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Physiès: . ~ "Entropy anc!" Probability." By O. POS'fMA. (Com­
municated by ~rof. H. A. LORENTZ). 

(Communicated in the mf'eting lof November 27, 1915). 

~ 

§ 1. In tlle kinetic definition of' the entropy it is necessal'.V to 

determine a fllnction 8 which 1. satisfies the equation dS = dQ 
T 

on tt-al1sition from a state of equilibrmm to a l1eighbolll'ing one, and 
2. increases in an isolated system whirh is not in equilibl'inm. Many 
sueh detinitions have been given, in whirh now special attention 
was paid to öne, now to the orher property. The 8 that satisfie~ the 
second demand, must tIJen also satisf.y the first in the particnlar ca~e 
that thel'e is eqmlibrium. Addltional constants evidently have no 
influence (by constant we understand here for J: independent of 
energy and volume; for 2: independent of distl'ibution of place and 
velocity). 

In connection with the theory of quanta, however, these ~onstants 
have come more into the foregrollnd, specially for so far as they 

, depend on the elemental'y region ,q of the extensiOl1 in phase of the 
molecules and tlle number of molecnles ~V. Of late attentIon bas 
a1so been drawn to other properties which the entropy-fllnction should 
satlSf.r, and more particulal'1y: 3. the entropy of' a quantity of 
substance is equal to the sum of the entropies of its parts. Fnrther 
tbe dimension of the entropy has also become of more importance. 
When following PLANOJ{'S example we calculate the entropy in tlle 
state of equilibrium for a perfect gas bJ' the aid of the definition 
8 = Ic lo,q P (P = probability), and make use of the condition that 
pl'operty (8) must be fulfilled, we come to t11e conclnsion that the 
above mentioned elementary ree,ion.q must be proportional to N. 

Important objections are, howeyer, adduced against this result by 
LORJJ:NTZ in his article: "Observations on the theory of the mOl1-
atomie gages." 1) 

This result, hen ce alRo these objections are obviated by TETRODE 
b,v dlviding the expression fOllnd fol' the entropy by NI. In the 
cited article LOR]j,NTZ obsen"es, however, in reference to this that 
there is no physical reason to be fonnd for this division. 

The purpose of thi8 al'ticle is chiefly to sUQject the exisiing diffi­
culties to a closer examination. 

§ 2. If we define the entropy by means of 8 = k lO,q P, the 

1) Verslagen Kon. Ale. v. Wel. Amsterdam, Deel XXllI (1914) p. 515. 

\ ' 
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probability P should firdt be, defined. In the calculus of probability 
it is customary to define the probability as: ,the ratio between tbe 
mllnber of cases of equal chance favoul'able to the event and the 
total numbel' of cases of equal chance. If there is not a finite nllmber 
of sncb cases to be indicated, we get instead the ratio' bet ween the 
region of the favomable cases and the total l'egion (either with a 
variabie weight Ol' without one). 

Wh en we wish to determine the pl'obability of a certain state fol' 
a gas mass (and henceforth we shall only consider perfect gases) 
we must understand by this region the region of the possible phases 
of the gas-mass on definite suppositions of energy and ,·olume. The 
region of the favourable cases is then Ihe phase-extensiol1 for which 
the state exists, the probability of w Ilich is to be determined. 

1Vhen following the example of BOJ.TZlIfANN and GIBBS we consider 
the weight-function at a definite enel'gy as a constant (or constant 
between E and E + dE) we get for the prolJability simply the 
l'elation between two regiolIs in the r-space, of 6.LY - 1 or 6N 
dimensions, accord~ng as we snppose definite Eo or variabIe E 
between Eo and Eo + dE. 1) , 

The fmmer is the more nalnral supposition when with EINSTEIN 

we think of a time-ensemble, so that the pl'obability i5 equal to the 
ratio between the time in which Ihe system is in tbe definite state 
and the total time. The second is more appropriate ",hen with GIBBS 

we think of possibilities existing simultaneously, 50 that we can 
imagine realit,}' to be fOl'med by a random choice from an ensemble. 
The result is of course the same in these two cases. 

If we choose the former method and lhink the state determined 
by tbe series of the vallles n1 , n~, etc .. which l'epresent the nllmbel's 
of molecules, the p's and q's of wbich lie bet ween definite limifs, 
the moleeule-phase-points, theJ'efol'e, iJl defirlÎte elements ,q of tbe 
tl-space (phase-extension of the single molecule), then for definiLe 
Eo the pl'obability of this state is eqllal to the fmction: 
part of the surface E (pq) = Eo in the Z·star of the r·space delprmined by that state 

total area of the surface. 
lf we follow the seeond method, the denominator becornes the 

contents of a thin sbell and the numel'atm th at part of the shell 
lying illside the Z-stal' in question. For tL pèrfect gas surface and 
shell are s phel'ieal. 

Now the question suggests itself~): is tbis fi'action also equal of the 

1) Here and in what follows ideas and names are made tlse of glven in the 
Encyclopaed. article by P. and T. EHRENFES1'. 

2) Cf. EHRENFEST. I. C. § 12 and § 13. 
68'!l 

" 
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ratio of the contents of th at Z-star to tbe contents 'of the "Séhaale" 
E (Z) = Eo, the tota1 of ihe stars, for which the energy =- Eo, if 
the energy fot' an element g is taken = that of the centre? It is 
easy to see that this is not the case, The fraction detinecl above 
has a variabie vnJue beginning witlf 0, if the surface of the shell 
touches the extreme points of the eells of which the star consists, 
increasing when the enel'gy approaches that of the centre, and after­
wards decreasing again Lo 0. The last mentioned fraction has a 
definite value when the enel'gy is that of the sial' and else IS zero. -
That the quantities are not of the same order either, appears from 
this th at in the former case a definite distribuLion of state belongs 
to all kinds Ol shells, in the latter entircly to one "Scha~le", whel'eas 
reversely a definite "sUl'face" contains rnuch fewer mutnally differing 

distributiollS than a deftnite shell. The value of tbe quotient S ~tar 1 " 
" c )aa e 

is further toa dependel1f on cornpal'atively accid en tal cil'cumstances 
to serve as meaSl1l'e for the probability. 

The p1'obabiJity derÎned by us is, llowever, not easJ to caiculate, 
when as was supposed up to now, we thinl< the elemel1ts gN of 
the J!space a1'isen from cube-shaped l'egions g' and gil in the COl1-

figuration-extel1sion and the extension of momentum of the single 
molecule. Ir becomes easi~r when we think the r-space divided by 
E (pq)-sul'faces I1nd sllrfaces nOl'mal to them. 

If we think the r-space divided into a r'-space of the distribution 
of place and a r"-space of the distribution of momentum, we get 
as element: g'NX element in r"-space, Henre tbc chance io a 
eertain state now becOlues: 

Nf 
---- X g' N X element in r"-space 
12 1! n/ . . . . 

total extension 

in which element and extension are bath thOllght bounded' by the 
sUl'faces E(pq) = Eo and E (pq) = Eo + dE. 

N! a'N 
'l'his fraction is equal to: X '-;v X ratio ofthe spacial angles 

n j ! n 2! .,. v 1 

in r"-space = I N: X (tL)N X (d4(O)~ jf ctw = spacial angular 
n,.11 2 , ••• v :rr 

element fol' every molecule separately. 
Howeve?' this p?'obability z's ;zot applicable jOl' the entropy in tlte 

state oj eqzdlib?'ium. When, namely, 'ye make the probability maxi­
mum, the obtained value P appears on calc!llation to depend na 
langer on E and v, sa thaJt k log P cannot represent the entropy 
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which we know from thermodynamics as a function of E ftnd v. 
Accordingly no body has as yei made use of the 1'ea1 fraction of 

pl'obability fol' the entropy; / always eilher the numerator or the 
denominator was taken 1) or a quantity which differed liWe from 
it. With regal'd to the latter it is noteworthy that in Ic log P terms 
without the factol' Nma,)' be cancelled against terms with the factor 
N, so that for the calculation of P quantities, the ratio of w hich is 
of lower order than N, come to the same thing. ' 

Tbe denominator which represents the whole extension is available 
in ihe state of equilIbrium, the numerator both in the state of 
equilibrium and outside it. lil the, state of equilibrium they represenL 
the same funclion of E and 'IJ, so that the' quotient is independent 
of it. We should fmther notice that if not the fraction of pl'obability 
it&elf is taken, but e.g. the numerator it is of no cOllsequenre how 
the space is divided into element3, since the extension itself, determined 
by the Eitate, is decisi ve. We may therefore just as weIl take the 

usual 
NI 

nt f n,J . .. 

~ 3. This expl'esflion is, however, open to the objection that the 
dimensions are not in order. In the expression /.; log P P must be a 
number without dimensions. If P has dimensions, the entropy wIll 
have logarithmie dimensions, i.e. increase or dect'ease by a definite 

1) In explanalion of this fact, which seems so strange at first sight, th at both 
numerator and denominator may be taken as measure for the probability, Prof. 
LoncNTz was so kind as lo Ulake lhe following remarks : 

Let Q be a comparalively large region in the phase-extension, (eilher reduced 
by a function of weight or not), Q' the part of Q that is left when a certain 
restriction (a) is introduced (e g. that the energy lies between two closely defined 
lümts) and Q" the part of Q' where besides e.g. the numbers of molecules are in 
the diITerent elements 121, n2 __ . The latter with restriction (a) may define abtale S. 

Now the probability of all the states satisfying (Ct) conjointly may be represented 

by P = g (1), or if the denominalor is disregarded by P = Q' (2). 

But when remaining inside the limits of the l'estriction (a) we pay attention to 

the st;te S, we may wrile for its probability P = ~:' (3). This becomes for the 

Q " 
most probable state: Pm = Q~' On account of the "sharpness" of the maxima 

Qm" differs so HttJe from Q' that (also in conneclion with lhe fa ct that log Q is 
reqUired for the calculation) Q' may be replaced by QfII". Now (2) becomes there­
fare: P = QlII" ~4:). 

1t is clear: P is determined by the den01Uil1ato~' of \3) in (2), and by the 
numera,tar in (4). 
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value when the fundamental units are made a definite number of 
times lal'gel' Ol' smaller 1). rhe differential of tbe entropy wil! have 
othe1' dimensions tban the entropy itself etc.; in othel' words the 
entroPJ will not be a physical qualltity in the usual s~nse 2). Tbe 
same objection holds fOl' the denominatol'. To avoid this the numeraLor 
or tbe denominator Hself should not be taken, but it sbonld be 
divided by an expression of equal dimensions, e.g. by gN. _ 

Planck takes the numerator divided by gN; at least it comes 
to tbis when he defines the "therrnodynamic probability" as 
the number of possilJIe ways in which a certain distdblltion of 

NI 
state can come about. 'rhus we get: liTT = -::c_---

11/ ni . .. 
and flOW 

S = k log P is taken again. 
This omission of gN is an essential point; fol' the consequence 

of it is that PLANCK'S entropy fllnction contitÏns the element g; the 
original value was independent of g. 

Thus we find tbe vaIue: 

S = k ! N log N - :2 f lO,9 f dIJ - - N log do l if ,q = m 3 dfJ 

In this expression fol' S BOIJTZlIIANN had 1eft o~t the first and 
the third term as constants, tbrough wbich he a1'rived at: 

S = - Ic :E f log f do 

2 f log f dfJ is BOLTZMANN'S H fllnction, 
In Lhe state of equilibrium 

I 
S = k N li log (2 3l' m E) + log v - i log (t N) -l- t - loggl 

follows from PIJANCK'S formula, and 

S= kNltlo,cJ (211: mE) + log v -ilog (iN) + ï -lo,g Nl. 
fl'om that of BOLTZMANN. 

In BOLTZMANN'S formula the dimensÎons no longer come right; rbe 
property (3) from § 1, that the entropy of the whole is equal to the sum 
of the entl'opiés of the parts, howevel', does hold, which pl'operty 
does not come tl'ue in PI,ANCK, if no definite assumption is made avont 
p. To make up for this PLANCK assumes thatg is proportional tt> N, quite 
al'bitrarily in my opinion; the reasoning, namely, by which he tries 
to make plausible that this "elementary region of probability" wonld 
be pl'oportional to N, does not hold for a perfect gas 3). 

1) Unless also logaritbmic dimensions are assigupd to k, wbich n€'utralise tho 
I1rs1. ilut this woulrl he very unpractical. 

2) It should be remal'ked that GIBBS has not hesitated to state this abnormal 
behavioUl' of the entropy explicitly, Cf. on tbis § 4. 

S) Cf.: "Die gegenwärLige Bedeutung der Quantenhypothese für die kinetisclle 
Gastheorie" in "Vorträge ühel' die kinetische Theorie der Materie und der Electri· 
2;ität. vOn MAx PUNCK U a." Leipzig u. Berlin 1914. 
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Tt would have been better, it 8eem8 to me, to divide the "thermo­
dynamic probability", which does not represent the originally meant 
probability at all now, also by NI, as TETRODE did fol' the denominator, 
by which propE'rty (3) is also satisfied. 

Instead of the numerator, LORENTZ llses the denomina.tor in his 
above-mentioned artiele. Tt may be represented by: 

~N-l 
(2 % Em)2 .2::rmvN 

.QdE= dE 
T(i- N ) . 

dV 
Now .Q represents the fllnction - introduced by GIBBS, of which 

dE 
the log forms one of [he three functions fol' the enfropy given by 
GIBUS (viz. (p). If we now still divide by gN, [tnd if we omit the 
terms which do not contain _N as a factor, we get again Pr,ANCK'S 
formula fol' S = k Log P. ' , 

TETRODE makes use of another function illtrodllced by GIBBS 1). 
This func'tion (V) does not represent the extension of the microcanonic 
ensemble, but the total extension below the E in question. We now find : 

V 

while TETRODE now puts: 

froll1 which follows: 

2..N 
(2%Em) 2 .vN 

r(i- N + 1) 

V 
S ...:.. Je loog N l~T,. g . LV _ 

S = Je log! i- loog (2 % E m) + log v - i- loog (i- N) - log N + -% - log ogJ 

which formula diffe!Os from thaf of PLANCl( in the term - log R, t 
having taken the place of to Propel'ty (3) is now satisfied without 
a speeial assllmption hàving to be made ab out the elelllentary volume g. 

Now the vindication of the division by gN and .NI is still to be 
discussedo As far as the former is cOllcerned, that the dimensions 
are not in order is of course no 'oeason LO divide pal'ticlllal'ly by 
gN, \IV hieh canses tbe l'esnlt to depend on 09, whel'eas it- would 
othet;wise be independent of it. 

When it has oncé bee~ assnmed that S = k log extension (eithel' 
of the state of equilibrinm alone, of all staies at definite E or) of 
all states between 0 and E), the division by qN may be jnstified 

~ c 

by this that not a pUl'ely microcanonic ensemble must be considered, 
but a roughly microcanonic Olie, in which elements of eel'tain 

1) Ho TETIlODE, "Die chemische Konstante der Gase und das elementare Wirk. 
ungsquanlum"o Anno der Phrso 38 (1912). ' 

\ 
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extension gN represent ca'3es of equal chance. Not the absolute 
extent of the phal:>e extension would therefore be of impol'tanre, but 
the number of fJnite cases of equal chance contained in it. 

If we assume that a gas, not in ~qllilibl'ium, can be represented 
by an arbHrary ensemble between narl'OW energy Iimits tending to 
a microcanonic ensemble whirh repl'esents the gas in the state of 
equilIhrium-, the elements g.Y have the prartical signification that 
they represent the extent of the parts of tlle ex ten sion with regard 
to winch the distl'lbntion has become homogeneous, whel'eas th is is -
not the case inside it, Then the elements gN would, there[o1'e, have 
no fixed extent, but this would depend on the time during which 
the considered gas iil left fo itself; they can, namely, be taken smaller 
as the "stirring" has continued longer. ' 

The division .by NI is necessal'y to enSllJ'e that the entropy of 
the whole is equal to the snm of the entropies of the parts lfor so 
far as these palts are lal'ge with respect to the space element g'), 
Ol' the extension of the whole equal to the product of the extensions­
of the parts. As a justification of this the following explanation may 
be given. lf we have k sepal'ate quantities of gas, each of n mole­
cules in a volume v, the total extension of nllS 111 the space of the 
distribution of pI ace is (vll )," = vlcn , If, however, the volumes vare 
not separated from each otber, but parts of a larger volume kv, we 
may not take vn for the extension of the parts, because there need 
not be n definite molecules in every volume v, but all tbe molecules 
of the vessel can get thel'e, It is, howeveL', difiirult to say, how 
much ever)' extension changes through the pal'ts not being separated, 
since the extensions are not independent of each other, Fol' tbe 
extension of all the states, in which there are n molecules ill the 
first volnme VI> is fol' the gl'eater part the same as that in which 
there are n molecules in v2 etc. We can, howevel', say what change 
must be eft'ected in the total extension in consequence of the absence 
of the partitions, 

We mnst, namely, take into account that the molecules from the dift'e­
)rent (k) volumes v ean be interchanged, so that instead of the original 

. (kn)! 
extensIOn (vll)lc = vlcll must be taken: vlcll X -- Ol' in approximation : 

(n/)k 
(kn)lcn 

v7e l! -- =: (kv)7cn, whieh is also rhe extension which we should 
nlcn 

have found by direct caIclllation of the whoIe. The equation 
(kn)! N! 

(vll)'c X --= (kv)kn or (ull)'e X ~- = (kv)N eau now be taken as 
(nl)lc . (n!)k 

basis to obtain an ava.ilable fu.uction l which ean take the plac~ of 
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the extension eonsidered up to now. We ean, namely, wl'ite for this:-
(vn)k _ (lcv)N (~)7C _ ~.N 
( 

I)k - uf or ,- Nf . We take, therefore, now the function 
17. )v. n. . 

vn 
- instead of vn, and have retained the property (3). 
nl 

We arrive at the same result, when we do not take into account 
the interchanges between the molecules of the different parts v, 
but also disregard the individuality of the molecules of each part 
in itself, so that tIte numbel' of generic phases instead of the nllmber 
of speeific phases has become decisive. 1) 

The remark might be made th at a consideration as the above is 
mOl'e of a mathematical than of a physieal natl1l'e. Ir should, how­
evel", not be overlooked that no physical reason is given either v\1hy 
the entropy should bave to be S = k log P or A, log extension. 

These functions ha'-e been taken 1'01' the entropy because they 
showed analogy with the thermodynamic entropy. lt is, therefore, 
natural to make changes in these functions which ren der the analogy 
more perfect, when It is seen that the analogy is not perfect yet. 
We ma)' also eaU the dlVision by N! ~l1ch a change, through w hieh 
we get a mathematically determined quantity, which satisfies the 
three or foU!' conditions mentioned in § 1. 

§ 4. We will now discuss for a moment the quantity for the 

entropy which GIBUS puts most in the foreground, viz. -ij = - f1elt, 
n 

in w hieh 11 = log Pand P = N' when D is the density of the 

system points in the element eh: of the r-space, and J.V the total 
.JJ-E 

number of system poin tso For a canonic ensemble P = es-, in 
which attention is drawn to the fact that P has the dimensions of 

1 
phase extension 

But then '1 bas Iogarithmic dimensions, bencEl also - 11; as was 
observed above, this is no quantitJ in the strict sense of the wOl'd. J

) 

E and iJ. ~eing of mutually equal dimension, aiso ti' must have 
logarithmic ,dimensions ; 'tI' and E have therefore different dimensions, 
are therefore dissimilar quantities. Yet GIBns speaks of .." aE> of the 
ene1':gy, fol' which the eoefficient of probability (P) = 1. 

1) Cf. al<;o: H. TETRoDE, "Theoretical Determination of the entl'opy constant 
of gases and liquids". These Proc. XVII p. 1167. 

~) Cf. GIBBS, Statistical Mechanics, p. 19. 
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f--E 
Tbe difficulties may be removed jf eT is considered as a value 

witb dimensions 0, and then multiplied by a constant C la bring 
the dimensions into order. 

The procedure is the same jn othel' parts of Physics whel;e ex~ 
ponential functions áre used. Hence the relative density would now 

>!J-E 

become Ce~, Ol' ratbel', because in tbis way we should get too 
E l!. 

many constants : Ce- -;-, sa that J Ce - ~ = 1. Now we should have-

- E 
to take for tbe entropy not the meall -log P or -log C +-, 

f) 

but the mean - lo.q lP X certain constant extension). If we now 
take ,qN for th is constant extension, sa that the farm within paren­
theses represents the relative number of systempoints ove1' an ex~ 
ten sion element gN, we get, aftel' multiplication by the usnal con­
stant le, Pl.ANCK'S above discussed formllla. 
, If besides we multipIy the farm, the logarithm of wbich is taken, 

by NI, we arrive at Tl!.TRODE'S farm uIa. 

Botany. - "On the mut~tal eifect of genotypic fact01's." By 
Dr. TrNE TAl\DfES. (Communicated by Prof. J. W. ~10LL). 

(Communicated in the meeting of November 27, 1910). 

The varieties of Linurn usitatissimurn L., which I have used for 
lIl)' crossing experiments, show three types with l'egard to tbe 
breadth of the petals. In two of these, however, the length of the 
petal is the same. ' 

The broadest and als 0 the longest petal belongs to the so ('alleel 
Egyptian f1ax. I have previously I) reported on the' variabiIliy-cllrve 
and the median value of bath length anel bl'eaelth.· In the present \ 
investigation, however, the nse of the mean va]ue was to be preferred, 
because in same cases the meaSUl'ements could noL be very numerous. 
Since this paper only deals with the bl'eadth, it will suffice to give 
the mean value of this dimension only. It is t3.4 millimetres. 

The breadth of the petal was forlIlerly taken and is still taken 
to be the greatest breadth. The colour of the flower of Egyptian 
llax is blue and has been l'epeaieelly discussed befare. 

1) Das Vel'halten tluktuierend variierel1der Merkmale bei der Bustardierung. Rec. 
d. Trav. bot. Néerl. Vol. VIII, 1911, p. 249. 


