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Ilathematics. - "On (m aritknUJtical /unctWn-co11/Jaected 'Wiln. t1te 
decompositio'U ol the po.<titive integ8'l's into prime factors." I. 
Sy .J. G. VAN DER CORPt'T. (Commnnicated by Prof.' J. C. 
KLUYVER). 

(Communicated in the meeting of May !7, 1916). 

Let lt be any arbit.rary integer> 1 and resolve u into prime factOl'S ; 
let e" I'epresent thd smallest exponent of these factors and let a" 
indicate how many times e" occurs in tbe series of this exponents. 
Moreover we take e, = 0 and Vu represents the greatest divisor of 
u, for which e" > m, m being any arbitrary positive integer. Tbe 

u 

object of th is paper is to deduce a formula obtaining two general 
arithmetÏ('al funclions F andf, satisfying four relations, n representing 
any positive integer, viz. 

1st• for P" < mand also for e" = m, au> n 
F(u)=O; 

3rd . for e" = m, flu = n, 
j(u) = 0; 

F(u) =/(VII); 
F fIt) = 0 (tI,/'), 

] 
,.,. having a constant vaIue < . 

m(m + 1) 
... 

The integers mand nare called the parameters of the function 
F and f the function cOl'responding to F. 

This artiele, now, is intended to demonstrate the formula 

---
~ F(u)=- + 0 
l: a:c'" (,1:14 

_ ) 

11=2 log .1; (log :c)' 
u =cl 1 

a:c1ll (log log l/:)n-l 

log :c 

fol' n = 1, I • (1) 

for any arbitrary integral positive value of n and' this proof wili 
be given in § 2 for n = 1, in § 3 for the other case. The modulus 
of tbe congrilences, for which tbis modulus bas not been mentioned, 
is in this paper tbe arbilrary positive integer Ic, [IJ represents a 
number > 1, 1 an integer, primeto k, a has a constant vaIue, viz. 

a= 'bm i f(u); 
k.(n-l)! -=1 !. 

u· 
uzlll:=l 

, 
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lt is the number of positive integers ~ k, prime to k, b is the 
number of incongruent roots z of the. congrllence 

and the sum' 
zin = 1 

f(u) 

u=1 ~ 
uzm=.l um 

is extended over all tbe positive intege,os u, for which the co~gruence 

has roots in z. 

§ 2. Lemma. 

~ f(v)lQ!J v = 0(1), 
".=1 1 

vIR 

1 

and 

Pro of. From the relations satisfied by the functions F and f, 
it follows, u. being an integer, (or which t'" has the value v, that 

f<") =f(t'll) = F(u) = 0 (vIlP) -= 0('11,''') 

1 1 
and for - > 8> -'-I + fA the 1eft membe.' of the identity 

tn 'tn+-

H 1+ ' + + ... =1--1-:E-~ 1 1 t' <0 1 
p , p(m+l) (8-,.) p(m+2) (s-.... ) • r=l! V(S-,9, 

ev>m 
is a convergent product and C'onsequently the right member a con­
vergent sum, therefore 

Hepee 

g(z) = i f(v) = ;(1) + ~ 0('11") 
t=1 vs ' 11=2 ."a 

e,,>tn 
ce 1 = 0(1) + O. ~ -:-;: 0(1). 

v=2 vs-p. 
el/>m 

53* 
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and 

828 

= 0(1), 
x x 
~f(t') = ~ t~S 19(v)-g(v-l)t 
l=1 ,=1 

x-I = [mJSf1[m] - ~ 9(V) I(v+l)s-V"I 
t=1 r 

x-I = O(,~s). 0(1) - ~. O(IJ l(t'+l)s-V"1 
=1 

x-I 

= O(.~s) + O . .:E I(t' + l)s-t~'1 
t=l 

= O($s) + 01[$18
- 11 

= O(:!:S) 

( X:. ) 
= 0 (log .7:)3 

~ g(v)-g(v -1) 
1 

g[ m] ot III t' 
• t +:!; g(v) 1-- - ---\-

--$ .. '=x+1 ---6 --8 

[.~+ 1] In VII' (v+1)m 

= 0 ( ..... /---~ ) + ~ 0(1). \ 11- -----\---- t 
-"-8 I"=x+1 ~ --,-8 --8 

$1/1 VIII (v+l,1M 

_ () (_1_.) + ° 1: \_1 __ 1_ t 
-: $;l-s ,,=x+1 ~V)~ -s (v+l~~--8 

=0(_1_) + o( 1 ) 
,,;;;-5 [$+1]~-8 

=o(-!-) --IJ 
. mIM_ 

=o(~$'} 
conseqnently 
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~ f(v) = 1; j (v) _ 1; f(v) 

v=1 ~ ,,=1 ~,'=V.T+1 1 

"lil V',. t,m 

= 1; f(v) + 0 (_1_). 
v-1 ~ log 3J 

VIII 

Identity. Ir "'I and tJI. represent two arbitl'ary arithmetical func­
tions, the sum 

l: ,,\(dl ) ",,(d,), 
dld, ;; IV 

extended over all the positive integers dl and cl" of which the 
product is not gl'eater than ti', is equal to 

whel'e 
1'1 + T,-T,7'. 

x 

:r 

Vx d2 

1', = 1: "', (d,) l: "'1 (dl) • 
ds=l dl=l 
VX 

T. = }; "'I (dl) 
dl=l 

Vx 
and 1'. = l: tIJ, (dt )· 

42=1 

Proof. A term "'I (dl) "'2 (d,), occurring in the sum in qllestion, 
appears in the formula 1'1 + T, - TBT. 

for dl ~ V x d, ~ V:v exactly 1 + 1 - 1 = 1. times, 

fOl' dl ;S l/ X d, > V.-r exactly 1 + 0 - 0 = 1 times, 

for dl > V:l' d, ;S Vit: exactly 0 + 1 - 0 = 1 times. 

Lemma. If we take n = 1, the sum 
~ f(v), 

pmv~x 

pmv=-l 

extended over all the positive integel's v and all the prime llumbel's 
p, fol' which the l'elations 

pm t. ~ [IJ and pil< v===: l 

exist, is ~qual to 

1 (1) - --ax,n .vm 
-+0· , 
log .v (log .v)' 



- 6 -

wh~re 

a = bm1' f(v) 
h 11=1 I 

vz" =l ,,81 
Proof. Let 11 and I, be two integers, prime to Ic ; ie the congruence 

has no roots in z; we have 
}; /(1.')=0, 

prnv~~ 

P'" = 11 v= 1. 

since it is then impossible to find a prime number p, satisfying tbe 
congruence 

p'" = ll' 
Let us now, however, consider tbe case, that the congrence does 

possess roots and conSt!quently has b incongruent roots Zp z" ... ,Zh. 

The preceding identity gives 

where 

and 

Z; f(v) = 1', + 1', - T,T, , 
prnv5-~ 

pm 1
1 

V -l, 

pm $=-
- t' 

pm= II 

pm 
1', = }; Z; f(v) , 

prK < V~ 11=1 
- v=t, 

pn=lt 
VX 

T. = Z; f(v) 
11=1 
1I:i:J 

T. = }; 1. 
P"'~ Vm 
P"'= l, 

From the preeeding lemma ensues 

and for pm ~Vx 

1 1 - -
T _ ·i (Vmya ,- (m!DI) 

, - 0 I (log V m)" - 0 (log m)' 
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hence 

831 

1 . 

1 

1 

_ 0 ( liJm ) l:: ~ 
- (lOf! .v)' pm < Va: P 

pm 11 

1 

27/1 

=o( a:
m ).0 .i- ~ 

(log a:)1 11=1 n 
1 

= 0 ( a:f~). 0 (log .r2~n) 
(log .v)' 

From tbe inequalities 
1 

2m 1 x __ _ 

0< T.5. ~ 15. ~ 1 <a:2m 

- pm<Vm- 11=1 -

p=l\ 
ensnas 

m 

T 4 =O(.v 1 ) 

and now only the term Tl is to be consideroo. 

\ 
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832 

From tbe well-known Pl'oposition 1) .. hat tbe number of prime 
numbers < ie and congruent to I with regard to the modulus k, is 
equal to 

21=-.--+0 1 te (:1:) 
p < te h l~g tIJ (log tIJ)' (2) 

p I 
ensues 

21 1 

p~ -(
tIJ)'11 

- ti 

2 2 1 
1 --

b~(>~l p~ -(tlJy~ 
-- ti 

P=Zp 

1 

For v ~ V.v we have 

~ = 0 (-~) = O(~tIJ)' 
log - log-

V Vol: 
1 1 log v --=-+---:1: log tIJ . te 

log ~ log 3J • log -
v v 

--+0 --1 1 log v t 
- log.1: (log tIJ)' ' 

tberefore 

1) E. LANDAU, Handbuch der Lehre von der Verteilung der Primzahlen, I. p.468. 
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833 

1 

Vx ) bm '1)'" 1\ = l; f(V) 1 - + O . 
=1 _ 'I) 

.'IJ'" . I 
..: ( log ;)'\ rEl, hv'" log-

V 

1 1 

V 1: \ bm '1);;; '1);;; log V , 

v!l f(1) .-\--- + O. -\ --'-, 
~-=lt 'ltvTII log 'I) vm (log '1)2. 

1 1 

- bm .'C'1l V:L 1(1) .'C;;; Vx if(V)i log V 
=---l;-+O.---J; 

h log.'IJ v=1 ~ (log x)' =1 ~ 
v=.12 V'" v=l, VIII 

and according (0 the precedilIg lemma this is equal to 

By substituting the values found fol' Tl' Tt' TI and 1~, we find 
tb erelation 

~ f(v) = Tl + T, - T 8 T • 
.. pmv~.v 

p'll = 11 
v=l, 

1 1 

bm '1);- GO f(v) I .'V; I =-- 1: - + 0 --~ 
h log.'V v=1 ~. (log .'V)2 ~ 

v=t, VIII } 

if the condition that tbe congruence 
zTII=11 

has roots, is satisfied. 
W rite down a series, composed of ft integers prime to k and not 

containing two nllmber~, which are congruent to each other, with 
l'egard to the modulus k; give to I) successively each value of this 
series, satisfying the ~ondition, that the congruence 

z=ll 
has roots and determine for every value of 11 a number Is by the 
congruence. 
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834 

tbe relations thus obt.ained. addedgive in tbe left member 
1: f(v) 

pm v<Ç,1Il 
pmv=l 

and in the right member 

l;mle~ ,., f(v) 11e~' 
h log Ie =1 2- + 0 (log Ie)S i ' 

v assuming all lhe positive integral values for which the congl'uences 
v -I, ZM = 11 lll,::= 1 

are possible, i.e. fol' which the congruenre 
zml=t, 

has roots and we conclude 

where 

a.v"!;; ~ .~; : 
,!; f(v) -:- - + 0 j . 

p'Jl V?1e lQgo: (log 0:)' . ' 

pil' v::::-l 

a = bm l: f(v) . 
h =1 ~ 

v", 
z'" l =-: t'. 

We have got on fal' euougb now 10 pl'oceed Jo pl'oving formula (2) 
for n = 1; we obser"e tbat for n = 1 

P(u) - l; f( U
m

) 

pm!U p 

is a finite function of u, which equals nothing fol' eu ~ mand which 
is equal to 0 (u.uJ) for eu > m, 1'1 representing a constant number 

1 
< . 

m(m+l) 
In order t{) prove this, we distillguisb four cases: 

1. eg < 1n; 

u 
if - is resolved into prime factors, the smallest .exponent of these 

pm 
factors is in tbis case smaller than m, hence 

F(u) = 0 and 

80 that the formula considered is equal to nothing. 

2. eu = 11l, aU"> 1; 
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835 

u 
if - = w is resoh'ed into prime factors, the series of the exponents 

pm 
of these prime factors obtains at least one exponent = In, consequently 

ew< m, 

hence 

and n having the value 1, 

henee 

consequently 

3. e" = nI, 

consequently 

a,,>n, 

F(u) = 0, 

F(u) - :IJ f(~) = O. 
1n / pin 

P " 
0,,=1; 

U,=Pltnv ev>m, 
v being not divisible by the prime number Pl' In this case we have 

J?(u) = f(v). 
u 

As - contains at least one prime factor, of whom the exponent 
pm 

is equal to m (viz. the prime factor PI) exrept for p = PI' we have 

f G:) = 0, for P =i=Pl' 

- f(v), for P = PI' 
consequently 

P(u) - : f~) =f(v)·- f(v) = o. 
P /u 

4. e" > m; 
1 

Suppose I-' < 1-'1 < --- and let 
m(m+l) 

u = p\"-I p,rL:J. • •• pa"-'Z • 

be resolved into prime factors; hence 
u ~ 2 . 2 .... 2 = 2a , 

log u 
(1 ~ log 2 = 0 (log u) 

~ 1 = (1= o (log u) 
pm/u 



- 12 -

836 

The conditions 
P(u) = O(t'u'u), and f(v) = O(v"'), 

mentioned in § 1 and at the beginning o{ ; 2 give the relations 
F (u) = 0 (u.U) = 0 (uJA1) 

and 

~ f(~) - 2' 0 ~(~),U t 
p'''/u plll pfn/ft ,I p'" , 

= o (u"') lJ 1 
,nI p ft 

= 0 (uI') . 0 (log u) 

= 0 (U!"I) ; 

hence it follows that the {unction considel'ed is in this case equa) to 

o (U"l) - 0 (ui'! ) = 0 (U:'I ). 

According to the first lemma we have 

:r l (u)t ('1::n
) ~ F(u) - lJ f - = 0 --

:~? plll/;, plli (log ,v)~ 

and consequently 

~ ;, ~ ~~~ ~ ~ ( u), (.l: ~I ) 

:~12 Jt (u) = :~2 l/:;U.t pl/l -j- 0 (z;;g~1:)t 

( 

8;.~ )' = ~ f( t.) + 0 --, 
pl/l v~.1J (lo[1 .v) 
pmv=l 

and according to the last lemma ihis may be modified to the 
fOl'mula sought 

x a8;-~ (~~) 
~ F(u) = -- + 0 ----, , ... fOT n = 1. 

=2 log {IJ (log .v) 
u=:/ 

§ 3. Hy starting (rom formllia (1) by which the mean value of 
the function .F'(u) has been given in tIte interval {rom 1 to .'IJ (the 
Iimits included), it is possible, as is kllown, to determine in an 
elemental'y way the mean value in the same interval o{ a number 
of othe1' functions, connected with the function J?; this we shall 
how~ver only elaborate for some cases. 

Lemma. From (1) ensues 
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and 

x ~~ a . 
};; -1 = - (lo,g log 0:)11 + 0 (log log 0:)'1-1 • 

u=2 rnn 
u::::. I u lil 

x F(u) log u 
::E l' = 0 (10.1 IJ) • (log log 0:)"-1). 

u=2 
u:::: I uil! 

Proof. Substituting 

and 

log log .v = x,. 
log log u = Ut 

x a lil; .'C »-1 (.'C~ m n-2) 
g(.v)::: ::E F(u) = s + 0 --'-

u=2 log m log 0: 
u::::: L 

we have 
x F(tt) 

gl (lil) = };;-1 
u=2 _ 
u:=:: lum 

x g(u)-g (u-l) 
-l:------:1=2 1 

U"I 

g[lIl] X-"1)1 1 l = - + l: g(u) - - -------
1 _. 1 1 

[m] -;;; u-2 u-;;; (u + 1);;;-

(3) 

_0 _. + l: ------ -1-0 ----- --+0 -- ( _ (01:.'.1-1) ;r-l)aU~U.t"-._1 (u~ U.2'.1-2)l~ 1 (1)1 
log.'!: 11=2 l09!l' log lt . --'-+ I ~+2 J 

1num lt'" 

a x-I U 11-1 x-1 U 11-2 = o (1Il,1I-1) + - };; -' - + 0 l: --'-
tn ll =2 u log u u=2U log?t 

and 

x F(v) log u x 
'!: --1- = ~Igl (u) - 91 (u-l)llog U 

=2 _ u=2 
u:::: I ulll 

x-1 (1) =.rlt [lil] log [lil] - l: gl (u) log 1 + -
11=2 u 
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-.: ~llausn + 0 (u,n-l) f ,~ + 0 (1,) t 
u=2 mn \fu u 

alt "loq It a. x-I 14 11 x-I U 11-1 = _'_-L- + 0 (It,"-llo!l It) _ _ ~ -'-+ 0 ~ -'-
mn mn ,,=2" ,,=2 ft 

alt 11 log It = t + 0 (x,'1-1 log .'IJ) 
mn 

a 
- - I .. ft tOftte +- 0 (te n-1 loq te)t ..... 0 (te 1I-1 Ioq:c) r" 2 t • t t, f' -, .' mn 

= O(/I:,II-11of1.'r.). 

Lemma. Snppose that tbe function FI bas m and n1 as para­
meters and f1 as corresponding function and that Ft has 1n and n2 
as parameters and f, as corresponding function. lf tbe fOl'mula (1) 
holds good. fOl' n = n1 and for n = n" we have 

~ Pt(d,)P,(d,) 
dld, ..::; te 
d1d,::::l 

I being prime to Ic; in tbis relation l(v) has been 811hstituted for 
the formula 

til (d)/, (i) 
Proof. Let 11 and I, be two integers, prime to k; it follows from 

the identity dedllced in tbe Pl'eceding paragraph that 

where 

~ PI (dl) P, (d~) = Tl + Tt -- T,1'.4 , . (4) 
d 1d,"::;x 
dl ::::~. 
d,=l, 

x 

Va: dl 
Tl = ;E P l (dl) l: P t (d,) , 

dl=l rI,=l 
dl=/I rI,=l, 

a: 
Va: dt 

T, = ~ F, (d,) ~ FI (dl) , 
rI:=1 dl=1 
dF/t rlf:::ll 

VX 
T, = ~ FI (dl) 

d,=l 
~=ll 
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Vx 
and T( = :E F, (dt ). 

d,=l 
dFl, 

For dl ~ Va: we have 

lMl log - = log log Ir + log 1 - ---x ( log dl) 
-;1 • dl log tIJ 

= x, + 0(1), 
if ,v, has been again substituted for log log a:; consequemly 

. (ZOg log 5:y,-1 + 0 (log log :Jn

r-
2 

= X/I~-l + 0 (X2":r-2 ), 

1 1 log dl 1 ( log dl ) ---;. = l~g I/] + ------; = log .'IJ t 0 (log x)' 
log - log x . loq -

dl • dl 
" and 

(
logloo.:.)",-l + o (loq 109::'_)"

2
-2 

v dl _ .. dl _IC,:'I,-l + 0(lCt"'-2) o(lC,n,-1/09d l ) 

,'IJ log IC log 3J + (log IC)' • 
loq-

• dl 

It has been assu~ed that formula (1) holds good for n=nu hence 

_ a,.]:"! \.'IJ,,,,-1+ 0(,'1:,,,,-2) + o(o'l:,nl-l1ogdl)l 
- . .:. t lo!} IC (log x)' , ' 

dl ,I! 

where a, has been substituted for 

_ bm i !,(v,). 
h (ni-I)! v,=l 2:.. 

v,zm= I, Vtm 

If this result is sul)stituted for the value found for Tl, we find 
1 

F (d ) (2:-; IC n,-":t) 
-Vx Vx j}\(dl )! }; _1_1 + 0 _ ' :E -+-

dl=l 2:.. WgIC d1=1 1 , 
dl=ll dm .dl-II dm I I 

11\ (dl}llog dl 
1 

dIm 
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Tt bas been llnderstood th at formula (1) holds good tOl' n = nl> 

consequently for the functions PI and I FI! and accOl'ding to the 
first lemma of this paragraph we have 

and 

where 

Rence 

dim 

~/x iFI(dl ) log dl 
!; ---._-- = 0 (.11,'1\-1 log .v) 

d\=1 1 
d\=/\ 

1 

The value of Tt is found by interchanging 111 and n, in this 
forml1la and as aecOl'ding to 0111' sllpposition relation (1) holds good 
for n = UI and for n = 11,. we have 

and 
1 

1'. = 0 (OJ2
,.. (log log .11)nS-l). 

. log .v 

By substituting these values for T, Tt, T. and T. in (4), we find 
the formnla 
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1 

I FI(dl)}\(d,)=blm(nl+n,).vm.v,nl+llt-l i i .fl(v~fiv,)+ 
dld,~x lt'nl/n,Jloq .v' "1=1 "F1 1. 
dl~11 V1ZllU=11 v,z,m=l, (VIV,)'" 
11,=1, 

1 

+ 0 (;;;; ''l:Inl+1I2-2) . 
log .'1: 

Write agail1 down a series consisting of h integers prime to k 
and not containing two numbers, which are congruent to eaeh other 
with regard to file modulus k; give to 'I sllccessively each value 

___ of this series and determine for every value of 11 a nurnber 12 by 
the congruence 

lIL, 'é~':: l ; 

the lt relations, thns obtained, added, give in the left member 

l'; }\(dJ E',(d,) 
dld, ~;1! 
dld, ='l 

and in the dght member 

where 

b'm(n. + n ):v :11 i1! "1+",-1 (i1!~; :v "1+11, -2) 
I , • I • C' + 0 -'-:c'---
12 I '1 I' ft nl' n" og.v og ,11 

CIC 00 

c=~ I ~ 
fl(VI) J~(v,) 

/1 .'1=1 1',=1 
t'!zl,n __ ll v,z,r"=l, 

co 
~ 

"=1 
VZIU =l 

~::i: :t 
2.. /1 ('II'FT) 

v/Il ' t'!zlm===ll 

. 1 

(VI v,)m 

lt 
For every \'alue of VI exactly -b incongruent values for 11 are 

to be fonnd for which the congruence 

has roots; hence 

I ~. 
I1 "!"FV 

t'l:: I,/I---li 

~ .f1(VJ.t~(v,) 
1'1 1'FII 

Proeeedûigs Royal Acad. Amsterdam. Vol. X IX. 

54 
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and consequently 

x 1 
(~=:E --- ~ ~ lt(Vl}.t~(V,) 

,,=1 _1. /1 .'t"2=1' 
VZm-::c-J ?nI V!Zl m==::ll 

lt 

b 

00 /(t') 
:E ----

1'=1 1 
t"ZIn ::-:-[ V IJl 

1 

bm(n + n )x ~~.:l: 1l1+,,~-1 
~ FI(dt }P%(d,)=_--l __ ' -,-_!._- -----

dl ds;:''C ltn JII,. 10[1 .'C 

dlds~l 

which was to be pro\'ed. 

Mathematic8. -- "01/ an aritltmetieal function connected witlt t!te 
decomposition of tlu' I)OsÎlil'e intege1'S into }n'ime factors." IJ. 

(Continued mul concluded.) By J. G. VAN DER CORPUT. (Oom­
municated hy Prof .• 1. O. Kr.t:Y\'lm). 

(Communicated in the meeting of June 24, 1916). 

Lemma. t) TIlt' 11 um het· of (positive integral) divisors of the 
positiye integer 'IJ satisfies the relatioll 

~ 1 = () (1"")' 
dl .. 

for evel'Y (J. > O. 
Pro of. lf v> 2 decomposed info prime factors be equal to 

t,=np'" 
plv 

we have 

1) This propositiOD occurs for the first time in RUNGE: Ueber die auflösbaren 
GJeichungen von der Form x· + ux + t' = 0 [Acta mathematica, Hd. VII (1885), 
pages 173-186], pages 181-183, with a proof similar to this one. This 
proof has been borrowed of E. LANDAU. Ueber die Anzahl der Gitterpunkte in 
gewissen Bereichen [Nachrichten von der Königlichen GeseUschaft der Wissen­
schaften zu Göttingen, mathematisch -physikalische Klasse (1912), pages 687 -771 ], 
page 716. In his "Handbuch der Lehre von der Verteilung der Primzahlen," 
I. p. 220, he gives the by far sharper relation: 

lf J be positive, ~ = ~ (.l) fitly chosen and x an integer .:::.~, we have 

(1 +d''{Zogx 

.:E 1 < 2 l{)g log A: • 

(l::r 


