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Mathematics. - "On the va lues which the function ç (s) assumes 
JOl' s positive and adel." By J. G. VAN DER OORPUT. (Commu­
nicated by Prof. J. O. KLUYVER). 

(CommunicatEl.d in the meeting of February, 26, 1916) 

This artiele is intended to deduce some formulae that may be used 
to caleulate ç ls) for odd values of the argnmentum s> 1; for this 
purpose we will express these ~ fU/1ctions in the quanti~ies 11 (112, 12), 

12 (m, n) and 1(12, a), which have the following significanee : 
1 

IJ (m, n) = nJ y1l! (1 - y)n catg ny dy = 
o 

I 

- n , -:2 ---' -------------( 
1 IX) ,< B/ n'!,/ ) 

~ . m(m+ 1) ... (m+n) 1 (2x) I (2x+m)(2x+m+ 1) ..• (2x+m+n) 

for mand 12 integer and positlve, 
1 

1; (m, n) = ~ {y1l!(1 _ y)lI ca tg ny dy = 
2. 2 
o 

( 

1 -- 00 - B/ (~J/ ) 
= ft! -:2 --------'-------

mem +-l) ... (m+n) 1 (2x)/(2x+m)(2x+m+ 1) ... (2x+m+n) 

for 1n and 12 integer, 1n > 0 and n ~ ° , 
1 

1 (n, a) =J(l - y)lI (~ - :ra catg ;ray) dy = nl i; B~ (wr)2/ • 
y 1 (2x). (2xtn)1 

o 
for 1 > a > 0, and 12 integer ~ ° and al'3o fol' a = 1 and n integer >0. 

In ordel' to connect the ; function with the quantities 11 (m, n), 
12 (m, n) and 1 (n, ar we will use the method indicated by Professor 
Dr. J. C. IÜuYVER in the article: "SUl' les valem's que prend la 
fonction ç (s) de RlEMANN pou!' sentier positif et impair" . (Bulletin 
des Sciences Mathématiques, 1896), 

If f (V) represents a polynomium in V, whieh becomes zero fol' 
V = 0 and fol' V = 1, the uniform fUl1ction 

eZ - 1 

iR holomorphous in the elomain of the l'eetangle bounded by the 
Iines :IJ = 0, V = 0, [IJ = {J, V = 2;r. By applying the theorem of 
OAUCHY anel then pll.tting {J = 00, ,ve theref'ol'e find the relation 
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rOOf (2:J-f(2:i+ 1) , fl fl 
-.:..-----'---~--'--- dz=-:n:i f(y)dy+3"t f(y)cotg3"tydy 

. e~-l 
(1( 

o 0 0 

By wl'iting in tbis fOl'1l1ula f (y) = ym C1.:-y)lI, we conclllde 
• 

1 (_Z .)111(1 __ _ z .)n +C -l)n+l (_Z .)11(1 + ,_z .)111 

f 2:n:~ 2n~ 2:n:~ 2m 
---------------~------------dz= 

e~ - 1 
0' :n:wW 

= - (m+n+l)! + 1 1 (m, n) 

fol' ?n and n mtegel' nnd positive and by giving defimte vaJues 

to 111 and n, in this l'elation we find fol',; (3) 

23"t 2 2n2 23"t 2 2n2 

Ç(3)= -3 1 1 (2, 1)=3 I 1 (1, 2) = - 3 11 (3, 1) = 3 11 (1,3). 

If, howevel', f(y) )'epl'esents a polynolllium in y, which disappeal's 
fol' y = 1, but not fol' y = 0, fOl'lllUla (1) will hold good if f (y) is 
l'eplaced by f (y)-(1-y) f (0); this produces 

oof(~)-j (~+ 1)-f(O) 

f 

2m 2:n:~ 
----------- dz= 

e~-1 
o 

1 1 

. = - nifU(Y) - (1 - y)f(O)1 ~ly + .-r:fU(Y) - (1 - y) f(O)1 cotg 3"ty dy 

o 0 
1 1 

= - 3"t{f(y) dy + t nif(O) -J(y) (~ - 3"t cotg:TY) dij + 
o 0 

1 1 1 

+ Jf(Y)~f(O) cly- f(Ofcl-Y{ 3"tcotg3"tY --i )dY+ 1(0) cly 

o 0 u 
1 1 1 

; r \ .. f (1 ) Jf(y)-f(O) = -_:n::J f(y)äy+~:n:ij(O)- f(y) y-ncotfJ3"ty rl,y+ y dy+f(O) log 2;;r • 

o u 0 

The partlcular case f (y) = (1 - y)n produres the fOl'lllUla 

( 
zi )71 ( ::i )n 001+ - - 1+--

J 
2n 23"t d:: = ~ - ni + 1 (n, 1) + i ~ - lO,g 23"( , 

ez-l . n+ 1 2 1 " 
o 
i.e. fol' 71 = 3 : 

2n~(11 - ) 
~ (3) = 3 6 -lor! 23"( -l- 1 (3,1) 

I _ 

- 1 
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If we redllce the height of the redangle to halfits ol'iginal height 
and so take it equal to 31', we find in the same way as in which 
(1) has been ded llced, sllpposing 1 (y) is a polynomium in y dlS­
appearing for y = 0, 

~/( z) ~/(~+1) 1 1 

J---:::-~ dz + r ~i __ dz = - 11 iJl (V) dV + nJj (V) cotg J1V dy 
e-- L .. e- + 1 2 2 2 

o 0 0 0 

and as: 

cc I( Z.+l) cc 00 1(~.+1 )-/(1) , J e:~l dZ=/(l)Je=~l t J me::+l dz 
o 0 0 

. fcc) (z ) t \ 1 2 I =j(l)lo,g2 + 1 -:+1 -f(l) /---_-\d::= 
m ez-1 e2--1 

o 

cc/(~+l) -f(~.+l) 
J n~ 21lt 

= f(l) log 2 + dz 
ez-1 

at last: 

o 
1 1 

= - ~iJf(y)dY -/(1) l09 2 + ~Jf(v)cotg; cly (2) 

u 0 

The substitution j (y) = yin (l-y)1! pl'oduces the relations 

:;rirn!n! ----+ J, (m, n) 
2(m~ n+1)1 . 

fol' 111 and n integer and positiv:e and 

}

oo (~yl+( l+:
i }II_( 1+ ;:Y' ni 

. clz = -lorf 2 + I. (m, 0) 
e=-l 2(rn r 1) , 

o 
fol' In integer and positive and consequentl)" in pal'tieulal' 

I . 
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2n 2 2n2 2n2 

; (3) = -7- I 2 (1, 1) = 5 Iz (1,'2) = :rr 2 Is (2, 1) = 7 (lo,9 2 -Iz (2, 0». 

lf f (0) =/= 0, we replace in (2) j (y) by the polynomlU~ 

/(I/)-f(O) which leads to 

1 

00 f'(~)-I/(':''+l)-/(~1.1) -/(0) 

J
;ln:rr~ 2Jl~ 

dz= 
e=-1 

o 

n~ ( nij'(O) 
= - 2J /(y) dy + ~ - (f(1) -f(O» lo,9 2 + 

o 
1 1 1_ . {(I n n y) J'.f(Y)-/(O) }' (1 :rr :rry,) +j{O) ---coty-, dy + ----dy- j(y) ---;-cot,q- dy-

Y 2 2 y, Y 2 2 
o 0 0 

1 
:rri ( , = - 2J f(y) dy + ~:rrif(O) -f(l)loy ~ +f(O)logn + 

o 
1 1 

j :f{Y)-/(O) J (1 :rr n v) + ---Y- dy- f(y) Y ~ 2" cot,92 cly 

o 0 

and, in consequence for / (y) = (1-- y)n, in which n l'epresents an 
integel' positive numbel', 

oo(I+~J+(I-1 )(~)"_1 
J :rr 2

11 

n dz=-~-+ ni+log:rr_i~_I(n,!). 
e=-1 2(n+l) 2 1 r-

u ,":;';; 

This formula contains the l'elation 

2.1l 2 

ç (3) = 7'" (t -log :rr + I (2, ~) ) 

pal'ticulady. If we now choose the height of the l'ectangle 2a:rr in 
whieh 1 > (C > 0, tlle method al ready followed twice before, 'produces 
the reJation 

00 t'(~) 00 f(~+ 1) 1 1 . 2:rrta 2.71 ~a . I • J-N---dZ -J N+9 dz= - nia (./tY)dy+naj/(y)cotgnaYdY, 
e~-1 eN ~r.w -·l J' 

o 0 0 0 

if f (y) l'epl'esents a polynomium in y and / lO) = 0; if howevel' 
f (0) does not ctisappeal', we al'ri ve, by l'eplaC'ing f (y) in this l'elation 
by f(y) - f (0), at the formula 
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j'" f(2:iaJ-f(0) _Joo .r(i;;;+ 1) dz = 
eZ - 1 ez+2-rw. - 1 

o 0 

1 - 1 1 

= -.f(01 z+~~" -1 + .f(0{ (t--:ra cot,lJ ::ay) dy-ni1U(y) -.f(0)) cl.'! -l- /' 
o e 0 0 

1 1 , 

+ jf(Y) y 1(0) dy - jf(y) (; - ~w coty swy)ay 

o 0 

1 1 - J jf(V)-fCO) =.f(0) l()r; 21r'a + ~ :ri.f(O) - jTia f(y)dy + ' y' rly -

. 0 0 

1 

- j.f(Y) (t- - na cotg ;ra!)) dy. 

o 
As fol' n integer and positive 

~ cos 2~lUt d 00 sin 2~na 
ma.ny l'elations containing the series ..:;, an :2 are 

1 ~n 1 iel! 

to be dedllced from this fOl'lllUla. But we will l'estl'ict oUl'selver:. 
to the ;-function and therefore WI'Ïte f(y) = (1 _y)21l, in which n 
represents an integ'er positive numbel'; if the rea I part of a complex 
l1umber ï is indicated Dy R (i) it ensues from what preceded thai 

~ R 1 + - -1 ( 
zi )211 

f 2na 
dz 

e=-l 
o 

2/1 1 
= log 2 Ta - :2 - - I (211,a) 

1 r. 
(3) 

In ol'der to find relations for the ;-functioll by means of tbis 
formula, tbe following auxilial'y pl'opusition may be used: 
. If Cl repl'er:.ents an integel' numbel' > 2 and Q c\escribes half the 

reullced rest s.vstem, modulo a, between 0 and ft, and that in such 
a way that the sel'Îes of the nllmbel's, of which tlle values are 

'successively assumed by (I, does not contain two Jlumbers, the sum 
of which is cql1ul (0 a, th en : 



- 7 -

The 
second 

so tha.t 
and ds, 

494 

, (a) [t - d 

:.ER ( 27i:~P ') = t d:21 
ed~~I' 

f :::+- a 
e a_I 

proof of th is auxIliary propositlOl1 is simpIe; for if. in the 
membel' of the relatiol1 

[t(~) d 
:2 d == :2 [t (~) ~ __ 1-:--/_ 
dia ed::- 1 dia d d1=1 2md1 

::+d 1/ 
e -

dl d2 ds 
IS written, dd; Ct 

cl2 is a. divisor of the gl'eatest COllllm)ll divisol' (a, el3 ) of (t 
the l'elatlOn takes th u, shape, 

[t(~) cl dal 1 
:2 = .2 :2 [tJd2 ) = :2 ---::----
dll1edz-l d3=1:::+2"rula d~I((1,d3) J z+2"rU 

e a -1 e a_I 

in which ). descl'ibes the reduced rest system, modlllo a, bet,veen 
o and a, and so 

t.2" ( 27i:~P + 2m(:-p) ) = :2 R ( 27i:~P ), 
p -:::+- ::+-- p ~+-

e a -1 e a_I e a_1 

with whieh the auxiliary proposition has been proved. 
Prom this proposition follows for 11, > 0 

Cf. 00 (2n)!;(2n+ I) ~ [t(d)d2n 

:2f2I1R(-_1_)dZ=i.2[t(~)" dl f?2ll
dz = dia 

p =+ 2"r2,o -dr! a dl tj ~dlz_1 2 • a2n 

o ct I 0 e -

Replace in (3) ex by !: multiply then both members by Q2n and add 
a 

fmther all relations, whieh are acquired in this way by making 
Q assume the values mentioned before; the result is then 

00 R(Q+ azi)21l_021l 
:2 r 2% ' dz + (_1)1l+1(2n)! ; (2n+ 1):2 [t (d) d211 

oJ- e:::-1 2.(2~)211 dia' (4) 
I 0 

1 
2111,> 21t 1 (~O) t =.2 Q211 lo,cJ--:2 --1 21l,~ , 

P Ct 1 X a 
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and consequently for n = 1 

(2a J 
- 2 (t (d) d3); (3) = 4rz J :2 f/ (~-lOP 2iOQ + I(2' ~)). 

dia p 2 Ct a 

BJ' supposing a to be I'espectively equal to 3, J nnd 6, we finc1 
pat ticu'larly : 

2-12(3 277: (1)) 81
2(3 41 (' 2)) 

;(3)=13 "2- lo[l3+ 1 2'3 =13 2"-loY3 [-1 2'3 

= 477:
2 

(~ - log::' + I(2 ~)) = ~ (~ -lort 371" --L 1 (2 ~)) 47 2 2 ' 4 47 2 ,'1 4 I , 4 

= ;~ (~-log i + j (2, ~) ) = 2::
2 

(~-log 5677: + 1 (2, ~)-
It IS eVident [hat [he l'ela[ions found also produce man) fOl'lnulae 

fol' the calclllatlOn of ; (5), ; (7), ... etc.; Ihis we will work out 
fl1l'ther for the case that the lerms of the series acqUll'cd, dlmi­
l1ish quickest; this happens by wL'Îting in (4) ct = 6 and fL = 1, by 
means of whicll the relation 

re 2n 1 , = loy - - 2 - - J (2n 1..) 
3 ' h 

I " 

conseqnently 

;(3)=~~(i--lo,q~-l- I (2,t)} 

29 ; (5) = 3ar2 
; (3) - ;; (i~ - lO,9 ~ + 1 (4, t». 

659; (7) = 72 ar 2 
; (5) - 2;4 ; (3) + 5~;4( '23 - lo,IJ; + 1 (6, t» •... etc. 

Thfl ql1antity I(2n, t) occurring in Ihis fOL'mnla may be.detel'milled 
from its definition 

1 B/(~)3/ 

( 1 ) f' (1 3'( :!lY) 00 6 I 2n,- = (1_y)211 ---cotg- dy=(2n)!2-::-:-~-
6 y 6 6 /=1(2,,) , (2" + 211)1 

o 

\ , 
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but a1so by means of other series of which the terms oiminish 
more qllickly, for, if q I'epresents an arbitl'al'y integel' posltive nnmbel2. 

1 ::; :IY 2 00 (y)2P 
- ---cot,q-, =-:2 - ; (2Q) = 
Y 6 ti Yp=l 6 

=~2 (~)2' 1~(2!?)-2~1+~2 ±(~)2P 
Yp=l 6 I 1=1 -x.~p \ Yp=l/=l 6n 

=~2 (!L)2P 
\;(20) -1'~! +2 _1 __ 2 _1_ 

Yp=1 6 I ' 1=1,,2,0 \ 1=1 6n--y 1=1 6n+ y 
ano therefore I 

1 

f ()O y2p-1 t q 1 t 
I (212. i) = 2 (1--y)2n:.2 -2- ; (2(1) -. :.2:;--2a dy-t 

0=1 6 ,0 1=1 r. 
o ' 

1 1 

.J. J(1-Y)21l I[,J(1-y,211 + _ --- dy- ..:E -- d'lj 
1=1 6x-y 1.=1 6n+y' 

o 0 
Now is 

1 1 1 

f

(1-y)21/ f(6X-l)2n } (6r.-l)2>1 - (1-1/)211 
--- dy = ---- dij - d'lj = 
6x- Y 6n-y' l6" -1) + (I-v) 
000 

= - (6x-)21/ log (1-~) + !il (-1),0. ~ (6x _1)2/1-,0 ; 
6n ,0=1 Q 

and 
1 1 1 

j '(l-Y)2l1 f(6"+1)211 J(6" f-l)2n-(1-y)21l 
---dy = dy- dy= 
6-x.+y 6n+v (6x+ l)--(l-y) 

\1 0 0 

= (6n + 1)211/og (1 + ~) - 2 ~. (6x + 1)211-,0; 
6n ,0=1 Q 

so the calculatlOn of 1 (2n, 11) Î5 to be l'educed to tlle calculation of 
the ll1tegral 

q 1 
1 ;(20) - :.2 -

:f 00 V2f-1~ q 1 ~ IX) ~ -1 ,,2,0 2 (l-y)2n :s 1:(20)-:S - dy=2.(2n)f 2 1- _ 

,0=1 62,0 ~ 1=1'(2,0 p=1(2Q)(2Q+1) ... (2(!+~n).62c 
o 

and the ratio of two comecutive terms of thlS series IS smaller than 
1 

6~ (q+ 1)~' so that, If there is a breaklJ1g oft' in all al'bitrary place, 

the rest-term is smaller thal1 the term last nsed divided by 
62 (q + 1l -1. 


