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192 B

Mathematics. — “On Hermite’s and ABeL’s polynomia.” By
N. G. W. H. Burcer. (Communicated by Prof. W. KapreyN).

(Communicated in the meeting of May 30, 1914).

Prof. Karreyx has deduced the following expansmn N

la—bz)?
1 w— —02 won.Hn Hn -

- ! 9'_—_2”—____:”) @ W

V(1—87) s 2.0l

in which H, (z) represent the polynomia of Hrrmite. Let in this

expansion ¢ = 0, then we find:
6252

1 Tie g M@0 | (g
1/(1—6"‘) 0 28,0t
Now it holds good for the polynomia of HermiTe that
Hoyg1 0)=0  Hy (0)=(—1) (~—l )

On account of which the above relation passes into:
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1 Tie & Hol®) o . . . . . (@)
viceyt oW
For the polynomia ¢, (z) of ABEL. we know the expansion:
x%0
L e - N )
5°¢ __%cp,,(m)ﬂ
If we replace in (4) 6* by 8 we find:
9&2 —
1 15 H2n( )
B = —1
v R Tl vl
1
If we multiply the first member of this relaiion by ——— and
ply ¥ Vi—0)
(2m)/

the second member by

- 22” w0y 6", the first member becomes equal

to the first member of (5). By equalizing the coefficient of 4" in the
two second members, we find the following relation between the
polynomia of ABrL and those of HErMITE:

(2k)/

— ke

22n ( )n ([Cl) ( )

If we multiply both members of (6) by
Hy,_,(z) e dx

¢n (3% = - Hon—o(2) - . . (6)

1) These Proceedings. Vol. XVI, p. 1198 (22).
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and integrate between — o and - o, then we find by application
of, the well-known integrals:

4
me(m) H,(2)e 2" do =0 m==n

+=»
f B, (z) e**dz = 2m . m! /7

4
, ey @202/
. f(p,, (2%) Han-3.(0) e~ da = (—1) T V. (7)
Prof. Kapreyn deduces the following representation by means of
an integral for HrrmiTE’s polynomia '):

® g2

22 - T
H,(z) = :/nj; 4 uh cos (w — %) du.
0

If we substitute this expression in (6):

-] ul

e * g’ (—1)y—* @8 u?n—2k cos (zu— (n—k) ) du
- (k) (n—Fk)!

x2
22 |/ 7
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or, if we work out the cosine

Pn(a®)=

o

u

o L no (2R
Pn(@®) = f e 4 cos audu X __eH wXn=F . . (8)

22/ =0 (k!)*(n—k)!
0
Now is
8
(QF) = f —yy2kdy
0
consequently
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n 1 y 2k y2n nl /n y ok
= uln ‘fe—?/dy PO ——— A R f;’—?/dy >~ <
; o () (n—k) \u n! 0 k'\k /) \u
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For Asur’s polynomia we have:

y'z 711 n y %
(—L)=3 (" )(
o w(5)=EE00)

1 Lec. p. 1194 (9).
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so that we can write for 9

[=2]
u2n y®
— YV, | —= | du
/ 2u®

7!

Substitated in (8) we get the double integral

* u2 -

eZg —_—
(/),,(m“):n /2‘2”1/: f e 4 cos pudu 4];—“ (p,,\(—t")clt

0 0

it we introduce y = ui.
By substitution of v — 2y it passes into
e~V y2 cos 2aydy | e~ Wt pu(—tD)dt . . (10)
0 0 i
Now we make use of the relation ‘) also deduced by Prof. Karrryn

\

2y —
lph(m ) —'n/ ‘/“

o

j;—t tn___dg:ﬁ—tﬂ@dt oo s (1)
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¢ 0
In (10) we substitute 2 =137t and then multiply both members by

-~ 1
— e tdt

14¢
and mtegrate between 0 and o, then we get by making use of (11).

] o @» o
i 4 - _ cos2y 1/t
J\e t(l_}_t)m dt -—Fﬂx\f; Y y2"+1 dy\ﬁ 2yu (/)n(——-uz) le 1+t dt.
¢ 0 0 0

According to a well-known integral in the theory of the integral-
logarithm, is?)

¥

Cos 2y1/t @ c0s 2y
f w02Vt g f T I o = — 2 T, (20)— e b (=)

14-¢ 1422
0 0 . .
consequently
i ¢ 4 > :
"
et | o= g2l =205 (20) L 2yl (e—2)
ﬁ i(l—{-t)n-l-l dt = 72’1/&'!]; v* y 2Ll =205 (¢29) + 2Wl(e—2)ldy .
’ o % .(12)
. \ﬁ_gy“‘ﬁn(——u”) du

0
By snmmation from n =0 to n=w we find-

5 le. XV, p 1250 (14).
%) See for instance “Theoric des Integrallogarmthmus Dr. NieLsen page 24,
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o o @
4 "11-—[—1
‘ﬁ—’ dt = — v ey e 2, (V) - e29li(e—2Y)ydy | ey du 2 (pn(-u”)
7
0 0
Now is1): '
o M

= 'q— POm (a — ¢S (2 ‘/CHL)

0

in which J, represents the function of Bessur of order zero. From
this 1t ensues consequently that

4 0 o0
1=— v f yie—Wh, (2Y)-+e2li(e—2Y)}dy ﬁ““JuJ (2ouy)du.
0 0
As is known, :
J L u27zJ2n
2tuy) =
( y) u-——(] (n ,)2
50
@ - co /211 1 ®
—2u y 2u, —_— — 9 '~ —
fe iy J, (2tuy) du = _n—D oy f e—2uyyndy— > y(n/) ST f e 2¥ do —
0
% (@)
T o y(n)) 221
Introducing this we have
v
—2y ;. (62 2y i (o—23 oo (On)/
1 :——-————f[e Wiy () 4 li(e~)] dy. 2 2o lyat
or

1 4 ®
—— | [ b, () + Wl )] dy . (13)
% 2nY 1 [/no
n=0 n )2211+1

According to an integral used before, is

I

2
f [e—2vEi, (e21) + €2V ha(e—2) | dy=— ﬁcos tdt 4 ~lim fcos tarcty ydt .
¥+

=y
0

Formula (13) may also be written as follows:

) ! ¢y f s ¢ arety 23 g 14
— m 08 ¢ are tg — .
E‘ 2n 1__ Va y=» ose 7% (14)
=0 92n4-1 0

)

+ J m‘ll . v
By multiplying formula (L1) by — and by summation fromn =0
n!

\

to n = we find:

1} These Proceedings XV, p 1246 (9).
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”’0_[ % pn t \» we—t L —i+z
— At | =) — At Z— ) = ————J 2

1+t o n!(l—{—t) f1+t 0 el 14t Ve -
0 0 0

or

we-—l'*'-{»-(x—-l)t p mg T, p
—_— dt = 2 e
f 17 ¢ e=vf 1T 2V xt) dt (15)
0

In order to deduce some more relations from formula (11) we set
to work as follows. In Dr. Nuuanp’s disserlation’) the following
relation is deduced for ABEL’s polynomia:

n—1
Pn' ('U) = — k§0 Ik ("”) .

By summation of formula (11) from n =0 to n —1:

0

< 1712-1 m (‘ e—t nil J
Jo 3w , P O%
0

or

[co]

in 3 et ,
Jl—wﬁiﬁ?_lgm:i];+{%(q&
v 0

0

or

——1+f -t(m)n ~f—-—¢n'(t)dt C ()

We integrate the second member pariially :

@
et et
fl_:l__’ﬂn (t) dt = ‘(pn () — 1+t

we_t
‘1+f1+ o () d +f~—(1+t),wn(t>dt-
Q

Formula (16) passes into: -

o o oo
te—— ] » m (8) dt
ofe_<1+f)" T 01 +f(lw"’

or by application of (11):

Y4941

+ (+y

e~tep, (t) dt ==

1) Over een bijzondere soort van geheele functién. Utrecht. 1896 p. 19.
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0

e—t_fl__ dt — g*-f—m— dt - _e:‘_ Pa () dt.
Ot Jo 04y (149

0
The first integral of the second member we convey to ihe first

member, and we find;: R
f et fw 0 17
—l_ dt— ] ———— o, e ..
i = Sage Y &0
0 0

It we -apply the same process to this, and again to the result,
ete., we find at last after m-fold appliance:

~

m_.t t11+m , A ot
fa Trgm e = gm0
0

0
We can render this formnla still more general by summation

from n =10 to n= oo after division by (—1)*m!; we get:

(18)

<]

n 'mé—t
U dt = | —— . () dt.
j; (14 gt jt+2 a0
0 0

We apply the process explained above to this again and by
summation again after division by (—1)y*m/ ete. we finally tind:

e tm h Pn (t)
~kt el — ! et .., 2
oot = e o 0
0

0

in which £ and m represent positive integers.
Of course a formula analogous to (12) may be deduced from this

(19)

[

un
—F Jy =
fe Ay
0 _
21)

© 2
4
— fe“?f y2e L | g2k, (200) - e20kla(e- 2F) dg{j‘e =20y ¢p, (—2%) di.
nly/ =,
0 0

By summation, formula (13) is, however, found again.
The formulae (4) and (5) may also be used in order to express
the polynomia Hs, in ¢’s. For this purpose we multliply the two

members of (5) by

1 1 1 1 1.3 1 1.35
—_) =1 ——f ——. —F* — . e T,
vi—o =1 2 ¢ 2/ 2’6 3/ 2 ¢ 47 21 0
By equalizing the cocfficient of 0 in the second member of the
14
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équation, thus obtained, to the coefficient of @7 in the second member
of (4) we find:
1 n 1 1.8.5..(2k-3
Hy, (v)=(-1) 220 } (p,(2*)~ gq),l_l(m’)—kf;ﬁ.——gfa——z pn—n(@®) 1 (22)
By means of this expression an iniegral may be deduced.
For if we multiply both members by .
ey, (v) da
after replacing 2* by & and if we then integrate between 0 and oo,
we find, using the following well-known formulae?):
ﬁ—x(p,,, @ pn@de=0 m==n .

. 0

f eigp® (o) do =1
o 0
f 6= o (8) Hon (1) dis = (-— 1)+ 221 .

0
or after some reduction:

1.8.5. (2n—2m—3)

(m-m)/! ) Dn—in

J '
f o g (6%) Han(o)dume( — 1 it —1 ™ 7185, @n—2m—3) (23)
n—m)!
0
- mn—1.
In the same way we find
Af\e*i’ Pn (2%) Hay () wdw = (—1)» . 22—1 g/ .. (29)

0
and

e
fe—x’ Pt (@°) Hop (@) 0de = (—1)-1,22m—2 a) . (25)
0

If we write formula (22) in this form:

1 » IG—4
Hy, () = (—1)1 22, p! 3(pﬂ(w2) ~Lepp_i(a?) — e k‘i (/c/ 1) @n-1a?)

we know that ®)

2

& "
Y e~ kJ (221 a)da.

0

ot (@) =

1) Dt Nuwawnp's Dissertalion page 11.
%) These Proceedings XV. p. 1247,
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Mhis we substitute:

(]
1
) = (— 1) 290 ol ) — Sl )= 5 e’”gﬁ‘”Jo(zwa)da-
0
n n!
- = — DP(—4)on .

o Kl (n— B!
We further introduce:

o0 P 3 ‘
Th—3) = {ett 2 a& ;
0
and
o 0 -]
ex”
s nl pp(2?) = v e~+J, (2z)/ @)da . non—1 ‘fe—’t—i‘dt.
0 0

We find then:

‘ e 8
Hyp(@)=(—1)r22% nlipn(0®)— 5 l/ar*f; - 1J0(2.'v|/a)d0i{e—t e *2;:2'1(]0 >a"'k i
0 0

or after some reduciion

1
(—1)1'_127n Hs, (‘”) + n! Pn (&.2) = . )

3

- f:““J 22 v'a) de :*’tﬁ? ty—a”} dt
= avm 5 (24 (et-t)—a
0 0

For 2=20, the following identities arise from the formulae (6)
and (22):

(26)

s 7 \?
7 ! —_ ! 12 - n ( )
21' (2&1(2n—2k)! or 2 gm— k

22 — e
o EP(n—R) (2n) ! 1o (2n 7)
ok
and
@) _ gy 1 21135 .(@%—3)
n! 2 k=2k! 27‘
or
1 1 2 1 1.8.5 ... (2k—3
- e _2_2"_2@_—”5%“__)‘ C . (29)
9 k=2 A
(2n)!
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