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II. No reaction is pessible, in which all phases of the invariant
point may participate.

When e.g. the phase F, cannot take part into one single reaction,
then in (1) and {2) a, becomes — 0. Then we have an invariant
point with n 4 1 phases, for -which the considerations sub [ are true.

Leiden, Inorg. Chem. Lab. (To be continued).

Physics. — “Erperimental Inquiry into the Laws of the Brownian
Movement in a Gas” By Miss A.SNeTRLAGE. (Communicated -
by Prof. P. Zxeman). '

{Communicated in the meeting of Feb. 24, 1917).

1. In a former paper') some -objections have been advanced
to EinsteIN’s formula for the Brownian movement by Prof. Van
DER WaarLs Jr. and me. According to this formula:

2RT

in which A’ represents the mean square of the displacement which
a “Brownian particle obtains per second in a definite direction.
Equation (1) has been derived on the supposition that the particle
meets in its movement with a resistance of friction. Accordingly B
is the inverse value of the factor of resistance which is found when
the particle travels with constant velocity under influence of an
external force. Statistical mechanics, }lowever, teaches that a particle,
in equilibrinm with the surrounding molecules, does not experience
a force dependent on its velocity, hence no ordinary friction. We
have written the equation of motion in the form:

az—pu—é—q........@)

and derived a value for A®, which does not lay claim to great
accuracy, but leads, at least for the Brownian movement in a

— 1
gas, to A? being proportional with pre when a represents the radius

.of the particle.
According to Srokes’ formula with CUNNINGBAM'S correction :

F=6aat. . . . . ... .. @®

in which § represents the coefficient of friction of the medium and

k= (1 + A%’)“lr

1) These Proc. 18, 1916, p. 1822.
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2 i the mean length of path of the molecules, 4 is a constant
~ determined at 0,873 in Guve's laboratory at Geneva ). Different

investigators have performed measurements of A*, however almost
always from the mutual differences of the times in which a particle
travels a definite distance under the inflnence of an external force.

It is, however, the question whether the thus determined values of A?
. are the same as those of equation (1). For with the movement under
an external force the distribution in space of the molecules of the
medium is disturbed, and it moves for a part with the particle. The
chance to a Brownian dxspiacement upward or "downward will no
longer be symmeirical. Only one investigation is known to me,
that by’ FLETCHER®), in which uno external force acted on the particle.
The data obtained in this way, are, however, not numerous.
It seemed therefore not superfluous t6 me, {o start another inguiry
. into the validity of equation (1). In my experiments, carried out in
the Physical Laboratory at Amsterdam (Director Prof. Zexkman), the
displacement of a particle was measured while the gravity and the electric
force were in equilibrium with each other. This can be established
with pretty great accuracy; in order, however, not to be disturbed
by a small residual force 1 observed the movement in horizontal
instead of vertical direction.

2. 1 made use of the.well-known method of MiLLikan?) and
EHRENHAFPT *).
- When v, represents the velocity of fall of the particle with mass
M, v, the velocity under influence of gravity and an electric force
of equal direction, v, the velocity of rising, when this electric force
is reversed, the following equations hold:

1
Mg = Bl - - e e . . (4a)
o — Mg — évs R N € 19]
1
_ °€ + Mg:Evv' - et e e e (44')

e¥ is the absolute value of the electric force, e the charge of the
particle.
From (4a) and (4d) follows:

1) A, Scuipror et MlieJ. Monzynowska, Arch. de GenéveilO 1915, p. 386 and 486,
%) H. Fugrcasr, Phys. Rev, 33, 1911, p. 81.

% R. A. Mnuxax, Phys. Rev. 29, 1909, p. 560.

4) See for a full descrtptmn F. EHRENHAFT. Wien, Sitz. ber. Ia, 128, 1914, p. 63,

64*
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1
€=t - . . .. ... )

If B is known, then & can be calculated.
According to (3) we may write (4a) as:
4t —dg=6x8ake, . . . . . . (6)
o is the density of the particle, d that of the medium, g the accele-
ration of gravity.
From (B} we can calculate a.
ScHRODINGER ') showed that:

L
Vp = ——
ty
in which ¢, is the mean of the times required by the particle to
fall over the distance L. The Brownian movement namely causes
the measured times to differ somewhat inter se.
The measurement of A? took place in the following way: 1 ob-
served a great many times the time in which the particle covers a
certain distance in horizontal direction, when the gravity is neutral-

ized by an electric force. To find A’ from these times of displace-
ment we ask: what is the chance that the particle after a time ¢
crosses for the first time a dividing line at a distance /, no matter
on which side? We confine ourselves to the X-movement. ] have
made use of the method which ScrropiNGER ') uses for a similar
problem.

When at a time { =0 a great number N of particles start from
the point O,—,, the number with coordinates between » and x 4 d=
at the moment ¢ will be:

—— ”J."

We see the meaning of @ by calculating the mean value of 2%,
It then appears that:
= )
A== —— « + . . . o e e
2A?
Calling the points that lie at a distance / on the right and on
the left of . O, 4 and B (tig. 1), we shall calculate how many
particles have passed neither of the points in the time .

} ; ’ e
B ¢ 0o t A C
: Fig. 1.

) E. Scarépineer. Phys. Zeitschr. 16, 1815, p. 289.
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It is easy to say how many have passed over A or B. Let us
confine ourselves first of all to A alone. When a particle reaches
A4, the chances that it will lie on the leftside or on the rightside of
A some time later, will be equally great. Hence the number of
particles N, that reaches A, is equal to double the number on the
righthandside of A.

— = axr?

Nl_—_—le/_“_fe'T dee
44

{

The number of particles that has passed B is of course equally
great. The required number M, which has neither reached 4 nor
B, is however not equal to N—2 N,, for we have counted the
particles that have passed over the path OAB among the two
groups N,, as also the particles JBA. (The meaning of this way
of writing is clear.) The nuriber N, that has travelled the path
OAB is equally great as the number that has reached a point C
at a distance 3/ from O. This is of course agam

__2N[/ fe*de
7t

M:N—le +2N,.

Now, however,” the particles OABA and OBAB have again been
counted among each of the groups NV, etc. Continuing in this way
we find:

Thus we find:

M=N—2N, + 2N, —2N, +...adinf. - . . (8

m—-2N|/ f e_Tda:
xt

{(2m—1)

In order to find the chance P(#)dt that a particle for the first
time passes one of the points 4 or B between ¢ and ¢ - df, we
must differentiate (8) with respect to ¢:

1dM

POdt —=-———dt.
. ® N dt

M=N- ¥ %3f __f tdw-{—f .admfz ©)

This series is convergent for all ﬁmte values of L.
If we now introduce a new variabfe y, so that:

in which:




+
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then (9) is transformed to:
M:N-'%} fe";f’dy - f ¥ dyt...ad inf.x
V7 )
hence : :

a3 ek
P(t)dt_—_-2ll/——t 2xe t — 3e '+...adinf.(dc.(10)
i

This series is convergent for all values of .
If we now put: .
al? Yal* . 25al*
==z
t 1 ¥ t — e b
then we get:

— ]
=z, ete.

4 ' :
PR)dt = — —«V--’-t-{e'zx’dz, —ewdz, + ... ad npd. . (11)
Qur purpose is to determine a.

1
From (10) we can calculate the mean value of R

We find for this:
1T 1 : )
—=—(l — 4+ 5 —... ad inf)
t al?

If we represent the sum of the series between brackets by f,
and put: :

1“__.1
ta ta
then
azz;ti
and ,
—_ 1]
,=L'-;- . . » » » . (12)
2f8A

The index A annexed to ¢ denotes that we mean the times of
displacement. f is to be approximated with an arbitrary degree of
accuracy. For our purpose suffices f == 0.916..

The observations give ¢{1, hence A? can be calculated.

3. 1 shall briefly describe the apparatus which I used for my
observations.’) 1 assume the method of MirLixaN and Earengarr
to be known.

1) Compare for a full description my thesis for the doctorate, which will
shortly appear. .
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The condenser consisted of 2 square brass plates placed horizontally.
I have worked with 2 different condensers C, and C, of the
. following dimensions:

. C, C,
sides of the plates 20 mm. 14 mm.
thickness 2 . 8 .,
distance about 3 ,, 2

C, has been used most.

I observed through a microscope placed horizontally. A micrometer
was adjusted between the two lenses of the eye-piece. It consisted
of two sets of lines drawn normal to each other, 0.1 mm. apart.
The magnification with respect to this micrometer amounted to from
4 to 5, the total magnitication to from 80 to 100.

For the illumination 1 used first an arc lamp of 8 amp., later
a so-called reductor lamp. This lamp burns 14 volt and has a very
-small incandescent body, hence a very great brightness per unit of
area. I worked with a lamp of 100 candles.

The electric circuit was arranged in such a way that of one and
the same particle 1 could successively measure the movement under
influence of a constant force @nd of an alternating force. Fig. 2 sche-
matically represents the course of the electric current. By reversing
HC the double-pole double-throw
H

switch O,, 1 could successively

s insert the condenser C into the
\// eontinuous-current cireuitand into

L;ﬂ m the alternate-current circuit. In

the fig. the two condenser plates
are in connection with the points
M and N of the adjustable resi-
stances W,;_3, -~ which short-
circuit the battery G. B,is an
alternate-current voltmeter, By
opening S, and throwing over
O,, C was brought into con-
nection with the poles of the
secondary winding of the trans-
formator 7, which converted the

% " 110 volt of the maunicipal elec-
]‘@,‘ : tric current supply to £+ 2000
voll. B, is a voltmeter of Braux,

Fig. 2. L is a lamp resistance. ¥, and

"V, are lequid resistances, S, and S, breakers of the current,

@
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For the registration of the movement 1 had at my disposal a Morse
registering instrument, the paper ribbon of which was moved by a
three-phase motor of } H.P. A Morse-key served as signal instrument.
This arrangement appeared very accurate when tested by means of
a chronometer. ')
The mercury particles were obtained by EnrRENHAPT’S method. For

the other substances 1 made use of an oil spray which is sold for
medical purposes.

4. After the condenser had been carefully adjusted horizontal,
1 proceeded to the measurement of ¢, f, U, and f, of a definite
particle. This was brought above in the field of vision, and at the
moment that it, falling, crossed one of the 2 horizontal lines, which
served as marks, the Morsk-key was pressed down. Then the field
was excited, and the time of rising 4 was measnred in the same
way. This happened several times in succession, the time of falling
t, also being noted down, when the electric field was reversed. Then
gravity was cancelled by an electric force, and the indicator was
pressed down when the particle in a horizontal direction passed a
following vertical dividing line on the left or on the right of the
preceding one. The sense of the displacement was indicated by
different signs. -

When for a particle the observation was over, the distances
between the dots on the paper were measured. These distances, expres-
sed in cm., which are proportional to the times of falling and
rising, are indicated by r. The factor of reduction of r to ¢t was
determined repeatedly with an accurate chronometer.

HEquation (6) only holds for spherical particles. 1 used the following
criterion to test the spherical shape. When the particle has different
dimensions in different directions, it will be orientated under
influence of an electric force, and experience another resistance than
in falling. Now follows from equations (4a, b, c):

2oy

—=1 . . . . . . . <. (@19

vy —V,

.

1
If, however, the factor of resistance in the falling is 5 in the

movement under an eleetric force —]Z;— s qulation (13) holds no longer,

but instead:
1) This had already appeared before in experiments by Prof. Zeeman in an

optical determination of the current velocity in a cylindrical tube. These Proc. 18,
1916, p. 1240.
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2v,

v, — v,

=p . . . . « . . . (130

Now in measurements with ammonium chloride I actually found
values of p departing as much as 50°/, fram unity. In this p was
always smaller than 1, which points to a position of the particle
with its length in the direction of the electric force.

. For the particles with which I performed my experiments, equation

(13) was always sufficiently fulfilled.

They were: a. electrically sprayed mercury (which will be dis-

cussed later), -
b. ice oil, density 0.87,
¢. potassium mercury iodide, density 2.56.

I used the lasi substance in order to get a length of radius lying
between that of the mercury and oil particles. The time of falling,
namely, depends besides on the radius, also on the density (equation 6).
In the observations ¢, must not be too small, the measurements
becoming 1oo inaccurate in this case, and not too large, because
then the deviations owing to the Brownian movement have too much
influence and the number of times of falling required to determine
vy, then becomes very great. For this reason I could observe
particles with smaller radius of a heavier substanee than of a
lighter one. _

For the measurement of A® I used only series for which at least
100 times of displacement were observed. ScHrODINGER ') calculates
the relative accuracy of the results, obtained in such a way, foran

2
analogous problem at l/m, when n represents the number of
n

elements of the series. In our case the accuracy will not differ much
from this.

The distribution of the times of displacement that is to be expected
follows from equation (11). The chance that ¢ lies between ¢, and ¢, is :

iy 4 (mh (zh
fP(t)dt::-——-‘—/;zfe—zl’dzl —fe“za’de,—l—...‘ (14
4 (@ (zahy .
in which :

t‘
(z)." =f;‘3 ete.
1

The distribution of the t’s is the same.

1) E. ScrRODINGER, le,
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In fig. 3a and fig. 35 I show for two particles in how far the
observed and the calculated distribution agree with each other.

Fig. 3¢ refers to the mercury particle N°. 123, fig. 3b to the
oil particle N°. 158.

n

Fig. 3a. Fig. 3b.

I have obtained the curved lines by calculating the to be expected
number of times of displacement between T=10 and r= 0.5 by
means of equation (14), starting from the measured value of 723,
and by drawing this namber as ordinate of the point v =0.25. In
the same way the ordinate of *=0.75 gives the number of times
of displacement between v = 0.5 and 1.0 etc.

The crosses give the corresponding values found from observation.

5. 1 will now proceed to the discussion of the results. I used
for this 13 series obtained with oil, 13 with potassinm mercury
lodide, and 14 with mercury. For some series the time of fall,
hence also the radius, proved the same, e.g. for N°. 152 and 153.
Such series | have combined. Everything was recalculated to 17° C.

For most experiments /= 1.87 10-3, L = 2.24 10-2.

Table T (p. 1015) gives the results obtained with oil and mercury
iodide, arranged in descending values of a.

1 Yo
I will first try to determine whether =" hence also 7, is pro-

portional to a’, to ak or to a.

The circles in fig. 4 (p. 1016) represent obsenahons with oil, the
crosses observations with potassium mercury iodide. For the present
we shall leave the series with mercury out of consideration.

-10 -
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We inquire which of the three lines determined by the equations:

=Ca. . .. . .. .. (150
tA—._—Cak. e e e e e e e e (156)
fh=Ca. . . . . . . . . (15

agrees best with the observations.

To settle this point it is required that we choose a point through
which we can lay thoge curves.

A ecurve drawn at sight across’ the points will run very close
along point P with eoordinates 4.88 and 3.61. We shall choose this
as starting point and lay through it the curves 1, 2, and 3
agreeing with equations (154, b, and o).-

It appears that 1 represents the observations very nnperfectb ;

-11 -
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d axio®
2 3 y 5 6
Fig. 4.

-

and it is no better when we choose another point instead of P.
The curves 2 and 3 however are in good agreement with the
situation of the points, taking into consideration that the deviations
are naturally considerable, quite, apart from errors.

It cannot be decided with certainty whether 2 or 3 should be
preferred. It seems to me that 2 is slightly more satisfactory. At

_— 1
any rate the supposition that A* should be proportional to —  is
’ i a

contradicted by the experiment, whereas Eixstein’s formula, at

least as far as the connection between A' and a is coneerned, is
confirmed. . :

-12 -
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6. In this we have not yet made use of the electrically sprayed
mercury particles. These have given rise by their behaviour to the
question of the subelectrons. Emrenuart ') thought he had to con-
clude from his experiments with this substance: electricily is not
divided into quanta, or if it is, the quantum is much smaller than
the electron assumed up to now. Among the opponents of this thesis
especially TawGoneki*) has tried to give an explanation of the phe-
nomenon by assuming that the particles possess a much- slighter
density than that of mercury. This would result in a charge that
was calculated much too small. TarGonski determines the spec. grav.
of the grey layer which covers the wall of the vessel and the sur-
face of the mercury after repeated spraying, and finds for it 7.3.
He derives from this that the. mean density of the sprayed particles
is much smaller still. He does not determine, however, the density
of the drops themselves. I think I bave found a means in my expe-
riments to determine it directly, though it be not with very great
accuracy. The particles were sprayed in my experiments in ordinary
air, in those by EHreNHAFT and TARGONSKI in dry nitrogen.

With the aid of the known value of 7 the eorresponding value
of a can be read from fig. 4 when we assume that the curve 2 is

TABLE IL

Number 1! gjf:ftrtii] t, t,* afgg.m p calc.

s | — | s22 | 155 | 235 | o1
o4 + | 340 | 1.22 | 195 | 12
116—120 | — | 3.0 | 1.13 | 1.85 | 12
102—137 | 4— | 4.08 | 1.17 | 1.90 | 11
141 — | 428 | 1.07 | 1.8 | 12
150 — | 452 | 112 | 1.8 | 10
110 — | 467 | 104 | 1.5 | 1
138 + | 41 | 097 | 165 | 12

11 + | 5.8 | 1.07 | 1.80 | 8.6
123 + | 6.0t | 093 | 1.60 | 10

124 — | 60 | 100 | 170 | 0.
149 — | 646 | 017 | 1.40 | 12

1) F. Enrennarr 1. c.
%) A. Tanrgonsk1, Arch. de Genéve, 4, 41, 1916, p. 207,

-13 -
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the correct one. Then the density follows from equation (6). I have
carried out the calculations, and collected the results in table 11. The
density appears to be about 11 on an average, much higher, therefore,
than according to Tarconski. Probably a layer of a lighter substance
forms at the surface, but the chief component remains mercury.

In fig. 4 the points indicate the places that the observations occupy
in the whole of the experiments, when 1 start from the supposition
that the density is 11. In fig. 5 1 have enlarged the first part of

R’
t, 3 /

ax10°®
3

Fig. 5.

the preceding figure in order to show where the points would lie
when we had to do with pure mercury. This has been indicated
by points. The crosses give the place for ¢ =17, which is still
too high according to Tarconski.

7. To examine whether the formula of EmsreiN-CunniNeHan holds
~ also numerically, we can calculate the value of N from curve 2 of
fig. 4 with the formula:
' , ____ 1 RT
| L=g Tk N

I find for it N = 6.38 10**.

Among the different calculations of N that of SommesrrLD, from
the theory of quanta of the spectral lines, may be considered as the

-14 -
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most accurate one. SomMmerrelD finds N = 6.08 10, a value that
differs 5°/, from that calculated by me. '

8. Now also e can be calculated fromr equation (5). The measure-
ment of this is, however, not so very accurate, the reading of the
voltmeter being uncertain to some percentages. In table III I record
the results for a number of particles. Let us assign to every par-
ticle, the number of electrons given in the third column, then this,
with the total charge of the second column, for the electron gives

-
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the values of the fourth column. These hood lie around MiLLikax’s
value 4.77 1010,
I shall discuss the meaning of m in the following §.
-

9. I have stated in § 3 that I also observed the particle in an
alternate field. It then executed a vibrating movement, and made
the impression of a luminous line, clearest at the extremity\ where
the velocity was smallest, so that as a whole it resembled a dumb-
bell. Accordingly 1 shall speak of the dumb-bell movement. I have
tried to measure the length of this dumb-bell by comparing the
falling luminous line with the distance of the dividing lines. This
was very difficult, particularly because 1 had only a few seconds
time. Then the constant field bad again to be excited by quick
throwing . over of a number of switches, so that I could make the -
particle rise again before it disappeared out of the field of vision.
Hence the measurements are only estimations with a considerable
mean error. I wanted to try and get an answer to the following
question: does Stokks-CuNNiNeRAM's formula sufficiently express the
resistance also for this rapid movement?

Then the movement must satisfy the equation :

.. k4 . .
.v’ll.'v:e@,siﬂZn?~Gn§akx. Ce - o . (16)

€, is the maximum intensity of field, T the period of the alternate
carrent'). It is easy to calculate that we find for the length of the
dumb-bell from this equation:

v o8 ATV 1
=25 () —
l/l +

4nt

6alak

i

in which K=

T . : . .
Now K o I8 large with respect to1, so that we may write:
¥ ¢ ’

— —— 17
24 *e@"ﬁz’gak' (17)

In table I11 m.. gives the value of 24 calculated from eqguation
(17) expressed in multiples of the distance of 2 lines; Nipes gives
the measured lengths. It appears that miq., is always smaller than
Mmeas . This suggests that the resistance for the vibrating movement

) Only m approximation is the intensity of the alternate field represented by
a sinus function.

-16 -
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would be smaller than for the movement under constant force. The
observations are too rough for quantitative calculations, but the
differences Of M. ANd Myeqs, ar€ 100 great and too much in one
. direction to be attributed to errors of observation.

Amsterdam. ' Physical Lubomtorz/

Chemistry. — «Current Potentials of Electrolyte solutions.” Second
Communication). By Prof. H. R. Kruvr. (Communicated by
Prof. Ernst CoHEN).

(Communicated in the meeting of January 27, 1917)

1. In a former paper') I communicated a series of measurements
with respect 1o the influence of dissolved salts on the current
potential, after having made investigations with solutions of the
chlorides of potassium, barium and aluminium. These salts were
chosen, because they are electrolytes with resp. a monovalent, a bivalent
and a trivalent cation. In Tables 2 and 3 similar results are given
_ for ‘investigations made with hydrochloric acid and the chloride of
p-chloro-anilene. A standard solution of HCl was prepared by
conducting gaseous hydrochloric acid in “conductivity water”; to get
the solution of pCIC,HNH,.HCl Kamusavm’s pCIC,H,NH, was
dissolved in water containing the equivalent quantity of HCl from
the solution first mentioned. ‘

The results given in Tables 2 and 3 show the decrease of the
current potential to be here much larger than in the case of potas-
siumchloride (ef. Table 1, columns 1 and 2). This result is in perfect
agreement with the investigations on electric endosmosis (for litera-
ture, see my first communication), and it can be easily understood
when we suppose, as FreunDLicH does, that these phenomena are
in close relation with the adsorption of the ions: the H-ion, and
also the organic ions (especially aromatic ones) are adsorbed in a
greater amount than those of the light metals. A comparison of
Tables 2 and 4 shows, that the monovalent H-ion and the bivalent
Ba-ion bring abou!: nearly the same lowermg of the current
potential.

2. A comparison between the electric charges of the capillary
tube is still of more importance than that of the current potentials
especm.lly with rega;rd to the problems of colloid-chemistry *).

1) These Pmceedmgs 17, 615 (191 4).
?) See H. R. Kruyt, These Proceedings 17,:623 (1914).
65

Proceedings Royal Acad. Amsterdam. Vol. XIX.
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