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Mathema~ics. -, "On HERMITE'S anc! AB.I!:L'S polynomia." By 
N. G. W. H. BEEGER. (Communicated by Prof. W. KAPTEYN). 

(Communicated in the meeting of May 30, 1914). 

Prof. KAPTEYN has deduced the following expansion 1): 
fa.-8x)2 ~ 

1 /- 1-82 = i OnHn(:c)Hn(a)_. 
V(I-0 2

) 0 2n • nl 

In which Hn (x) represent the polynomia of HERl\llTE. 

expansion a = 0, then we fiod: 
62x' 

1 e 1_82 =.s, OnHn(:c)HlI(o) 
V(I-0 2

) 0 211 • 11 ! 

(1) 

Let in this 

. . (2) 

N ow it holds good for the polynomia of HERl\fiTE that: 

H2n+1 (0) = 0 H2n (0) = (-I)n (:~)! V~ . . (3) 

On account of which the above relation passes into: 
82,];' 

1 -1-62 (IJ H2n(:C) 
---:----:-:c- e = ~ (-I)n __ (}2n' • 
V(I-(}2) 0 22n .nl 

For the polynomia CPn (x) of ABEL we know the expansion: 

(4) 

1 -1-8 (IJ (5) --(} e = ~ cpn (:c') On . . • • • • 
1- 0 

lf we replace in (4) (}2 by (} we find: 
8:1.2 

__ ]_ e- 1- O = i (-I)n H2n(:C) (}n 
V(I-0) 0 22n • n! 

1 
lf we multiply the first member of th is relaiion by ---- and 

V(I-0) 
ti) (2n)! 

the secOIld member by ~ ---- f}n, the fil'st member becomes equal 
o 22/1 • (nI)' 

to the th'st member of U». By equalizing the coefficient of f}n in the 
two second members, we find the following l'elation bet ween the 
polynomia of ABEL and those of HERMITE: 

rnn (iV') = ~ ~ (_I)n-k (2k)! R 2n- 2k(:C) . . . (6) 
'I' 22/1 k=O (kl)2(n - k)1 

If we multiply both members ai (6) by 
H2n_~(:C) e-,];2 d:c 

1) These Proceedings. Vol. XVI, p. 1198 (22). 
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and integrate between - 00 and + 00, then we find by application 
of. the well-lmown integl'als: 

+00 f Hm (.v) Hn (m) e-x2 dm = 0 

+00 f Bm' (m) e-x2 dm = 2m. mI V 31': 

-00 

-00 
Prof. KAPTEYN deduees the following representation by means of 

an integral fol' HERl11TE'S polynomia 1): 

Hn (.v) = ~~j.- u: Uil cos (.vu _ n
2
31')dU. 

o 

If we substitute this expression in (6): 
aJ u2 

ex2 f-- 11 (2k)! lPn(m 2 ) e 4 2 (_l)n-k ____ u2n- 2k cos (mu-(n-k).1t') du 
22n V J't 1=0 (k!)2(n-k)! 

o 
or, if we work out the eosine 

00 u~ 

lPn(mZ) = -- e 4 cos .vudu 2 u2~n-k) 
eX2 J -- n (2k)! f 

22nV 3l' k-O (k!l(n-k)! 

Now is 

consequently 

o 

8 

(2k) I =:::: fe-yy'2kdY 

o 

r1J 

11 (2k)! n~ u 2(n-k) f 2 . u2(n-k) = :E - ___ ~-Yy2ldy = 
o (kW(n-k)! 0 WY(n-k)/ 

o 

= 1t21l.f:Yd
Y 
~ __ 1 __ (?i)2k _ u2n 

r;:YdY ~ ~ (n ) (?L)2k 
_ 0 (k!)2(n-k)! u n! J" 0 kl k 7t 

o 0 

For ABEL'S polynomia we have: 

( !J2) _ 11 1 (n) (Y )21.: lPl! -- _2 - -
u 2 k=O k! k 1t 

1) 1. c. p. 1194 (9). 

(8) 

(9) 
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" 
so that we can write for (9) 

u2nf"'e-'l'(pn (- r) du 
n! u' 

o 
Sub::,tituted in (8) we get the double iniegl'al 

if we introduce y = ut. 
By substItution of u = 2y it passes into 

'4&" foo foo 
f/J/I(m') = -V e-Y',y21/+1 cos 2.1Jydy e-2yt f/Jn(-t')dt . n' :n: _ 

(10) 

o 0 

:Now we make use of the relatlOl1 ,) also deduced bJ Prof. KAPTEYN 

00 00 

f tn f f/Jn(t) 
e- t (1 +t)n+1 dt = e-

t 
1 + t dt . . " (11) 

o 0 

In (10) we substitute x = Vt and then multIply both membel's by 

1 
-- e-tdt 
l+t 

and mtegrate between 0 and co, then we get bJ making use of (11). 

f~t __ t_n _ dt =_4_f oo ij'y21l+1 dy r~-2'ijlt (Pn(-n 2 ) dt{"'COS2YVt elt. 
(1+t)n+l n! V:n: J' l+t 

o 0 0 0 

Accol'dmg to a well-known mtegral 111 the tbeory of the integl'al­
logarithm, is 2) 

00 00 

f LOS 2yVt f tV COS 2y,'/J 
--- dt == 2 ---- d{/]::::: - e-211 li 1 (e2y)-e'lY li (e-2y) 

l+t 1 +tv' 
o 0 

consequent1) 

By snmmattoll 1'1'0111 n = 0 to 1t = 00 

1) I c. XV, P 1250 (14). 

00 

. J-2Yllpn(~tt2) d1t 

o 
we find' 

2) See for iuslance "Theorie des Illlegrallogarllhmus Dr. NIELSEN: page 24, 

. (12) 
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}:-t dt = _ -~-}~~21e-21/lZI(e21/)+e21fli(e-21/)ldY f:-2Yltdlt 2 y2n+i lfn(-U2 ) 

Vn 'J 0 n' 
o u 

Now is l
): 

co lJ]1n 

;2 -rPm(a) = e:tJo(2Vaa:) 
o m! 

in which Jo represents the function of BESS1!.JJ of order zero. From 
this lt ensues conseqnently th at 

so 

Ol' 

00 00 

1 = - :nJy~e-2Yltl (e2y) + e2Yli(e-2Y)ldy}-2YUJo (2iuy)du. 

ij 0 

.As is lmown, 
00 u211y2n 

Jo (2iuy) = :2 -( ')2 
u=o n. 

Introduc1l1g thib we bave 

4 JOO 1 = - V n [e-2Y lil (e21f) -t 
o 

00 (2n)' 
e2y li (e- 21/)] dy .;2 ---

11=0 (n!Y2 21l+1 

1 4 fel) ---- = - --= [e-2Y lil (e2y) + e~Y li (e-2y)] dy (13) 
00 (2n '\) 1 V ~ .2 -- 0 

n=O n 2211+1 

.According to au lfltegral used before, is 
00 el) 00 

el) 

~[e-2Yli (e2lj)+e2Yh(e-2Y)]dy=-2 ftcostdt r dy JI I J' J4y2+tl 
-hm cos t a'l'ctg-dt • . f 2y 
y=rt:;. t 

o 0 0 o 
Formula (13) mayalso be wl'itten as follows: 

1 4. fel) 2y 
----- :::= -- Üm cos t a?'(. tg - dt 
2 (2n)_1 _ V; Y=el) 0 t 

11=0 • n 22n+1 

(14) 

By multiplying form111a (11) by 

to n = 00 we find: 

t'l1'l 
and by summation 1'1'0111 n = 0 

n! 

1) These Pl'oceedmgs XV, p 1246 (9). 
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.., 00 00 

-dt2- - = -dt2-lfn(t)= --Jo(2v;t)-J e-l rI:i IV'I ( t )"' 11 J e-l 00 at l fe- t+x 
l+t 0 n/ l+t l+t 0 n/ l+t 

o 0 0 

or 

(15) 

In order to deduce some more relations from formula (11) we set 
to work as follows. In Dr. NrJI.AND'S dlsserlatioIl 1) the f'ollowing 
relalion is deduced fol' ABEJ,'S polynomia: 

or 

or 

71-1 
(P,/ (m) = - :2 Cfk (m) . 

k=O 

By summation of i'ormula (11) from n = 0 to n -1 : 

00 00 

f 
11-1 til (e-t n-l 

e- t :2 + dt = -:2 PI! (t) dt 
o (1 + t)ll 1 v 1 + t 0 

o 0 

f oo I t
n ! Joo e-

t 
e-t --- 1 dt == -- CPn' (t) dt 

(t+l)n l+t· 
o 0 

JrI:i t'l f;-t 
- 1 + e-t--dt= -r.pn'(t)dt 

(t+ l)n 1-H 
o .' 0 

We integl'ate the second member parliaIly: 
. I 

tb 00 ~ 

-- (P,.' (t) dt = CPn (t) - + e-t CPIl (t) dt = f e-t I e-t I J (l+t)+1 
l+t l+t (l+W 
000 

(16) 

J(J;)e-t foo e-t 

= - 1 + 1+ CP'I (t) dt + -( - (.p'1 (t) dt. 
t I+W 

o 0 

FOl'mula (16) passes into: 

f :-t--..!..- dt fooe- t rp" (t)dt+ t e-
t 

• (Pn (t) dt 
(l+l)n l+t J(1 tW 

u 0 ,I 

or by application of (11): 

1) Over ëen bijzondere soort van geheele functiën, Utrecht. 1896 p. 19. 
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< ) 

je-t (1 :t)n dt - i-t 
(1 -t t;;,+l dt + 11: t;2 (Pn (t) dt. 

000 

Tbe first integral of the second member we conv'ey to UlO lirsl 
member, and we find,: , _, , 

. (17) 

Tf we -apply the same process to (his, and again to the re'311lt, 
etc., we find at last aftel' m-fold applianee : 

00 t);) 

} 
tll+1IL ,{ e-t 

e-
t 
r1 + t)1l+1 dt = ,m! J (1 + t)'"+1 (Pil (t) dt . (18) 

o 0 

We can render tb is formnla Ellill more general by summation 
from n = 0 to n =. 00 aftel' di vision by ("":"1)1/1 m!; we get: 

'" 00 

Je-2t (1-+ t;;11+1 dt = J~:~ (Pn (t) dt. . (19) 

o 0 

We apply tbe process explained above to this again and by 
summation again afler divisioll by (-1)m mi etc, we fin'llly find: 

00 00 

Je -kt tll+~ dt = mI fe-I (Pil (t) dt, 
tI +t)'+l Je (t+lc)m+l 

, (20) 

o 0 

in wllich J.; and 111 rp,present positive integet'S, 
Of course a fOl'll111la analogolls to (J 2î may be cledllced fl'om this 

(21) 

- _4_f;"'Y2Y211+11 e-2yklil(e2yl')+e2y7cl~(e- 2~,k] dy ferLJ_ 211) cpn (_t'l) dt. 
n!V31 ':J' 

o 0 

By summation, formula (13) is, howevel', fOlll1c1 again. 
The formulae (4) and (5) ma)' a1so be used in order to expl'ess 

the J..lOlynomia H2n in cp's. FOl' tbi::; pll1'pose we multiply tlJe two 
members of (5) by 

1 1 1 1 1.3 1 1.3.5 
V(1-8)= 1- - 8- -. _82 __ ._83 - ___ 04 - '" 

2 21 2' 31 23 4! 24 

By eqllalizing thE' cocf'{jcient of O'l in [he second member of tbe 
14 

Proceedings Royal Acad. Amsterdam. Vol. X VII. 
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êquatlon, thns obtained, to the coefftcient of 0'1 in the second member 
of (4) we find: 

I 1 11 1 1.3.5 ... (2k-3) ! 
H2.,(.V)=(-1)'22I1n.' (Pl1(iU2)_-rpll_1('V~)- 4-. " (Pn_k(,V2

) (23) 
2 k=2 Ic! 2 c 

By mea.ns of ihis expression an integl'a.l may be dedllred. 
Por if we rnultiply both rnembers by 

e-xrpm (.1') dm 

aftel' repla.cing ,'lJ
2 by tIJ and if we then integrate between 0 and 00, 

we filld, using the following well-known fOl'Il1nlae 1) : 
Cr> 

}-xrpm (x) (Pil (x) dx = 0 m =1= n 

o 
co J fr'xrpm 2 (m) dx = 1 

00 0 

e-7 (Pm (,v) H 2/1 (Vm) d.v = ( __ 1)+12'211. n! . --------:-------'-J 1 1.3.5 . . (2n-2m-3) 

(n- m)1 211-111 

o 
or aftel' sorne redllction: 

aJ 

}
fr:J.2pm (,v2)H2n(m),vd,v=( -1 )11+1211+111-1 n/ 1.3.5 .. (2n-2m-B) (23) 

(n-m)! 
o 

In the same way we find 
aJ 

}-x2 (Pn (x~) 11211 (,v) ,vd.v = (_1)'1.2 211 - 1 n' 
o 

. (24) 

and 
00 J e-xIPIl_1(,v2)H21l(X),vd,v=(-1)1l-1.2211-2.nl . (25) 

o 
1f we write forrnula (22) in this form: 

H 2u (,v) = (-1)'/2211. n! ~ (fl/(,V2) -l(PII-l(m') __ 1_ i r(k-!) <Pll_ k('V~) I 
_ t 2V~k=2 Ic! \ 

we lmow that 2) 

1) DI NIJLAND'S Dlssf'rtalion page 11. 
2) These Proceedings XV. p. 1247. 
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l'his we subbtitute' 
<» 

H 211 (DJ) = (-1)", 2211 (11Iq':II(,'I]l)-~nl{('1I_1(1V2) - 2~:rr ex2 }-"Jo(2,'I]Va)da, 

o 
'1 n! 

. :3 r(/c-~ )an -I . 
k=2 k!(n-lc)1 -

We ftlrther lnti'oduce: 

f
oo k-~ 

r(k-'H = e-tt 2 dt 

o 
and 

VVe find then: 

or af ter some redurtlOn 

22n 
(-1)"-1 ~ H2n (.:u) + nl epn (,'1]2) === I 

C7J C1J 3 ( (20) 

= 2~~fe-" Jo (2,'1] I/a) daf- 't-
2

1 (a+t)'l-a" ( dt , . 
o 0 

Fa!' ,'IJ = 0, the following identities m'ise fl'OlU the formulae (6) 
and (22): 

al1d 

or 

n (2k/(2n-2lc)! 
221, = :3 ----­

k=O kP(n-k)!2 

, (n)' 
nl2 • 71 k 

or -- 2211 = :3 --
(2n) 1 k=o (~~) 

(2n)1 = 2211 • n! \2. _ i ~ 1.35 .. (2k-3) I 
nl I 2 k=2 kJ 2k \ 

(27) 

_1 ____ ~ _ ~ 2. 1.3.5 ... (2k-J) . 
..:;., . , . (28) 

n/' 2
2n 

2 k=2 kl 2k 

(2n)! 

14* 




