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Physics. - "Contribution to the t1wol1/ of cOl'l'esponding states." 
By Mrs. T. EHRENFEST-AI!'ANASSJEWA. D. Sc. (Communicated by 
Prof. H . .A. LORENTz). 

(Communicated in the meeting of September 26, 1914). 

§ 1. MESLIN I) has tried to deffionstrate that ever}' equation of 
state \vhieh contains the same numbel' of material constants as 
variables, is to be reduced to a universal shape (i. e. to such a form 
thai no pal'ameters oeeur any more whieh var}' with the suostance), 
if the val'iables are replaced by their relations to suitable special 
vallles, w bieh ma}' be designated as "corresponding" for different 
substances. 

On closer investigation it appears, however, th at the equality of 
the number of the parameters and that of the variables is neither 
necessary nor sufficient for the existence of corresponding states. 

A method wHl be given here to decide whether a given equation 
allows the existence of corresponding states. This method furnishes 
at the same time the possibility to calculate the eventually corre­
sponding values of the variabiBs for different substances. 

§ 2. In the first plaee we shall define the term "corresponding 
states" in a sOlllewhat more general form. Let an eqllation be given 
between a syslem of Tl variables : :VI , .1:2, ••• XII and a numbel' m of 
sneb parameters: Cp C" ' .. Cm that tbey can vary witb change of 
definite circnmstances (for e;eample of the sllbstance). 

Let au arbitrary system of special vaInes: x/,x.', . . ,,'C,: (we shall 
briefly denote it by x/) of the variables Xi beknown, whieb satisfies 
this equation for definite special vaIlles Gi' of the parameters Gi. 

Let us introduce tbe .following new variables : 

X I 
YI=­x' 

I 

.. 
X, X n y,=-" ... y,,= -
tV, ICn' 

. (1) 

.All the 
calenJated 

constants s,j of the thus transfol'med equation ean be 
as funetions of the former constant coeffieients. of the 

values Ci' and of the values Xh'. 

When the parameters Ci assume othel' special values Ct, otber 
systems of spe<'ial values of the variables will satisfy the original 
equation. 

The case may oeenr that tbere is among them sueh a system of 
values: 

J) MESLIN: SUl' l' équation de VAN DER WAALS et la dém9Dstl'ation duthéorème 
des états correspondants C.R. 1893, p. 135. 
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that on the snbstitution of 

(2) 

fol' ,:ei, tbe constants of the transformed equation assume ~xactly the 
same numerical values Sj as in the first case. \Ve call such valnes 
.':c

t
", .1:/, .... .:r" correspondent to t!te values .'C/, ::t.', .... . x", and the 

state defined by tbe \'alneH .1'/', correspondent to that defined by tbe 

values .1'; (or corresponding to it). 
The form 1.0 which the given equation is rednced in this case 

Xi xi 
by the substitution Yi = --;, resp. yi = -,,' will be indicated by the 

Xi ,'Ci 

word universal. 

§ 3. When for the system xi' the system x/' corresponding to it 
has been given, the system Xi!" ean be easily calclliated, which cor­
responds with every otlier system ,'ril' of ,XI: values, which satisfies 
the eqllation in the first case, by tbe aid of the following equations: 

Xi 
, 

Xi " 
, 

.Vil X,l " 
lndeed the \'alues Xi' resp. tei" satis(y the original equatiol1, VI? hen 

the parameters Ci assmne in it the val nes ei' resp. C/'. Wh en now 

the snbstitution 
Xi 

Yi = -,­
X "1 

(3) 

bas been earried out, the constants Si whieh we have calculated, 
assume ofhel' va.lnes, e. g. Si1, and we must now find thc \'alues Xil", 

whieh keep the quantities Sil invariant ou substitution of Ci" for Ct, 
when the substitution: 

is carried out. 

lVi 

Yi=-" 
lei! 

The values .1:/, however, satisfying the given equation, 
, 

X' , l 

Yil =­
mil' 

(4) 

satisfythe tl'ansformed equation. The constants of the transformed 

equation do not change, when 

/lJt xi' 
Xii" Xii' 

is substitoted fol' '!lil'. 
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The fraction: 
Xi" .Vi' 

.vil" .:vil' 

belongs therefore to the corresponding values Xi", henee ;Cj[' corre­
sponds to ,ril". 

Hence it is proved that in the case ol a system ol values C01'l'e­
sjJonding to a system of solutions, t/tere also e.rists Il system COI'l'P­

sponding to every other system of solutions (when Cl have been 
replaced by (};"). 

~ 4. To find a system ;7:;", if the system x t ' has been given, we 
take into account every product of powers of the variables : 

(6) 

which appears as separate argument in the given equation. We 
shall therefore write the given equatioll as follows: 

Ép (KIPl , K 2 P, , .... KkPk ; Ll , L 2 •••• LL) = 0 (7) 

I( and Li are constants with relation to Xi, Li are those constants 
which do not occur as factor of Pi, but in Ilny ofher way. Among 
the IC; and Li are theretore also included the mriable parameters 
(for their functions). . 

Let us put that the constants Kï, Li in the first, resp. second case 
have tbe special values: • 

Ki', Li', resp. Ki", Li" 

(those amollg them which are independent of ei, have the same 
vulues in both cases); tlley are to be cOllsidered as given. We can 
write every mriable also in the following way: 

If we put them in thi8 form in the equation (7), itassumes the 
following form: 

tP (Q/ PI(Y) , .... Qk' PkV;) ; L/ • ...• L/) = 0 . (8) 
in which 

(9) 

(10) 

p. (Y) - Y fiil Y fi;2 9J fijn 
: - 1 2 •••• "n . • (11) 

Now it il3 evidently the question to find sueh vallles Xi" that when 
G' is replaced by 0" and xt' by iV/, , alt the constants Qi and Li 
- eventually with the exception of one factor, by which all the 
terms of the eqllation can be divided - aS8ume the same values. 

'.' 
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I 
I 

When we cany out this division - let the factm' in questlon be 
R (it ean be both one of the Q, and one of the Lï) in all k+I-1 
cOHstants remain, whieh ean have four different fOl'ms: 

The reqnired .)1." 
'~l 

Qq Lj 
Qj, R ; Lh, R . 

must now satisfy the following equations: 

Q/=Q/ I Q/ Q It 
.'I 

R' N" ), 

L,I L·" \ J J 

R' Rit 

and hesides the following equations must hold: 

Lh' = Lh" . 

. (12) 

. (13) 

Thc nnmuel" of eqnations (12), in which a/' oceul'S, is quite 
independent of the numbel' of J/I of the variabie parameters Gi· 

W hen all equations (13) al'C satisfied, and all those among the 
eq nations (12) "vhieh do not eontain ,ri ", the three following cases 

cao occur. 
1. Equations (12) are in conflict with earh othel' \a grOllp of s 

of the sought values is defined by mOI'e than s independent eql1ations. 
2. They have one, Ol' a ftnite nUinber of systems of solutiorlti. (lt 

is required, though not sufficient for this that the number of independent 
equations in which Xi" occurs, is eqnal to n. Hence 1n must not be 

greater than n). 
W hieh of the systell1s of solutions corresponds with the givèn 

system Xi I, has to be decided by a fllrther investigation in every 

separate case. 
Tltisis tlte case in which we have cOl'l'esponding states. 
3. They have an infinite number of systems of solutions. elt is 

requil'ed tor this that n is greater than the number of the equations 
that are mutually independent). 1n th is case we may Bpeak of COlTe~ 
spollding states for the same conditions (e. g. for the same substance). 

§ 5. We shall now examine how MESLIN has come to another 
conclusion. MESLIN starts from the conviction that aH the constants 
of an equation are independent of the choice of the unities, when 
every variabie in the equation has been divided by a special value 
of it. This is pel'fectly correct. Tt is also true, as we have seen, that 
every equation can be reduced to a form as meant here. 

It ishoweVfl' not tme that tlwse constants tltat do not change 
thl'ouylt exchange oj the unities, would also have to be univesal. 
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MESUN seems tobe not quite free from a con fusion, which is indeed 
pretty widely spread: between the change of a number occurring 
in an equation tltrough change of u,nitie.~, ("formal" change) and its 
change through tl'ansl:tion to ollte/' conditions (to other speeÏmens of 
the quantities which are measuredby tbis nnmber) ("material" 
change). 

In connection with this the assertion that in case of an equal 
number of val'iables and parameters the latter ean ahvays be com­
pletely expressed in the fm'mer, is to be rejected. 

§ 6. We shall illustrate what we have discussed by examples, 
which though fictitious, are as simple as possible. Their claim to 
physical signification, ean indeed always be vindicated in tbis way 
th at they are interpreted as equations for the geometrie shape of 
8Qme physical system. 

1. Y = ax' + IC + b (n = 2, m = 2). 
a. Introduction of special vaJues ot the variables 

y (lV)" lV yo-=amo' - +''Co-+b 
'!Jo mo mo 

b. Division by Ql = Yo : 

!L =a mo' (~)' + !Co ~ + ~ 
'!Jo '!Jo 'VO Y. ,'Co Yo 

c. Determination of the numerical values of the special values 
of the yariables satisfying the equation and of tbe coefficients: 

d. 

1 
lV o=-­

a 

amo' 1 
î~ab 

!Jo 
b 
-=1. 
!Jo 

1 

Determinatîön of tbe system 

a'mo" 1 
ab 

/Co' 1 
-=--
!lo' ab 

b' 
-=1 
!lo' 

yO =b 

of corresponding values: 

Yo =b' 

b' 
/C'---
0- ab 
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trom which would follow thaf a'b' = ab, which would be possibte 
only when we have really but one independent parameter. 

It follows, howevel', from the thesis of ~ 3 that if for one system 
of sollltions there is not fo be fonnd a corresponding one, there 
does not exist one for any other system of solutions. 

a. 

b. 

c. 

d. 

a. 

b. 

c. 

d. 

Rence the given equation cannot be reduced to a universa} form. 

2. !J = a'.v' + ab.v + b' (n = 2, m = 2) 

3. 

. ., ()' b· b' !J (I ,vo:x a ,vo·v . 
-=-,- - +--+-
Y. !Jo:X. !Jo 'V o !Jo 

Yo= - b' 
-b 

lfJo=­
a 

a':x ' __ 0 =1 {IJ 

ab~ = 1 
!Jo 

b2 

-=-1 
!Jo 

y = axS + tIJ 

1 
:xo =­

a 

!Jo 

1 

2 

1 
{IJ'_-
0- a' 

pv::::::A + BT+ CTI 

!Jo 
bi 

lVo'=-,· 
a 

(n = 2, m== 1) 

2 
!Jo =~ a 

:xo 1 

!Jo =2 
I 2 

!Jo =-. 
a' 

(n= 3, m=3) 

a. 
P 'IJ l' (1')2 Pevo--::::::A+BTo-+CTo' -
Po Vu 1'0 T o 

d. Povo=Po'VO' A=A' BTo=B'To' CT.I=C'To''J.· 
B C 

As B' is independent of cr To', the two last comparisons are contra-" 

die tory i so that even if A:::::: A', we should not have corresponding 

states. 
Leiden, August 1914 . 

. 1}Thisexample failsintheDutch texl. 


