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Physics. — “Contribution to the theory of corresponding states.”
By Mrs. T. Enrenresr-Aranasssewa. D. Se. (Communicated by
Prof. H. A. Logentz).

(Communicated in the meeting of September 26, 1914).

§ 1. Mesnix') has tried to demonstrate that every equation of
state which contains the same number of material constants as
variables, is to be reduced to a universal shape {.e. to such aform
that no parameters occur any more which vary with the substance),
if the variables are replaced by their relations to suitable special
values, which may be designated as ‘“‘corresponding” for different
substances.

On closer investigation it appears, however, that the equality of
the number of the parameters and ihat of the variables is neither
necessary nor sufficient for the existence of corresponding states.

A method will be given here to decide whether a given equation
allows the existence of corresponding states. This method furnishes
at the same time the possibility to calculate the eventually corre-
sponding values of the variables for different substances.

§ 2. In the first place we shall define the term “corresponding
states” in a somewhat more general form. Let an equation be given
between a system of n variables: «,,x,,...2, and a number m of
such parameters: C,, C,,... C, that they can vary with change of
definite eircumstances (for evample of the substance).
 Let an arbitrary system of special values: z,,2,', ..., (we shall
briefly denote it by &) of the variables z; be known, which satisfies
this equation for definite special values C; of the parameters C;.

Let us introduce the -following new variables: '

£ & & '
ylzé ’ yszé,---yta:;} e o (D)

All the constants .S; of the thus transformed equation can be
calenlated as funetions of the former constant coefficients, of the
values (' and of the values z'. i

When the parameters (; assume other special values C;, other
systems of special values of the variables will satisfy the original
equation.

The case may occur that there is among them such a system of
values:

-~

1) MesLin: Sur I'équation de VAN DER WAALS et la démonstration du théoréme
des états correspondants C.R, 1893, p. 135,
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that on the substitution of
&;

yi:",.....‘...(Z)

&

for i, the constants of the transformed equation assume exactly the
same numerical values S; as in the first case. We call such values
@l @, ... .. correspondent to the values ', 2, .. ... 2., and the
state defined by the values ', correspondent to that defined by the
values a; (or corresponding to if).

The form to which the given equation is reduced in this case
by the substitution y; = ;, resp. g/i:%’, will be indicated by the

3 Wi

word universal.

§ 3. When for the system z; the system z;" corresponding to it
has been given, the system z;" can be easily calcalated, which cor-
responds with every other system @' of a; values, which satisfies

the equation in the first case, by the aid of the following equations:

' 1
& £

ot
<1 &1

Indeed the values a;' resp. ;" satisfy the original equation, when
the parameters C; assume in it the values (;' resp. C;". When now
the substitution

&
Y e e e e (3
&t
has been carried out, the constants S; which we have calculated,
assume other values, e.g. S, and we must now find the values 21",
which keep the quantities .S;; invariant on substitution of C;" for Ci',
when the substitution:
&y .
Yi :—” . . . . . . . . . (4:)
&1
is carried out. )
The values &;', however, satisfying the given equation,

satisfy the transformed equation. The constants of the transformed
equation do not change, when

P !
TR
&gl &1

is substituted for ya'.
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belongs therefore to the corresponding values #;", henve &;' corre-
sponds to @i :

Hence it is proved that in the case of a system of values corre-
sponding to a system of solutions, there also exists a system corre-
sponding o every other system of solutions (when C;’ have been
replaced by Ci").

§ 4. To find a system &;", if the system z,' has been given, we
take into account every product of powers of the variables:
Pi=xay 2,%2. ..., Zullin - » - .« .« . (6)
which appears as separate argument in the given equation. We
shall therefore write the given equation as follows:
& (K P,K,P,,....KiP; L Lyeo o L)=0 . . . (7
K; and L; are constants with relation to z;, I; are those consfants
which do not occur as factor of Pi, but in any other way. Among
the KA; and L; are therefore also included the variable parameters
(for their functions). '
Let us put that the constants A;, L; in the first, resp. second case
have the special values: ,
K;', Li', resp. K;", L;"
(those among them which are independent of (;, have the same
values in both cases); they are to be considered as given. We can
write every variable also in the following way :

) L !
R
@;
If we put them in this form in the equation (7), it assumes the
following form:
D Py, .. Q Pelv); L,)....L))y=0. . . (8)
in which
Q' =K'P' . . . . .« . . .. E)]

P =g %, g% (10)

Piy) =y Bty %, . g% . . 0 . L L (1))

Now it is evidently the question to find such values #;" that when
C:' is replaced by ;" and z;' by #;", all the constants ; and L;

— eventually with the exeeption of one factor, by which all the
terms of the equation can be divided — assume the same values.

£y
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When we carry out this division — let the factor in question be

R (it can be both one of the (, and one of the L) in all k-+1—1
constants remain, which can have four different forms:

Qq . L;

Q; "R Lh,ﬁ.
The required ;" must now satisfy the following equations:
Qr'=Q"
)
R~ R (12)
Lj" Lj” \
BT R
and besides the following equations must hold:
Ly =L . . « « « < < . (13)

The number of equations (12), in which z;" oceurs, is quite
independent of the number of m of the variable parameters C;.

When all equations (13) are satisfied, and all those among the
equations (12) which do not contain x;", the three following cases
can occur.

1. Equations (12) are in conflict with each other (a group of s
of the sought values is defined by more than s independent equations.

2. They have one, or a finite number of systems of solutions. (It
is required, though not sufficient for this that the number of independent
equations in which 2;" occurs, is equal to n. Hence m must not be
greater than n).

Which of the systems of solutions corresponds with the given
system z;', has to be decided by a further investigation in every
separate case.

This is the case in which we have corresponding stales.

3. They have an infinite number of systems of solutions. (It is
required for this that n is greater than the number of the equations
that are mutually independent). In this case we may speak of corre-
sponding states for the same conditions (e. g. for the same substance).

§ 5. We shall now examine how MrsLiN has come to another
conclusion. Mesuin starts from the conviction that all the constants
of an equation are independent of the choice of the unities, when
every variable in the equation has been divided by a special value
of it. This is perfectly correct. It is also true, as we have seen, that
every equation can be reduced to a form as meant here.

It is however mot true that those constants that do not change
through exchange of the unities, would also have to be unive. sal.
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‘MesuN seems to be not quite free from a confusion, which is indeed
pretty widely spread: between the change of a number occurring
in an equation through change of unities, (“formal” change) and its

“change through transition to other conditions (to other specimens of
the quantities which are measured by this number) (“material”
- change).

In connection with this the assertion that in case of an equal
number of variables and parameters the latter can always be com-
pletely expressed in the former, is to be rejected.

§ 6. We shall illustrate what we have discussed by examples,
which though fictitious, are as simple as possible. Their claim to
physical signification, can indeed always be vindicated in this way
that they are interpreted as equations for the geometric shape of
some physical system.

1. y=az*+a+b n=2, m=2).

a. Introduction of special values of the variables

y NEAY
Yo— = ax, (“") "‘70 +b

o

b. Division by @Q, =y,:

=)
Yo 3/0"‘7 yo

¢. Determination of the numerical values of the special values
of the variables satisfying the equation and of the coefficients:

1
. &y = —— , y*=b
a
ar,* 1
y, ab
e, 1
¥y,  ab
b
-5 = 1. -
y
d. Determination of the system of corresponding values
da, 1 ’
yo’ ab ?/o pusnd b
LI —}- 2, = — E
v, ab ’ ad
¥ 1 de*  ab 1
¥ %'~ a' ab’

A
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from which would follow that a'd' = ab, which would be possible
only when we have really but one independent parameter.

It follows, however, from the thesis of § 3 that if for onesystem
of solutions there is not to be found a corresponding one, there
does not exist one for any other system of solutions.

Hence the given equation cannot be reduced to a universal form.

2. y=a*z* + aby 4 b* =2, m=2)
Y LAY &
a ¥, = =azx}| — | + abe, — -+ b°
0 AN o
_’ljl‘ u?{voz a \* ab), &€
b. — = — — + _+_
Yo Y ¥y Yo %o Yo
. —b
¢ Y= —20 H %:T
2 3 " b3
o1y, @P=1 ; =-—1
Yo Yo Yo
. b
d yol"——-b" H .bo""‘—'—".
a
3 y =az® 4 & =2, m=1)
NEAY &
a Yy, — =aw,"| — | + @, —
Yo Z, &y
b 2__“‘”0“(£2 %
yO yD J;O yoa’o
1 2
(4 wﬂ:;— ; y‘):;
awo’_l wo__l
Y 2 Yo 2
1 2
d (lro':—‘, s y",:—l‘
a a
4. pv=A + BT + CT" (n=238, m=23)
T T\
a. Po¥, £—*‘“A+BTQ—--+CT ( )
pOQO To

d. pu,=p)v, ;5 A=A4 ; BT, .....B'To' i CT3r=CT"
B ., C
As 7 independent of . T, the two last comparisons are contra-

dictory, so that even if A= A’, we should not have correspoﬁding
states.
Leiden, August 1914.

‘1) This exampie fails in the Dutch text.




