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Physics. _ .. "Tlte Itydrogen isotltel'ms of 20° C. anel 0115c.5 C. bdween 
1 anc! 2200 atms." By Dl'. K. W. WALSTRA. VAN DER WAALS' 

furtd researches N°. 8. (COITllllUnicated by Prof. J. D. VAN 

DER WAALS). 

(Communicated in the meeting of May 30, 1914). 

T = 20°. 

§ 1. Agreem,ent of the observations belo'W 1000 atms. with 
SCHAJ,KWIJK'S isotltemzs. 

For each of the set'ies of obsel'va,tions given in the preceding 
. Communication we have detel'minecL all empirie equation of the form: 

PV = a + b D + C D2 + d D4. 
As only sel'Îes of observations below 1000 atms. can be repl'esented 

by th is equation with 4 vidal coefficients, only these series come 
into cOllsideration fol' the present. The obtained obsel'VtLtion material 
above 1000 atms. will have to be considel'ably extended to enable 
us to calculate the following vi rial C'oefticients with the same 
certainty. 

If of the above equation we wish to determine a, b, c, and d, 
we get a number of eqnatidns .equal to the number of obser
vations, and consequently then with 4 unknown quantities. To 
solve these equations accol'ding to the method of least squares 
is not feasible, as then the normal eqllations become practically identical, 
w'hich may al ready be seen beforehand. We have been able to apply 
Prof. E. v. D. SANDE R>\KHUIJZjl}N'S rnethod suecessfully, which was also 

T=200. 5/6 Noyember 1912. T=200. 21 November 1912. 

P I PV(O) I PV(C) I (O)-(~) P .1 PV(O) I PV (C) I (O)-(C) 

959.97 1365.48 1365.48 0.00 579.72 1068.76
1
1068.76

1 
0.00 

144.10 1246.42 1246.43 -0.01 378.48 963.11 963.11 0.00 

567.53 1146.91 1146.81 +0.10 283.02 913.49 913.49 0.00 

478.09 1096.26 1096.42 -0.16 132.69 836.52 936.49 +0.03 

377.13 1039.49 1039.49 0.00 129.26 834.66 834.66 0.00 

296.22 994 18 993.95 -t 0.23 124.90 832.58 832.55 tO.03 

236.36 960.26 960.42 -0.16 PV= 770.50+371.45D + 
188.42 933.57 933.56 +0.01 

+ 272.26 D2+ 192.62 D4. 

PV=829.71 +445.08D + 
+353.40 D2 + 197.28D4. 
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T=20~ 1I/J2 Decembel 1912. T=20o. 10 February 1913. 

P I PV(O) I PV(q I (O)·(C) P I PV(O) I PV(C) I (OHO) 

787.15 1281.24 1281.25 -0.01 962.27 1516.32 1516.32 0.00 

401.68 1061. 99 106l 00 -001 638.l6 1315.97 1315.97 0.00 

256.38 1036 25 1036.21 o 04 469.04 1209.92 1209.92 0.00 

320.29 101;>.72 1015.76 -0.04 216.67 1051.80 1051.80 0.00 

295.67 1001.91 1001.81 +0.10 PV= 92303 + 508.75D+ 

276 70 991.07 991.12 -0.05 
+ 552.10D2 +296.55D4. 

245 36 973.55 973.51 +0.04 

234.38 967.40 967 35 +0.05 

224.36 961.70 961.75 -0.05 

214.20 956.05 956.11 -0.06 

PV=842.61 +409.64D + 
+ 423.18 D2 + 191.36 D4. 

used at Leyden fol' the calculation of AlIIAGAT'S values at the tIme. 
(See COtnUl. 71). In how fat· we have sueceeded in determining 
the empIrie equations may appeal' fl'om the following tables. We 
have placecl there slcle by slde P, PV(O) - observed pl'essure and 
pl'essure X volume -, and PV(C) - ca1cnlated with the known 
volume trom the empiric eql1ahon, (0) - (C) the difference between 
t he product PTT followlIlg from the observation and that following 
from the fOl:mula. 

T=20o. !l'12 February 1913. T= 20°. 22124 April 1913. . 
P I PV(O) I PV(O) I (0)-(0) P I PV(O) I PV(C) I (0)-(0) 

932.37 1469.32 1469 32 0.00 947.76 1209.81 1209.81 0.00 

620.57 1279.75 1279.75 0.00 698.53 1086.84 1086.84 0.00 

457.19 1179.37 1179.37 0.00 389.22 930.78 930.78 0.00 

211.93 1029.03 1209 03 0.00 339.64 905.45 905.45 0.00 
I 

PV= 904.53 t-499.85D + PV= 732.67+358.69D+ 
+ 494.67 D2 + 298.61 D4. + 257.51 D2 + 101.20 D4. 
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T= 20c• 4 June 1913. 

P PV(O) PV(O) (0)-(0) 

740.81 888.01 888.01 + 0.00 

507.30 ·794.23 794.22 + 0.01 

358.07 734.12 734.12 + 0.00 

147.42 650 71 650.68 + 0.03 
\ 

136.13 646.28 646.30 - 0.02 

PV = 596.07 + 207 .24 D + 
+ 147.31 D2 + 34.13 DJ. 

To find ont whethel' these series of observatlOns are in hétl'mony 
with eaeh other, they ean be brought III correspondenee directi.}'. 
We did so before, and found onl)' á slight deviation between them. 
Besides it is also possible to try and make all the series of obser
"ations agree with SCHAJ.KWIJK'S Isotherm, and then compal'e them 
also inter se. But then there must fh'st be a rea&on to '3uppose that 
it was possible to malm these observations agree with SCHALKWIJK'S, 

and this had soon appeared. When in Del'ember 1912 only th ree 
series of observations had been fonnd, we calcnlated ft'om that 
which rontained the greatest numbel' of observations (Dec. 11/ 12 :1912) 
an empirie equatioll from tour of the observations, viz. at 787.15, 
401,68, 320,29, 276,70 atms. 

The other observations of this series appeared to be In good 
agl'eement with the found equation: 

PV = 841.70 + 415.09 D + 414.10 D2 + 198.16 D4. 
Also the two series of obset'vations of Nov. 1912 appeared to be 

in harmony with this. Then a compal'lson with SCHALKWIJK'S obser
vations was altempted by redllction of the above equation to one 
with the same virlal eoefficient: a as SCHALKWIJK, viz. ct, = 1.07258. 
This reduced equation then becomes: 

p V = 1.07258 + 0.086740 D + 0.008569 D2 + 0.0126659 D4, 
SCHAJ,KWIJK giving: 

PV = 1.0725~ + 0.Oa6671 D + 0.00993 D2. 
This equation holds from 8 to 60 atms., OUl'S ft'om 200 to 800 

atms., but we are now going to try tn extl'apolale wlth respect to 
the region of the lowel' pressmes in order to compare these extra-
polations wJth SCHAI,KWIJK'S. _ 

The differences are most apparent when the product P V is detel'-
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millecl {'rom tho Iwo oqlktlllJns rOl' diiI'crent vaJues 1'01' D, anel thc 
pl'ut! llets are joined in (he follo\Vlll~ In.hles. PV(S) is then ca]('ülaled 
from SCHAT,KWIJJ('S equalioll wllh :3 virial coefficients; PV (P) from -

our pl"ovisional equat~on. 

D I PV(S) I PV(P) I (P) (5) D-\ PV(S) I PV(P) I (P)·(S) 

1.0133 1.0133 0.0000 100 1.1492 1.1486 -0.0006 

10 1.0194 1.0194 0.0000 200 1.2451 1.2421 -0.0030 

20 1 0863 1.0864 +0.0001 300 1.3621 1.3513 - 0.0048 

30 1.0935 1.0936 +0.0001 400 1.4983 1.4963 -0.OQ20 

40 1.1009 1. 1009 0.0000 500 1.6544 1.6654 +0.0110 

50 1.1085 1.1084 -0.0001 600 1.8303 1.8718 +0.0415 

60 1.1162 1.1161 -0.0001 700 2.0261 2.1241 +0.0980 

70 1.1242 1.1240 -0.0002 800 2.2418 2.4330 +0. 1912 , 

80 1.1324 1.1320 -0.0004 900 2.4173 2.S102 +0.3329 
I 

90 1.1406 1.1402 -0.0004 

The deviations found in Ihis way ft'om what follows from SCHAIJKWIJK'S 
equation with tlle extrapolations ft'om our provisional eqnation 
appeared to be stll'prisingly small. OnIy at a density :l 00 or P= ± 115 

. atmosphel'e pl'essure the diffel'ence is gl'ea,ter than 1 per 2000, but this 
is far outside the region of SCHAJ,Kwr.Jh.'s obsel'vations. At D = 200 
or P = ± 250 atms. the diffet'ence becomes 1 per 400. Later on it 
diminishes again, and takes opposite sign, hut D = 500 or P = ± 800 
{ttms. lies again outside the l'egion of om series of observations. 

In connection with tbe mutllal cOl'l'esponder.ce of the series of 
.observations, tho possibility of an agl'eement with SCHALKWIJK has 
appeal'ed from this . 

. ' In order tó be able to compal'e the 7 series of observations inter 
se, and jlldge at the same time about the agreement with SCHALKWIJK, 
we have reduced the 7 empit'ic, equations in slleh a way that they 
give PV = 1.3573 fOl' D = 300. This is then in agreement with 
the above tabIe. Then the equatiolls become: 

I . PV = 1.06625 + 0.0313496 D +O.Od 15009 D2 + 0.01~69144 D4, 
n PV= 1.06917 +°.0371540 D + 0.0072691 D2+ 0.01299111 D". 
III PV -= 1.01315 + 0.0&66523 D + 0.0687561 D2 + 0.01264295 D4. 
IV PV= 1.06920 +0.0368353D + °'°085981 D2 -I- 0.01262047 DJ. 
V PV = 1.06893 + 0 036QS06 D + 0.0081640 D2 + 0.01268826 D '. 
VI PV= 1.05753+0.0374726D + 0.0617437 D2 + 0,°1263400 D4. 
VII PV= 1.0134} +.9'~361205D+0.068~024p2+0,OI264632D1. 

5/6 Nov. 1912. 
21 Nov. 1912. 

lilt!! Dec. 1912. 
10 Febr. 1913. 

11/12 Febr 1913. 
22/24 April 1913. 

4 June J913. 

,. 
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At 407.19 atmt>. (300 X l.b573) thc sedes of observaliolls have 
rlOW been l'ednced in agt'eemellt with each ol hol', 

Fl:om these equations we calcnlate first the prodLlct P V for the 
densities 100, 200, 300, 400, and 500 for so fal' as the cOl'l'esponding 
p,'essures lie in the region of obser\'ation of the series. and henro 
agl'eement ma}' be expected. We then find: 

D 1 100 I 200 1 300 1 400 1 500 

I - 1.1491 1.2429 1.3573 1,4961 -

Il 1.1491 1.2428 1.3573 1.4963 1.6654 

III - 1.2426 1.3573 1.4959 1.6641 

IV - 1,2423 '1.3573 1.4963 1.6650 

V - 1.2419 1.3573 1.4967 1.6653 

VI - -- 1.3573 1.4966 1.6644 

VII - 1.2430 /1.3573 - -

Mean 1.1491 11.24271.1.357311.49631 1.6648 

Besides with the mutual agreement, we are stl'llck here with the 
agl'eement of the mean valnes P JT with those detennined P1'0 visionall)T. 

We repl'ûduce thereforc this pad of tbc table and place the meun 
values P VU}!) by the side. 

D I PV(S) I PV(P) 1 PV(M) 

I 
100 1,1492 1,1486 !,1491 

200 1.2457 1.2427 1.2427 

300 1.3621 1.3573 1,3573 

400 1.4983 1.4953 1.4953 

500 1.6544 1. 6654 11 6648 

It remained to draw up an equatioll wluch satisfies thc last table 
of the mean "alnes with (1=1.07258 in arcol'dallce witb S('lTALh.WIJK'S 

isotherm. This final eqnation drawl1 np fol' convenience with five 
vil'ial coetïicien"ls, becoll1es: 

'(11'). PV = L0721l8 + 0.036763D + O.Oo88215DJ + 
+ 0.01~6695'*DI - 0.OlBlblD6. 

I 
I -



- 7 -

222 

This equu.tion not only represents all (lUl' observations as weil as 
possible; but the agreement with SOHALKWIJK'S results appeal's 10 be 
even better than for the pl'ovisional calculation, which is seen from " 
the following tabie. ' / 

D I PV(S) I PV(F) I (F)-(S) D I PV(S) I PV(F) I (F)-(S) 

I 
1.0733 1.0733 0.0000 60 1.1162 1.1163 +0.0001 

10 1.0794 1.0794 0.0000 70 1.1242 1.1242 0.0000 

20 1.0863 1.0864 +0.0001 80 1.1324 1.1324 0.0000 

30 1.0935 1.0936 +0.0001 90 1.1406 t·1406 0.000 

40 1.1009 1.1010 +0.0001 100 1.1492 1.1491 - 0.0001 

50 1.1085 1.1086 +0.0001 

The tin al equation may thel'efore be considered to l'epresent the 
whole l'egion of the isotherm below 1000 atms. The agreement with 
SCHALKWIJK is perfect up to D = 100, which corresponds with a 
presslll'e of 115 atms. Revel'sely It appeal's thel'efol'e that we mar 
extmpolate up to ± 120 atms. fl'om the equatlOn at which SCHALK WIJK 
al'ri\ ed fl'om his ohsel'vations f,'om 8 to 60 atms., viz_. 

PV = 1.07258 + 0.Oa6671D + 0.06993 D\ 

At D = 200 or P = 250 atms. the error which wonld 
then be made, becomes already 3 per 1000. For greatel' densities 
up to D = 500 the number of virial coefficients 3 is too smal!. It 
must then be 4 at least. It will not do slmply to add a 4th coeftl
cient to SCHAJ,KWIJK'S equation, w hieh appeal's from the deviations, 
which (see tabIe) u.re now positive, now negative. 

§ 2. Compal'ison of the obsel'vations at J 5".5 witlt Al\fAGAT'S. 
We have one series of obsel'l;'ations with 4 data below 1000 atms. 

and three above lt at OUl' disposal. (See p. 215). 
An equation has been calculated from the 4 data below 1000 as 

a con trol of the obsel'vations at ± 100 atms. (See pl'eceding com
munication). To compal'e OUl' data with those of Al\IAGAT at 15°.4 
we have calculated an empir'ie equation with 6 virial coefticients 
ti'om 6 observations. In the seventh observation at 383 atms. we 
have then acontrol. 
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P I PV (0) f PV(G) I (O)-(C) 

2255.8 1796~01 1196.01 0.00 

1777.2 1582.42 1582.42 0.00 
-

1383.9 1407.15 1407.15 0.00 

932.31 1190.26 1190.26 o.eo 
684.19 1065.47 1065.47 0.00 

383 29 916.64 916 66 -0.02 

334.27 891.16 891.16 o.eo 

PV = 637.96!) + 892.46D -735.72D~ + 1215.49D4-
- 787.959D8 + 204,470DB. 

With the value of PVat 700 atms. this eqnation is then reduced to' 
PV = 0.92967 + 0.Q218953D - 0.06 22767 D2 + 0.01J79888D4-

- 0.01010996D6 + 0.02360639D8. 
The easiest way for the calculation is now to rompare the pressures 

fol' the same vohunes as AlllAGAT. We then find: 

v I P(Am.) I P(C) I (C)·(Am) 

0.OO~234 100 700 0 

0.002046 800 800.5 0.5 

0.001895 900 904.1 4.1 

0.001178 1000 1005.3 5.3 

0.001685 1100 1101.8 1.8 

0.001604 1200 1200.7 0.1 

0.001533 1300 1301.6 1.6 

0.001472 1400 1401.0 1.0 

0.001418 1500 1500.9 0 9 .. 
0.001310 l6GO 1601.1 1.1 

0.001326 1700 1704.2 4.2 

0.001288 1800 1804.2 4.2 

0.0012545 1900 1902.6 2.6 

o 0012225 2000 2008.0 8.0 

0.001194 2100 2113.6 13.6 

0.0011685 2200 2220.2 20.2 
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These deviations and especially the pl'ogressive ones abov€' 2000 
atmb. cannot be explained from the tempeJ'ature difference of 0°_.1, 
among other5 on account of their il'l'egulal'ity. This would give a_ 
pressure difference of no more than' 0.6 at.m. at 2000 atms. For the 
rest the deviations are too large and too sY5tematical to be con
sidered as accidental errors of observation. The mosr obvious explana
tion, a systematic error in the absolnte pressure measurement made 
by AI\IAGAT or by U5, cannot be accepted either, as it would yield 
a deviation pt'oportional fot' large aud for small pressures. Pl'obably 
the same canses come into pIay, which also prevented agreement 
between Al\lAGAT and SUHALKWIJK'S observatioHs. 

Am~ter~um. ~}"ysical LaboratoJ'!J of' tlte U1liu('J'l:iil,lJ 

Hydrostatics. - "Tlw dl//erent ways of floating of an IW7nogeneolts 
Gube." By Prof. D. J. KOHTEW1~G. 

(Communicated in the meeting of May 30, 1914). 

This pÎ'oblel1l, whose treatment, however simpie it may seem, 
offers considel'able dtfficulties, was lately brought to a complete 
solution by Dl'. P. BHANDSEN. 

Ir we IllIlit out'sel veb to the case5 III w hich the specifie weigh t of 
the cube è"tmOllnts 10 less than half of that of the liqllid (which is 
allowed, because tbe other cases may be derived from it by intel'
challging the floating ûnd' immel'sed parts) stabie floating appears to 
be possible 111 foUt' differen t possitions . 

. In the ,fiJ'st position fout' of the ~dges are vel'tical. 1t may be 
acquil'ed fOl' spe~ific weights, expl'essed i1l that of the liquid, 8maller 

1 1 - . 1 
than ---V 3 = 0,211. .. Fo1' those smaller than - = 0,166, .. 

2 6 - 6 
it is the only one possible. 

In the sIJconcl position two of the faces are vertical, but the edges 
belonging to them are sloping. 'rite blll'face section is conseqllently 
a l'ectangle. Tltis "mannel' of floatillg is possible between the specific 
weights 0,211 .... and 0,25. 

In the t!tirel lJosition tlle space-diagonal of the cllbe is vel'tical 
and the snrfil.ce sertion a hexagon. It ib po"sible between tlle limits 
1 5 

- and - of the speeific weight. Fol' the Jimits themselves the cube 
6 6 

is Jlfted ot' immersed jusl 80 fal' th at the slll'fnce ::.ection, pel'pendi-
culat' to the space-diagollal, has pa'3sed into a tl'iangle. Those lirniting 
positions themselves are all'eacly llnstable; consequently the stability 

iiililIiiiiiO~~-----------


