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Mathematics. — “On an arithmetical function connected with .the
decomposition of the positive inlegers into prime factors.” 1.
By J. G. van per Corrrr. (Communicated by Prof:J. C.
Kiroyveg).

(Communicated in the meeting of May 27, 1916).

Let # be any arbitrary integer > 1 and resolve u into prime factors;
let ¢, represent the smallest exponent of these factors and let a,
indicate how many times ¢, occurs in the series of this exponents.
Moreover we take ¢, =0 and v, represents the greatest divisor of
u, for which e, > m, m being any arbitrary positive integer. The
object of this paper is to deduce a formula obtaining two general
arithmetical functions I and f, satisfying four relations, » representing
any positive integer, viz.

1st. for e, < m and also for ¢, —=m, a, >n

F(u)=0;
2nd,if ¢, < m,
Jy=20;
3, for e, =m, a,=n,
Fu) = f(vd);
4th, F (u) == O (vs®),
1

LY

having a constant value < ————.
" ° < m (m + 1)

The integers m and n are called the parameters of the function
F and f the function corresponding to F. '

This article, now, is intended to demonstrate the formula

! . 1
é‘ F(u)= ozt + O o for n=1,
u=2 log = (log ) :
w1 1 : 1 @)
__ ax™ (log log z)*—1 Lo (w'“ (log log w)*—2
- log x log «

for any arbitrary integral positive value of n and-this proof will _
be given in § 2 for n =1, in § 3 for the other case. The modulus
of the congruences, for which this modulus has not been mentioned,
is in this paper the arbiirary positive integer k, x represents a
number > 1, / an integer, prime to £, a has a constant value, viz,

bm = )
= = :
R ST Ty B U
, =

uzm==1.
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h is the number of positive integers < k, prime to k, b is the
number of incongruent roots z of the. congrnence

zm =1
and the sum
u==1 —
uzm=—=/ ym

is extended over all the positive integers u, for which the cobgruence

wzm==]
has roots in z.
§ 2. Lemma.
Vx
f) ZO_g__v_ = o),
1 _
vm

1

£ o= ()

gfgL:gJ®L+b(;L)

t;l ___i._ 109 z

and

=l

PR o

Proof. From the relations satisfied by the functions F and f,
it follows, « being an integer, for which », has the value », that

F(0) =7 (ed = Flu) = 0 (o) = O(¥)
1 1 . .
and for ;—;>3> — -+ o the left member of the identity

1 ! . -1+ 5
p + m+1)\s—/4 + P(m-i—?)(:——‘u} ‘*_ e — 4T r—p (81
€y > m

is a convergent product and consequently the right member a con-
vergent sum, therefore

=30y 52
€y >m ‘
= 0(1) + 0. }.. —-{-»_-0(1) : ~
e,,>m

Henee

53+
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. v
e f(z}logt‘_ g 0(

r=1 =1 pn
pm € >m
= (1),
x z
T f(e) = X ot lgle)—glo—1)
=1 v==1

r—1

= lelale] — = g} {to+ 1)~}

z—1

= 0fe") . () — = 0(1)ffe-+1y v

x—1

= Oas) + O, Z e + 1) —rs}
r=1

= O(z*) + Offz—1}
= Ofx)

1
—ol 2
(log 2y’

and '
& /O_ g d)—ge-1)
r==y-41 _]; re=z-4-1 i»——s
pm om |
® 1 1 i
= L ]Wﬁ + ,_2,:_*_1”(”)2 i 1 (
{-v+1]7n" om C (plym
1 L 1
=0l ) A O T 1__“{
x ™ (v+1m
) 1 ) = 1 i
=" “3?:;)+0,_’;+13_1__ -]
<\ gin pm (v+l)1u
‘ 1 . 1
am [e4-1]m
1
. am
1
=(55) ,
consequently
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FO_3/0_ 3 /O

=1 1 v=1 L v=p 141 R
nm pm _—
@« v 1°
=X 'f-:—(——z + 0 (———— .
v=1 1 log
pm

Identity. If ¥, and @, represent two arbitrary arithmetical func-
tions, the sum

I (dy) y(dy),
dd,<e '
extended over all the positive integers d, and d,, of which the
product is not greater than z, is equal to

"1’1 + Ts_Tl T4

where
x
Vx d
T, = X ¥, (d) T ¢,(dy),
1= dg=1
x
Ve dy
T,= X ¢,(d,) X d),
=1 dy=1 '
Va
Ty= X ¢,(d)
=1
Vx
and T,= % ¢,(d,).
=1

Proof. A term o, (d,) W, (d,), occurring in the sum in question,
appears in the formula 7', 4 7, — T, T,

for d, Sva d, <ve exactly 1 41 —1 =1 times,

for d, S v d, >V exactly 1 4+0 —0=1 times,

for d, >v'@ d, LV exactly 0 41 —0 =1 times.
Lemma. If we take n =1, the sum

>3 S,
pﬂl ] S &

pro=1

extended over all the positive integers » and all the prime numbers
p, for which the relations

pre<ae and pry=]

3 L.
aam am )
Qﬂ+0£ w)

exist, is equal to



where

Proof. Let /, and I, be two integers, prime to £ ; if the congruence

m==
has no roots in z, we have
z J)=0,
. presx
=l
v=1,

since it is then impossible to find a prime number p, satisfying the
congruence
pr=l,.
Let us now, however, consider the case, that the congrence does
possess roots and consequently has & incongruent roots z,, z,,..., 2.
The preceding identity gives

z f)=7T,+ T, —T,T,,
prevsa
=
v=|,
where
23
'= Z flv. & 1,
b=y PSS
=l
&
pm
T'y= X Zz f@@),
Pmé Ve u;l
=1, "2
Vi i}
Ty= X [f(v)
=1
b=l
and
T,= 21
S
PEEZ:
From the preceding lemma ensues
1 1
| [ e am )
T -_=02-__~ =0
) (log v'2)* (log 2)*

and for pm <z




hence

am
@)
From the inequalities

1
1
0LT £ 215 31L&

o pm é V@ =l

r=i

elsues
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From the well-known proposition') that the number of prime
numbers < « and congruent to / with regard to the modulus £, is
equal to

1 =2 x
R A ) R

ensues

Il

> = 1

P=2
1 .
¥ 1;_ X \m
K s 1 (3) ‘ (';) )
-517: ! + ¢ 1
. m 33
oy e
\ v v ’
1 Ll
__ bmam 40 m
1 RN
hom log— o™ (log ;—)

For v £v/& we have

o))

z
log — —
e log &
1 1 log v
x =log:c+
log = o log . log—~
v
B _lf_g_'_’_z,
log x (log z)*

therefore

1) E. Lasxoav, Handbuch der Lehre von der Verteilung der Primzahlen, I. p. 468.



Ve . o ’
T = % f(v) 0. —
v==1 it - a\?
d v=h hom log — ym (log —) s
v
s, e
Ve bm zm am log v
= 00
r=1 _ —
v=ly hvm log & v™ (log z)*
1 1
L bm am Vz-z: & . am '/L‘f |7 (v): log v
hloge y— 1 (log 2)* v=1 1
v=ly ym v= pm

and according to the preceding lemma this is equal to

1
bmxl"_ §®+0 1 Q+0 am
hloga fo— L log © ’ (log z)*
v=h gm J

_bm Pra J() | 5 zm

T hlogx gy L '(log z)*
vEIg pm

By substituting the values found for 7, 7,, 7, and 7, we find

the relation
= f(v)=T1+ T:“ Ts T4

v pnoly
=l
=l
1 1
:bmm"‘ §_@+O a:'"_ ’
hlogos o—1 1 (log z')”
V=l pm

if the condition that the congruence
gm=l,

has roots, is satisfied.

Write down a series, composed of /4 integers prime to £ and not
containing two numbers, which are congruent to each other, with
regard to the modulus %; give to /, successively each value of this

series, satisfying the condition, that the congruence

e=l,

has roots and determine for every value of /, a number /, by the

congruence
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the relations thus obtained, added give in the left member
T J
prv<az
' pro=]
and in the right member
1 1 ‘
bmam %'@.{.0 zm "
hloge y=1 1 (log 2)*)
pm
v assuming all the positive integral values for which the congruences
v=1, am =, LI, =1
are possible, i.e. for which the congruence

aml==0p
has roots and we conclude

kAl hl
- j‘( ) aam + 0 ’ am
- ) T e —
P g & 109 x '(log z)’
p"! f i l

*
:

where

We have got on far enough now to proceed to proving formula (2)
for n=1; we observe that for n =1

Fwy— = f i‘—)
pmiu \P"

is a finite funection of u, which equals nothing for e¢,<m and which
is equal to O (un) for e, >m, u, representing a constant number
1

L4

< m (m41)
In order to prove this, we distinguish four cases:
1. e m;

u
if — is resolved into prime factors, the smallest exponent of these
P

factors is in this case smaller than m, hence

u
F(u) =0 d —} =0,
(») an f (p"‘)

so that the formula considered is equal to nothing
2. ex=m, aw>1;

-10 -



835

“fy % » . - .
if — == w is resolved into prime factors, the series of the exponents

of these prime factors obtains at least one exponent — m, consequently

ewS m,
hence
u
f ,_.) =0,
DPm
and n having the value 1,
e, == m, a, > n,
hence
F(u) =0,
consequently
Fu)— Z f %)::0.
pm /u P
3. ey=m, . a,=1;
consequently
u == p,"v ey > m,
v being not divisible by the prime number p,. In this case we have
F(u) = f(v). '

7 .
As — contains at least one prime factor, of whom the exponent

is equal to m (viz. the prime factor p,) except for p=— ), , we have
u ) 1
f - :0, for P==pun
= f(v), for p =p,,

consequently
e — 2 /() =r0 -0 =0.
‘ Pl
4. e >m;
Suppose u < p, < ﬂ—4m1+ ) and let

n==p Aap*...po,
be resolved into prime factors; hence
u>2.2....2=2,

log u
"élo—ﬁ': OV(lOM)
2 1=06=0(ogu

P

-11 -
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The conditions
Fu) = O(v,*), and f(v) = O(vr),
mentioned in § 1 and at the beginning of § 2 give the relations
F (u) = 0 (u¥) = O (u=)
= O(uﬂ) =1
m/u

= 0 (u*). 0 {log w)
= 0 (u=) ;
hence it follows that the function considered is in this case equal to
O (un) — O(un) = O(un).

According to the first lemma we have

Fuy— X /( )i = ((lo;v))

and

—_— = 2 0
m/u Pm m/

Ju

x
.
=

u==2
“=

and consequently

1
T z ‘.“;z
T Fu= 3 X f i) 4+ 0 o
u=2 u=2 m / p (lo,q )
= ?) u

u=={ u=

zm

= ¥ f&)+o0 (mw)
p'm vgm (lo‘(l ﬂf)’
pmo=l

and according to the last lemma this may be modified to the
formula sought

1 1
x ax m T m
X Fu)= -4 Of — so. . for n=1.
=2 ) logw T ((log .'v)’) "

u={

§ 3. By starting fromn formula (1) by which the mean value of
the function F'(x) has been given in the interval from 1 to » (the
limits included), it is possible, as is known, to determine in an
elementary way the mean value in the same interval of a number
of other functions, connected with the function #'; this we shall
however only elaborate for some cases.

Lemma. From (1) ensues

-12 -
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*

ﬁ* Fe) e X
B =— (log log z)* + O (log log x)»—1 . (8)
u=1 ym
and ., .
z, F(u)logu 3 7
ufz 1 == O (log & . (log log w)"fl).
®= l un
Proof. Substituting
-~ loglog & = u,,
log log w == u,
and
1 1
m n—1 o s n—2
o) = = Fu) = ;BT o AT
v=2 log @ log
we have
x F(u)
g;(m) =Z—
u==2 .
u= lym
_ 9 —y (D)
w2 !
uﬂl
g[w] = 1
1 1
[.’b] " um (v + l)’"
1 1 v
n~1 a—1 Yaum u’nm-«l ur;: un-2 s 1
=0 + 2 )40 2 +0
loq T =2 lﬂy 73 lOg u ( _|"+‘
nmun
ar—1 ug n—1 r—1 u,n—2

=
=2 U lo{f U

N 1] fni—1
@, )+m,,_-2uloqu

=0 (wznﬁl) + ; 1:‘:: + 0 (mzn_l) t + 0 (‘r:"_l)

am
and
z, F(u)log u x
5 MO Sl @) — g e Diag
"=

Wl

2 -
=1 ym
' z—1
=g, (o] log [] — Z g, (u) log (l + J)
u=—=2

-13 -
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i loyw-i‘()(a:'*'"loqm)
mn
r—1
-z i+ (@)
z—1yn —1yn—1
‘ax lﬂ’—z—}-O(m'*—lloqx)—ww = i—f—“{—Ox )

mn MR 4= U =2 U

az," z
—_ _3_@2_ -+ O (2,21 log %)
mn

- 7:',1 fz," log 2 + O (z,"~1og 2)} + O (2,7 log )

= O0(x,n~1loq ).

Lemma. Suppose that the function F, has m and n, as para-
weters and f, as corresponding function and that ¥, has m and n,
as parameters and f, as corresponding function. 1f the formula (1)
holds good. for n =n, and for n = n,, we have

2 1‘11 (d1 )Fﬂ (d’) ’ 7 1
dd, <z hn 'n,! log p=1 1
dd, =1 vzl pm

178 —
{ being prime fto k; in this relation f(v) has been substituted for
the formula

1 1
_bm(nl—i—n,).z': z il k3 J(v) 10 @ w2 ’
log x

C Z L@k (g)

Proof. Let /, and /, be two integers, prime to &; it follows from
the identity deduced in the preceding paragraph that

¥ R @)F,E)=T,+T,~T,T,. . . . (4

dd, <z
d, =1,
d, =1,
where
x
vz Ex
= 2 F,d) X F,d,),
dy=1 da=1
dl——:[! dg““[;

r,= % F,@) 2 F,(d,),
dy=1
:l’

'l 1
&= &i=h
Vz

T,= X F,(d,)

h=4

-14 -
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Vax
and T,= 2 F,(4,).

dy=1
2
For d, < y2 we have

—_ —_ _-_‘
log log Zl: log log # + log log @
==, 4 0Q),

if «, has been again substituted for log log x ; consequently

ny—1 tig—2
' (log log 5«) ’ -+ 0 (log log :;1) g z01 4 O (2,m2),
1

1

11 lgd, _ 1 | o, lyd
| log _._@— - log r log o ] i log & (109 d’)s
A Y dl d
and
2 \ta—1 2 M2
- O| loglog—-
(loglog dx) + (0-" ‘qd,) z Rl z,m—2 z,"—1logd,
7 — + 0 +0 .
= log @ log = (log z)*
lﬁg Zl" ’
1

It has been assumed that formula (1) holds good for n=n,, hence

l (looloq .“.:)" _'+ O(loqlog )n’*‘

z . (fi)#
g F,(d,) = -~ 4,

—1 &
= log -
d]

1

. azm 2.1:.,":‘1 + O(z,m=—?) (%1 log d, )z

¥
T gz T\ Gagay
dl m

where a, has been substituted for
I AN
hng—1)! o= 1

v =1, pm :
If this result is substituted for the value found for T,, we find
1 1
a a:?“ w—1 Vr B (d O Vv v
T1 — lowz ¥ - x® 1(11)+ 0(‘_” &, ) > iﬁ (d )l —L
g & dy=1 1 x dy=1 1
JXEII dlm ) G,I“ll dtm

1 .
) '”m‘”z”’:I‘ g !Fl(d;)l log d, .
(log 2) d=1 -

=t dlm

-15-



It bas been understood that formula (1) holds good for n = n,,
consequently for the functions F, and |F,! and according to the
first lemma of this paragraph we have

V(B (d)
st

= 0(e,m),

dy=x1 ._1_
(Iggil dlm
Vr (F (d) logd
E ;—i}_i_i_l — 0 (xs"‘—'l log m)
dy==1 1
dl}:‘:{\ dim
and
Ve F (d ) a.x.h
At Rt et | _
I == + O (x,m—1),
di=1 = mn,
dlEll dlﬂl
where
@ — - bm :‘ f y (v)
1 — - .
h ("1"’"1)! =1 ._1.
pem=l, vn
Hence
1 1
7 a,a,am w,’h+ﬂ2""‘"l 0 am xan‘-{inr-e
T mnylogx log @
1 ' 1
__ b’ma,zm & mtne—1 33 -2 ‘f‘(v‘)i’_(_vf_) o am ’m-}-ni:f
kn I n,!log » m==1 rg=t 1 log

vlzlut Ell vxzzm Eli (vlv?)m

The value of T, is found by interchanging », and %, in this
formnla and as according to our supposition relation (1) holds good
for n =n, and for n==mn,, we have

1
Ve ‘-Mr;; loa lo m —1
=% f',(do_—_a(“/”) (log log y/'z) )

Yoa= log V&
df.:; 11 .

_1# .

—0 a2 (log log a)m—1

- log

and
X
7,=0 (“"% (lag log )" "’)"’f;l) :
- log &

By substituting these values for 7, T,, T, and 7, in (4), we find
the formula

-16 -
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1
b? ; m g n +ng~1 @© ®
X Fd) Fid)= l'("f”f el 5 3 DAk
<z W, In,llog x- R T
4= I

do=ly

+ 0 (m_r—r; "v’ﬂl+"2- ‘3) .
log »

Write again down a series consisting of ) integers prime to %
and not containing two numbers, which are congruent to each other
with regard to the modulus k; give to /, successively each value
of this series and determine for every value of /, a number /, by
the congruence

1t =

the % relations, thus obtained, a.dded, give in the left member
" ‘le(dl) F’!(d!)

dd, <z
d d =4
and in the right member
1 1
b’m(ni-,]_ n,)x ™ w,ﬂl-l"”g—l m w,np}»n, ~2
Wnlnt log & log
where
c— 3 “ZE- z@a .fl(v1)f:(vi)
_ 1
[ § =1

vlzl"‘El vz, h =l (v, v,);:

= 2 -_2' E fl(”l)]a(vn)
v=1 —_— 11 ) vy =
vz = vm vz m=]

. L
For every value of v, exactly s incongruent values for / are

to be found for which the congruence
o v,z " =1,

171
has roots, hence

h
= = f!("l)f‘x(va) = E . = fx(vl)fs(vx)

l mrge=r ' Vg=0
v, o, M=)
A v
=2 fld 1=
bd‘”fl( )‘r’(d)
] ;
z‘g’f(”)v

54
Proceedings Royal Acad. Amsterdam. Vol XIX.

-17 -
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= 1

e= 3 =3 I [
r=—1 I wpy=e

pemzzl em gz M=)

and consequently

1 1
b me mtm—1 < f(p g y—ety—

R N AVCA S i ki A < AU i st e
d.d,<z hndn,!log & r=1 ! log = '
dldzi;,[ pzm =] pm

173
which was to be proved.
Mathematies. — “On an arithmetical function connected with the

decomposition of the positive integers into prime factors.” 1l
(Continued and concluded.) By J. G. van pEr Corrur. (Com-
municated by Prof. J. C. Kivyvew).

(Communicated in the meeting of June 24, 19186).

Lemma. ') The number of (positive integral) divisors of the
positive integer v satisfies the relation
21 =0 (@)
div
for every pu >0. ;
Proof. If v> 2 decomposed into prime factors be equal to
v = Il p* *
plo
we have

) This proposition occurs for the first time in RuNgE: Ueber die auflésbaren
Gleichungen von der Form 8+ ux + v = 0 [Acta mathematica, Bd. V11 (1885),
pages 173—186], pages 181—183, with a proof similar to this one. This
proof has been borrowed of E. Laxpau. Ueber die Anzahl der Gitterpunkte in
gewissen Bereichen |Nachrichten von der Koniglichen Gesellschaft der Wissen-
schaften zu Gottingen, mathematisch-physikalische Klasse (1912), pages 687—771},
page 716. In his *“Handbuch der Lehre von der Verteilung der Primzahlen,”
I. p. 220, he gives the by far sharper relation:

If 3 be positive, £ = § (3) fitly chosen and x an integer > £, we have

(1+d)log =
}: 1 <2 loglogx

dr

-18 -



