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Chemistry. - "In-, mono- and divariant equilibria". IV. Ey Prof. 

F. A. H. SCHREINEMAKERS. 

(Communicated in th~ meeting of N?v. 27, 1915). 

7. Anothel' representation of P, T-diagrams. 
In order not to extend unnecessarily the number of drawings of 

P,T-diagrams, we shall represent these diagrams in another way. -
We take e. g: the P, T-diagram in fig. 2 (II) 1); we shall repl'esent 
this by the following fignre, wbich w~ shall eaU a symbolieal repre­
sentation of this diagram. 

Stab. (1) (5) (4) (3) (2) (1) 

I I I I I I I I I I I 
Metast. (3) (2) (1) (5) (4)' 

(1) 

In the P,T-diagram Lfig. 2 (U)] the stabIe parts of the curves 
suceeed one another in the succession (1). (5), (4), (3), (2), (1), viz. 
starting from curve (1) in right-hand side direC'tion; this succession 
is represented in the symbolical representation (1) by the upper line. 
In order to avoid er-rors this line is indicated by "stab." 

The Jower line, which is indicated by "metast." relates to the 
metastable parts of the curves. Oonsequently it is apparent from 
the symbolical representation, in accordance with the P, T-diagram 
[fig. 2 (II)], that between curves (1) 'and (5) rhe metastable part 'of 
curve (3) is situated; between (5) and (4) the metastable part of 
curve (2) etc. It is also apparent that curve (5) is situated between 
the metastable parts of the curves (2) and (3) etc. Ourve (1) is 
situated bet ween the metastable parts of the curves (3) and (4); 
this shows itself distinctly when we imagine the diagram (1) to be 
continued further towards the right. 

In order to see from the diagram, which curves are situated at 
the l'ight and at the 1eft of a defiriite curve, for instance of curve (1), 
we' take into considel'atioll that the limit between at the right and 
at the left of curve (1) is formed by the metastable part of this 
curve (1). Hence we see that (5) and (4) are situated at the right, 
(2) and (3) at the left of (1). It is also appal'ent that (4) and (3) 
are situated at the right, (1) and (2) at the left of curve (1)). , 

1) .The Roman nnmerals I, II, or Hl between parentheses refer to communi· 
cation I, 11, or lIl, 
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We can also, include into the symbolical representation the different 
regions ; when we do this fol' the pl'evio?s diagram (1), then we 
find the diagram (2). 

Stab. (1) (5) (4) (3) l2) (1) 

-I 

234 _I 123 

+ 
125 

\ 

145 1 345 

-I 
u:; 235 235 245 245 ::: 
0 134 135 135 134 (2) ...... 

-\ QJJ 124 124 CD 
;:.., 

I I I I I 
Metast. (3) (2) (1) (5) (4) 

Hence we see that the regions 234, 235, and 134 are situated 
between the curves (1) and (5) and that these l'egions are intersected 
by the metastable part of CUl'\'e (3); etc. The region 235 extends 
over curve (5), the region 124 over curve (4) etc.; this is indicated 
by the hOl'izontal connecting line. It seems in diagram (2) that the 
region 134 consists of two, parts, separated from one another. This 
is, however, not the. case; this l'egion extends itself viz. from 
curve (5) over curve (1) up to curve (2); this extension over curve 
(1) is indicated in the diagi.'am also by a horizontal line. 

Now we shall also replace the P,T-diagram of fig. 6 (lU) by a 
symbolicaI representation. In fig. 6 (lU) the regions are not indicated" 
we shall, howevel', include the,m into the symbolical representation: 
The same as from the .P, T-diagram, we see from 

stab. F I AI DI BI Cl 

(AE) -- (AE) -- (AE) -- (AE) 
(DE) -- (DE) -- (DE) 

(AC) --(AC) --(AC) 
(BF) --(BF) --(BF) 

(AB) --(AB) (BE) --(BE) 

EI 

(DF)--(DF) (CD) --(CD) (CF) -- (CF) 
(AF) (AD) (BD) (BC) (CE) (EF) 

FI 

metast. j" jl ~I ~I 

(3) 

the symbolical representation that the curves are f'orming three' 
bundies, viz. one thl'eecurvical bundIe (AI DI BI), one twocllrvjcal, 
bundie (Cl EI) and one onecur\'ical bun dIe (FI). 
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The regions are indieated in diagram (3) by placing between 
parentheses the two missing phases; the meaning of (AF) is e. g. 
the region with the phases B, C, D, and E. 

Altogether we find 15 regions ; some of these regions extend over 
one or more curves; this is indicated in the diagram by horizontal 
connecting lines. 

'rhe same as in thé E, T-diagram itself, we ean easily dednce the / 
position of the regions also in the sy rnbolical representation. 

We have e. g. to find the region (AF) between F' and A'; between 
F' and D' the region (DF), which extends itself consequentlyover 
A'; between F' and B' the region (BF) which exteuds itself, 
therefore, over the curves A' and D'. Between F' and C' we find 
the region (CF); th is region \ CF) does not extend itself over the 
curves A', D' and B', for in thai case it would extend itself also 
over the metastable part of curve F', which is not allowed ; con­
sequently it goes starting from F' over curve E' towards C'. 
Between F' and E' we find the region (EF). When we act in the 
same way with each of the otlLer curves, then we find a partition 
of the regions as in tht' symbolical 'representanon (3). 

In this diagram (3) we see again the confirmation of the rnle that 
each region, which extends Hself over the stabie or metastable part 
of a curve F' p, contains also the phase F p. We see e. g. tbat the 
regions rBF) , (DF) and (AF) extend themselves over the metastable 
parts of the curves C' and E'; each of tbese regions contains t11e 
phases C and E. The regions (BFi and (DF) extend themsel ves 
over the stabIe pat't of curve A'; both the reglOns contain the phase 
A. The region (AE) extends itself over the stable parts of the curves 
D', B' and C' and over the metastable part of curve F'; It contains 
the phases B, C, D, and F; etc. 

8. Systems with an arbitrary number of components. 
Up to now we have applied the method for deducing the 

P, T-diagrams only 011 binary, ternary, and quatel'nary systems. We 
have acted in that case in the following way. 

We represented the eompositions of the phases, occurring in the 
invariant equilibrium, by points in a concentration-diagram. This 
concentration-diagram was a straight )int1 fol' binary systems, for 
tel'nary systems aplane, fol' quaternary systems the space. 

The points, which indlcate the compositions of the phases, may 
be- situated with respect to one anothel' in these diagrams in different 
ways; we found for binal'y systems one'-position [fig. 2 (1)1. for 
ternary systerns three different positions [fig. 1, 3 and 1) (m], for 
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quaternary systems foUl' different positions [figs. 1, 3, 5 and 7 (lIl)]. 
As to each of these different positions a definite P, T-diagram 

belongs, we found for blTIal'y systems one I fig. 2 (I)J, for ternary 
systems three [figs. 2, 4 and 6 (U)] and for quateornary systems four 
[figs. 2, 4, 6, and 8 (lIl)] different types of P, T-diagrams. 

As we can no more represent the concentration-diagram for sys­
tems with more tban four components (unless in a space with more 
than th ree dimensions) we can no more apply in the same way the' 
method which we have followed till now. 

Yet we ma)' dedu('e, as we shaH see furthor, for each arbitral'y 
system the different types of P,T-diagrams. Before discussing th is 
question we shall first indicate in what way we eau deduce in\ 
each defimte case the cOl'l'esponding P, T-diagram. 

We consider a system of n components, in the invariant point of 
which the n + 2 phases Fl' .. lJ~l+ 2 occur. The n + 2 monovariant 
curves (Fl ) ••• (~1+2) start from this point. When the compositions 
of the n+ 2 phases are known, then, af> we have seen in commu­
nication I, the reactions, w hich OCCUI' in earh of the monovariant 
equilibria (Fl ) ••• (Fu+2) are completely defined. 

We write for the reaction betwee,n the phases of the equilibrium CFl): 

a2F2 + a~F3 + ... + an+2F,1+2 = 0 
for the reaction of the equilIbrium (F2 ): 

blFl + baFa + ... + bn+2Fn+2 = 0 

for the reaction of the equilibrium (Fa): 

clFl + c2F 2 + c4F 4 + ... + Cn+2.F:.+2 = 0 

(4) 

(5) 

. . (6) 

etc. As in all n + 2 mono variant equilibria occur, consequently 
we have also n + 2 equations of reaction. 

These n + 2 equations, however, are not independent of one 
another, but they Me mutually dependent, viz. in this wa,}' that two 
of them are sufficient to define the others. When we know for 
instanee the equations of reaction for the equilibria (FJ and (F2) , 

th en we find them fol' (Fa)' by eliminating Fa from both the first. 
Thel'efol'e, wh en we eliminate Fa from (4) and (5), then we find (6). 
In order to find the equation for the equilibrium (F4) , we eliminate 
F 4 from (4) and (5); etc. 

Oonsequently we find: wh en we know the equations of l'eaction 
for 2 of the 11, + 2 equilibria (F1) ••• (.lt~1+2), then those for the n 
other equilibria are also lmown. 

We may express this a180 in the following way: we cau represent 

( 



- 6 -

1022 

with the aid of the nather phases the composition of two af tile 
phases af n + 2 phases, which oC'cur in an invariant point. 

We mayalso say for this: in a space with n -1 dimensions we 
ean represent each point with the aid of nather paints of tbis space. 

We shall fil'st apply our pl'eviaus considel'atians ia a case. 
treated al ready farmerly, viz. to a ternary system. In an invariant 
equilibrium the phases p) Q, R, S and T occur; we caU the curves 
starting fram the invariant point P', Q/, R', S/ and T'. 'Vhen the 
campasitions of the phases are known, we can find the eqlla~ians af 
the reactions as we have proved above. We aSSllme that this reachon 
is for tbe pbases of the equilibrium P/: 

6Q=R+2S+3T. 

and for the phases of the equilibrium Q': 

9P = 2R + 3S + 4T 
It follows from (7): 

Q' I P' I R' S' T' 
and fram (8): 

R' S' T' I Q' I P' 

. (7) 

(8) 

(7a) 

(8a) 

. We have written (7 a) and (8n in such a way that P' is situated 
at the right of Q'. [Let the reader draw these and the fallowing 
curves in a P, T-diagram in arder ta facilitate the matter; (9) gives 
a symbohcal represE'ntation of tbe P, T-diagmm.] 

I 

Stab. (2' P' T' S' R' Q' 

I r I I 1 I I 1 I ) 1 

Metast. T' S' R' Q' P' 
(9) 

As in accordallce with (7 a) R', S' and T' must be situated at the 
right of P' and in accordance with (8a) these curveR must be 
situated at the left of Q', they are sitllated, therefore, between the 
metastable prolangatian af P' and Q' . Reversally the metastable 
pralongations of R', S' and T' must be situated between P' and Q' . 
. NQW we have yet to define the pasitian of the curves R', S' and 
T' with respect ta one another. For this we elllninate R from (7) 

and (8); we find: 

12Q= 9P+ S+ 2T (10), 

consequently : 

Q' I B' I P' S' T' (iOa) 
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Henf!e .it is apparent that, 8' and TI must be sitl1ated at the same 
side of RI as PI; conseq uently RI must be situated as is indirated 
in (9). In order to find still the position of SI and TI with respèct 
to one' another; we eliminate S from (7) and (8); we find: 

18 Q + R = 18P + T . . (11) 
consequently : 

QI RI IS' IPI TI . . , . (11 a) 

Henee it is apparent th at SI must be situated uetween R' and T', 
so that 'the diagram is defined. When we eliminate T from (7) and 
(8), we' tiIid : . 

\ 

(12) 
consequently: 

Q' R'S' I T' I P' . (12a) 

which is in accordance with the position of the curves in the diagram. 
Oonsequently we find: when the relations (7) and (8) exist between 

the five phases, then we obtain a P,T-diagram, which can be repre­
sented symbolically by (9). The curves form three bundies, viz. one 
threecurvical bnndle (T' 8' R') and two onecurvical bundles, viz. the 
curves P' and Q'. Oonsequently the diagram belongs to type III 
[fig. 6 (U)]; therefore, the five phases form the anglepoints of a 
biconrave quintangle. 

Now we take as example a system of five components, so that 
we can represent no more the position of the phases with respect 
to one another, unIe ss in a space of four dimensions. When we 
Imow howeyer the compositions of the seven phases P, Q, R, S, 
T, U, and V, which occur in a septuplepoint, then the reactions, 
which can occur in the 7 monovariant systems are known. When 
we assume that the reactlOn between the phases of the equilibrium 
pi is: 

Q + 2R + 3S = T + U + 4: V (13) 
and the reaction between the phases of the equilibrium Q': 

. 2P+R+ T=S+2U+ V . (14) 

We find for tIle reaction. between the phases of the equilibrium 
R' by elimination of R from (13) and (14): 

Q+5S+3U=4P+3T+2JT. (15) 
It follows fpr the reaction of the equilibrium S' that: 

Q+6P+5R+2T=7U+7V (16) 
fol' the reaction of the equilibrium T' that: 

Q + 2P + 3R + 2S = 3 U + 511 (17) 
fol' the l'eaction of the equilibrium U' that: 

66 
Proceedings Royal Acad. Amsterdam. Vol. X VIII. 
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2Q+3R+7S=2P+3T+7V. 

And for the reaction of the equilibrium VI th at : 

Q+ 7S+ 7U=8P+ 2R+5T 

It follows from those equations of reaction that: 

QI R' S' IPII T' UI V' 
Q' S' U' I R' I pi T' V' 

,Q' P' R' S' I Til U' V' 

(i3a) S' UI V' I Q' I pi R' T' 
. (i5a) pi Q' R' T' IS'I UI V' 

(i7a) QI RIS' I U'I P'T' V' 
Q' S' U' I V'I pi R' T' . 

(18) 

. (19) 

(iJa) 

liGa) 
(i8a) 

(19a) 

In (13a) and (i4a) we have raken P' at th~ right of Q', sa 
we shall do it also in the P. T-diagl'am. [Let the reader draw in_ 
order to facilitate the matter th is and the following curve in a P,T­
diagram; then he wi11 see that (20) gives a symbolical repl'esentation 
of thisj. Further it is apparent- from (i3a) and (iJa) that RI is 
situated at the 1eft of PI and at the right of Q', consequently 
between P' and Q'. It follows further from (i3a) and (14a) th at S' 
is sitnated at the left of P' and of Q', consequently in the angle, 
fOl'nled by the stabIe part of Q' and the metastable part of P'. It 
fo11ows also from (13a) and (i4a) that T' is situated at the right 
of P' and Q', consequently within the angle fOl'med by the stabIe 
part of P' alld the metastable part of Q'. 

As howe\'er this allgle is divided into two parts by the metastable 
part of curve S', we have still to define the position of S' and T' 
wIth respert to one another. We see this e. g. from (lGa) from which 
it is apparent that 1" must be situated on the same side of S' as 
the curves P', Q' and R'. Oonsequently curve 1" is situated within 
the angle, formed by the stabie part of P' and the metastable part of S'. 

Further it follows from (i3a) that U' and V' are situated at the 
l'ight of P', from (i4a) it fo11ows that these curves are situated at 
the left of Q', consequently U' and V' are situated within the angle 
formed by the metastable parts of P' and Q'. However we find 
yet also within this angle the metastable part of curve R', so that we 
have stIll to define the position of R', U' and VI with respect to 
one another. We find th is easily from (i5a); hence it is apparent 
that U' is situated on the same side of R' as QI and S'; con se­
quently U' IS situated within the angle formed by the metastable 
parts of the CUl'ves R' and P'. Further it follows thai V' is situated 
on the same side of R' as the curves P' and T', so that VI must 
be situated between the metaFltable parts of R' and QI. 

We have defined, therefore, the position of the curves in the 
P, T-diagram, although we have only used four [i3a, i4a, i5a and 

J 

I' , 
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. 16aJ of the seven relations. The partition of the curves, which follows 
from 17 a, 18a and 19a, is in accordallce with thé P, T-diagram. 

Stab. 

00 

§ .... 

Stab. 
(20) 

Metast. 

It is apparent from the P, T-diagram or fl'Om its symbolical rep re­
sentation (20) that the ClUTes form five bundIes, viz. the two two­
curvical bundies (P' T') and (S' Q') and the three onecurvical bundies 
V', V' and R'. ' 

When we include also the regions in the diagram, then we find 
the symbolical representátion (21) 

P' T' V I V' S' Q' R' P' 
--(ST) (ST) --(ST) --(ST) --
--(RV)--(RV) (US) --(RS) (RV)--
--(QT) (QV) --(QV)--(QV) (QT) --(QT)--

(PU) --(PV) --(PU) (RV)--(RV)--(RU) 

éJJ 
Q) 
;... 

(PV)--(PV) (SV)--(SV) (PS)--(PS)-~(PS) (21) 
--(RT) (TU)--(TU) (QV)--(QU) (RT) __ 

(PQ) --(PQ) 
(PT) (TV) (7j V) (Sr;) (QS) (QR) (PR) 

Metast. l,~, ~,J,J, ~,&, 

We find 21 regions, some of them extend themselves over one or 
more curves; this is indicated in the diagram by horizontal lines of 
conjunction. The region (ST) seems in (21) to consist of two parts, 
separated from one anothel'; this is howevel' not the case, both the 
pal'ts meet one another viz. over curve P'. 

The region (ST) goes therefore starting from curve S' over Q', 
R' and P' up to T'; it is apparent that it cannot go starting from 
S' ovel' U' and V' towards T'; viz. in this case it would cover 
the metastable part of curves S' and T', which is not alloweq. 

The same applies to the regions (RV), (QT) and (RT), which 
consist in (21) also seemingly of two pal'ts separated from one anothel'. 
We also see again the confirmation of the ruJe th at each region, 
which extends itself over a curve F' p, contains the phase Fp• 

It appears from the previous considerations : when we know the 
compositions of the phases, occurring in an invariant point, th en 
we can deduce the corresponding type of the P, T-diagram. 

Leiden, ArlO1'!J. Chem. Labomtol'Y. (Tv bIJ ( continueel). 
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