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Pbysics. - "An optical method fol' cleterminin.c; the 1'Cltio between , 
tlte mean and ma.rimal veloeities in the tw:bzdent motion oj 
jl'Ltids in a cylincl1'ical tube. Contl'ibution to t!te e:cpe1'iment oJ 
FIZEAU". By Prof. P. ZElfl\lAN. 

(Commuaicated in the meetmg of January 29, 1915), 

1. In my experiments on tbe FRE8NEJ,;coefficient fol' different -
cololll'S 1) the mean velocit}' of the water-CUlTent was found by deter­
mining the tota! volume tha~ had passed through the tubes. Thence 
the maxima! velocity near the axis of the tubes was derlved by 
division of this mean velocit)' by 0,84. This nllmerical coefficient 
has been ea!culated hom numerOllS and carefu! obsel'vations of 
American engineers. It seems ho wever not q uite satisfactory, that 
th is C'oefiicient bas not been measured under tbe same circumstances 
th at occnr in the experiment of FIZEAl'". Tbis is the reason I have 
made some measurements myself. The particn!arity of the method llsed 
was that no" measuring apparat us had to be bl'ollght into the tube 
in which we are going to investigate the motion. 

If POISEUIJ,LE'S law we re valid fol' the tubes used in PIZEAU'S ex­
periment, the maximal velocity VII! might directly be derived fl'om 
the mean velocity vo' 1'1/1 being equal to 2t'o. In FIZEAU'S experiment 
however only veloeities occur fal' above the limit of the critica! 
velocity given by the crit~rion of OSBORNE B,EYNOWS. If POISEUlJ,LE'S 
law did hold, the distl'iblltion of the velocities in tbe tube would 
be represented by a parabola, so that neal' the axis the velocit)' 
would change rather rapidly. In the case of tlle great velocities 
occul'ring in our experiments tlle distribution of the velocities is 
much more uniform anel the interference fringes are much shal'pel' 
than else might have been expected. As the velocity is 110t evel'y­
where the same, a curving of the wavefl'onts must occur, fi'om 
which a broadening of the intel'ference frillges wilt l'esult. At the 
inspection of the mterfel'ence fnnges we are struck by the fact, 
that the turbulence of the motio)'i leaves the interference frillges so 
sharp. This is also shown by the shal'pness of the photos added to 
my commullication of lVIay 25 1915. 

2. In FIZl<lAU'S experlment the water IS led into tlle tnbes through 
whieh tbe interfering beams pass, by symmetrieal connecting-pieees. 
In the expel'Ïments to be uescribed in this communication tlle watel' 
supply has been al'ranged in the same way. To the wall of the 

1) These proceedings 44ri, 17. 1914; 398, 18. 1915. 
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laboratory the ironpiece AB C:F is fixed which passes into the 
glas~ tube ED. By means of tbe minor S a stt'ong ligbt-beam can 
be thrown along the axis of the tube (diameter 2 cm.). The meaning 
of the window V wil! be given below (~ 10). Before the water 
l'eaches A it is mixed with small gas-bl1bbles. The pathfl of these 
bl1bbles bealltiflllly contrast with the c1ark back-gl'Ound, whielt 
enables us to pursue particulars of the motion of the fluid 1). 

3. The illnmination is arranged in sueh a way that a vertical 
plane through tbe axis of the tube ED is strongly\ illllminated. 

On the horizontal axis of a small eontinuous-curl'el1t motor, the 
speed of whieh ean be regulated, a vel·tical disk of card-board with 
a number of holes in it is fixec1; throngh these we look at the tube. 
At a proper veloeity of the disk the confuse image of the many 
entangJed stream-lil1es is c1ecomposed in/o simple elemcnts. _H E we 
then discern stmight Jille-elements, of which many are hOl'izontal, 
wh11e othel's show an inclined direction. It is by the latter that the 
radial motion beeomes visible, which has heen discovered by ORBORNE 
RJ!lYNOJ.DS. The further we go from E to D i.e. in the dil'ection of tbe 
streaming water, tbe sirbpler the image becomes, Illltil at a dis/ance 
of 20 cm. from E it does not change any longer. There are however 

J) The gas·bubbles ean be introduced into the fluid by pressing eompressed air 
through a fine opening. Beller results are reaehed however with an electrolytie 
developer as ZENNEOK uses in his method for demonstrating the stremu·lmes in 
the inner part of the fluid. (Berichte deutsch. phys. Ges. p. 695. 1914). In my 
experiments the eleetric CUlTent entered tlll'ough two co al plates. The behaviour 
of diflerent coal plates is not always the same. Tbe ga[,·bubbles had a diameter of 
0,1 to 0,3 mmo When of alle of the plates a pieee had been braken aft we taak into 
use a new pair. Then the gas·l.Jubbles proved to have become far toa smalI, sa 
that we took again the old plates. If Jhe bubbles are toa small the stream lines 
cannot be observed very weil, at least not in the mirror of § 4. In the experiments 
of ZENNEéK the bubblcs might be very smal!. . 
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still elements that are inclÏJled with l'espect to the axis of the tube, 
bnt the inclination bas decl'ea,sed considerably. 

4. Now we pass to a second experiment. Astrong lrght beam, 
which over a length of a few centimeterb has a diameter of 4, mm., 
ran easily be thrown along the axis of the tube ED. The velocity 
of the small gas-bubbles illuminated by tlns light-beam was 
measured by means of a l"otating minor the axis of ,,,hielt was 
parallel to that of the glass tube. 

If the minor is at rest we see- in a telescope, pointing to the 
minor, the streamlines principally in honzontal dil'ection. From the 
inclination which the apparent stream-lines assume when the mirror 
rotates with a knowIl velocity we can derive the value of the 
velo city in lhe axis of the tube i.e. the maximal velocity. It is evident, 
that this determination is most accurate when the velocity of the 
minor anu the dlstance from the glass tube are so chosen that 
the angle of inchnation a of the stl'eam-lines with the horizontal 
direction becornes nearly 45°. By reversll1g the Clll'rent in the electro­
motor, by which the mirror is l'otated we can directly read lhe angle 
2 a. The velocity of the mirror was 1,052 rotations pel' second. The 
"effective length" of the distance of the axis of rotation of the mirror 
to the aXIS of the tube could be determmed within a fraction of a 
millimeter, attention being paid of course to the passage of tbe 
light through water and through glass. 

5. In a direction perpendicnl::tr to the tube tbe small gasbu bbles 
scatter less light than in a direction which makes a smaller angle 
with the water-current. 

In some experiments I have ohserved in an inclinecl direction, the 
greater intensity in which is adva.ntageous fol' the accl1I"aey of tile adjllst­
ments. But then the observations mnst be reduced 10 the values thai 
would be found in a plane perpendicular to the axis of rota.tion of 
the minor. Instead of caleulating this l'eduction ft·om the a.ngles tha.t 
detel'mine the deviation I have pl'eferred to determine experime~LallJ 
by a separate experiment the rOl'l'eetions fol' the obset'ved vallles of a. 

For this pUl'pose I usecl a series of lllminolls points, which WC re 
moving with the velocity of the water-cUlTent, but exhibiting 
a gl'ea.ter intensity and a partieular' l'egulttrity. Thil'ty-six smalt steel 
balls were fixed neal' the circnmferenee of a copper disk of about 
20 cm. diameter. In this additional experiment the plane of the disk 
could be placed perpendicuJarly to the direetion in w hieh in the 
flow-experiments the light trom the tube feIl on the mirror; At 
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the same time care must howe"er be taken that in the lowel' 
part of their path the balls have the same direction as the water 
eul'rent in the middle of the tube. The distanee between the coppel' 
disk and the glass tube was made very small. Astrong light­
beam is eoncen trated on the lowel' part of the disk, so that· the 
cleal' luminous points of the moving balls can be observed in the 
l'otating rmrror. The velocity of the eopper disk is thns regulated 
that it is approximately eqnal to the veloeity of the water in the 
tube. The observations on the disk with the balls are so much more 
acenrate than those on the water-current that the correction by w hieh 
observations in an inclined direetion must be l'educed to a plane 
perpendicular to the mirror becomes exactly kno WIl. This correction 
approximately amounts to 1 0

/ 0 of the angle. 

6. The result of the experiment for a part of the tube at a 
distance of about 23 cm from the point denoted by V is given in 
the following tabte. 

V T 'IJ 0 a' a Vm IIP=vo/vm 
0 0 

3001 2623 330.3 44.9 44.3 389.9 0.847 

1051 985 308.1 46.2 45.6 372.6 0.827 

1609 1479 314.1 46.2 45.6 372.6 0.843 

1286 1175 316.0 45.6 45.0 380.5 0.830 

1617 1501 311.0 46.0 45.4 375.2 0.829 

0.835 

Under V is given the water-volume, expressed in liters, which 
has flowed through the tube in T seconds. This amount has been 
eorrected fol' the error (-1,6%) of the "Ster"meter, as it was 
given to me by the Direetion of the munieipal water-works. 

Then _ Vo follows (in em./sec.) fl'om the transverse seetion of the 
glass tube, The angle a' is half the directly read angle, a the value 
eOl'l'eeted for the inclination. VIII = v/tang a gives the maximal velo-

4.1tl 4.1t'X31,85 cm 
city in cm./see.; V = 1 052 = 1,052 = 380,5 sec is the velocity 

whieh by means of the rotating mirrol' is arlded to the velocity of 
the water, wh ere I is the "effective" distanee from the axis of the 
mirror to that of the tube, 
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7. A second series of observations has been made for points of ~ 
the tube at distances bei ween 20 and 30 cm from the point TT. By 
using a stronger SOllrce of light, I cOllld now make ob&el'vations 
in a plane pel'pendicula1' t~' the axis of rotation of the mirror so 
that the corl'ection of af to a can be onutted. The "etfective" length 
l was 31.3 cm and v was 374.0. 

In the same way as above tbe measurements have been collected 
in this tabIe. 

V l' Vo a VII! I(p = 1'0/VIII 

1165 1067 315.2 45.4 368.8 
I 

0.855 

1757 1625 312.2 45 4 368.8 0.846 

1075 979 317.0 45.2 371.4 0.854 

1497 1383 312.5 45.3 370.1 0.844 

886 814 314.3 45.2 371.4 0.846 

762 696 316.1 45.3 370.1 0.854 

0.850 

8. Finally, a few observations have been made in the initial part 
of the tnbe, in the neighbourhood of E. 

With the effective leng th l = 31.8 cm and v = 380,0 cm, the 
meaSllrements gave the following l'eslllt: 

V T V o a VU! J (P=V o/V I1: 

1346 1267 306.7 45.8 369 5 0.830 

1038 956 313.5 44.6 385.3 0.814 

1358 1261 310.9 45.5 373.4 - 0.833 
I 

0.826 

9. As is shown by the experiment of § 3 the motion near E is 
more romplicated than that fl1rther away in the tnbe, so thàt the 
result of § 8 cannot direètly be compal'ed with those of §§ 6 and 7. 
The image obser\'ed in the rotating mirror is also less simple in 
the experiments of § 8 than in the othel' series of observations. 

In the latter expel'Ïments a dlstind principaI direction of tIle 

stream-lines ean be indicated; in the expel'iments of § 8 this is on1y 
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the case to a much less degree. Paths of particles which have high 
radial velocities and therefore exhibiting extraordinary inclinations 
are shooting again and again throngh the field of\'Ïew of the telescope. 
In tbe experiments of ~ 6 and ~ 7 the accuracy of the adjustment is not 
80 much Iowered by this pbenomenon, though even here snch 
deviating paths are visible from time to time. Summarising the 
reslllts of ~ 6 and ~ 7 by taking the mean of the values of cp we 
obtain 0,843. 1) 

If we assume tlmr over a length of 10 cm. a smaller value of 
<p holds, this bas na perceptible influence on the fin al result, as in 
FIZEAU'S experiment the whole leng th of the tube is 300 cm. For an 
estimate of the accurac)' of the determinations I give here as an 
example tbose l'efel'l'ing to the last obsel'\lation of ~ 7. 

V = 762 L T = 696 seconds. 
Reading of the di vided C'ircle. 
Direction of rotation of the mil'l'or: 

to the right to the left 

308.2 218.1 

307.0 217.5 

310.5 218.2 

309.9 218.0 

309.1 215.4 

308.2 219.5 

309.8 218.8 

307.0 218.9 

307.8 219.0 

311.3 219.6 

308 8 218.3 

Difference = 2a = 90°5, a = 45~,3. 
It is difficnlt to estimate the accuracy of t)1e determination cp=0,843, 

but we sh~lI not be far from the truth, if we cal! a deviation of 
more than 1 % Yel')' improbable. An effprt to increase the acC'nracy 
by an accumulation of observatjons would only then have sense if 
we were quite gure that the influence of the strongly deviating paths 
on the optical phenomena miAht be neglected, whicb is very probable, 
and if the measurements cOllld be made with the same tube that 
was used in FIZEAU'S experiment. This is not weU possible. lt is 
Itowever not necessary to jllstify an impOl'tant conclusion concerning 

1) The mean of all obsflrvations of § 6-§ 8 gives 0.839. 
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the absolltte values of the diiferences in phase, observed in FrzEAu's 

experiment. 
From the table in roy spcond communication on the experiment 

of FJZEAU (These Proceedings Vol. 18, 40~. 1915), I take these data: 

p = 2,14 lCoG /cm 2 
Vo = 465 cm./sec. Vmax = 553.6 em.fsec. 

J in AD.E. 

4500 

4580 

5461 

o 786 

0.771 

0.637 

!:.L 

0.825 

0.808 

0.660 

0.826 ± 0.007 

0.808 ± 0.005 

0.656 ± 0.005 

Under D.Fr en D.L the shifts of the interference fl'inges are given 
here without and with the dispersion term. Under D. exp are to be 
found the observed shifts together with the probabie error in the 
final determination. 

Now the values under D.L and D.pr have been calclllated witb 
the value cp = 0.840. For olher values of (jl the results are given in 
the followillg table: 

I.. = 4500 

D.F1 IJ D..L (P D.C3-P 

0.771 0810 o 856 

0.779 0.817 0.848 

0.786 0.825 0.840 o 826.± 0.007 

0.794 0.833 0.832 

0.802 0.841 0.824 

From this table it is evident that no plau&ibie value. of (p cttn be 
indicated for which the valnes tmder D.PI would agl'ee with the 
results of the experiment. With the theory of LOHENTZ, however, for 
the neigbourhood of <p = 0.843 the measLll'ed differences in phase 
are in extl'emely good agreement as to theiI' absolute values. Already 
in my above cited communication I came to the conclusion of tbe 
necessity of LORl!]NTZ'S dispersion term. This was based npon the ratio 
of the measllred shifts independently as weil of the valne of (p as of the 
lellgth of the whole tube. We may say ho wever that now the 
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_validity of that term has been pl'oved with' Rtill gl'eater certainty as 
to its absolute value. EspecmJly the meaSUl'ements in the blue part 
of the spectrum have here the gl'eatest ('onvincing power. 

F111ally I wish to express my thanks ro Miss O. ::.\1:. PEEREBOOl\1 
as"nstant at the Physical Ilaboratol'y, Amsterdam, for her assistance 
in part of the experiments and of the calcnlations and to Mr. J. 
VAN DER ZWAAL, mechanician of the LabOl'atory for hiE. asslstance in 
making the apparatus. 

10. In one respect the experiments can teach still something on 
the question whethel"the length of the moving water-column with whieh 
the calrulations have been carried ont, has been fairly well chosen. 

According to these Pl'oceedings (Vol. 18, 401, 1915) I took for this 
length the distance between correspollding points of inter'section of 
the axes of the O-shaped sllpplying-tubes with the axiE. of the ap­
paratlls. With the apparatns debCl'ibed in § 2 I have been able to 
prove that tlns was the l'ight lengtll. Through tbe window V stream­
l111es ('an be obsel'ved, if a vertical plane throue,h the axis of the tube 
is illllniinated. With an accul'acy of some millimeters we can indicate 
in which pomt the stl'earu-lines become rat hel' suddenly parallel to 
the aXlS of the tnbe ED, while on tbe left of that point the flllid 
is neal'ly at rest. There cannot exist any doubt whether the motIon 
must be reckoned from tbe point V indicated 111 the "B'igure. On the 
whole length of FJZEAU'S tube i.e. 302 cm. the inaccuracy of some 
millimeters in the determination of the place of Vis of no consequenee. 

Physics. - "The specific heat at low temperatu1'es. lIl. Measzwernents 
of the specific heat of solid nit1'ogen between 14° K. and the 
t1'iple point and of liquid nitl'ogen between the triple point 
and the boiling point." By W. H. KEESOM and H. KAMEHLINGR 
ONNES. Uommunication N°. 149a ft'om the Physical Laboratory 
at Leiden. (Oommunicated by Prof. H. KAj)1ERLINGH ONNES). 

(Communicated in the meeting of January 29, 1916). 

§ 1. The investigation of the specific hefltt of eondensed monatomic 
aud di-átomic gases appears of special interest with a view to the 
conclllsious, which may be dl'ttwn about the crystal stl'llcture from 
the comparison of the sjJecific heat in the solid state for these two 
grollps of snbstallces. In pal'ticldar the question arises whether for 
the last mentioned gl'Ollp of substances their di-atomic nature does 
or does not show itself in the solid state also. 

§ 2. Vi{ c uegan with (he investigation of lhe specific heat of 
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