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§ 5. The relation (4) also follows from equation (19a) of the
paper by Sommurrerp (p. 134), quoted in note 2 p. 21, if « ocenrring

10 ’
there is put equal to 5 % has been supposed in the relations (3)

and (4) given above, and _if in SomMMERFELD's expression / is replaced
by 4 A'). The latter change is connected with the fact, that in
deriving the expressions gi\;en here the supposition was made that
in considering the molecular translatory motion in an ideal monatomic
gas we have to deal with energy elements of a magnitude % /w, as
we tried to make probable in Suppl. N°, 30a § 2.

The fact that in § 4 a satisfactory agreement with experimental
data was obtained, may, if the validity of the other hypotheses is
admitted as sufficiently approximate, be regarded as a confirmation
of the above supposition concerning the magnitude of the energy
elements.

a

Astronomy. — “On SerLGER’s hypothesis about the anomalies in
the motion of the inner planets.” By J. Worrsrr Jr. {Com-
municated by Prof. W. pe SiTTER).

(Communicated in the meeting of April 24, 1914).

To explain the differences between observation and caleulation in
the secular perturbations of the elements of the four inner planets,
Seericer *) worked out the hypothesis that these are caused by masses
of matter, which by reflection of sunlight offer the aspect of the
zodiacal light. He imagines these masses to have the form of a flat
disc swrounding the sun and extending nearly in the direction of
the orbital planes of the planets and reaching outside the orbit of
the earth; the density of the matter within the disc has its greatest
value in the proximity of the sun, though it is very small even there.
For the calculation of the attraction of the mass of matrer special
bypotheses on its constitution are introduced; we imagine anumber
of very flattened ellipsoids of revolution with the sun at the centre,
the inclinations of the equatorial planes to the orbital planes of {he
planets being small. It is evident that by the superposition of a number
of such ellipsoids we get a flat disc within which the density varies

1) This confirms at the same time the fact, that the introduction of the zero
point energy does not produce a change in the value of the entropy constant.

?) Das Zodiakallicht und die empivischen Glieder in der Bewegung der innern
Planeten. Sitzungsberichte der Bayerischen Akademie, XXXVI 1906.




24

after a certain law from the centre outwards. SurLIGER arrived al
the conclusion that two ellipsoids suffice, one of which is wholly
confained within the orbit of Mercury, the other reaching outside
the orbit of the earth. There appears to exist a cerfain liberty in
choosing the values of the ellipticities and the quantities determining
the position of the second ellipsoid. As quantities to be determined
so as to account for the differences which are to be explained
Serriekr introduces the densities of both ellipsoids, the iuclination
and the longitude of the ascending node of the equatorial plane of the
first ellipsoid with reference to the ecliptic, and a quantity not con-
nected with the attraction of the masses of matter, but relating to
the deviation of the system of coordinates used in astronomy from
a so called ““inertial system”. -

TLast year Prof. pr Sirrek drew my attention to the necessity
of testing SerLiGer’s hypothesis by calculating the influence of the
masses admitted by Spenieer on the motion of the moon and the
perturbation of the obliquity of the ecliptic, which Seericrr did not
consider’). I performed the calculations and arrived at the conclusion
that the perturbation of the ecliptic changes the sign of Newconp’s?)
residual and makes its absolute value a little larger; further that
the perturbations of the motion of the moon are insensible. I may
be allowed to thank Prof. pr Srrrer for the introdnetion into this
subject and the interest shown in its further development. — One could
take the formulae required for the last mentioned purpose from
Serrnieer’s publication; I did not do so, but developed them anew.
I give them here on account of small differences in derivation. First
I shall give this derivation and the results; after that I shall do
the same for the motion of the moon.

L. Perturbations of the ecliptic.

Let 2,9,z be coordinates in a system the origin of which is at
the centre of the ellipsoid, while the axis of rotation is the axis of
z, k* the constant of attraction, ¢ the densily of the ellipsoid, a, a
and ¢ its axes, then the potential V" al the point x,y,2 is given
by the expression : )

* 2t 2 e d
V:kzﬂgagcf L 2y _ Zz ) i .
- altu  ofu) (@) F

2

1) See DE SITTER, the sccular variations of the eclements of the four inner
planets, Observatory, July 1913. ‘
2} Astronomical Constants p. 110.

N
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for a point outside the ellipsoid A is the positive root of the equation

atfyt 2 0. f int inside 1 i
— w7 sy = 0; for a point inside 1 s zero.

Putting V = #*nga®c® and a* + y* + 2* = we have:

o __f( 2*(a*—c%) ) du
) a +u (a’—l—u) @+ ) @+ e tu
P zg(az_cz)

T @tk @eEtn

Lerturbations caused by the first ellipsoid.

I develop in powers of z* =1§, § being a small qliantity ; for that
purpose we need (neglecting terms of the third order):

(%) "“*2f@:5@ﬁﬁ

(629 . (aa_cs)z
% ), e o
I put r=ua, (14§ and 'develop the part of £ independent ot
-§ besides the coefficienis of the different powers of § in powers of §.
Introducing the quantities :

"—(l“

c — f du . f du
' ( Fu)V e +u (a +u)*V ¢ +u J‘(ﬂ +u)'(c* - u)

a2—al

2

o’ — a*+¢" =p’ o Y
we get:
o S 2 2 !
=0 —a’C, —2 a*C, § + (2 "’P“x‘cz)p_ + (—— 3 ~7) g_ -

c
o 3— Cya,"p*+ 28 +(—3—3y)§*+

1 1 1 <! 2
+(—+—7+—~/”)3~ —I—Ea

+(4+5~/+5w>§3+(~5— L=y r—3r)E] +
(@)

a14p5

Let v be the true anomaly of the planet, ¥ the angular distance

between the ascending node of the equatorial plane of the ellipsoid
on the orbital plane of the planet and the perihelion of the orbit,

-
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J the inclination of the equatorial plane to the orbital plane, then
we have:

z=—a, (14 85sn(w+ P)sinJ

=a,* (1 4 &)’ sin® (v -+ W) sin* J.
For the calculation of the secular portion of the perturbative
function we thus need the seculav portions of &7, & sin® (v - v) and

sin' v 4 ) for different values’ of p. I get (denoting the secular
portion by the letter S):

e
1 3 1
Ssin® (v + ¢) = 5 (—e’ +-l—ge4) cos 2 P
1 3 1
S&sin® (v P) =~ (1——00321p)+ eoos21p
4 16
1
S & sin® (v + ¢P) = Z 5
3 1
S &% sin® (v 4 P) = e (-——200821,0)

S &t sin® (v + @) =¢ (R—}—aos21p)

8
3
Ssin' (v + 9) =
Substituting in the expression for £ we find:
et 3
S2=C,—a?*C, +— (1—5“1 C,p) (——__y+16 )+
a’—c? N :
+ sin J[——-—C a’p® & 34—1——17 — Cya,’p® +

9 45
+cosﬂw(—§+—v+—caal’p“)$ +e‘ el T

4 2} 2
—1—6%?*/ + cos2 (164-%5‘/—-2—57 -I-3D “)H-I-%(a pﬁc) sintJ.

Let ¢, & and § be the inclination, the longitude of the perihelion
and the Jongitude of the ascending node of the orbital plane of the
planet, J, and & the inclination and the longitude of the node of
the equaiorial plane of the ellipsoid all with reference to a fixed
fundamental plane, e.g. the ecliptic of a certain epoch ; then we have:

sinJ cos (W -— & + Q) = — cos J, sin i -}~ sin J cos % cos (§ — P)
sinJ sin (@ — & + ) =sin (§ — D) sin J,.
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. . 0J 0 0w Oy
From these expressions we can determine —,—,s=,—= the

08 0 08 o
quantities required for the computation of the derivatives of £ with
regard to these elements. In view of the calculation of the perturbation
of the obliquity of the ecliptic I do not use the elements ¢ and g3,
but the elements p and ¢ thus defined :

p=tanisin §} q = tan i cos §}
I get:

oJ ) i, - Lt . )
% = ¢0s ¢ ‘cos2 —z—sm(lp--—w.) + sin Esm(lp — o+ Z(Q,)s

g—J:—-— €08 1 ;cos’ %cos(w—(ﬁ) -—sin"’g-cos(lp—- @+ 2&);

q

sind Z_IP_=_ sinJtan Ecoswosg+cos.]coszicos —z—cos(tp ®)+sin’ —cos(tp—w+2g2,)‘

P

9 : .
sind a—w =sin tan %cosisin )+ cosJcost

coszgsin(lp—(B)——sinZ%sin(lp—cﬁ-i-28},) i .

q
The differential equations for p and ¢ are’):
dp 1 oV
& na iV T—dos's g
dg L oV
@ e VTI—deti O

To verify these formulae I have used them for the computation
of some of the perturbations of 7 and §), which are given by
SEELIGER *).

To compute the perturbation of the obliquity of the ecliptic I take:

sin® J

V = —knqga’c (a*—¢*) C,a,*.

According to Seenicer’s data a=0.2400, ¢ = 0.0239, J=6°57'.0;
I get C,=0.426; taking as unit of mass the mass of the sun, as
unit of time the mean solar day I get logq=0.7119—5 and I
find :

1) TisscraND, Traité de Mécanique Céleste I p. 171.

di
2) For Mercury I get: 5= + 0".573; smzd—tg’ = — (0”049 ; SEELIGER gives:

d as)
+ 075674 and — 07.049. [‘01 Venus [ get: — =-0".163; sin z—d— =4 0".091;

SEELIGER: + 07.159 and - 07.088; the small difference is owing to the value [
get for Cy=2.286, while from SerLIGER's data follows Cj =2.217.
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vV 0J
%— = — kxqa’c (a®—c*) C, sin J cos J 5= [0.5986—8] g;j
where the number within brackets is a logarithm.
Further:

oJ , 0J B
— =—sin®; —=— —cosD; D =—40°1.8;
op dg

therefore
oJ oJ
— = —]0.8083 -1}; — = — 0. —17;
% [0.8083 —1] 3% [0.8841—1]

therefore
o0R R
— = 470.4069 —8); — — -+ [0.4827—-8];
op g -

from which follows, taking as unit of time the century:

dp dq
—_—— 0".065; — —— 0".054.
dt + dt 054

Perturbations caused by the second ellipsoid.

Here the calculation is much simpler. Introducing :
2] 2]

y i —

B g f LN f du
1= (az—{—u) ‘/F_l__& L (a2+u)z Vc“—{—u T (a2+u)2 (02—}—14)“/3
0 0 0

we find:

4

As a verificalion I have here also computed the perturbations of
the inclination and longitude of the node for some of the other
planets ).

To compute the perturbation of the obliquity of the ecliptic I take:

2 ]
V = — Faga’c (a*—c*) E,a,* smz .

3 1 3 5
S =FE —a’E, - —z—algESe’— (af"——c”) a*E, sm*J 25—}-262——6’ cosp

According to Seeuicer’s data a =1.2235 and ¢ = 0.2399; T get

di LA
Y For Mercury I find: ZZ = ——0"060; sint _J% = — 0”.013; SEELIGER gives:

14

o d
—07.067 and — 0”.016. For Venus 1 find: &; =1-0".007; sind _c% = 4-0".153,;

SEELIGER: 07009 and -+ 0”.144; the results differ somewhat; however, cal-

. d
culating according to SEEL1GER’s formulae, for Venus I find : sins —Q’ = | 0".154.

dt
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Es = 2.445 5 Zog q= 0.8582—9 ;

v
g-_ = — [0.3401 7] —g;]; D — 74°22/ (1900.0), J="1°15';
therefore
J J
o _ [0.9836—1]; v _ [0.4805—1];
Op dg
therefore
oV

— = 1 [0.3287—7]; o _ 4+ [0.7706—8] ;
Op 0g

from which, taking as unit of time the century, I get:

dp dg
— =+ 0".12h ; — == — 0".447
o a T Tt
Therefore the perturbation cansed by both ellipsoids together is:
d d “
P~ 0m100; Z— 0501
di dt

Let & be the obliguity of the ecliptic for the time ¢, & the same
for the time 7,, ¢ and § inclination and longitude of the node of
the ecliptic for ¢ with reference to the ecliptic for ¢,, then:

€0s & == €0S % C0s &, — Sin T sin & 08 &b,

from which, differentiating, we got:

de di 1
— S E— == — Sinicoseé, Ez — sin g, Z—lz(sin i cos §b)
therefore for ¢t—==¢,:
; de dq
de ~ dt’
de
The perturbation of the obliguity of the ecliptic thus is e 0".501.
a

The difference between observation and theory given by Newcoms
is — 0".22 == 0.18 (probable error); this thus becomes - 0".28. The
addition to the planetary precession a is given by:

de 1 dp

—— = = - 0".478.
dt sin g dt +

1. Perturbations of the motion of the moon.

We shall now proceed to the formulae for the compulation of
the perturbation of the motion of the moon. As the perturbative
force in the motion of the moon we have to take the difference
between the attractions of the ellipsoid on the moon and on the
earth. Suppose a sysiem of coordinates, the sun at the ovigin, the
axis of z perpendicular to the eliptic; let ,y,z be the coordinales
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of the earth in this system, # -+ & y -, 25 those of the moon,
then the projections of the perturbative force on the three axes
are given by the expressions:

14 oV OV oV [0V v
(W)Hz*ﬁ’ (@—)yﬂ_@" ¢(a_z~)z+= 0z’

The ratio of the distances sun-earth and earth-moon being very
large, 1 develop in powers of & 1, &, neglecting second and higher
pawers. Then the expressions for the perturbative forces are:
0V 0 V 0V oV 02V 0*vV _ 0V 0’V 0*V
YRR *a@af 5a05° oy T 5557 305 §+aa 1+ 50
and one can introduce as the peftmbatlve funcmon the function

v 'V vV
=%[§’g 'l ng G’S,V-{— §na 5 +2§§a 5, T2nes— a]

Here for =,y,z are to be substituted their expressions in elliptie
elements and then the secular portion of R is to be taken. Since
the powers and products of & 7,§, contain only the elements of the
orbil of the moon, the coefficients on the contrary only the elements
of the orbit of the earth we can take the sectilar portion of each
separately and multiply these together.

- Besides the system just mentioned suppose another system 2/, y/', 2/,

the sun also being at the origin, but the axis of 2' perpendicular to

the equatorial plane of the ellipsoid. Then we have
Zd=gsin®sinJ, — ycos PsinJ, + zcos S,

therefore
0z’ az' . 0z
3= sinDsind; i = oos'bsto;—o—z—:cos.fu.
Perturbations caused by the first elipsoid | .

neglect-

From the expression given for £ —
Frgae

ing the terms having sin®J as a factor:

G_ 42°
ot a”—}—u) 2-|—u)’/a (u 42 (4 A) 2
re duy
dwdy  (a*4-2)%(c*4-2)'
0’ 4z

Ry (@27 (@ 1 ))3/2( a*—c*)— 2 (a®—c*) sin D sin Jﬁ ’—I—u)’ (c o

\
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\

| 3o B Zf du 4y?
o J@uE etk t+ (@* -2y + 2k

U

o +u)’h

re 4y
dyz  (a®4-2)2 (c*+2)h

(@*—¢*)+2(a® —¢?) cos D sin J, oj(aﬂ n u):i

Qe _ o d du 9 (g — " du
FXE j‘(a’—]—u)’ (P+uy'te —2(@—c) (a*+u)? (+uw)l

Substituting the elements of the oibit of the earth for a, ¥,z and
neglecting the second and higher power of the exceniricity I get:

0°2 2 0’ e
— =20, ——=——;—=10;
0z . T a,*p 0y* Oady '
0°L 2(a*—c*
Y (Z gp: ) sin P s J, — 2 (a*—c*) O, sin Dsin J
1

20 9 q? — ¢
0 —_ 2 c)cos DsinJ, + 2a®—c?) C,eos Psind,
0y0: a,’p?
0L

— — Ut —c?) O
3= 2C, — 2(a*—¢*) C,. '

Let ¢ be the radius vector, » the true anomaly, « the longitude
of the perigee, &3 the longitude of the node, ¢ the inclination of the
orbit of the moon, then we have: ‘

§=0[cos (v + & — §b) cos y — sin (v B — £) sin S cos 7]
% =0 [cos (v + O—§}) sin £}, + sin (v & — §b) cos Y, cos?]
=0 sin (v B—J§)sins.
I write these expressions thus:
§—o9o(Acosv{ Bsinv)
17 =0 (Ccosv -+ D sin v)
§ =9 (L cosv + I sinv),
A, B, C, D, E, F being expressions not containing the true anomaly.
For the formation of the required products we need the secular
portion of ¢® cos®v and o*sin*v; 1 get:
Se?cos®v=—na'," (4 + 2¢%) Sg?sinfv=—14a'*(1—e?)
" @, being the semi-major axis of the luunar orbit.
‘Thus we get expressions as :

‘Ez —_— 2 2 2 62
=4 (42) + B (1 — ).

1

“

-10 -
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. . b
Neglecting terms like e sm’z—, e sint 5 we get :

& 1 1.2,1 25})-{—“3—{-5 >

—— = ——sin*i(1—cos, & — -+ —cos20

253 4sm (1—c¢ 171

& 1.0..2 +52.2.

— =’ —e’sin 200 —

X 4szn stnddgy 1 4

& .. N L 3 .
e 9 29 — | — —O)—— )

e 5 Sinisin QL +e sin 5 gzsm(wa 93] 2sm§(J
P11 3 5

(:’le:g-——zainzi(l«{—ws?, )+ e (4—-——2(;032(5)
agg_l . . i 5 0. 3

7._—2—&71“0&% + 6% sin 5 3—§cos(uw—{)_,)—}—2—ws Q
@1 .

—g——:—sinﬂi.

(L’12 b4

Substituting in R these expressions we get:

Fagatc 1 a” 2 1 . Lt 1 ) ,
I;] =3 al’—g[—-?;(”?alz-}-——?;—}- 3e* (;—C;al )-{-43272~ E(—;—Ca((r—cz)al )

- 2(a® —¢*) sin .J sin ¢ cos (L — D) (alzca ___1;>:| .
P

The only perturbations to be considered are those of the longitude
of the perigee and of the node.
The differential equations required ave:

B 1 R Cdy, 1 3R -
S 1 ———=

£ — = —— —— — .
dt  na,'" Oe L dt na,* 07

One easily perceives that the last term in the expression for R
gives no sensible perturbation on account of the factor a*—c?, the

6
value of which is about 100’ and of the fact that {) has a perivd

of 18'/, years so that the coefficient we get Dy integration 1s about
thirty times as small as would have been the case if §} had been
absent. In the same way I omit the lerm Cy(a*—c*a?, in the coeffi-

Lyt . : .
cient of sm*—z and thus we have the following expression for R :

R 1a" 1 ‘ 4 )
—— = gl—ﬁ- L?te2 (—-—- Cgalﬂ) - —sin? i]
Brga’c 2 a P P 2

1
I get €,=0.678; —=1.030 from which follows taking as unit
p

of time the century :

-11 -



do ag)
_—— ", s 22— . 2"99
dt +2028 dt

Perturbations caused by the second ellipsoid.

I find: B
. 629‘ 629 629
=y = 2B =0
0x®  Oy* 00y
re N Q g |
Py 2 (a*—¢*) Esin P sinJ; 579 = 2(a*—¢*) B, cos P sinJ ;
0 L
3o = — 22—,
F-4

from which follows-
B  1la”

2 2, O -3
Baga’c 2 a,

[—2F,a,*—3F,a,%" —E,(a*—c*)a,” sin® 1

+ 2(a*—¢*) a,* E,sin J sin i cos ({}, — P)].
Althou/gh the term a’—c® is not small, yet it is allowed to omit
the periodic term.
1 get W, =0.684, F, = 2.445 from which follows taking as unit
of time the century : ‘

da " dQ
e 016 3 —m=—0"28
dt - dt

Thus both ellipsoids together give:
dw dsi,
—= 1 2"12 By R L T
A st ’

both insensible amounts.

\

Astronomy. — “Remarks on Mr. WOLTER'S paper concerning
SEELIGER’S Aypothesis.” By Prof. W. pL SiTTER.

(Communicated m the meeting of April 24, 1914).

SeeriGER’s explanation of NewcoMB’s anomalies m the secular
motions of the four inner planets consists of three parts, viz -

a. The attraction of an ellipsoid entirely within the orbit of Mercury
The light reflected by this ellipsoid is, on account of the neighbour-
hood of the sun, invisible to us.

b. The attraction of an ellipsoid which incloses the earth’s orbit.
The light reflected by this ellipsoid appears to us as the zodiacal light.

¢. A rotation of the empirical system of co-ordinates with reference

’ 3
Piroceedings Royal Acad. Amsterdam. Vol. XVII,
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