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Chemistry. — Note on our paper: ‘“The Allotropy of Lead [
by Prof. Ernst Corix and W. D. HELDERMAN.

In our first communication on the Allotropy of Lead ) we stated
that we resumed our investigations on this subject after having
received a letter from® Mr. Hans Herier in Leipsic which showed us
the way in which fresh experiments had to be directed. In this
letter Mr. HeLrer kindly invited us to continue these investigations.

As Mr. HELper writes in a letter dated Jan. 215t 1915 : “Gewiinscht
hitte ich freilich, dass der Ort, an dem ich meine Versuche machte,
das hiesige Chemische Laboratorium, in der Verdffentlichung genannt
worden wire”, we comply with pleasure with his request by publishing
the above statement.

Utrecht, January 1915. vaN 1 Horr- Laboratory.

Mathematics. — ““Characteristic numbers for « triply infinite system
of algebraic plane curves” By Prof. Jax pr Vrigs.

(Communicated in the meeting of Dec. 30, 1914).

‘1. The curves of order n, ¢, of a triply infinite system I'(complex)
cut a straight line / in the groups of an involution 1,* of the third
rank. The latter possesses 4 (n — 3) groups with a quadruple element ;
[ is consequently four-point tangent, ¢,, for 4 (n—3) curves ¢’. Any
point P is base-point of a net .V belonging to I, hence point of
undulation, R,, for siz corves ¢ *) If [ rotates round P, the points
R, describe a curve (R,)p of orvder (4n—8), with sizfold point P.

The tangent ¢, cuts ¢* moreover in (n—4) points S; the locus
(S)p has apart from P, 4 (n—3)(n—4) points in common with 7
The tangents z, of a net envelop a curve of class 6n (n—3)°); as
P is sixfold point on the curve (&,) belonging to the net determined .
by P, P will lie on 6n (n—38)— 24 o 6 (n—4) (n-+1) tangents ¢,
of which the point of contact R, lies outside P. So Pis a 6 (n—4)(n-1)-
fold point on (S)p, and the order of this curve is 4 (n—3) (n—4)
+ 6 (n41)(n—4) or 2 (n—d4) (5n—3).

Let us now consider the correspondence which is determined in

1) Proceedings 17, 822 (1914).

) Cf p. 937 of my paper: “Characteristic numbers for nels of algebraic
curves”. (Proceedings Vol, XVII, p. 935), For the sake of brevity this paper will
be quoted by N.

8 N. p. 936, ~
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a pencil of rays with vertex 2/ by the pairs of .associated points R,
and S. Any ray MR, contains (4n—86) points R,, consequently
determines (4n—~6)(n—4) points S; any ray MS contains (n—4)(10n —6)
points S, produces therefore as many rays MR,. To the (n—4)(14n—12) -
coincidences, the ray M P belongs 4 (n —3) (n—4) times; for on M P
lie 4 (n— 3) points R,, hence 4 (n—3) (n—4) points S. The remaining
coincidences arise from the coinciding of a point E, with one of
the corresponding points S. This takes place in the point of contact:
R, of a ¢» with a five-point tangent ;. From this it ensues that the
five-point tangents of I envelop a curve of class 10n (n—4).

We further consider the symmetrical correspondence between the
rays of (M), containing two intersections S, .8’ belonging to the saime
point of contact I,. Its characteristic number is apparently (10n—6)
(n—4) n—5). On MP lie 4 (n—3) (n—4) (n—>5) pairs S, S’ ; as many
coincidences are represented by MP. The remaining coincidences arise
from the coinciding of a point S’ with a point S. hence arise from
lines #y9, which have with a ¢ in a point I, a four-point contact, and
in a point R, a two-point contact. The tangents iy, envelop therefore
a curve of class 16n (n—4) (n—>5).

2. Any point of the arbitrary straight line a is, as basepoint of
a net belonging to I point of contact R, for six curves c¢. The
sextuples in this way coupled to ¢ form a system [¢t], of which
the index is equal to the order of the locus of the points of undu-
lation R, on the curves of the net set apart out of I'by an arbitrary
point P, consequently equal to 3(6n~—11)"). The tangents ¢,, of which
the points of contact R, lie on a, form a system [¢,] with index
" (4n—6) for through P pass (4n—6) siraight lines ¢,, having their
point of contact B, on a (§ 1). Two projective systems [¢'] and [¢?]
with indices ¢ and o produce a curve of order (ré - ¢s). If to each
¢t of the above system the line f, is associated, which touches it on
a, a figure arises of order 3(6n—11) 4 n(dn—=6). The latter consists
of the straight line @ counted 24 times, and the locus of the points
S, which each ¢, has moreover in common with the corresponding
¢ This curve (S). is thervefore of ovder (4n*--12n—57).

For n =4, (S), is therefore of order 35. In a complex of curves
¢* occur therefore 55 figures consisting of a ¢* and a straight line ¢'.
If all ¢* pass through 11 fixed points the straight lines ¢' are appa-
rently the sides of the complete polygon determined by the base-points.

To the intersections of (S), with a belong the 4(n-—3) groups of

1) N bl. 937. : ,
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(n—4) points S arising from the ¢* having a as tangent /,. In each
of the remaining intersections a point R, -has’ coincided with a point
S into a point R,. The points, where a c* possesses a five-point tangent,
lic therefore on a curve (R;) of order (40n—105). g

For n =4, the. number 55 is duly found.

8. To each c» possessing a tangent ?,, we associate that tangent ;-
the latter cuts it moreover in (n—>5) points V. The locus of the
points V, together with the curve (R,) to be counted five times, is
produced by the projective systems [c*] and [4]. The system [7]
has (§ 1) as index 10n(n —4). The curves ¢t passing through a point
P form a net; in this net occur 15(n-—4)dn—5) curves with a ¢, V);
this number is the index of [¢*].-For the order of the curve (V)is
found 15 (n — 4) (dn —- 5) 4 10n *(n — 4) — 5(40n — 105) = 5(n — 5)
(2n* 4 14n — 33).

In the pencil of rays (M) the pairs of points K,V determine

a correspondence with characteristic numbers (n—>5) (40n—105) and
(n—>5) (L0n*+70r—-165). The 10n (n—4) tangents #, passing through
M produce each (n—35) coincidences. As the remaining ones arise
from the coinciding of R, with V, it appears that I' contains
30(n—>5) (5n—9) curves with a siz-pownt tangent &,
- The symmetrical correspondence (M V, M V') has as characteristic
number (10n°+4-70n—165) (n—5) (n—6), while the 10n(n—4) tangents
¢, ~passing through M represent each (n—5)(n—6) coincidences.
From this ensues that I possesses 10 (n—5) (n—©6) (n*+18n-—33)
curves with a tangent fs.

- 4 The I° which I' determines on /, possesses 6(n—3) (n—4)
groups in which a triple element occurs beside a twofold one;
consequently is / for 6 (n—3)(n—4) curves & tangent ¢ 5. If /rotates
round P, the points of contact E, and R, describe two curves
(Rs)2s and (Rs)ss. P is as base-point of a-net, point of contact I,
for 3 (n—4) m+3)*), point of contact R, for (n—4) n-+9)%) curves.
S0 (Re)ss is of order (n—4)(3n—-49)-46(n—3)(n—4) or (n—4)(9n—-9)
and (Rs)3 of order (n—4) (n+9)-4-6 (n—3)(n—4) or (n—4) (Tn—9).
Fromthe correspondence (M R,, ME,) may be deduced again that
¢, envelops a curve of class 10n (n—4). (See § 1).
- Bach tangeni #3 passing through P cuts the corresponding c¢* in
(n—>5) points 7; on a ray passing through P lie therefore 6 (n—3)

1) N p. 938.
%) N p. 943,
%) N p. 942.°
70
Proceedings Royal Acad. Amsterdam, Vol. XVIIL
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(n—4) (n—5) points of the curve (W)p. The ¢* passing through P
form a net, of which the langenis ¢35 envelop a curve of class
In (n—3) (n—4). ")

As P is point of contact R, for (n—4)(8n-49) and point-of
contact R, for (n—4)(m 4 9) curves of the net, P lies, as point
W, on MmMn—3)n—4—20—4HBn+9—3n—4Hn+ 9
= 9 (n—4) (n—3) (n1) tangents f3. The order of (W)p amounts
therefore to 6 (n—3) (n—4) (n—35) 4+ 9 (n—4) (n—5)(n + 1) or
3 (n—4) (n—>5) (5n—3).

Starting from the correspondence (K;, W) we arrive again at the
class of the curve enveloped by #2 (§ 1).

A new result is produced Dby the correspondence of the 1ays
MR,, MW. Its characteristic numbers are (92—9) (n-—4) (n—35) and
(157—9) (n—4) (n—35). The ray MP represents 6(n—3)(n—4)(n—5)
coincidences. The remaining 18n (n—4) (n—5) arise from coincidences
R,= W, consequently from tangents fy3. As each #3 determines
two coincidences, the twice osculating tangents tss envelop a curve
of class I (n—4) (n—S").

The symmetrical correspondence between the rays connecting 3/
with the pairs of points W, W’, belonging to the same ¢», has as
characteristic number (n—4) (n—5) (n—~6) (15n—9). As M P represents
6 (n—3) (n—4%) (n—>5) (n—6) coincidences, and the remaining ones
arvise in pairs from tangents &0, the tangents fas envelop a curve
of class 12n (n—4) (n—5) (n—6).

5. The Z,*, which I' determines on /, contains 4 (n—3)(n— 4){n—>5)
groups with three 'double elements; as many curves ¢* have [ as
triple tangent fo29. In the net detelmmed by P occur 2 (n + 3)
(n—4) (n—5) ¢, on which P is pomt of contact of a triple tangent.?)
If { rotales round P. the points of contact deseribe therefore a curve
of order 4 (n—3)(n—4)n—>) 4 20 -+ 3) (n—4) (r—5) or 6 (n—4)
(n—-"5) (n—1).

We further determine the order of the locus of the groups of
(n—6) points @, which [ has moreover in common with the ¢,
which it touches three times. The #22 belonging to the net with
base-point P envelop a curve of class 2n (n—3) (n—4) a—5). %) As
P is point of contact for 2(n-4-3)(»—4)(n—>5) ¢?, the number of c»
intersecting their #90 in P amounts to 2n (n—3) (n—4) (n—5) —
— 4 n-+3) (n—4) m—5) or 2 (n+1) (n—4) (n—35) (n —6). The order

1) N. p. 936.

)

)

2 N. p. 948.
5 N. p. 989,
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of (Q) is therefore equal to 2 (n-41) (n—4) (n—5) (n-—6) -~ 4 (n—3)
(n—4) (n—35) (n—6) or ¥ (hn—3) m—4) (n—75) m—-06).

The correspondence (MR, M) produces again the class of the
envelop of 03 (§ 4).

From the symmetrical correspondence (MQ, MQ'), which has as
characteristic number 3 (5n—3) (n—4) (n—5) (1—6) (n—7) and has in
MP % (n—3) (n—4) (n—35) (n—6) (n—7) coincidences, we fiud that the
quadruple tangents toe0s envelop a curve of class % n (n—4) (n— 5)
(n—86) (n—7). _

6. Any point of the arbitrary straight line a, is, as base-point
of a net, point of contact 2, of (n—¥) n+49) tangents fo3. ) The
locus (R,). of the corresponding points of contact R, has two groups
of points in common with «a, the first group contains the (40n—105)
intersections with the curve (R,), the second contains the 6 (n—3)
(n—4) points R,, where a is touched by the curves c», osculating
it in a point R,. From this ensues that (R2,). is of order (62°—2n—33).

In order to find the order of the locus of the points W, which
each f3 has in common with its ¢, we consider the figure produced
by projective association of the corresponding systems [¢*] and [#o3].
The curves c®, of the net determined by P, which possess a &3,
have their points of contact R, on a curve of order 3 (n—4)
(n*-+6n—13)*); the latler intersects ¢ in the points Z,.of the curves
of [¢7] passing through P. The index of [fy3] is, see § 4, (n—4)
(Tn—9). Considering that the figure produced is composed of 3 (n—4)
(n4-9) times the siraight line @, twice the—curve (R,). and the
locus (W), we find for the order of the last-mentioned curve

(n—4) (3n* 4 18n—39) + n n—4) (Tn—9) — 3 (n—4) n + 9) —

— 2 (6n*—2n—33) = (n— 5) (10n* 4 4n—66).

The curve (W), cuts a in 6 (n—3) (n—4) groups of (n—>5) points
TV; in each of the remaining intersections a ¢t has a four-point
contact with a line ;0. Consequently the points of contact B, of the
tangents tys lie on a curve of order (n—>5) (4n°+-46n—138).

The pairs of points R,,W determine in a pencil of rays (M)
a correspondence with characteristic numbers (n—3) (10n*4-4n—66)
and (n—>5) (6n*—2n—388). The (n—41)(7n—9) rays t,3 passing through
M, which have their point of contact R, on @, represent each
(n—5) coincidences. From this ensues that the points of contact
(inflectional points) of the twice osculating lines are situated on a
curve of order (n—>5) (In*+39n—135).

1) N. p. 942,

% N. p. 940.
70%
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The symmetrical ¢orrespondence (M W, MW’) has as characteristic _
number (n—>5)(n—~6)(10n*4-412—66) and possesses/ (n—>5) (n—6)
coincidences in each of the (n—4) (Tn—9) rays M R,. The remaining
ones arise in pairs from tangents l05. S0 we find that the inflectional
points R, of the tangents taas lie on a curve of order & (n—5) (n—6)
(1304457 —168). -

7. Let us now consider the system [c¢] of the curves which
have the point of contact 72, of their tangent #;3 on the straight
line a. The curve (R,), cuts @ in (40n—105) points &, and in
6 (n—3)(n—4) points R,, where a osculates a ¢*, for which it is
tangent #3. Consequently (), is of order (6n°— 2n— 33). B

The system |c*] has as index (n—4)(6n*+15n—36)"); for [fog]
the index is, see § 4, (n—4) (9n—9). The figure produced by these
projective systems consists of 2(n—4)(3n49) times the straight
line «, three times the curve (), and the locus of the points 17,
which each #3 has moreover in common with its ¢ For the order
of (W#*), we find (n—4) (6n*+151—36) + n (n—4) (In—9) — 2 (n—4)
(Bn-+9) — 3 (6n*—21—33) or (n—5) (157°—3n—63).

The number of the intersections of (IW#*), with a again produces
the order of the curve (Rj)ss.

The correspondence (ME,, Ml W*) has as characteristic numbers
(n—>5) (15n* —3n—63) and (n -5)(6n°*—2n—33), while each of the
rays fos passing through A/ represents (n—>5) coincidences. From
(n—35) [(15n*-—3n—63) - (61n*—2n—33) — (n—=%) (Yn—9)] we find
now that the points of contact R, of the tangents los are situated
on a curve of order (n—>5) (12n'+-40n—132).

The symmetrical correspondence (MW *, M-W,*) furnishes in the
same way from (n—>5) (n—6) [(301°—6n—126) — (n—4) (9n—9)] the
vesult, that the points of contact R, of the tangents tro3 lic on a
curve of order (n—5)n—-6) 21n*-+39n—162).

8. Let us now consider the system [c] of the curves with triple
tangent of which one of the points of contact, R,, lies on the
straight line a. The other two points of contact 7, lie on a curve
(T))a, which has two groups of points in common with a. The
former contains the (n—35) (4n’+46n—138) points R, of tangents
te (§ 6), the latter the groups of three points of contact 77, lying
on the curves ¢t for which a is triple tangent; these points are
apparently {o be counted twice. Consequently (7). is of order (n—35)
(4n?4-461—138) 4 8 (n—>5) (n—4) n-—38) or (n—>5 (12n°~—10n—42). \

1) N. p. 940.
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"-We now consider again the figure produced by the projective
systems [c¢"] and [fy00]. The former bas as index 4(n—4)(n—5)(3n’4-
+5n—14) "), the latter, see § 5, 6(n—4)(n—5)n—1). As the figure
produced consists of 4(n-3)n—4)n—>5) times the line a?), twice
the curve (7}), and the locus of the points @, which each ¢» has
moreover in common with its fes, we find for the order of (Q),
4 (n—4) (n—>5) 3n® 4+ dn—14) + 6(n—4) (n—>5) (n—1) n—4 (n—4)
(n—35) (n+3) — 2 (n—>5) (12n*—~10n—42) or ¥ (n—35)(n—=~6) (21n* —
11n -72).

The curve (Q), is cut by a in +(n—3)n—4)n—>3) groups of
(n—6) points @, which are each to be counted .thrice, and in a
number of points (7), where a c¢*is osculated by a tangent f5s9.
From § (n—38)(n—6)21n*—=11n—72) — 4(n—3) (n—4) (n—>5)(n —6)
ensues again (§ 6), that the points of contact Ty of the langents
ts22 are situated om a curve of order § (n—5)(n——6)(13n°+-45n—168).

The correspondence between the points 7, outside a, and the
corresponding points ), produces again the order of the curve (&)
belonging to the tangents feas (§ 7). C -

The symmetrical correspondence (4/Q, M Q') has as characteristic
namber i(n— 5)n—~06)(n—7)(21n*—11n—72) and in each f 9, passing
through M (n—6)(n—7) coincidences. From (n— 5)n—~6)(n—T7)[(21n*—
11n—72)—6(n—1)n—4)] ensues that the locus of the points of
contact of the quadruple tangents is a curve of order 3 (n—>5)(n—6)
(n—T7) (15n°+4+192—96).

4

-

9. Let us now- consider the figure determined by the projectivity
between the curves ¢, which possess a 005 and those quadruple
tangents. The system [¢"] has as index (n—1)(n-44)n—4)n—3)
(n—6)n—7) "), the tangents fy2.0 form (§ 5) a system with index
$(n—4)(n—>)(n—~6)(n—7). The figure produced consists of twice
the locus of the points of contact (§8) and the curve (S) of the
intersections of the ¢* with its quadruple tangents. For the order
of (S) we now find % (n—d4)(0—58)1—86)(n—7)(Tn*+9n—12)—% (n—>5)
(n~—6) (n—7) (830n* -+ 38n—192) or § (—>5)n—6)n—T7)n—8)7n*+
Tn—3a0).

The correspondence (77,,.S) determines in the pencil of rays ()
a correspondence with characteristic numbers F(n—=58)(n—6)n—7)
n--8 (150 +191—96 and 4 (n—5\(n—6)n—"7)n—8)(Tn*+1n—30).
As the tangents #9000 passing through A/ each represent 4(n—=8)

) N p. 941,

3) N p. 943.
% N p. 941.
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coincidences, we find that the complexr contains (n—>5)n—6)n—7)
(n—8)(In*--3Tn—72) curves with a tanyent taes3. )

The correspondence (MS, MS’) has as characteristic number
1(n— )(72«6)(72———7)(72—8)(71—9)(712”+7n——~30) each tangent #Zopae
passing through ~M represents (n—8)n—9) commdences From

2 (n—B)(n—=B6)(nn~-7)(n—8(n—9[(Tn* 4 Tn—30)—2n(n—4)) ensues that
Ln—>5)n—~6)(n— 7)(n—8n—9)(n*+4-3n—=~6) curves of I' possess a
quintuple tangent ty990s.

10. The curves ¢ with a twice osculating tangent Z;s form a
system wilh index $in—4)(n—5)n*+Tn—9) 1), their langents fsg
(§ 49 a system with index In(n—4)(n—>5). The figure produced by
these projective systems consists ©of three times the curve (Rs)ss,
containing the points of contact (§ 6) and the loeus of the points O,
which each ¢ has morcover in common with its ¢35 For the order
of (0) we find F(n—=>)n—5)n’+Tn—9)+9n*(h —4)n-—5)—3n—5)
(9n*4-39n-+135) = $(n —5)(n—06)(3n*+7Tn—21). )

The correspondence (MR, MO) has as characteristic numbers
(n~—3)(1—6)(91°+-39n—135) and 9In—5)(n—6)3n°++Tn—21); each
fa3 passing through Jf represents 2(rn—=6) coincidences. From this
we find, that the complex contains 6(n— 5)n— 6)(3n°+-29n—>54)
curves with o tangent f.4.

The correspondence (MO, MO’ has as characteristic number '’
$(n—>5) n—6)(n—7)(3n*4-Tn—21) and possesses in each #5 passing
through M an (n—6)(n—7)-fold coincidence. From this ensues that I
possesses 9n—>5)(n—6)(n—7)2n*+-11n—21) curves with a tangent t33p.

11. The curves ¢* with a tangent #;0 form a system with index
8(n—4)n—>5)n*~11n—14) ?), their tangents fs (§ 1) a system with
index 16n(n—4)n—>5). These projective systems produce a figure,
composed of four times the curve (R4)ss, see § 6, twice the curve
(Ro)se, see § 7, and the locus of the points S, which each ¢ has
moreover in common with its #o.

For the order of (S) we find 6 (n—4)n—>5)n*+11n—14) 4 16n*
(n —4) (n — 5) — 4 (n—>5) (4n’-} 46n—138) — 2(n—>5)(12n* 4 4072—-—
132) = (n — 5) (n — 6) (22n* -+ 70n — 192).

From (MR, MS) we find again the number of the #o (§ 3),
from (MR,, MS) the number of the #4 (§ 10).

The symmetrical correspondence (MS, MS’) produces one new
characteristic number. Its characteristic number is apparently (n—5)
(n—6)(n—T7) (22n°+-70n—192), while the 161 (n—4) (n— 5) lines z,,

) N p. 942,

3 N p. 938,
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passing through M represent each (n—6) (n——7) coincidences. From
the remaining ones we find, that I possesses (n—35) n—6) (n—7)
(14n*4- 1020 —192) curves with a tangent tis.

12. Any point is, in general, node of one c* belonging to T
We counsider the system of the ¢» having their node D on a straight
line a. The straight line connecting D with the arbitrary point P,
intersects ¢ moreover in (n—2) points £. The nodal curves of which
a point I lies in P belong to the met with base-point P. Now the
locus J of the nodes of the net (JacoBl's curve) is a curve of order
3 (n—1), with node in P. The locus (X)) has therefore a 3 (n-—1)-fold
point in P; so it is of order (4n—5). In each intersection of (Z)
with @, a ¢* has a node D), of which one of the tangents d passes
through P. Consequently the locus (D)p of the nodes of which one
of the tangents passes through P is a curve of order (dn—>5) having
a node in P. Hence a siraight line passing through P contains
moreover (4n—7) points D; any straight line is therefore tangent in
the node for (4n—7) nodal curves.

On a straight line [ the tangents d of the nodal curves of which
the node lies on a, determine a symmetrical correspondence (L, L’);
its characteristic number is apparently (dn—0>5). The intersection of
a and [ vepresenls two coincidences, for the ¢”, which has a node
there, determines two points L each coineciding with the correspond-
ing point L’. The remaining coincidences ave produced by coinciding
tangents d,d’. So the locus (C) of the cusps (cusp-locus) of I'is a
curve of order 4 (2n—3).

13. The curves (D)p and (D)q see § 12, have the (4n—7)
points D in common, for which PQ is one of the tangents. The
remaining (dn—>5)* — (dn—7) = 16n* — 44dn 4 32 intersections are
nodes of curves ¢t of which the lines d and d’ pass through P
and Q. -

We now consider the system of the nodal ¢, of which a tangent
d passes through 2. The pairs of tangenis d, d’ determine on a
straight line [ a correspondence (L, L’). Any ray d is tangent for
(dn—T7) curves; to its intersection L correspond therefore (dn—T7)
points L’. Through L’ pass (16n’—44n+32) tangents d’; as many
points L have been associated to L’. The coincidences of (L, L)
form two groups; the [irst contains the (4n—5) points D situated
on {, for which d passes through P. The remaining ones arise in
consequence of d’ coinciding with d; the tangents in the cusps of
the complex envelop therefore a curve of class (16n* —44n—--30).

-10 -
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14. To each nodal ¢, of which the node D lies .on a we
associate its tangents d,d’, and consider the fignre produced by those”
projective systems. As the ¢* passing through a point /> form a net,
3 (n-—1) nodal curves of the system in question pass through P.
The index of the system [d,d’] is, as appeared above, (4n—>5). To
the produced figure the siraight line @ belongs six times. So the
order of the locus of the points [, which ¢* has moreover in
common with d,d’," is a curve of order n (4n—>5) 4 6(n—1) — 6 =
= dn*+n—12.

For n=3 we find 27; in this case (Z) consists apparently
of 27 straight lines. If I' has six base-points, this result is confirmed
as follows. Each ¢» passing through 5 base-points intersects ¢ in
two pomnts D; the lines connecting these points with the 6t base-
point form each with ¢* a ¢* of I, and belong to (£); in this way
12 straight lines are found. The connecting line b of two base-points
cuts a in a point D, which determines with the remaining four
base- pomts a ¢*; the 15 lines & belong apparently also to (X).

The curve (&) cuts a in (4n—7) groups of (n—3) points £ arising
from the nodal curves which have a for tangent in their nodes. In
each of the remaining intersections a nodal c* has a three-point
contact with one of its tangents d. From this ensues that the locus
(F) of the flecnodes is a curve of order (20n—33).

In the above case m =23 this figure consists of six conics and
fifteen straight lines.

15. The tangents d,d’ in the nodes of the nodal curves of a
net envelop a curve of class 3(n—1)(2n—3)*). If the net has a base-
point B there is a ¢» having a node in B. Through B pass then
3(n—1) (2n—3)—6 tangenis o of nodal curves of which the node
does not lie in B. In order to understand this we consider a net
of cubies with seven base-points. Through the base-point B pass no
tangents of proper nodal curves. But the straight line connecting B
. with another base-point 5’, forms with the ¢* passing through the
remaining base-points a binodal ¢°; the straight line BB’ represents
therefore two tangents d. For 7 =3 we have 3(n—1)(2n—8)= 18,
as the 6 straight lines BB’ represent 12 tangents d, the tangents d
of the nodal ¢* having its node in B are each to be counted thrice.

We now consider the system of the nodal curves ¢#, which send
one of their tangenls d through P. Any ray passing through P js
tangent ¢ for (dn—7) curves (§ 12) and is moreover cut by those

) Gf. for instance my paper “On mnels of algebrazo plane curves.” (These
Ploccedmgs VIl, 631—633).
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curves in (4n—7) (n—3) points G. As base-point of a net belonging
to I' P lies on (6n*-—15n-}3) tangents d of nodal curves passing
through P; so the locus (G) has in P a (6n*—15n-+3)-fold point
and is thevefore of order (6n*—15n43) 4 dn—7) (n—3) = 10n* —
— 3dn -} 24. ~ ’
The correspondence (MD, MG) has as characteristic numbers
(4n—5)(n—3) and (10n*— 34n--24); the ray MP represents (dn—7)
(n—3) coincidences. As the remaining ones arise from coincidences

D= @, it ensues that the inflectional tangents of the flecnodes envelop
a curve of class (10n'—32n-F18).

16. Lot the complex be given by the equation
ad + BB +vC + ¢D = 0.
If the devivative of A4 with regard to x; is indicated by A it
ensues from the equations
adp + BB, + yCr + 0D, =0 (,=1,2,8)
that an arbitrary point is node of one c», unless
‘Al 'Bl Cl ‘Dl
A, B, C, D,
4, By C, D,

.

2 2

be satisfied.

The exceptional points in question K (critical points) are conse-
quently common points of the four curves of Jacosr belonging to
the nets ¢ =0, =0, y=0, §=0.

To the intersections of |AzBrCr|=10 with |BrCrDi/ =0 belong
the points, for which we have

B, B, B,
C’J. 02 Gl
and they are not situated on the two other curves J. The last
mentioned relation is appavenily satisfied by 2°(n—1)"—(n—1)*=
3(n—1)* points; consequently the number of critical points amounts
to 3*(n—1)* —3 (n—1)* or 6 (n—1).

17. If I has a base-point B this is as base-point of any net of
I, node of the curves J, consequently represents four points K.
The number of critical points of o complex with b Dbase-points
amounts therefore to 6 (n—-1)"—4b.

Any point KX is node of o' curves forming a pencil, hence cusp
of #wo curves; the cunspidal tangents are the double rays of the
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involution formed by the pairs d, d’. So K is node of the locus (C)
of the cusps.

All ¢t passing through an arbitrary point P form a net, N. The
carve J of N has a node in B and passes through all the points
K; for through B passes one c* of the pencil of nodal curves deter-
mined by K. The curves (C) and J have two points in common
in each point K; they further intersect in the 12 (n—1) (n—2) cusps
of N; the remaining intersections are found in B. From 4 (2n —3)
(83n—3)—2[6(n—1)' —4]—12 (n—1) (n—2) = 8~ 1t appears that the
curve (C) has a quadruple point in B.

B is node for all ¢» of a penei, consequently cusp of two ¢;
from this follows that each of the two cusptangents is touched by
two branches of (C).

Any point K is fleenode for five ¢n. In order to understand this
we consider the curve which arises if to each nodal ¢* of the pencil
(K) its tangents d, d’ are associated. The ¢*+2 thus produced has
with a line ¢ only (n—3) points outside & in common.

The locus (F) of the flecnodes passes therefore five times through
each of the critical points.

The locus J of the nodes in the net N, which is set apart from
I' by an arbitrary point P, has with (&) five intersections in each
point K. They further have the 3 (n—1)(102—23) flecnodes ) of
AN in common, the remaining intersections lie in the & base-points.
From 3 (n—1) (20n—33)—5[6(n—1)*—+b]—3 (n—1) (10n—23) = 205
it appears that the curve I passes ten times through each of the
base-points.

Each of the inflectional tangents f of the five ¢% having a flecnode
in B, touches two of the branches.

18. The curves (C) and (&) have in the critical points K and
the base-points B of I' 10 [6 (n—1* — 4b] -+ 406, or 60 (n—1)*
points in common. Each of the remaining (20n—33)(8n—12)—60
(n—1)* intersections is a cusp with a four-point tangent and at the
same lime fo be counted twice as flecnode. [n T occur therefore
(50n*—1920+4-168) cusps with four-point tangent. i

If we have m=3, b=26, these particular curves are easy to
determine. Any line BB’ is tangent of two conics passing through
the remaming four base-points; through each point B pass iwo
tangents to the conic of the remaining five base-poinfs. All in all

) N p. 944,

-
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we find therefore 15 X 2 46 X 2 =42 figures (¢ ¢'), satisfying
the condition. )

The tangents in a flecnode we shall indicate by f and d; f indi-
cates the inflectional tangent. We shall determine the index of the
system [d]. -

The curve (D)p, containing the nodes which send one of thew
tangents through [P (§ 12), passes through the points X and twice
through the points B. With (F7) it has, apart from those points,
(4n—-5)(20n—33)—30(n—1)* or 50n*—1727-4135 infersections. As
many tangenis f and d pass through P. The number of lines f
amounts according to §15 to (10n°—32n-4-18), hence [d] has as
index (40n*—140n-117).

In order to find the locus of the points (+, which any flecnodal
¢* bhas in common with its tangent d we consider the product of
the projective sysiems [¢"] and [d]. Their indices are 3(n—1)(10n—23),
i.e. the number of flecnodal ¢* m a net, and (H0n* — 140n - 117).
Since the curve (&) belongs three times to the figure produced, we
find for the order of () 3(n—1) (10n —23) 4- n(40n*—140n--117)—
—3(20n—33) or (40n°*—110n°—42n-}168).

Lel us now consider the correspondence (MF, M@). The straight
lines d passing through M produce each (n—3) coincidences; the
number of the remaining ones amounts to (20n—33)(n—3)-4-(40n*—
110n*—42n+168)—(40n*—140n+117)(n—3)=170n*—672n--618.

To the coincidences F'= ( determined by this belong in the first
place the cusps with tangent ¢, ; the remaining ones arise in pairs
from nodal curves with two inflectional tangents /. Their number
amounts therefore to 1 [(170n*—672n-+618) — (50n°*—192n-+168)];
the complex contains (60n* — 240n + 225) curves with a fleflecnode.

In the case n=3, b=—6 we find 45 for it. Each of the trilaterals
belonging to I' is apparently to be considered as a figure with three
fleflecnodes.

19. In a similar way as in N §5, 13, 14 it may be determined
how many times a base-point 5 of the complex is poinf of contact
of a particular tangent. We find then in the first place that B is
point of contact R; of fn tangents ¢,. It is further consecutively
found that B is point of contact R, of (n—>5) (n-16) tangents ¢,
point of contact R, of 3 (n—>5){(n-}6) tangenis £33 and of 2 (n—25)
(n—B6) (n--6) tangenis ¢34, poini of contact £, of 2(n—>5) (3n-}+8)
tangents #4, of 3 (n—35)(n—6) (3n-+8) tangents 30, and 3 (n—5)
(n—6)n—7)(3n--8) tangents f290.
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