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§ 5. The relation (4) also follows from equalion (J 9a) of thc 
papel' by SOl\fl\ll!lIU'ELD (p. 134), quoled in note 2 p. 21, if Cl occlllTing 

there is put equal to 10, as has been supposed in the relations (3) 
9 

and (4) given above, and~if in SO~IMERFELD'S expr~ssion Tl is replaced 
by ~ hl). The latter ehange is conneded with the fad, tha.t in 
deriving the expl'essions gh;eJl here the 8uppusition was made th at 
in considering the mo]ecular translatory motion in an ideal monatornic 
gas we have to deal with enel'gy elements of a magnitude ! lLV, as 
we tried to make probable in Suppl. N°, 30a § 2. 

The fact that in § 4: a satisfartol'Y agreement with experimental 
data was obtained, may, if the \"alidity of the other hypotheses is 
[lilmitted as sufficiently approximate, be regal'ded as a confirmation 
of the above supposition concerning the magnitude of the energy 
elements. 

Astronomy. - "On SEEUGER'S hypothesis about tlte ((nomalies in 
the motion of the inner planets." By J. WOJ,TJF,R Jr. (Oom. 
munieated by Prof. W. DE SITTER). 

(Communicated in the meeting of April 24, 1914). 

Ta explain the eliffel'ences between obsel'vation anel calculation in 
the seculal' pertm:bations of the elements of the four inner plan ets, 
SEELIGER 2) wOl'ked out the hypothesis that these are eaused by masses 
of matter, whieh by reflection of sunlight offer the aspect of the 
zodiacal light. He imagines these masses to have the form of a flat 
disc sUl'l'ounding the sun and extending near]y in the direction of 
the orbital phtnes of the phtnets and reaching outside the Ol'bit of 
the eaI'thi the density of the matter within the disc has its greatest 
valllc in the proximity of the sun, thO,llgh it is very small even there. 
For the calculation uf the attl'aetion of tlle mass of matter speeial 
hypotheses on its constitution are introduced; we imagine a number 
of vel'y flattened ellipsoids of l'eVollltion witb t11e sun at the eenÜ'e, 
the inclinations of the equatorial p]anes to the ol'bital planes of thc 
plan ets being smal!. It is evident th at by the supel'position of a llumbel' 
of sneh ellipsoids we get a flat disc within which the ,çlensity val'ies 

1) This confirms at the same time the fact, thaI the introduction of the zero 
point energy does not produce a change in the value of the entropy constant. 

2) Das Zodiakallicht und die cmpiL"ischen Glieder in der Bewegung der innern 
Planeten. Sitzungsberichte del' Bayerischen Akademie, XXXVI 1906. 
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aftel' a cel'tain lalv fl'om the l'ellll'e Ol1twal·els. Sm~LIGEIt al'l'iveel at 
fhe concillsion th at two ellipsoiels sl1fiice, one of which is wholly 
coniallled within tlle Ol'bit of Mel'cllry, the ofher reaching ol1tside 
the orbit of the eal'th. There appears to exist a cel'tain liberty in 
choosing the values of tile ellipticities anel the quantities detel'mining 
the position of the seconel eIlipsoiel. As quantities to be eletermined 
so as to account fol' the clifferences which a,l'e to be explaineel 
SEELIGER intl'odnces the densities of both ellipsoids, the iTlclination 
and the longitude of the ascencling node of the equatorial plane of the -
first ellipeoicl with reference to the ecliptic, and a quantity not con
nected with the attraction of the masses of matter, but relatiug to 
the cleviation of the system of coordinates usecl in astl'onomy fi'om 
a so calleel "inertiaJ system". 

hlElt year Prof. DE SI'l'TEH clrew my attention to the necessity 
of testing SEELIGER'S hypo thesis by calcnlating the influence of tbe 
masses aclmitteel by SE~T,IGEH on ihe motion of the maan anel the 
pel'turbation of the obliquity of the ecliptic, which SEELTGER c1icl not 
considel' 1). I performecl the calculations anel al'l'ived at the conclusion 
thai the pertlll'balion of tbe ecliptic changes the sign of NEWCOllIB'S 2) 

l'esid ual anel makes ils absolute value a little larger; fnrther that 
thc pertnrbations of the molion of tbe moon a.re insensible. I may 
be a.llowecl to thank Prof. Dl!l SIT'l'l!~R fol' the introelnction into this 
subject and the interest showll in its further development. - One coulcl 
take the fOl'luulae l'equircd fol' the last mentionecl purpose fl'Olll 
SEI!lLlGl!lH'S publicat.ion; I diel not do so, bnt elevelopecl them anew. 
I give them here on a.ccount of small diffel'ences in derh'ation. Fil'st 
I slHtll give this c1erivaiion anel tlîe results; aftel' that I shall do / 
the Ell1me fol' the motion of the moon. 

1. Pe1'tw'bations of the ecliptic. 

I.Jei .1;, y, z be cool'dinates in a system the Ol'lgm of which is at 
the centl'e of the ellipsoid, while the a.xis of l'otation is ihe axis of 
z, 7,;2 the constant of a.ttmction, q the elensity of the ellipsoid, a, rt 

and c iLs axes, then the potentia.l V at the point ,v, y, z is given 
by the expl'ession: 

1) See DEl BITTER, thc sCClllal' varialions of the clel11enls of the fom' inner 
plnl1ets, Observatory, July H113. 

~) Aslronomical Constanls p. 110. 
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for a point outside the ellipsold }, is the positive root of the eq nation 
i/!2 -l- y' Z2 

1- -.--- - -2 1 = 0; fol' a point inside À is zero. a-+l c +'" 
Putting V = k2Jtqa~cQ and a:: 2 + y2 + Z2 = 1,2 we have: 

P81,tuJ'bations caused b~' t!ze first ellipsoid. 

I develop in powers of z' =;, ; being a small qnantity ; for that 
purpose we need (neglecting terms of the third order): 

(
a 2.2) (a2_c')2 
a;2 0= r4(T2_a2+ C')'/2 • 

I put l' = al (1 + g) and' develop the part of .!~ independent ot 
.; besides the coefficients of the different powers of ; in powel's of g. 

lntroducing the' quantities : 

we get: 

a 2 
I 

-="1 p2 

.2 = C - ct 2 C - 2 a 2 C ;: + (2 -- pa 2 C ) ~ + (- ~ - ~ y) ~ -1-
I I 2 I 2~ I 2 3 3 

- P P 

+ (~+ ~y + ~y2)~1 + ç a'-c
2 

\ _ CgaI
2p 3+2g+(-3-3y)s'+ 

2 3 2 P al 'p3 l 
+ (4 + 5"1 + 5"12)g3 + (_ 5 _ 27 r _ 15 ''/ _ 35 y3) g41 + 

- 4 2 4 I 
1 n (a 2_c2

)2 

+ -2 ;- 4 6 
alP 

Let v be the t1'l1e anomaly of the planet, tI' the angular distance 
between the ascending node of the equatorial plane of the ellipsoid 
on the orbital plane of the planet and tlte pel'ihelion of the orbit, 
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J the inclination of the equatol'ial plane to the ol'bital plane, then 
we have: 

z = - al (1 + g) sin (v + l/') sin J 

; = al' (1 + 6)2 sin2 (v I tp) siJt 2 J. 

For the calculation of the secular portion of the pel'tlll'bative 
fl1nction we th us need the seculat' portions of sP, sP sin' (v + l/') anel 
Si7î4 (v + ti') for different values I of p. I get (denoting the semüar 
portion by the letter S): 

e' 8' 3 3 Ss = - S g' = - S g3 = - 8
4 S g4 = - e4 

2 2 8 ;, 8 

S sin' (v + l/') = !.. - (~82 + ~ é) cos 2 tp 
2 8 16 

1 (3 ) 1 . S ~ sin' (v + tp) = 4" 8
2 1 - '2 cos 2 tp + 16 é cos 2 l/' 

1: 1 (,1 ) 1 S ~2 sin' (v + l/') = - 8
2 1 - - cos 2 l/' - - é cos 2 l/' / 

4 2 16 

sga sin' (v + tp) = e4 (~- ~ cos 2 tp) 
16 4 

S g4 sin2 (v + 1f') = é (1
3
6 - ~ cos 2 l/' ) 

3 
S sin4 (v + l/') = 8" . 

Substituting in the expression for .Q we find: 

S 9 = C - a 2 C +:: (1 - ~ a 2 C p) + ~ (_ ~ _!.. y' + 3 y2)+ 
.. 1 1 2 P 2 1 2 P 16 8 !6 

a'_c2
, [ 1 ~ 3 3 3 + -- sin' J -- C a 'ps + e' - - - 'V - - C a Sp 3 + p3 2 8 1 4 4· 4 3 1 

( 
7 3 5 ) I \ 9 45 + cos.:! l/' -"8 + "8 'Y + 4" Ca a1'p3 I + 8 4 

/- 64 y + 32 y2 -

__ y3 + cos2t1' _+_y ___ y2 +_y3 + Rin1J 105 (1 13 25 35) (J 3 (a
2
_c')2 

64 16 32 16 32 16 p5 < • 

I..Jet i, tij anà g, be the inclination, the longitude of the perihelion 
and the longitnde of the ascending node of tl?e ol'bital plane of the 
planet, Jo and c]' the inclination and the longitude of the node of 
the eqllatorial plane of the ellipsoid aU with l'eference to a tlxeel 
fumlamental plane, e.g. the ecliptic of a certain epoch ; then we have: 

sin J cos (tfJ -- w + g,) = - cos Jo sin i -\- sin Jo cos i cos (g, - CP) 

sin J sin (tfJ - tij + g,) = sin (g, - CP) sin Jo' 
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. àJ àJ àlf' àtf, 
From these expl'essions we can detel'mme à.Q' ai ' ac9,' ai the 

quantities requil'ed for the computation of the derivatives of .2 with 
l'egard to these elements. In view of the calculation of the pel'tlll'bation 
of the obliquity ai the ecliptic I do not uSt' the elements i and n, 
but the elements 'P and q thus defined : 

p = tau i sin db q = tan i cos db 
I get: 

oJ . . I - = cos i I eos' ~sin(t/',-ro) + sin'~sin(t/' - ro + 2.Q)\ ap I 2 2 

-=-~id-~~-w-~-~~-w+2ó~ aJ 'l i -)' i - n {. 
aq . 2 2 

. J atfJ . J i . 0 T'1 2 i ( -) ., i ( - 2 0 ) t sm -=-szn tan-coszcOSdb+cOSJCOSZ cos -cos t/'-w +szn -cos t/'-w+ è& ap 2 2 2 

sinJ at/' =sinJ tan .!:..cosisin.Q + cosJeosi\ cos2~sin(tf,-w)-8in'~sin(t/'-w+2.Q) I. aq 2 I 2 2 \ 

The differential equations for pand q are 1): 

dp 1 av 
dt = na ~Vl-e2cos3i aq 

1 

dq L av 
dt = - na 'V l-e2cos1i ap' 

1 

To vel'ify these formulae I have llsed them for the comj:lUtation 
of some of the pel'tllrbations of i and.Q, which are given by 
Sl!:ELIG1!:R 2). 

To compute the perturbation of the obliqllity of the ecliptic I take: 

sin' J 
V = - k2:r:qa'c -- (a2 _c2

) Csa/. 
2 

Accol'ding to SEEUGER'S data a = 0.2400, c = 0.0239, J 6°57'.0; 
I get Ca = 0.426; taking as unit of mass the mass of the SUil, as 
unit of time the mean solar day I get lo.g q = 0.7119 - 5 and I 
find: 

1) TISSBRAND, Traité de Mécanique Céleste I p. 171. 

2) For Mercury I get: ~! = + 0".573; sin i ~?' = - 0".049; SEELIGER gives: 

di . . dÇ), + 0".574 and - 0".049. ~or Venus I get: dt = ;t- 0".163; szn z dt = t 0",091 ; 

SEELIGER: + 0".159 and + 0".088; thc small diITerence is owing to the value I 
get fol' Os = 2.286, while from SEELIGER'S data follows Os = 2.217, 

I 
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oV oJ oJ a = - k~:Jrqa2e (a2_e2
) Cs sin J cos Ja = - [0.5986-8] a 

whel'e the nUlllber within brackets is a logarithlll. 
Further: 

oJ oJ op -= - sin tP; oq = - cos (p-; l/J = 40°1'.8 ; 

thel'efore 
oJ aJ op =- [0.8083 -1]; aq = - [0.8841-1]; 

therefore 
oR oR 
ap =+'[0.4069-8]; aq = + [0.4827-:-8J; 

from which follows, taking as uuit of time the century: 

dp = + 0".065; dq = _ 0".054. 
dt dt 

Pe1'tztrbations causecl by the seconcl ellipsoicl. 

Here the calculation is mlleh Silllplel'. Introdllcing: 

E _ (Cf) du E _ (Cf) du \ E _ /''' du 

1-J(a2 +u)Ve'+n '-J(a2 +u)'Vc2 +u 3-J(u,2+n)2(e'+ufh 
000 

we firid: 

S~-E -a 'E -~a 'E eZ-(a'-e~)a 2E sm2J\~+~e2_~e2eos')'h! 
... - 1 1 2 2 1 2 • 1 3 I 2 4 4 "''t' ~ • 

As a vel'ifiration I have here also cOlllputed the pertllrbations of 
the inclination and longitude of the node for some of the other 
planets 1). 

To compllte the pertl1l'bation of the obliquity of the ecliptic I take: 

sin2 J 
V = - k2:rqa'e (a'-eZ) E 3a1' --. 

2 , 

According to SEELIGER'S data a = 1.2235 and c -= 0.2399; I g~t 

di . . dQ • . 
1) Fot' Mel'cul'y I find: T = - 0".060; Stn ~ - = - 0".013; SEELIGER glves: 

ut dt 

( 'd' dD, 
-0".057 and -0".016. For Venus I find: i =+0".007; sin i &=+0".153; 

SEELIGER: + 0".009 and + 0".144; the results difl'er somewhat; however, cal· 

culating according to SEELIGER'S formulae, fol' Yenus I find: sin i~~ = + 0".154. 
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Es = 2.44.5;. log q = 0.8582-9 ; 
àV àJ a = - [0.3401-7] a j iP = 74°22/ (1900.0), J= 7°15/; 

therefore 
àJ àJ 
- = - [0.9836-1]; ~ = - [0.4305-1J; 
àp uq 

therefol'e 
àV àV 
àp = + [0.3~37-7] j àq = + [0.7706-8] j 

from whicb, taking as unit of time the century, I get: 

dp = + 0".125 j dq = _ 0".4.47 
dt dt 

Therefore the pertUl'bation caused by both ellipsoids togethe)' is: 

d?1 dq '-
2.. = + 0".190; - = - 0".501. 
dt dt 

Let e be the obliquity of the ecliptic for the time t, eo the same 
fOl' the time to, i and fJ, inclination and longitude of tlle noèle of 
the ecliptic fol' t with refel'ence to tbe ecliptic fot' to' then: 

cos e = cos i cos eo - sin i sin Eo cos db, 

from whicb, differenliating, we get: 

dl' di cl 
- sin e - = - sin i cos Eo - - sin eo - (sin i cos db) 

dt dt dt 

thel'efol'e for t = to : 
de dq 

dt dt 
de 

The !Jel'Lul'bation of the obliqnity of the eclil)tic thns is - = - 0".50J. • dt 

The dlfference between obsel'vation and theoL'y given by :NEwCOlllB 

is '- 0".22 ± 0.18 (probabie error); Ibis thuR becomes + 0".28. The 
addition to the planetary precession a is gi\'en by: 

da 1 elp 
-=--= + 0".478. 
dt sin e dt 

11. Pel'tul'bations of tlw motion of tlte maan. 

We sha11 now pL'oceed to the fOl'mtÜae fOl' the compuLation of 
Lho pertUl'bation of the molion of the moon. As the pel'tl1l'bative 
force in the motion of the moon we have to take the diffel'ence 
between tho n,ttt'actions of the ellipsoid on the moon and 011 the 
eat,th. Suppose a syslem of coonlinates, the sun at tbe Ol'igin, the 
axis of z perpendiculal' to the eliptic; let x, y, z be the cool'dinates 
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of the earth in this system, x + g, y + 'YJ, z +; those of the moOn, 
then the prqjections of the pertllrbative force on the three axes 
are given by the expl'essions: 

(a V) av (a V) dV (dV) dV 
ai/} x+s - dm' ay y+q - dy , ~ a; z+~ - a;-; 

The ratio of the distances sun-earth anel eal'th-moon being vel'y 
large, I elevelop in powel's of g, 'I),;, neglecting second anel higher 
powers. Then the expressions tor the pertllrbative forces al'e: 
à~ V ê)2 V ê)2 V è)2 V è)2 V è)2 V ê)2 V ê)2 V a2 V 
-6+-1] t--; -;+-1]+-; -S+-1]+-; 
à,'lJ2 d,uày àmaz' àa;dy ày' àya:-' ê),'lJd,:; dyàz a~2 

and one can introduce as the pedurbative function the function 

[ 
iP V a2 V a2 V a2 V a2 V è)2 V] 

R= ~ g2_:l- + '112 -:::\- +;2 ~+ 2g'YJ~a +2s;~ +211h--a " _ Ui/}2 uy2 UZ: U,'IJ y U,'lJUZ uy Z 
\ 

Here for x, y, z are to be sllbstituted theil' expressions in elliptic 
elements anel then the seclllar poHion of R is to be taken. Since 
rhe ppwers and prodncts of ~,'I),;, contain only the element" ofihe 
orbit of the mOOIl, the coefticients on the contml'y only the elements 
of the orbit of the earth we can take the sechlar portion of each 
sepazately and muJtip1r these togethel'. 
" Besides the system just mentioned suppose anothel' system tV', y', z', 

tbe sun also being at the origin, bnt the axis of z' pel'pendicular to 
tbe eqnatol'Îal plane of the ellipsoid. Then we have 

z' = a; sin lP sin Jo - y cos (fJ sin Jo + z cos Jo, 

therefol"e 

az' az' dz' 
-a =3inlPsinJo; '-d =-coslPsinJo;-=cosJo• 

,'IJ y àz 

Pertu1,bations caused by the }i1'st ellipsoid 

V 
Fl'om the expression given for .Q = ---- we deduce, neglflC't

p",qa2 c 
mg the terms baving sin2 J as a factor: 

d2.Q 4.v y 

a,'lJay (a2+J.)2(c2 +J.Y/2 
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Substituting the elements of the Oi bit of tlle e::trth fol' a:, y, zand 
neglecting the second ::tnd higher power of the excentl'icity I get: 

a2.Q C 2 a2,Q a'.Q 
--=-2 2+--=-;--=0; a.v2 a1

2p ay2 a.vay 
a2 .Q 2(a2-c2

) 

-- sin cp sm Jo - 2 (1Z2-C2) Ca sin cp sin Jo axaz a
1

2pa 

a2 <.> 2'a2
_(

2
) 

~ = - cos cp sin Jo + 2(a2 _c2) Cacos cp siu Jo aya: a
1

2p3 

as,Q C 2( 2 2) C az~ = - 2 2 - a -c ./a: 

Let ~ be the radius vector, v the tl'ue anomaly, w the 10llgitude 
of the perigee, cfb the longitude of the node, i the inclination of the 
Ol'bit of the moon, then we have: 

g=~ [cos (v+w- cfb)cos 06-sin (v+w-,rb) sin db cos i] 

'11 =~ [cos (v + w-cfb) sin cfb + sin(v+w-Jb) cos cfb cos iJ 
; = ~ sin (v+w-cfb)sini. 

I wl'Ïte these expressions thus: 

S = ~ (A cos v + B sin v) 

'1 = ~ (C cos v + D sin v) 

~=~(Ecosv + Fsinv), 

A, B, C, D, E, F being expl'essions not cont::tining the tl'ue anomaly, 
FOl' the form::ttion of the l'equired products we need the seClll::tr 

portion of ~2 cos2 v ::tnd ~2 sin} v; I get: 

S~2cos2v=a'12(~ + 2e2
) S!!2sin2v=~a'/(1-e2) 

a'l being the semi-major ::txis of the lunal' orbit. 
·Thus we get expl'essions as : 

~2 e2 
-72 =.A2 (1+2e2

) + B2 (1- 2-)' 
al 
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i . i 
Neglertîng terms like e2 sin 2 2 , e2 szn4 2 we get: 

-=---sin2 i(l-cos2n) + e2 
- + -cos 2ói 6

2 

1 1 (3 5 ) 
a'l2 2 4 4 4 

61) 1. O' • 2 + 5 2 • 2-
- =-SUt- ~ nn db - e SUl (0 ~ 
a'l2 4 4 

6;' 1... n + 2 • i 15 . (2 - (') 3 . Cl I --,---; = - 9nn~ sm ~b e SUl 9 -2 s~n (0- \t --2 s~n .0 
al ~ ~ 

-=----~Z71 ~(1+ws2-~)+e" ---cos2(O 
1)2 1 1.. . r. (3 5 _) 
a\ 2 2 4 4 4 

'I); 1 i ~ 5 3 t -'J=-sinicos.~6 +e2 sin- --cos(2w-D.,)+-cos 0, 
al 2 2 2 - 2 

;2 1. 2 . 
-=-SUl ~. 

dl' 2 

Snbstituting in B these expressions we get: 

Jc2 :rr;a
2

c' 2:.. a1
:

2 

[-2(\aI2+~+ 3e2 (2:.. -C.aI2
) +4si1l2 ~ (-.2.-C3cae-C2)aI2) 

B 2 al" P 'P 2 P 

+ 2(et2 _c2
) sin J sin i coç (O,- lP) (a J 2C3-1~) J. 

The only pel'turbl1tions to be considered are those of tile longilucle 
of the pel'lgee l1nd of the node, 

The difi'el'ential eq lll1tions req l1irecl l1l'e: 

·ho 1 aR .. dij, 1 aR 
e-=---- SU1~-=----. 

dt nal '2 ae \. clt nal '· ai 
One el1sily pcrceives that the last terlIl in the expl'ession fol' B 

gi\'es 110 sensible pertUl'batlOl1 on account of tbe fl1ctor a2-c', the 
6 

valne of which is about -, l1l1d of the tact that [J, has l1 pel'iud 
10u 

of 181
/. yeal's so that the coefficient we get by intcgrl1tion IS l1bout, 

thirty time::. as sm all a'3 would have been the case if [6 had beell 
absent. In the Sl1me way 1 onut the tel'111 Ca(a 2-c')a2

1 in the coeffi-

cient of sin2 .!... l1nd thus we have the following expl'ession for R: 
2 

---=- _1_ 3é --C
2
a

1
2 

- -sin2- . RIa '2 [ (1 ') 4 iJ 
P:Jrqa~c 2 a1~ P p 2 

1 
I get C2 = 0.678; - = 1.030 from which tüllows taking as unit 

p 
of time the century: 
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dO; 
-= + 2".28 
dt 

Pertw'bations causerl by the second ellipsoid. 

I find: 

from which 1'ol1o\"\'s' 
RIlt '2 

1 [ 2E 2 3E 2 2 E (. 2) 2 • • • --=- - - :.J a - !J a e - a--c a 1!1n- ~ 
k" 2 2 2 2 1 2 1 3 1 -:;,;qa c al 

AlthOl{gh the term a2_c2 is 
the periodic term. 

+ 2(a2 _c2
) a 1

2 E3sin J sin i cos (~~- (P)]. 

not smalI, yet it is allowed to ol1lit 

1 get Ez = O.6tl4, E3 = 2.445'- from which follows takmg as unit 
of time the century: ' 

d
~=-0".16 
dt 

dQ = _ 0"28 
dt 

Thus bath ellipsaids together give: 

dO; 
~= + 2".12 
dt 

bath inseJlsible amounts. 

d ' ..2!:. ~ + 2" 5(1 • 
dt I 

Astrol1omY'. - I'Rem,al'ks on J.llj·. VVOLTJER'S paper concernzng 
S~ELlGER'S hypothesis." By Prof. W. DJ!, SlTTER. 

" . 
lGommunÏcated In the meeting of April 24, 1914). 

SEELlGER'S explanation of Kl<mûollm's anomalles m tlJe secular 
motions of the four inner planets consists of three parIs, VIZ' 

a. The attl'acLion of an ellipROld entll'ely within lhe Ol'bit of Met'cm,)' 
The light l'pflected by ihis elIJpsoid is, on acrollnt of the neighbom
hood of lhe sun, invisible to us. 

b. The attractioll of all ellipsoid WhlCh incloses the earlh's Ol·bit. 
The light reflerted lJy th is ellipsaid appeal's to us as tlle zodIacal lIght. 

c. A rotation of the empll'lcal system of co-ordinates wlth l'eference 
. 3 

PlOceedlllgs Royal Acad. Amsterdam. Vol. XVII. 


