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Physics. - "S;ome l'emark.~ on t1te values of the critica! q1lantities 
in case (,lf association." By Dl'. .T. J. VAN LAAR. (Commnni­

cateo by Prof. H. A. LORENTZ). 

(Communicated in thc meeting of May 30, 1914). 

1. Thollgh this subject \yas treated aJready very fully by me in a 
paper in the Arch. TEYLER 1) in 1908; and use was made aftenvards 
(in 1909) of the contents of this paper in my Treatis0s on the Solid 
State ') - I wish to make a few remat'ks indl1ced by a paper hy 
Prof. VAN DEl! WAALS in These Proceedings of April 1914 (p. 1076 et seq.) 
whieh may contribnte to the removal of the pretty large difference 
found by him (p. 1081) for the volume value of CH. for methyl­
alcohol (2,-12) and for ethy lalcohol (2,76). 

VAN DER WAALS makes namely UBe of valtles of Vk, RTk and Pk, 
of whieh he states (on p. 1078) that they wonJd be exact by approxi­
mation. Bllt it has appeared from the invcstigat.ion made by me in 
1908 th at thc "linear" dependence of the quantities RTk and s of 
the association factor 2: (1 + ij) cannot be assumed even by approxi­
mation. 

Not ollly does ihis hold when (as v. D. W. assumes) the volume 
of the molecules does not nndel'go any change on aSBociation ; when 
in other wmds bb = - 1/2 b. + bI = 0 - but the deviation in question 
presents itself to a much greater degree. when bb is not = 0, as is 
certainly the case for water 3) and the alcohols. 

In the ('ited TEYLI<;U artiele I started from the eqnation 

1+~ RT a 
p=------, 

2 v-b v' 
(1) 

in which {J represents the degree of dissociation of the double mole­
cules, so that to the origillal 1/. double molecule are fonnd 1/. (1 - {J, 
double molecules and '/ •. 2~ = ~ single molecules, together 1/2 (1 + (J) 
molecules. 

1) Arch. Teyier (2) T. XI, Troisième partie (1908): Théorie générale de J'asso· 
ciation de molécules semblables et de la combinaisolJ de molécules différentes. 
(p. 1-96). 

2) These Proc. of April 22, June 25, Aug. 31 1909; Nov. 24, 1910; Jan. 26 
and June 23, 1911 '; resp. p. 765, 26, 120, 13~, 454, 6iJ6 and 84. (See especially 
the third paper, p. 1:17-130). ' 

3) Already in 1899 I think I showed that the phenomenon of maxill}um 
dcnsity at 4° C. can be explained in a ver)' simple way by the assumption of a 
negative value of 6b, so that a double molecule would have a larger volume 
than lwo single molecules. [Zeitschr. f. physik. eh. 81 (Jubelband für VAr.'T HOFF)]. 
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The quantity a appeared to have veen left unchanged by the 
association, viz. =a 1 - the value for the case that all the molecules 
a)'e single - everything referl'ing to a single 1) molecular quantity 
(e.g. 18 Gr. of H 20, 46 Gl'. of C,H 60, etc.). Fot' we have evidently 
(the index 2 now refers, in distinction with my TEYJ.ER article to 
the double molecules, the index 1 to the single molecules): 

(
1-{J)' l-~ 2{J (2 iJ)' 

a = -2- a. + 2 X -2-' 2 al. + 2 al' 

in which al. = 2a l and a. = 4a l , so that we get: 

a = (1 - iJ)' al + 2 (1 - iJ) {J al + {J • al = al . 

Further: 

1-{J 2{J 
b = -2- b, + 2 bi = bI - (1 - i~) (- 1/. b. + bI) = bI - (1 - (J) b. b 

Ol' = 1/. b. + {J (- 1/. b. + bI) = 1/. b, + {J b.b, 

The equation of state used by VAN DER WAALS (p. 1078) is identical 
with ours, as VAN DER W AAI.8 starts from 1 - ,x single molecules 
and ,t double molecules, 10gether 1 mol., w hile we started from {I 

single molecules and (1- (J) : 2 double molecules, together 1/. (1 + (J) 
molecules. Accordingly we left the quantity of substance (viz. a 
single molecular quantity, e.g. 18 gr. of water etc.) constant, and 
varied the numbeJ' of molecules on assoeiation from 1 to 1/, (1 + fl)­
and VAN DER W AAJ.S left the nLunber of molecules constant = 1, 
while he increased quantity of tlle substance from 1 to 1 + ,r. 

If this is borne in mind, VAN DER W AALS'S v: (1 + ,x) 1l0W passes 
into v' (now just as with us refel'ring to a single moleeular quantity 
of substance), and we get : 

In which therefore 1: (1+.1;') is identical with om' (1 + (J) : 2, v' 
with OUI' v, VAN DER W MLS putting b.b = 0, and thel'efol'e identi­
fying b with bi' 

2, As {J, the degree of dissociation of the double molecules, is a 
fundion of v, the dependenee of the quantity (J on v will have to 
be taken into account in order to find the values of the critical 

1) In the cited TEYLER article I made everything refer to a double molecular 
quantity, but I think it more practical 10 continue to make the different quantities 
refer to a single molecular quantity. Hence all the quantities have now been divided 
hy 2, resp. 4. 
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ap a2p 
qnantities in tbe delermination of - = 0 and -a. = O. The calcula-

Ot' t,2 

tions l'elating to th is are pretty laborious, and were carried out in 
a separate chapter (~ 5 p. 25-34) in the cited TEHER article (cf. 
also the above cited paper in These Proc. of Aug. 31, 1909, p.127-130). 
'Ye refer to this article, and give here only the resl1lts of the calcula­
tions - again making everything have reference to a single mole­
cular quantity. 

For IJk was found: 

in which 

l1î 
2 

'Ok = 3bk X --- , 
3m'-2n 

. . (2) 

m= 1 + '/ 21"1(1-1"1) (l+q:)' I 
m = 1 + 8/48 (l-m (1 +q:) + I/gij (I-P)(I-3r~) (1 +(1')1 r' (3) 

" hile 

(p. 26 and 29 loc. cit.). 

t:.b 
(P = (1+11)­

'O-b 
. (4) 

\Yben t:.b = 0 and so also q: = 0, as VAN DIm WAALS assumes, 
even then remains: 

111 = 1 1/,,: (l-t1) = (1 +B)(l-l/.tl) I (3a) 

_ 1 -+- ,",1(1- /1) + 1/85(1-/1)(1-311') = (1 +/1)"(1- 9 /s/1+ 8/ s/1)2 \ ' 
through which for IJk, witb 

3m'-2n = (1+tW (1- 3
/ 411), 

is found: 

In this the factor 3 must of course be replaced by a smaller one 
(e.g. 2,1), when b is a function of v, and varies between ba> and bo, 

wllen v varies from (f) to VOo 

With J"egard to the factor' of 3bk - which according to VAN DER 

'VAALS (referring namely to a single molecular quantity and not to 
a 1 + te times larger quantity) would remain constant = 1 (at least 
by approximation) - we see immediately that this factor can differ 
pretty considerably from unity. For 11 = 0 (only double molecules) 
and ti = 1 (only single molecules) the factor is properly = 1, but 
fol' ij = 2/3 it has the minimum value s/g. And this deviation, which al-

ready amounts to 11 0/0, is still more pronounced when t:.b is not =0, 

but has e.g. a negative value. 
For RTk we have found (p. 31 loc. cit.), again referring to a 

single molecular quantity: 
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. . . (5) 

which with l::.b = 0 passes into 

RT =~ al.~X(1+tI)(1-9/8tI+318tI'Y(l-3/4tI) . (5a) 

k 27 bl 1+ tI (l-l/.tI)ó 

If tI = 1 (single molecules), then RTk duly becomes = ~ a, , 
27 bl 

but for tI = 0 (double molecnles) RTk becomes = 2 X 2
8 

a, '). 
7 b, 

But it is again immediately Feen that R Tk certainly does not linearly 

change witl! 2: (1+/1), i.e. with VAN DER W AALS'S 1 + x, as the latter 
assumes on p. 1078 of his treatise. 

For the remaining factor is indeed again = 1 for tI = 0 and 

tI = 1, but it is 3456: 3125 = 1,106 for i~ = '/3; = 1445 : 1296 = 
=1,115 for tI='/.; and =1125: 1024=1,099 for tI='/B. The 

deviation can thel'efore again amoullt 10 9 °10' in comparison with 

11010 for IJk, but in opposite direction. This deviation too is more 

pronounced, when !::.b differs from O. 
With regm·d to the value of pk, at last, we find: 

1 a (3m'-2n)' (4n-3m) 
Pk = 27 h2 X m ó ' • (6) 

passing into 
1 a (1-3/4~Y (1+,~-3tI2+3/.tI3) 

Pk=27ó,'
X (1_

'
/. tI) 5 , •• (6a) 

when !:.b = O. For 

4n-·3m = (1 + tI) (l +tI- 3tI'+8 /.W). 
1 a 

The factor of - - duly has the value 1 both for tI = 0 and 
27 b, ' 

{j= 1; but becoines = 4617 : 3125 = 1,477 for ~ = 1/8; = 375 : 
: 243 = 1,543 for ~ = '/.; and = 189: 128 = 1,476 for ~=2/a. 

Accordingly the deviation from unity is Hl'y considerable - for 

{j= 1/. more than 54 °10. Hence there is no longer any question of 

1 a 
an approximate equality to 27 b2' as VAN DER WAAI,S supposes he 

I 

may assume. (p. 1078 l.c.). And th is amOl1nt can still increase for 

l::.b not = O. 

1) If it is taken into account that al = 1/4 a2' bI = 1/2 b2, RTk becomes as it 

always did = 2
8
71:, in which ai and b2 now refer to a double molecular quantity • 

• 
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Tt is thel'efol'e self-evident that when the quantities s=RTk:PkVk 
nnd 'ik: lJk are caleulated, which oeeur in VAN DER W AALS'S con si­
deratioflS. IlO linea\' dependence on 2: (l+~), \'esp. 1 + x is to be 
expeeted the1'e either. 

3. Now 

RTk 8 2 n' 
s=-=-.-x .. (7) 

PkVk 3 1+~ m' (4n-3m) 

is found tOl' the quantity s, passing (with b.b = 0) into 

8 2 (1+~)(1-P/8~+3/8W)2 

S = 31+~X (l_1/t~)'(1+~-3~2+8/2W) . (7a) 

Fol' j:t=1 (all simple molecules) s beeomes =80 =8/3 (or=3,77, 
when b val'ies with v), and for ~= 0 (aH double molecules) s beeomes 
= 8 /aX 2, henee t\Vice the value. Bnt here too we remain very 
far from linear dependence. 

1"01' p = l/S we find namely for the last factor in (7a) the value 
384: 475 = 0,808; for ;1 = 1/2 the "allle 280: 360 = 0,803; and 
fol' i1=2/~ the vaille 375:448=0,837. Hence aditfel'eneeofabout 
20% 1'01' P = 1/2, 

On account of the imp0l'tance of the accurate knowledge of the 
vaille of the qllantity s fol' associating snbstances, I have caleulated 
the follow ing tabie. 

i 2 I I 2 S 
1
3 '1+ = l+xi Factor :11 1+,~ X factor = So 

i f3 i 
--------- ---'jC------;--------

o 
0.1 

0.2 

0.3 

0. 35
1 

0.4 I 

0.5 I 
1
I 0.6 

0.7 

0.8 

.9 

2 

1.818 

1.667 

1.538 

1.481 

1.429 

1.333 

1.250 

1.176 

1.111 

1.053 

0.903 

0.847 

0.815 

0.805 

0.801 

0.803 

0.820 

0.849 

0.890 

0.945 

2 

1.642 

1.412 

1.253 

1.192 

1.145 

1.071 

1.025 

0.998 

0.989 (min) 

0.995 

1 

st 



- 7 -

m 

603 

Instead of a regular lillear decrease with 2: (1)+,'1), i.e. with 
1 + ,r, valnes are even seen to appeal' < 1 in thc neighbolll'hood 
of fJ = 1 (all the molecules single), with a rninirnwn at about (J = 0,8 
(accurately at fJ = 0,8015), and a horizontal final direction, i.e. 

:fJ(~) = 0. 
On increasing association ((I from 1 to 0), 8 wiII therefol'e th'st 

become somewhat smaller than 8 0 (= 3,77 for "ordinary" substanees). 
and then (from fJ = 0,7) 8: 8 0 wiJl become greater than 1, and increase 
to 2 for fJ = 0, . when the association to double molecules is perfect. 

A stt'aight line for 8: 80 (as VAN DER W AAts thinks) therefore 
replaced by a line that is pretty considerably curved down wanl 
belween the values 2 and 1 with a minimum close to 1, so that 
8 : 8 0 at th'st decreases there instead of increasing. 

What consequences this behavioUl' will have wilh respect to the 
degree of a8suciation IJ, calculated from the valne found fol' stOl' 
methylalcohol, viz. 4,52, may appeal' from what follows. 

As 8: 8 0 = 4,52 : 3,77 = 1,2, we should fÎnd about fJ = 0,67 Ol' 

.1) = 0,2 fol' fJ, according 10 the second column of the above tabIe, 

when we were led by a supposed linear dependence. But w hen we 
al80 take account of the "factor" by the side of 2 : (1+(1), we find 
about fJ 0,35 or .T = 0,5 from the last column for the value fol' 

(J answel'ing 10 the ratio S: 8 0 = 1,2. 
A differencE', in fact, too large to be neglected. Instead of 0,8 

single molecules to 0,2 double molecules, as VAN DER WAALS would 
find with his lineal' dependence, we tind more accurately 0,5 single 

molecules to 0,5 double ones. The relation x: (1-x) has become 
1 instead of 4. 

4. The second quantity which plays a pal't in the cited paper by 
VAN DI<m WAALS, is the quantity Tk : Pk, which may be put pl'OpOl'­

tional to the molecule size fol' non-associating substances. We now 
find for it: 

Tk 8 2 (l+fJ) (1- 9
/ sfJ+ 3/sfJ? 

Pk = R bI' 1+(1 X (1-3/4P)(1 +fJ--38"+3/~W) (8a) 

which with l;;.b = ° passes into 

Tk 8 2 n' 
- = - bk· -- X ------
Pk R 1+{j (3m 2 -2n) (4n-3m) 

(8) 

We shall not discuss the course of this again, but sol ve from this 
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8 
the required value of 13 bk. By means of (7) and (8) we find easily : 

(6) = - bk = -: - X ,. . . . . (9) 
8 (Tk 8) 3m'-2n 
R Pk 8 0 m' 

or when bb = ° : 

When thel'efore the value of fJ has been found from (7) and (7 a), 
it can he snbstitnted in (9) or (9a), and 81R bI is known. 

AcconJing to VAN DER WAALS, (b) \Vould be = 6,52: 1,2 = 5,43 

fol' methylalcohol, whereas (for bh = 0) the more accurate value 
with {J = 0,35 (see above) would amount to 5,43 X 1,084 = 5,89. 

This mIne is still largel' than that found by VAN DE.R WAALS, and 
would yield 7,55 - 5,8~ = 1,66 for CH 2 ) instead of 2,12. And when 
bb = ° is assumed, the accurate value of (b) will be larger than 
the approximate one for every \'alue of {J, because 1 - 8/4 is always 
> (1- '/2 (J)'. 

It is, however, easy to see that when not (7a) and (9a) are used 
for the calculation resp. of {J and (b), a value < 1, e. g. 0,88 ean 
very weil be found fOl' the factor (3m' - 2n) : m' in (9), through 
which 5,43 would diminish to 4,78, so that 7,55 - 4,78 = 2,77 
would be found for CH., in good harmony wirh the value found 
for ethylalcohol. 

Now (3m' - 2n) : 1/1' becomes < 1, wh en 
2n 

3 - - > I or m! < n. 
m' 

1. e. with a view to (3) 

[1 + 1/. {J (l-{J) (1 + ~)2]2 < 1 + 3/4 fJ(l- (1)(1 + q) + 
+ 1/s{J(1-fJ)(I-3fJ2)(I + ~)3 

must be, i. e. 

or 

{1(I-{J) (1 + Cf)' + 1/4 i~' (I-ti)' (1 + cp)4 < 
<3/4fJ(1-{J)(1 + (p) + lis (J(1-fJ) (1-3tl2

) (I + Cf)3, 

(1 + (f') + 1/4 (J(l-{J) (1 + ~)8 < 3/4 + l/s (I-3P'){I + cp)Z, 

or also 

6 - 8 (1 + cp) + (1 - 3 (1') (1 + cp)' - 2{l (1 - /1) (1 + cp)' > o. 
If (:J were = 0, then cp would have to be < 3 - V 10, i. e. 

< - 0,162. Tf (:J were = 1/2, ,then ({! ought to be < about:- 0,25. 
And if (:J were = 1, then ~ would have to be < - 3 + V7, i. e. 
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< -- 0,354. As now accordillg to (4) ({ = (1 + (3) bb : (v - b), we 
have also: 

bb b 
cp = (1 + {~) - -- . 

b v-b 

For Tk. with v = 2b, tbe value cp: (1 + I~) fo11ows from this fol' 
b b : b. Fo!' [3 resp. = 0, 1/., and 1 we fino. therefore resp. the 
values < - 0,16, < - 0,167 and < - 0,177 from this. When 
accordingly bb: b becomes smaller than about - 1/6, the value of 
the fador (3m' - 2n) : m2 ean become < 1. For a value 0,88 (see 
above) it will thel'efore be necessary that - bb : b be about 0,2 -

a vaille which in view of the value forH.O (which has been found 
of the same order of magnitude) is not. at all impossible 1'01' methy I· 
alcohol either. 

At any rate it is geen from the above, that for associating sub­
stances (b) cannot be put simply pl'oportional to (Tic: ]ik) : (s : 8 0 ), but 
that the factor (3m' - 2n) : m' must be taken into account. Nor may. 
for the calculation of [3 from 8: 8 0 simply 2: (1 + (3) = 1 + ,'e be 
written for the latter ratio; another fador n 2 

: Jn' (4n - 3m) must 
be added to it, which factor amonnts to about 0,8 (see the above 
tab Ie) in the case bh = ° between [3= 0,3 and i~ = 0,5 or 0,6, whieh 
differs too much from 1 to be neglected. 

The error made by VAN DER WAALS is according to ~ 2 owing to 
this, that he believed he eould assume values for RTk: (1 +,r) and 
Pk, whieh do not diffet, (at least differ little) from the corresponding 
values for non-assoeiating substances. 

The ealculation (given by me already in the eited TEYLER-article 
in 1908) teaches something entirely different: fOL' Pk (with b.b = 0) 
e.g. the deviation can amount to more than 540

/ 0 , 

The finding of a too large value fol' (T/.;: Pk) : (s: 8 0 ), viz. 5,J3 
instead of about J,8 points out, that necessarily fol' CH 30H the 
quantity .bb: b wil! have a pretty large negative value, namely 
about - 0,2, If [3 were about 1/3> then b would be = (1-[3) 1/. b2 + 
+ MI = '/8 b. + 1/8 bI' and from 

b.b = - 1!.~ + b, = _ 0,2 
b 1/3 b2 -t- 1/8 b, 

would follow 16 : 13 = 1,23 fol' the ratio '/2 62 : bI' i. e. tbe double 
molecules would he about 1,23 times as large as two single mole­
cules - which is by no means impossible. 

5. On this occasion I wiII drawattention at the same time that 
in ~ 7, p. 40-42 of the cited TEYJ,ER-article also the ql1antity 
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(Td) .t =- P
l

, fol' assoeiating sllbstanees has been calculated by me. 
p d k 

"\Vllen the heat of dissoeiation q of the double molecules may be 
put = 0, we find for f (see formula (28) loc. cit.): 

. n 
l=foX 4 3' n- m 

or when 1:::.6 _ 0 : 

. (1- (1)(1- 9
s tt+ 3/si3') 

j = 10 X 1 + {1- 3{1' + 3/, {l3 ' 

in whieh the factor of fo both for {l = 0 and for {l = 1 again 
aSSllmes the value 1. For {1 = I/a tbe value is, however, 16: 19 = 0,84, 
whieh would make the normal value 7 deseend to abont 5,9. As 
f for methylacohol is found > 7, namely = about 8,6 (cf. KUENl<:N, 

Die Zl1standsgleichung, p. 142, where the value 3,75 X 2,30 is given). 
the factor of fo would have to be about 1,2 ins/ead of 0,84; i. e. 
1:::.6 not = 0, and again negatiue - or also the vaJue of q (see tbc 
f\lll forml11a in TEYT.ER, p. 42) would moreover bave to be different 
from 0, and that [Jositive. 

Fontanivent sw' Clarens,. May 1, 1914. 

Physics. -" Un appal'ent thennodynmnic discontinuÜies, in connection 

with the valuc of tlte qUflntily b for iJ~finiteZ.~ large volume." By 

Dr. J. J. VAN LAAR. (Communicated by Prof. H. A. LORENTz). 

(Communicated in the meeting of June 27, 1914). 

1. One of the principal results of the foregoing series of commu­
nications 1) has been this (cf. particularly II p. 926 and IV p. 464), 
th at the quantity bg , i. e. the value of b for infinitely large volume 
(henee in the ideal gas state) cannot possibly be = 4m as the classical 
kinetic theoJ'y gives for it. With decÎ'easing temperature b" approaches 
namely more and more to bo • If in the ideal gas state bg were 
= 4m" bg would have to be = 4m also at very low temperature 
(this kinetic result holds namely independent of the tempel'ature), 
while in the eondensed liquid state with cubic arrangement e. g. of 
the molecules, supposed to be spherical, bo would be about = 2rn', 
in which tn' is either equal to Ol' smaller than m, so that then b.g 

cannot possibly become = bo • 

1) These Proc. of March 26, April 23, May 29 and Sept. 26, 1914 (to be citeu 
as I-IV). 
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