecognized for the separate sowings, and at most only f01 the total
and non- red (yellow) ﬂOWGlS

It the Jourth and fifth columns of table IV for the number ot
stammodes is split in the same way ‘as’in table VIII, accordmg to
the colom of leaveq and ﬂOWBlS it is found that the "first” four
sowings pxoduced ‘twice as many pla,ntq with yell?w flowers hav1ﬁg
2 or 2—3 staminodes as plants with' red flowers, although the latfer
are two and a half fimes as numerous (205 as agalnst 81). S0

TABLE IX. The proportionally large number of plants with yellow flowers
having 2 or 2—3 staminodes.

Three to two staminodes Two staminodes Total number
Sowing X
A B C A B C |A+B| C
N I e R N T T T
1 1 — — — - 1 15
2 2 — 4 — — — 95 45
3 1 — 1 — — 21 6
4 - 1 — 3 — - 1 34 15
T (Sum) 5 0 8 0 o | 2 |20 | s
5 5 1 3 2 — 2 126 52
6 6 2 2 1 - — 102 | 25
1 3 — 3 1 — 1 257 L4
(Sum) 14 3 8 4 0 3 205 |, 01

Hence there is a tendency towards coupling between the factors
for red ﬂowe1s and thoge for 3 sta,mmodes espemall; clea1ly among
the plants ‘with red ﬂowels and green leaves (B), . whlch in ta.bleIX
hardly occur among the last thzee sowmgs the latte1 dewate con-
sidevably from the first four, in which such ﬂowels a,re entnely
wanting. It is among the non-red (yellow) individuals that most plair}gs
are found to be wholly or partlall_y recessive for the characterq of
the stammode ,number.

Summarlzmg we may conclude for the F2 oﬂ'spnng of the Sross
Canna glauca X C. zndzca, in W’thh Jore hergﬁ e,§11 t'a,l.)
factors were brought togethe1 than the number
of chromosomes that 1) for the. factors of thered

[
leaf margin, f01 the layer of wax 1n theleaves,

52
Proceedings Royal Acad. Amsterdam. Vol. XIX.
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and for the number, the length and the colouxr
of the staminodes, the proportions of the phae-
notypes differ widely in the different sowings,
in spite of the fact that the 'l consisted of a
single individual; so that the segregation of
the hybrids is variable; -

2) that in none of the sowings the segregation
ratios correspond to those which may be expected
from an independent Mendelian segregation.

Chemistry. — “In-, mono- and divariant equilibria”. X11. By Prof.
F. A. H. SCHREINEMAKERS.

-

(Gommunicated in the meeting of November 26, 1916).

19.  Ternary systems with two indifferent phases.

In communication II we have seen that in ternary systems three
types of P, T-diagram [fig. 2 (II), 4 (II) and. 6 (II)] exist. When,
lhowever, two indifferent phases occur in the invariant point, then,
as we shall see further, four types of P,7-.diagram exist.

When “in the invariant poinl two indifferent phases occur, then
consequently there ave three singular phases, they are represented
by three points, situated on a straight line. In the types of concen-
tration-diagram of figs. 1, 3, 5 and 7 the indifferent phases are
represented by 4 and B, the singular phases by C, D and Z.

In figs. 1 and 3 4 and B are situated on the same side, in
figs. 5 and 7 on different sides of the line CDE.

In fig. 1 the prolongation of the line AB intersects the prolon-
gation of the line EDC, in fig. 3 the prolongation of AR intersects
the line CDE in a point between C and D. [Of course the type
of -~ concentration-diagram of fig. 3 remains unchanged, when the
point of intersection was situated between D and E).

In fig.-5 the point of intersection of 45 and CDE is situated
on the line CDE, in fig. 7, however, on the prolongation of the
line CDE.

Of course "a type of P,7T-diagram belongs to each of the four
types of concentration-diagram, they are represented in the figs. 2, 4,
‘6 and ‘8. We find in each of these diagrams:

the three singular curves:

M=C+D+ £
A)=B+C+ D+ E=B+ M)
B=44+CH+D+E=4+ M)

U SO v — -
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and further the curves:
: CO)=A4+B+ D+ &
(D)=A+B+C+E
(Ly=4+B+4C+ D
In the singular equilibrium (M) the reaction:
C+EZ2D
may occur. Hence it follows for the partition of the curves with
respect 1o the (M)-curve:
O E | I Dy oL n

In each of the figs. 2, 4, 6, and 8 the curves (C) and (£) must
be situated, therefore, at the one side and curve (D) at the other
side of the (M)-curve.

In communication I we have deduced the rule for the partition
of the cuxves for the general case, that each curve of a system of
n components represents an equilibrium of 72 -1 phases. As the
(M)-curve represents, however, an equilibrium of only = phases, we
have to deduce this rule also for this case. ‘

As the "(M)-curve coincides with the two other singular curves
(d) and (B), we may consider instead of the (I)-curve also curve
(4) or (B). In the equilibrinm (4)= B 4 C -+ D + E, as B takes
no part in the reaction as indifferent phase, the reaction:

C+EZ2D
occurs. Hence follows for the partition of the regions with respect
to curve (4):
B+ E+D
B+ C+D

Each of those regions is limited, besides by curve (4), also by
an other curve; the region B C'+4 £ by curve (D), the region
B+ E+4 D by curve (C) and the region B+ C+ D by curve
(£). As each region-angle is smaller than 180° it appears that
curve (D) must be situated at the one side, and the curves (C)and
(E) at the other side of (4). Consequently we find: y

(C) (&) () | (D) )
or, as the curves (4) and (M) coincide: o
(CYE)Y | (M) | (D).

Now already we know, therefore, thai in each P,71-diagram-type
the curves (C) and (#) must be situated at the one, and curve. (D)
at the other side of the (M)-curve. It is apparent, however, that
this is not sufficient to determine the P,7T-diagram-type completely.
Now we shall deduce this type for each of the four cases.

B+ C+E
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a) The five phases form a concentration- daagnam type as in fig. 1.
From the position of thé phasés with respect to one another
follow the reactions:

A+D*B+F..... )
A+C*B+E )

44+ C2ZB+D . .. .. L@

and from this: )
AHWD) | O (BYEY . . . . . . (a

(45(C) | (D) | (B) (&) C. Ba)
GHEOYIETBWD) . . . .

It appears from 2a, 34 and 4a that the curves (4) and (B) are
situated at different sides of each of the three curves (), (D) and
(E) As  (4) and (B} are singular curves and they coincide,
thelefme with the (M) curve, the (M)-curve is consequently bidirec-
tmnable We draw, therefore, iri a P,T-didgram the curves (4), (B)
and (M) as in fig. 2.

(8] (£)

Fig. 1. Fig. 2.

B (M)

At the one side of the (M)-curve we draw curve (D) [fig. 2];
at the other side of the (#)-curve are situated then the curves (C)
zmd (L), of which the position with respect to (4) and (B) has still
to be defined. Tt appears from 3a that (4) and (C) are situated at

the one and (B) and (&) at the other side of curve (0); the curves -

(C) and (E) arve situated, ttierefore, as in fig. 2.

We see that this diagram is also in accordance with 2¢ and 4a.

b) The five phases form & ‘type of concentration-diagram as
in fig. 3.

From the position of the phases with respect to one another
follows: )

D ©C)|BE. . . . . .G
(4) (C) (L? I (P) €2 EP (TG)
GHOWDY | BB . . D
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Because, as it appears from (5), (6), and (7), the singular curves

(M)

(E)

¢ (M)
Fig. 8. Fig 4

(4) and (B) are situated on different sides of each of the three curves
(C), (D) and (E), it follows again that the (M)-curve is bidirec-
tionable. With the aid of (1) and (6) we find a type of P, T-diagram
as in fig. 4. We see that this diagram is also in accordance with
(5) and (7).

¢) The five phases form a type of concentrationdiagram as in fig. 5.

From the position of the phases with respect to one another
follows: °

HBED O Dy. - B
@sdioleeE - -0 ©
@®@ @B ... 10

Hence it appears that the singular curves (4) and (B) are situated
on the same side of the three curves (C), (D) and (£); the (3)-curve
is, therefore, monodirectionable and the three singular curves (M), (A4)
and (B) coincide, therefore, in the same direction. We draw, therefore,
in a P, 71-diagram those three curves as in fig. 6. When we drasw

v (M)
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on the one side of éﬁé (jl)-éuf*vé fhe curve (b!), then (O and (1)
must be situated on the other side. Now it follows further from (9)
that (C) and, (£) must_be situated within the angle which is formed
by the.metastable parts of the curves (D) and (H . Now it appears
from 8) or 10) that those curves (C) and (£) must be situated, as
is drawn in fig. 6.

~ -
d) The five pbases form a type of concentration-diagram as in fig. 7.
From the position of the phases with respect to one another follows:

AHByE || D .. ... (11
ABE D¢ . ... 1Y
R ABWDy & |y ... (18

Because, as it ;Lppkems from (11), (12) and (1§) the singular curves
(A) and (B) are situated on the same side of each of the three curves
(C, (D) and (E), the (M)-carve is, therefore. monodirectionable and
the three smgulm curves (M), (4) and (B, coincide, therefore, in
the same direction. Now we draw those three curves in a P, 7-dia-
gram, as in fig. 8. When we draw curve (D) at the oﬁe side of

the (M)-curve, then (C) and (£) must be situated al the other side.
It appears from (12) that (C) must be situated at the one side, and
(4), (B) and (F) at the other side of (D); we obtain, therefore a
type of P,7'diagram as in fig. 8.

We are also able to find the different thes of- £, 7~ dlaglam by
using the three mam Aypes of PTdmglamb [viz. T, 114 ‘and I1B],
which we have deduced in comuunication X.

In main-type I curve (1/),is monodirectionable, so that the three
singular corves coincide in lhe same direciion; the P,7-diagram of
a system of n-components has then the same appearance as that of
a system with n—1 components. The P, T'diagram of a ternar Y
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s_)stem has, thexefone the same appealance ad that of a binary
system consequentls it exisfs, as 2 (I) of one twoeurvical and two
onecurvical bundles. Ore of thez, culves of this figure must représent
now,. the three coinciding singular curves.

When the singular curves are repieserted hy one of the clirves
of the twocurvical bundle, then fig. 8 arises; When they ateé ieépre-
sented by one of the two other _curves, then fig. B arises.

In main- type II curve (M) is bldue(_tlonable thé two other sin-
glllal CLIIVGS coincide therefore in opposite ditettioh rfig. 2 X 3‘X)
and 4(X)]

In main-type 114 curve (M) is a middle-curve of the (M)-biuidle
[fig. 3(X)). The type of P,T-diagram consists of:

(M)-bundle ++ 22 Gther bundles
viz. # bundles on each of the sides of the (/)-bundle. [In fig. 3 (X)
15 2 =2]. The (M)-bundle 1tself consists of one cnrve at the one
side and three curves at least al the other side of the invariant
poinc; it consists, therefore, of four curves at least. [In fig. 3X of 5].

When we take an (M)-bundle of 4 curves, then, as 5 curves occur
in the invariant point, 4 4 2 .v =5, consequently * =3%. An (M)
bundle of four curves cannot exist, therefore. Wben we take an
(M)-bundle of 5 curves, then 54 2z =215 or # = 0. Consequently
the P, T-dragram consists only of an (M)-bundle of 5 curves; we
obtain, therefore, a diagram as in fig. 4.

In main-type Il B curve (A) is a side-curve of the (M)-bundle
lfig. 4 X'|. The type of P,7-diagram consists, therefore, of:

(M)-bundle 4 (2 & 4 1) other bundles
viz, x bundles at the one side and (z~-1) bundles at the otherside
of the A/-bundle. [In fig. 4 (X) is #=1]. The M-bundle consists of
two curves at least al each side of the invariant poini; consequently

it consists of four curves at least. [In fig. 4 (X) of '6].

When we lake 'an (#)-bundle of four curves, then 4 +2¢}1=5,

‘consequently #=0. At the one side of the (M)-bundle is situated,

thexefme one curve |viz. @ -+ 1 =1] on the other side notasingle
cirve is situated [viz. #='0]. Now we obtain the type of P,7-
diagram of fig. 2.

In communication (X) we have deduced the rules:
? . ‘: - 24 ’ ’ 4 . ) .
1. The two indifferent phases have the same sign or-in other
words: the singular ‘equilibrium (/) is transformable into tl’ie in-

'vanant one and 1evensqll) Curve (11[) is monddireciionable; the
‘three bmgulal Cuives coincide in ‘fhe “same diréelion [fig. L (X)]
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2. The two indifferent phases have opposite sign or in other
words: the singular equilibrinm (M) is not transformable. Curve (M)
is bidirectionable; both the other singular curves coincide in opposire
direction [fig. 2 (X), 3 (X) and 4 (X)|.

The four types of P,T-diagram [figs. 2, 4, 6 and 8] are in
accordance with those rules. In figs. 5 -and 7 the singular equili-
brium (M)= C - D -+ E is viz. transformable; in accordance with
rule 1 in figs. 6 and 8 the (d/)-curve is monodirectionable. In figs.
1 and 3 the singular equilibrinm (M) is not transformable; in
accordance with rule 2 the (M)-curve is bidirectionable in figs. 2

and 4.

We may also deduce the types of P,7-diagram from the types,
which ave valid for ternary systems without indifferent phases; we
find them in the figs. 2(1I), 4 (1) and 6 {Il). [We have to bear in
mind that the figs. 4 (Il) and 6 (I[) must be changed mutually. ]

We may consider viz. fig. 1 as a particular case of fig. 1 (ll) or
3 (II). When viz. in fig. L (II) we let point 5 coincide with a point
of the line 2 3, then this conceniralion-diagram passes into the type
of fig. 1; this is also the case when poini 4 coincides with a point
of the line 12, or point 3 with a point of the line 15 etc. When
point 5 coincides with a point of the line 23, then 1 and 4 are
the indifferent phases and (J) and (4) the singulae equilibria. In the
P,-T.diagram of fig. 2 (Il) the singular curves (1) and (4) must then
coincide; it is apparent from the figure that this coincidence must
take place in opposite direction. The P,7T-diagram of fig. 2 (II) passes
then into the type of fig. 2.

When in fig. 3 (II) point 4 coincides with a point of theline12,
then this concentration-diagram passes also into that of fig. 1. The
indifferent phases are then represented by 3 and 5, the singular
equilibria by (3) and (5). In the P,7-diagram of fig. 4 (II) the curves
(3) and (5) coincide then in opposite direction ; then the P, 7-diagram
becomes the same as that of fig. 1.

In the same way we are also able to deduce the other types of
the P,7T-diagram. We may viz. consider fig. 3 as a particular case
of fig. 3(II) or 5(II). Fig. 5 is to be considered as a special case
of fig. 3; fig. 7 as a particular case of fig. 5.

When in a ternary system no indiffereni phases occur, then, as
we have seen in communication 11, the curves succeed one another
in ‘“diagonal succession”. With the aid of this rule we are also able
to find the saccession of the curves, when two indifferent phases ocecur.
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In order to apply this rule to fig: 1 we imagine the point D a
little left from the line CE; then we obfain a concéntiation-diagram
of the type of fig. I(II), viz. a convex quintangle. The diagonal
stceession of the phiases is then: A-—C—E—B—D-A4; the succes-
sion of the c¢urves in the P,7T-diagram must be, therefore, (4)—(C)—
(B)—(B)-(D)—(4) or reversally, we see that this is in accordance
with fig. 2.

When we imagine the point D a little right from the line CE,
then the cohcéntration-diagram forms a monoconcave quintangle,
as in fig. 8 (IT). The diagonal succession of the phases is then also:
A—C—E—~B—D, so that the curves have to succeed one another
as in fig. 2.

In order to apply the rule io fig. 3 we imagine in this figure
“he point D a little at the right or al the left of the line CE. In
the first case a biconcave guintangle arvises [fig. 5 (D], in the second

“case a monoconcave quintangle [tig. 3 (I[)]. In both cases the dia-
gonal succession of the phases is: A—C—E—B— D—A; the succes-
sion of the curves in the P, 7-diagram must be, therefore: (4)—
(C)—(E)—(B)—(D); this is in accordance with fig. 4.

In order to apply the rule to fig. 5, we imagine also the poini D
in this figure a httle at the right or at the left of CE. In both
cases a monoconcave quintangle arises [fig. 3 (II)]. The diagonal
succession of the phases is then: 4A=~B—D -C=F or A—B—FE—
C—D.. When we bear in mind that in the P7-diagram the curves
(4) and (B) coincide, then we get a succession of the curves as
in fig. 6.

In order to find the succession of the curves in the P, 7-diagram
which belongs to fig. 7, we imagine in fig. 7 the point D to be
sitnated again a little at the Tright or at the left of the line CE;
thén in both cases a biconcave quintangle arises [fig. 5 (II)]. The
diagonal succession of the phases is then 4—B—D—C—E or
A—B- E—C—=D. As the ¢ubves (A4) and (B) coincide, a P,T-dia-
gram ds in fig. 8 arises. ,

In our previous considerations we have shifted ‘a little the point
D in each of the figures 1, 3, 5, and 7; it isevident that we might
have shifted also the point C' or £ a little.

20.  Quaternary systems with two indijferent phases.

We have seen in communication III that four types of P, 7-dia-
gram exist in quaternary systems. When however, 2 indifferent
phases occur in the invariant point, then, as we shall see further,
12 types occur. In order to find those types, we might, just as in
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the case of the ternary systems, construct the different concentration-
diagrams and the lype of P, T-diagram belonging to each of those
diagrams. Now we shall deduce them, however, without using the
concentration-diagrams, with the aid of the three main-types I, 114
and I13, which we have deduced in communication X.

In main-type I curve (M) is monodirectionable and the 3 singular
curves coincide in the same direction. Consequently the P,7-diagiam
has the same appearance as that of a ternary system. In the lypes
of P,Tdiagram of the ternary systems [fig. 2 (II), 4 (II) and 6 (II)]
we let one of the curves represent the (M/)-curve. Then we find
the following diagrams :

BMy+B,+8,+B,+B, . . . ..
BM+ B, + B, . e T . e D
i B 4+BM+1H+B,. . . . .3
B +BA+My+B,. . . . . ... @
BMY+B,+B, . . . (B
B4+ B +BMA2 . . . . . . .. (6
B +B+BA+M+Y) . . . . .. D

Heremn B, means an onecurvical bundle, B, a twocurvical bundle
ete., B(M) ndicates a bundle which consists of the (M )-curve only,
B(M+41) a bundle, which consists of the (M)-curve and still
another curve, ete.

With the aid of main-type 11 A we find the diagrams

BM)y+ B +BA+M+H+B.. . - . (8
BMy+BA+M+3 . . . . . . . .9
BMY+B2+M42 . . . . . . . .10

With the aid of main-type Il B we find yet the diagrams:
BM+1D+BAS+M+B,. . . . . D
BM+1HY+BR+M)+B,. . . . . (12

The reader himself may easily draw the 12 P,T-diagrams of which
the diagrams (1)—(12) are the symbolical representations.
(To be continued).

Leiden, Inorg. Chem. Lab.
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