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wMch is' described by thê pair Xl Y, wW be the Mmbinàtlon ot\ 
twice aS, five times aX and twice fhY. 

Rence 

8z=16+5.'C+18y .•..••. (7) 

If Z describes the curve *{Jl~' the corresponding figure of order 4z 
consists of the curve fJ1

4
, of thl'ce times aX , and of the 8 curves 

fh.Y (k =t= 1). Rence: 

4z = 4 + ~3.'V + 8y. . . . .• . (8) 

Out of (6), (7), (8) we find by eIimination of x and y, 
Z2 -77z + 882 = 0; 

so z is equal to 63 Ol' 14. The second value, howe\'e1', must be 
rejected; for we have p1'oved above, that (XY Z) is of the elass 21, 
so that 1 has 42 points in common with Á at the least. So we find 
the val nes 

z = 63, I!) = 40, Y = ] 6. 

For the involution (XYZ), A is a sin.qulm' point of order 40, 
Bk a singular point of order 16. 

As 1 and J. besides the 21 pairs already mentioned can only have 
coincidences in common, the curve of coincidences (XYZ) is of 
ol'dm' 21, d2l

, 

A pparently a40 has in A a 20-fold point, fJk16 in Bk an eight-fold 
point; in these points d21 has the tangents in common with a40 and (J'c16

• 

If X is placed in A and Y in Bk, .'v = X' .LY' envelops a curve 
of the 5th class, y = Y' Y" a conie; 80 thel'e are 10 straight lines 
x = y. Frorn this if ensues th at the singular curve a40 hag ten-foId 
points in Bk. In a similar way we find that the curve {!l.;18 lu~s 

quadl'llple points in BI; it passes ten times through A, eight times 
thl'ough Bk' 

Mathematics. - "On the functions of RER~nrrE." (Third part). 

By Prof. W. KAPTl~YN. 

(Communicaled in lhe meeting of May 30, 1914). 

12. Aftel' having wl'Hten the preceding pages, we met with two 
impOl·tant, newly pllblished p::tpers, 011 the same subject. The fil'st br 
Mr. H. GAL13RlN: "SUl' 1111 développement d'une foncHon a variabIe 
réelle en série de polynÓmes" (Bnll. de la Soc. math. de Fl'ance 
T. XLI p. 24), the second by Prof. K. RUNgE ' Uebel' eine besondel'e 
Art von Integmlgleichungen" (Math. Ann. Bd. 75 p. 130). 
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tn this section we wiIl gi~~e fheit' principal l'esults thöugh' f10t 
aHog'ethet' aftel' their methods, and make some additional remal'ks. 

13. MI'. GAT,BRUi\' considers the question of the expansion of a 
function bet ween the limits (t and b, in a series 

j(.v) = Aollo (m) + AIHI (.'IJ) + . -. 
whol'e 

a 

He finds that this expansion is possible when J(;/;) satisfies the 
condltions of DIRICHU;T bet ween the Jimits a and ó. This agl'ees -
with om l'esnlt in Art. 7, the on Iy cliffel'ence being that out' limits 

• I 

were - (JJ and + 00. T~his diffel'~nce however is not essential, for 
consid€'ring a function wl\Ïch has the value zero fol' all values 
(( > x> IJ Art. 7 gives imrnediately the expansion of MI'. GAT.BRUN. 

Bis proof re8.t'3 on two interesting relations which may be easily 
deduced from the formulae in lhe firl::lt part of this paper. 

'the first rclation 

~ ~) (,v) ~J (a) ___ 1_ Hll+1 (.71) EI" (a) - lIn (.'IJ) 1111+1 (a) 
..:;, . (29) 
o 2Ppl 2n+lnl m - a 

may be establish~d in this way. 
A ccol'ding to (5) we have ~ 

2.vHn (.'IJ) = RI+l (.71) + 2nIln_ 1 (.'IJ) 
(n > 0) 

2alIn (a) = Hn+l (a) + 2nIIn - 1 (a) 

Multiplying these equations by Ru (a) and H11(,t) we find by sub
tracting 

2 (.'1: - a) lIn (.'IJ) IIn (a) = Hn+1 (m) II/! (Cl) - IJII (.'IJ) 1111 - 1 (a) 

- 2n [Rn (m) IL/~l (a) - 'Jln-1 (.IJ) JIn (a)l 

Hence, putting tor 12 sut'cessively 0,1,2, .. n, we get 

1 2(.'IJ-a)Ho(,v)Ho(a) = Hl(.v)Ho(a)-Ho(,v)HI(a) 

" " . . " . , " . " . " " . " " . 
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141 
Multiplying these l'elatiolls with the different factors written on 

the Ie ft, the addition 'pf these products immediately gives the formula 
in question. 

The second relation 

x 

~ = ex' e-X dtlJ. ex; 1111(.1;)11 n-](.'I1) "f 2 

1 2n • n! 
(30) 

o 

may be obtained by inh'oducing (9) into the first member. 
Thus we get 

~ IL,(tv)Hn_1(.v)_ 
~ 2n .n! -

~ 2 1 ex> u
2 (00 , e-X 00 - - 'I1Jr nJr 

= - - 2.' --fe 4 Uil COS .vu - -)dU}-V2VII-1 sin (tlJV - -) dv 
3r 1 212 .11/ 2 2 

o 0 " 

where 

~ l: nnV'1 cos (tlJU _ nJr) sin ( lVV _ nJr) = 
v 1 211 .n! 2 2 

cos tlJll sin .vv 00 u2kv21c sin .vu. cos lVV 00 u2k+lv2k+l 
:2 :2----

t' 1 22k.(2/r)! 'I! 122k+I(2k+l)! 

uv UI) uv uv 

= ('os a:u vsin .vv (e 2 ~ ~ _ 1) _ sin tlJ: co.! .vv (e 2 -2 e 2 )

Sllbstitl1ting this value, it is evident, according to the formulae of 
Art. 6, that all the tel'ms of this sum vanish except only the terIll 
cOl'l'esponding la -1. 

Hence 

and oecause 
CIJ u~ J' e- 4" cos iVlt du = V 3r e--r2 

o . , 
00 v~ 

:2 =--eT e ~dv. 
a; ll,,(.v)Hn-l(a,) 1 'ij -4"sin.vv 

1 2n • n! V~ v 
o 

(a) 

lf now we multiply the equation (a) by d.1J and integl'ate between 
o and x, we have 
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--------- --

tb 11 2 ~ 

f -"4sin iVU v-J f e -u- du :=.:= :r e-x2 a.v ! 

o 0 

thus flnally 

14. Prof. 'RUNGE gives the solution of the integral equation 
00 

jeu) J K(x) p (u + m) dm. 0 0 0 0 0 (31) 

where J (u) and J( (,'IJ) are given functÏons and p (x) is reqnil'ed, by 
means of HERMITE'S functions. 

He assumes 

K (x) = e-x2 [aoHo('v) + aIHI('v) + a,H2('v) + ... ] 
cp (.'11) = e-X2 [boBo(r) + bJll('v) + b2 Fl,(x) + "0] 

which gives 
co 

jeu) = :2 am bn f e-x2 H;n (.'11) e-(!I+X)2 Hn (u + a;) d.v 
-co 

or, aftel' some reductions 

V:r cc -i Bm+{:2) 
J(u) == --= :2 (- 1)111 am bn e • 

V2 0 (mm+n 
If now, the given fllflction J (u) is expanded in this form 

V:r -il HI(~) H2 (:2) ] 
j (u) = . /n" e (Jo + (JI + (J, + .. 0 

v2 V2 (V2f 

we have from (31) 

(Jo = aobo , (JI = aOb l - albo I (J2 = aob, - alb l + a2bol 0 0 0 

,and it is evident that from these relations the coefficients b may be 
determined. If J (U) and p (x) were the given fllllctions, the same / 
relations wOllld be sufiicient to detel'mine the 'fllnction J( (x). 
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whel'e C;1 are the binomial coefftcients. This l'elation may be obtaîned 
in the following way._ 

According to Art. 8 II we have 

lt2 't 3 

e-21tz-1t2 = 1 - !t Hl (t) + "1./ H 2 (z) - 31 H s (z) + ... , . (p) 

[tnd, expanding by TAYWR'S theorem 

F (.11 + k, y + k) 
whel'e 

F (x, y) = r-r.2-1J2 

e-(x+k)2_(y+l..)2.eT.~1J2 =eX~IJ2 [e-.'l:L1J2 + k f ryl ;/e-.x2 ) +rx2 (~(ry2) t 

+ k2 
\ ('_y2 ~ (e-X2) + 2~ (b-X2 ) ~ (e-Y2 ) + e-~; ~ (e-

y2 ) ( +.] 
21 1 d,v 2 d,v dy d.'V 2 ~ 

whieh mar be written 
k2 

e-2kx-21cy-2k2=1_k[llj(.1 )+lil(Y)] + 2/H2(.'V)+2HI(,11)Hl(y)+H2(y)]+ ... (q) 

.v+y !t 
Putting ]10W Z = V2 in (p) and k = V"2 in (q) we get 

e--(x+J)W-;-h2 = 1 _ !t EII (1:::) + ~:J]2 C'V:~1f) - ... 
_ lt 

6-(J+y)W:l-"2 = 1 - V2 [Hl (.v) + Hl (y)] + 

!t2 

+ [[12 (.7:) + 2HI (.11) III (y) + IJ2 (y)] + ... 
(V2)22' 

Jtll 
ComparlJlg the C'oeffirients of - 111 lhe becond members we obtain 

n/ 
the reqnil'ed J'elation (31). 

Proceeding 10 the l'eductlOfi of' the mtegral 
co 

Jlf }-:t2 Hili (,v) e _(1I+t)2 Hu (u+.'V) d.'V 

-(X) 

we put, acC'ol'ding 10 (2) 

then 

- (X) 

Now, illtegl'ating by pal'ts we have generally 
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1.jJ 

J à,mjt J dmU V- dtIJ=(-lyll V--d.v+ 
d.v11l d,v11l 

[
dm-lV dUdrn- 2 V dm-lij J + U--------+ ... +(-lyn-l--V 

d:V111 dm d.v1l!-2 r d.vm- l 

thus, assuming 
u = e-(u+xJ2 Hn IU+,v), V = ~-.22 

and introducing the limits - 00 and 00 

-00 

-00 

00 

= (-1)11l}-X2- CIl+X)2ILn+1I (u+.v) d.v 

-00 

Ol', adopting 
s-v .v=--
V2 

-00 

Applying now the relation l32), it is evident that the integral 
reduces to the first term, thus 

JItI = (-l)m e-1-2 ~n+1I (v) 
V"2 (V"2)m+n 

or finally 

- ,,2 Il (~) 
(-1)111 - 2" 1II+n V2 

l,{=-- e • 
-V"2 (l/2)m+lI 

16. We wdl now compare the pl'eceding so]ution of the integral
equation (31) wlth the formal solutlOn glven by Prof. K. SCHWARZSCHILD 

Astr. Ndchr. Bd. 185 N°. 4422). 
Putting 

the equahon 

takes the form 

t = e-u, s = e-X 

00 JA (t. s) F(s) ds = R (t) 

o 
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00 

JA (e-(u+x» F (e-X) e-x da: = B (e-u) 

-00 

or, aSf:öuming 
e-X F (e-X) = K(a:) 
A (e-(ll+X) = ep (u+m) 

B{ru) =f(u) 
00 J K(m) ep (u + m) d.'!: = fen). 

-00 

Now SCIlWARZSCHIW multlplies this equation by e-z}'l du and mte
gl'ates between the hm!ts - 00 and + 00, thus 

and puts 

ril ex; r1l 

JfCU) e-zJu dtt = J K(x) d.'!:j~ (u+.'!:) e-ûz. du 

-00 -00 -00 

00 00 J K (11;) elÀx d.e Jep (v) e-z)~ dv 

-0') -CJ) 

00 00 

f(u) fF() elÀu dit thus F (i) = ~ (f(u) e-z)u d~6 
2JT)J 

-00 -00 

00 

J( (.v) .fL (i) e1Àx d.v 11 
1 J~ L (i) = - K (m) e-zJx d.v 

2Jt' 

thel'efore 

or 

-00 -(JJ 

00 00 

ep (v) f tP (l) ez)v dv ' " tP (i) = ~Jcp (v) e-l~V dv 
2.1l' 

-00 

F(À) = 2:rL (- À) tP (À) 

L À _~F(-~ 
C ) - 2:r tJi(-I.) 

-00 

Multiplymf:!; again by eÛx dl and integl'ating between - 00 nnd 
+ 00 this relation, lle obtains 

00 

1 JF(-l) K (.u) = - el~ dl. 
2:r tP (-;1.) 
-00 

1f now we cornpare this result with the preceding, we have 
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or 

146 

1 j~ F().) = - fen) e- lJU dIl 
2Jt' 

_00 

The general term in the serIes of the secOIld membet' being 
00 ~ 00 

Pil = je-2 Hn (:2) e- ÛU du = V2f -V2 H;/ (v) e-1JtV2dv 
-00 

- 00 

it is obvious that fot' n = 2k the irnagina.ry part and fOl' J2 = 2'{ + 1 
the real part of- this integral vanishes. Thus for n = 2k 

00 

P2k = V2 Je-V2 B 2k (v) C08 (À v V2") dI) , 
-00 

where according tg Art. 8 Ir 
).2 

-- 00 12p 
C08 (À V V 2 ) = e 2 ~ (-- l)p -"-- H 2 P (v) 

o 2J1(2p)! 
thus 

2k+1 A2 

P2k=(-1)k2 2 Vne 2 ).2k. 

In the same war, we get 
;2 

and therefOI'e 

1 
= - e 2 [~( _ l)k C2k i.2k - i ~ (-l)k C2k+1 i.2k+1] • 

2 

In the same manner we find 

1 
fj') p.) = 2V:zo e 4 [~ (-l)k b2k ).2k - ~ ~ (-1)1. b2k+l ).2k+1] 

and finally 
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If now the conditions 

Co = (tobo Cl = aob l - al bo c, = aab, - al bI + a,bo '" 

at'e sa tistied , ]( (x) m llst be redll(~ible to 

e-x2 [aaIlo (.v) + aJII (.1') + a,H, (.v) + ... l 
It is easy to show, that th is is the case; 1'01' if the conditions aL'e 

satisfied we have 
2{ -1)1cc21c).21c+i2( _1)kC2k+l/.21c+l 2 4' 3 

2( -1 )kb2kÀ2~+i2'( -1 )kb
2
k+lÁ.2k+l = aa-a,Î. +a4 /· ... -z(a l l-a 8À + ... ) 

thus 
00 )2 

K(x) = 2; 3'lf e-'4 [2'-1)1ca2kj.2Li2(-1)1ca2k+Jj.2k+l](coslx+isin/.x)d)' 
-IX> 

or, introducing (9) 

17. Fl'om the relation (32) another important result may be 
deduced. For multiplying by e-Y' dy and integrating between - 00 

and 00, this l'elation gives 

Qr, putting 
-00 

. 
al -t.Y = a~ 

f~X-"V2)2 Hn(a)d~ = V 3J+ Hn(.v), 
(V2)n 1 

-IX> 

Therefore, assuming 
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1 
qJn(a:) = _1 ____ e 2 Hn('L) 

n 

22 Vn! )Y:r 
we obtain 

-00 

thus, in the same way as in Art. 9 

1 -~(:l-2-~<X1: V2 +«2 ) 

Àn = (V2)n+l, K(,v,a) = V; e 2 3 • 

Here the value of the function K Cx . a) is tinite fOf Ivand a ± 00. 
In the same mannet· as in Ad. 9, therefoJ'e 

K(.v,a) = ~ q'n(.v)rptl)a) 
o lil 

or 

e-(x'-2x<xV2+<x') = 2 Hn(.v) H,l(a) 
1 3n+1 

2 2 nl 

which may be verjfied hy (9). 

18. Now, according to the theory of the integral eqllatIOlls the 
determinant D(l) of the kel'nel K(l',a) must vanish for the values 

). = (V"2 )11+1 (n = 0, 1, 2 ... ). 
To examine this, we wl'ite D().) in the form which is given by 

PLEl\IEI,J 1) 

whel'e 
CI:J co O'J t 

al = f K(.'I!,.r)da:, a, 1 Kl(,-U .. v)d.v, °8 J Ks(a: ,v)d,v, ... 
-00 -00 - 00 

00 

K;l(a:,a) J K(,1J.,y) Kn-l(y,a) d'!J (n =1,2.3 .. ) 

- 00 

and 
Ke(,v.a) = K(,v.a) 

From K (tvy), which muy be wl'Ittell 
J( (.vy) = Ae-hx'+2kxy-ly' 

1) Monálshefte f. Malh. und Phys. 1904 p 121. 
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the fnnctions J(n( 7JY) which have the same form 

Kn(,ey) = Ane- 1tna: 2+ 2kn.vy-l"y2, 

may be easily dedllced, fol' 

"" 
K;1(,v.a) = AAn-1f- (l+~n-Ü y2+2(ka:+lcn_1a)y-(kv2+ln_I(!2)2 dij 

and 

-00 

Hence 
-h/j'v~+ 2kn,va-lna2 

An e 

A A II-1 I ~ e-(h 
V 

V~ 

1~+1~-1 

which gives 
A An-1 _ 

.11'1= V~, 
Vh+hn-l 

Now, we know 

-00 

g2-fh V
-.,- :n: =e --. 

V7 

1 3 - 3 
A= V3ï' A::::: 2 , k=V2,l=2' 

thus 

1 
A~=-

V15~ 

2V2 9 
k~=--, l~=-

7 14 

11 4 l _17 
Ab = 30 j kB::::: 15' ~ - 30 

n+1 
1 \),n+1+ 1 2 2 

All::::: !tn ::::: ----::::: lil h·,1=----. 
V(2n+1_1)~ , 2(2'+1_1) , 21/+1 - 1 

This gnres 

11 
Proce~dmgs Royal Acad. Amsterdam. Vol. XVIL 

-= 
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1 
d.v = n+l -. 

2 2 -1 

Oonstructing now, accol'dll1g to WEIERSTRASS, an integral function 
j(l), wlth the asslgned zeros 

we obtain 

or, assummg 

Thus 

I. = V2, I. = (V2)\ I. = (V2)3 ... 

fP·) = eG(l) n (1 _ I. ) 
f(O) n=O (V2)n+l 

1 
1(0) = 1, G Cl) = 0, - = l' 

V2 
00 

f(l) = II (l-Àrn+l). 
n=O 

f'(l) r r2 ra 
--=--+--+--+ ... 

f(l.) l-:-rl. 1_1 2
), I-r3l 

and expanding the fractions of the second member 

f '(l) CIJ CIJ 00 3 - - = :E1]! + l:E r
2p + ).2:E rIJ + ... 

f(l) I 1 1 

Oom paring tlus wlth 
D'().) 

- -- = al + a2 l + a3 ).2 + ... 
D(l) 

we see that fCl) = D (A), fol' 1(0) = D (0) = 1 and 
00 (+1\ rn+l 1 a+ -:Er l1 JP_ - __ 

n 1 - -1 - l-r'l+l - n+1' 
1'- -

2 2 

Mathematics. - "Tlte the01'Y of BRAVAlS (on errurs in space) 
lor polydirnensional space, with applirations to cOI'1'llation." 
(OontinuatlOn). By Prof. M J. VAN U VEN. (Oommulllcated by 
Peof. J. O. KAPTEYN.) 1) 

(CommullIcated m the meeting of April 24, 1914). 

In the theory of correiation the mean values of th€' produets xJx," 

al e 10 be considered; denotmg these by 'Y/Jb we have 

1) 'fhe hst ot authOl s who have lrealed I'pon the samE' subject, m:.y be supple. 
mellled wJth eH. lVi. SCHOLS 'fheone des elrelll'S dans Ie plan el l'espace. Annales 
de l'Ecole Polyle<.lJmCfue de Delft, t 1I (1886) p. 123. 


