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from Cabinda and was ligbted at !light bJ' an acetylene lamp with 
)'eflecior. 

Fol' the cool'clinates of tile signa I wi th )'espect to the observa-( 
tion-piet' I f(J\l11':l by the measlll'ement of azimuth and distance 

t:. 'r = - 7".14: b) = - 0".24 
tiJllS Signal lVIatllba' lp = - 5° 17' 6".2 _ ï. = -12° 10' 7".4 

On Sept. 25, 1913 ai Cabinda J made a time-determination by 
means of' fJ Ceti in t he east and a Ophinchi in the west. The 
telescope was twice pointed on each sta)' in each po::;ition of the 

I 

instrument, aV mean zenith distances of 59° and 57° respertively. 
As rOl'rection of the Homrü chronomèle)' L fOllnd: 

by (i Ceti~ 

a Ophiuchi 
+ 0"54:n35s19 

35.46 -

Mean + Oh54m35s33 --

On Sept 27 1 then detel'mined the azimnth of the siknal by means 
of ,tlle greatest digression of v Ophinchi (the obser\'atlon of that of 

, (J Ceti failed) and fonnd, eounting ft'om the nOl'lh thl'ongh tbe east etc. 

Azimuth Signal lVlatuba .ti = 353° 55' 26",1. 
F)'om th is and ti·OOl lP' - lp = - l6' 16" 1 I calclllated from ALBRJ<.(JH'l 

and from SeHoI,s in complete agreerlJent: 

}: - J. = -1' 43".65 
from whieh 
Longitude Cabinda Obs. P. = -12°11' 51".1 = - Oh48 11147'.4'. 

An error of 30" in the azimuth canses in the lon~itllde Olle of 
0"14 only, 

Physics. "lVote on tlte modeL of the !ty(b'o!!en-1Îw~ecule of 
BORR ani DEBIJI~". By J. M. BURGERS. (Commllnieated by 
Prof. H. A. LORENTZ). 

(Oommunicated in the meeting of June 24, 1916.) 

:;Vliss H. J. VAN LEEUWEN has recent!y published a paper containing 
some notes on Dl<JBJ.m's ealcu!ation of the dispel'SlO1i fOl;mula of 
llydrogen, which calcnlationis founded OJI the weJl-known model of

j 
tbe 

H.-molecule 1). In th at paper it is demonstrated that some of the 
vibrationR wbich oecur in DEBIJ]~'S calculations a1'e nnstable, and 
methods are discnssed by. vi'ilich the stability of the model may be 
ensured. -

J) These Proe (1916) Vol. XVTlI. p. 1071. 

- , .-
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ODe of these metho?s, ~iz. that of introd ucing as kinemalicall'elation 
the condItion that the moment of momentum of each electL'on must 

presel've the s~me valne (:~} is only touched npon in that paper 1) 

and .... not fully worked out. ft seems to me, howevel', th at th is may 
be done in the following way. ' 

Tbe equations expl'essing these conditions ean be wl'itten as follows : 
h 

m1' 2 dtfJ = - dt j 
1 1 23l J 

\ 

m1'~ 2 dtfJ2 =~ dt \ 2n 
(m: mass of the electron; 

1': radius of the orhit; 
1.f': angle of position). 

. . . (1) 

By their fOl'm tbey l'ecall the equations bet ween infinitesimal 
changes of the coordinates in, a non-holonomic system; only 
dt aIso appears here. Now we mar try to form the equations of 
motion in a way analogous to the treatment of non-holonomic 
syste~s by introducing into .the fOl'mlffa of D' ALEMBERT'S principle 
auxiliary forces 0,1'- whieh do not come into play in any virtual 
displacemenL. A vil'tual displacement wiII be detined as an arbitl'al'y 
val'iation of the coordinates, subjected to the relations: 

Ol': 

m1\ 2 Ól~l = 0 1 

m1'2~ Ó~'2 = 0 \ 

Ól"l = Ót~2 = 0, 

. (2) 

whieh are derived from (1) by taking ót = O. It appeal's that in a 
virtual displacement the pO,sition anp les of tlle electl'ons mnst not be 
val'ied; from this it follows easily that only tan,qential auxiliary 
forces 0,\ and Q2 may be intl'oduced (i.e. fOl'ces which act upon the 
cool'd1l1ates """1 and tfJ2)' which have tlle task ot' ~11suring the constaney 
of the moment of momentum. 

Dedztction of t!te equations of motion. 
A. ji"l'ee vibmtions . 

.No ta tion. Distance of the nuclei: 2a (thi5 is l'egal'ded as a 
constant). 

Radius of tlIe Ol'bit of the electl'ons in the nOl'IlHtI state: R. (Fol' 
H

2
: R = (( 1/3; He, to WIlich tlIe calcnlation likewise applies, bas \ 

1) I. c. p. lOS I. 
31 

Pl'oceedings Hoyul Acad. AmslelClum Vol. XIX. 
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one nucleus at the centl'e with a double charge, hence for it a = 0) 
No l'lll al angulal' velocity : w, 
Distanre of ele('tron fl'Olll centl'e of Ol'bit: 1'1 = R + !h (rneasul'ed 

parallel to the plane of the ol'bH). _ 
Devlation of an electron norrnally to the plane of the orbIt· Zl' 

Angle of position: '1'1= wt + {tI' 
Furthermol'e we put. 

a =!?I + !?~ , 
{J =!?! - !?~ 

Y=Zl + z~ 
Ó=Zl-Z~ 

The quantities Ql> !?2' Zv Z2' ct, {J, y, Ó, rp are considel'ed as infinite

SI mal, likewise (,1' etc. 
Between Cl, R., w the relation exists' 

2e2R e2 

rnRw 2 =-- __ 
W 3 4R2 

. . . (3) 

winch expresses the condüion of eqnili~1l'ium In the stahonary state. 
The kinetic energy is found to be: 

T= -!ïm(Z!2+\2) + im(p/+Q22) + -!ïmR2 (.ä.!2+{).~2) + 

+ mR2w (19.1 +{).~) -t- 2mRw «(hlc}.! +!?2{).2) + imw2 (Q/+!?2 2
) + 

+ mRw2 (/h +!?2) + mR2w2. 
Potential Enel'gy: 

V __ 4e2 ~ 2e2R(!?1 +!?2) _ e~(Ql +Q2) e2 (Q! +!?2)2 _ 
- W + 2R + W 3 4R2 + 8R3 

e2(z -Z )2 e2 

- 116R+ - WG [(2R2_a2)(Q!2+!?22) -(R2-2a2)(z!2+Z2 2)]-+ 

(/p2 

+ 16R' 

lIn both expressions terms of the 31d and higher orders in the 
quantities Q, etc. have been neglected). . 

D' AJ;El\'IBERT'S principle gives the equatIons . 

d(aT) aT av 
dl aq" - Oq" + aqp. - QfJ = O. 

(the Qp. are the auxiliáry forces mentioned above). 
Hence we get: 

2R ,i. ~ , e
2 

[
4R2(h - 2a

2
!?! !?1 +!?2J 

!h- W"l-W!?l = m WG -. 4R3 . 

" 
't ' 

') 
I 

(4) 

(5) 

(6) 

'-
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4,83 

. e2(p Q2 
R~<t2 + 2w!? = - --+-

- - 8mR2 mR . . . . (7) 

_ e
2 

[-
2R

2 Z1 +4a2 z1 Zl-Z2] 
Zl-m W' +8F 
z =;} [-2R2Z2+4a2Z2 _ Zl-Z2] 

2 m W. 8R3 

(in deducing these, eq. (3) has al ready been used) 
In additlOn to this, eqq. (1) gl\,e tbe relations. 

m(R+QJ2 (W+..'t1)=mR2w (=~ 'I 
2.nj 

(8) 

(9) 

Aftel' development, and with omission of terms of the 2nd and 
higher orders: 

, RfJ.2 + 2Q2W = O. . . • . . 
From eqq. (6), (7), (10) and (11) we get immedlately . 

e2 (jJ 
Ql = - Q2 = - 8B' 

(10) 

(11) 

Fllrthel' (4) and (5) eau be simphfied bJ' means of (10) aud (11) into. 

(4a) 

(5a) 

Fjnally, bj' additlOn and subtraction of Ihe foregomg equations: 

a+3(0 2a=a.-. ---'--- " e
2 

[4R
2

_2a
2 

1 ] 
m - Wo 2R3 , 

e2 4R2-2a2 

f3 + 3(OJp=(J.~. W. . 

e2 -2R2+4aJ 

y = y. m' Wij 

_ e
2 

[-2RJ+4a J 1 ] 
(J - 0 . ;" IV. + 4RJ 

Result for Hyd1'ogen· 
;..; + 1.9288 (02 a = 0 

jj + 1.4522 w 2 ~1 = 0 

y +- 0.3096 w 2 y = 0 

;; + 0.0713 (020= 6 

(12) 

(13) 

(14) 

(15) 

(I) 
(IJ) 

. (lII) 
(I V) 

3J'" 

===- -
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If cc nnd rJ, and Ihus Ql and f!2 are solved from (I) and (IJ), 

eqq. (10) and (11) give {)1 anel {)2' 

It appears fl'om equations (I) -(IV) that we geL 4 stable rnodes 
of vibration ; the nnstable vibl'ation D 2 and the indifferent one Cl: 
which i\liss v. LEI!l{1WEN gave (l c. p. tO'I4) have disappeared. 

BeE<ides some of the freguencies have chaliged a little. 

Relium: 
~ 

cc + w 2 cc = 0 . (1) 

ii + t w 2 {j = 0 . (11) 

r + t w 2 r = O. . (11l) 
(i + w 2 ó= 0 . • (IV) 

(N. B. In j he He-atom the plane of the Ol'bit of the electrons can -
turn freel)' about the nucleus; hence the ó-motion is here not a trl1e 
vibration). 

Note. 
As the eoordinates t"l and tP2 do not appeal' themselves in T, we 

might, in' deducing the eqnations of motion, treat them as cyclic 

eoordinates, eliminaling 'l~1 (= W +.azJ by means of 
lt 

tP!=--
2:1t?n1,!2 -

and forming the lünetic potentiaI according to RoeTH a,nd HELl\1HOLTZ. 

This method of eliminating the 'l;'! iR useel by L. FóPPL in an invest
igation on Ihe stability ot BOHR'S model 1). If we applieel it here, 
the term 

e2
q;2 e2(tr'2 -tPI--XP 

-16R 16R 
would remam in V, 50 that we should be obliged to omit it 
altogether, whereas in the caleulation given above its influence is 
annihilated by the force~. Ql and Q2' 

B. F01'ced vibmtions. - Dispe1'sion f01'1nula. 
'l'he course of the following calculation is fol' the greater part the 

same as that follov\Ted by DEBIJE 2). 
We win make use of two systems of cool'dinates: One system 

is invariably attached to the 1l101f'cule, the axis of z is laid along 
the line which joins the nuclei; the axis of ti.' along the line which 
joins the electrons; the axis of y pel'pendicllla.i·ly 10 the lattel' in 

1) Phys. Z. S. 15 (19J4) S. 707. 
-' 2) Sitz. Bel'. Bayr. Abel. 1915, S. 1. 

. ., 
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the plane of the ol'bit. The othel' one (tile ,v'y'z'_system) is fl.Xed in 
space, -anel coincides with the former fol' t = O. 

Let the incident electric vibL'atIOn be E. e,st, its rornponenrs along 
X'y'z'-axes: 

whel'e: 

Putting 
P = E cos a , Q = E C08 (3 , R = E cos y 

P+iQ=p, 
P-iQ=q, 

we find fol' tbe eomponents along the rotating axes : 
X = !pel.(b- Ol) t + 3.qe1 ( ... ~Ol) t I 

~ I 
Y = __ peZ(S-Ol)t + _qeZ(S+OI)t \ 

2 2 

Z=Relst 

. (16) 

The equations fol' the fOl'ced vibrations can be dedllced from (4) -(}3) 
by aclding to the members on' the right hand ::,iele: 

Xe Xe Ye - -, +- - , - -, etc. 
1n 1n mR 

As onl,)' the !1-\'üll'ation witb tile (p~vibl'ation (whieh is cOllpled to 
the former by the equations (10) and (11" to whi<>h ,ve R.dhel'e in 
rhis calcnlation too), and tbe y-motion give an electl'Îc moment, we 
obtain, denoting tIle fl'eqnencies of the free (:l- anel y-motioll bJ n1 anc! 1/,2: 

2Xe 
(:l -+ 1/ 1

2 (J = - -
m 

2Ze 
r+ n2

2 r= -,
m 

(17) 

(18) 

R(P - 2w{J = 0 . (19) 

Eq. (19) is c1cldllced oy subtl'acting eq. (10) fl'om eq. (11). Tbe 
auxilial'y forces QI' and Q2 have now different yalues, as they lw,ve 
also to annillliate the Y-component of the incideut electl'ic vibl'atlOlI. 

The COll1ponents of the electl'ic. moment are founcl to be: 

jH:t - - efi-- --J-. -----
_ _ e2 [peds-o»t qet(.\+OJ)t ] 

1n n l
2 

- 18--W)2 n/-(8 tw)~ 

e2 Rr/'!' 
111- = - e y = 2 ---- mn

2
2 _ 8 2 

. (20) 

-{i'l'om these qualltities we must del'i\'e the components aloJlg the 
fixed system of' axes: 
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~=~~~~~~~= . . . 
" ,e'[" (w-s)+(w+s)isininte"Zolt (w+S),'--:'(W~8)iSinwt,éltJ' = etst. _ p. ' . +q., '-

. m (w~s)[n1'~(w-s):J'" (w+s)[n12,-(wtsrJ. 
Part of the Junction betweE)l1 the [J is. independent of. t, 'part of. 

it' d~pènds 'páiodically. on, t with fl'eqnencJi w. As w has nothing 
,to 'do ~vith s (usuall)7' w is' much gl'eate;than s) we can' takethe 'i' , • 
'. , , '. \ . 

mean . of this part with respect to the time 1); the formula then 
reduces to: " .' '" . . 

.. '. [' 3w-s .. ' 3(O+s. "l} 
.. iJ1; ·è"~ (w~,)~i=~,),] + (w+:)~;:+,)'] ... 

In the same way1ve fÎlld : ., ., 

, [' Bw....:.-..s .'.. . " 3~+s -::. ~, ,] l 
, " 'e2 ~ . -'-~--:" 'lP , . '-2-- . ~ " q, " 

111; I = éist • ~. .:.J • -I- ." , , 
, ' J\ . . m (w-s)[n1'- (w -;--8)2]', (w+s) [n1'- [W+S)2] 

(21) :~ 

Finally: '1 

':' e' 2R 
jl![~' = ést . - -' -'--

- m n~'-s' 

Reslllting, moment in thedirectioll ofE:' 

,M ' M
x'. cos[~~,~Y' . cos ~ + lllz' cos iw+s ,'. .., . 'l' .... 

, -.-' - (cos2a+cos2~) --- (lJos2a+cos2~)' ..' 
. "'. Ee~ 2, 2" _ 2cos2y 
, = ezst . _ . + . '+ . .' 

. . 171 (~-s)[n12_(w-s)2] (w+s)[nl'-(w+8)2]' n/-s' ' 
The' mean' of this ql1antity for all possible dil'ections of the ti y' z' . 

. system is: , , , , . '. .' 
- :' 'Ee2 

[' . 3w~s . . ' .. , 3w+s' '. 2 . J' 
111.-:... eist. - . '. . . +. .' +-. --' - (22) 

'. .' ,3m (w-s)[n1'-:-(w"":'s)21 (w+s)[nl~-(w+s)·] n22";':""s~ 
~:' .... . 

cos2 a ~ . COS2'~:- cos' r'-: ~). 
'" " 3 

FOI' the index ofrefmction we have ·the formula:: 

" ·.N.M 
n 2-1 =,4~ 1 . '. 

. E. eist' 
:' . \' ,.,' " ' ' 

: (NI: nuinber of mo~ec111es per cc.) 
HE;)l1ce: 

.,' 4:1l'Ne2
[ . 3w-s '.' .. ' 3w+s' .' . 2 J ' ',' 

n2-1= __ .~ . ' . +, , . '. +-' -' (23), 
.. ', , ~m {w~s)[nI2"-(w-;-sVl (w+,~)[nI2_{w+s)] n22-s2,_. 

. , , (, ' , ' . 

,1)DEBIJE. (I. C. S. 15) expl'esses, tl1is' in a somewhat diITél'enl ,vay: ' in. hls 
fOl'mulae' tl~e axes of x and x' make the allgle ~ for t.= 0, hence,hehas everywhel'e 
wt + Ct .instead of wt. 'ehen thè mean is taken for all valués of the phase~angle 
C/, which givesthe same result. 

.'1 

.. ) 
.'" '.' 

L ,.'. 

" ,'. 
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. \ 
....... : . 

. ti 

I .' ... 

As. 8 ,is smaH as e()mpal'ed tow, we .I~ay devélop according to 
.. ' 8 ." \ 

. powers of --:; this .. gives, when s\ .' .. is' negIected : 
w 

Bycl1'oge11. 
. Frolü egq. (I1) au? (lIl), yve get: 

henee : .... 
n/ . 1.4522 (Ó2 ; 

. . 2:ruVI e
2 

( , , S2) 
~-. 1 .-:- -3 -.. .19.,73 + 280.,4 -." 

. mw·' "w' 
,lf we intl'odLlC6 tIi'e va!ues: . 

. 6 .. 15XIO~3 e ' . , . .' 
N = . . - = 5.31 X 101/. è, = 4.'(8 X 10--10 ., 

1 22400' rn' , " 

l~ ..:..... 6.415 X 1 0-2i ; 
tor.mula (3) in eonnectioü with 

gives 
'w::= 4.856 X 10H ; 

furtbel' : , 
2 N' . '. .' 
~ Ie ·.~1.461 X 1028 

3m 
, Thus. t.he. dispel'sion formula' becomes: 

?1':"'.1 = 1.22><: 10-4 + 7.35 -X 10-Bi.s~ 
Dl!:BllE'S fOl'llInla: l

) 

..., 2:;r.}.T1e .! ( '. . 8 2 ) 

11-1 =--.- 19.26 + 75.3-.. 
. 3w· . '. w 2 

" . . 

gi yes with tlie same' vahles : 
. n~l /,l.19S·X 10-~ + 1:98'X 10-:- il7 .S2. ' 

(24) 

(25) 

The expel·jmentalformulae·, are. (cf. DEBIm, l.c. pag. 20, 22), tlmt 
ofJ.Koû·H: 

'~. n-1 = 1;361 X 10-4 + 2:908 X 10-3i 8. 2 

'a,nd that of C. andM. CUTHBERTSON:' . 
• • - I , 

'·n-:-1 . 1.362 X 10-'-4- + 2,780 X 10-,\i . S2. . I 

In formula (25) the (':o~mciènt of 82 àppeal'S to bem,'1.tch too lW',ge .. 
Partly this . is due to the frequencj' 12[ of the {~-vibl'ati9n, whieh is 
smalle?' ; than the' vaIue ofthe cOl'l'esponding frequency in DEBrm'S . ' ~. ' .,------

1) J. c. p .. 2<t 

. '. '\1 . 
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calcnlation, th is makes one of the l'esonance frequencies lie muclt 
nearer to the visible spectrum. 

We have found: 
111 = 1.205 w 

while in the original model: 
n1 := 1.412 Ui 

(cf. the paper by Miss H. J. V. LEItUWEN. p. 1074). 
Resonance OCCUl'S if the incident wave motion has one of the values: 

8 1 = n 1 + w = 2.205 W 

8 2 = n 1 - w = 0.205 w 

=0.556 w 

)'2 is ~the smallest ; to it cOl'l~esponds a wave-Iength of about 1890 
o , 

A units). 

Helium" 
Fo!' Helium: 12 1

2 = t w 2 = 0.7143 !.t,2, and so nl~ -- w' <. O. Hence 
in fOl'lllula (25) the principal tel'ms uecome negative, anel {Ol' val lies 
of snot too high 

n<1. 
This is in contradietion with tbe experimental vallles. (Cf. C. and 

M, CUTHBER'I'SON, Proc. ROJ-. Soc. (A) LXXXIV, p. 13). 

SUMM ARY. 

1. In continuation of the investigation by .Miss H. J. VAN I.JEEUWEN 

on the instability of BOHR and DEBIJE'S model of the hyc\rogen 
molecule, a new hypothesis is examined by which the system may 
be made stabie. 

2. The model made stabie in this way gi ves neithel' tOl' H2' 
nol' fol' Be a dispel'sion fOl'mula whieh agl'ees with the fOl'mula 
experimentally found. 

Note aclc!ed in tfte Englisft translcttwn 
.Since this was written a paper bas appeal'ed by C. DAVlSS0~ 

on ,the Dispel'sion of Hycl1'ogen and Helium (Phys. Rev. (22) VIII, 
p. 20, . Jnly 1916). 

Mr. DAVISSON uses the same method Lo enSUl'e the stability of the 
model, but he arri ves at a somewhat differont fOl'mula (it seems to 
me that he overlooks the influence of the condilions (10) and (11) 
anel of the auxilial'y forces '21 anel '22 necessitated by Ihem on the 
-vibL'ation). Ab Mr. DAVISSON points ont himself, hifi fOl'mnla too 
gives fol' both gases l'esnlts WhlCh are in conflict with the experi
mental ones, 


