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-Physics. — “Vapour pressures of substances of low critical tem-
- perature at low rediced temperatures. 1. Vapour pressures of
©carbon  dioxide between — 160° C. and —183° C. By H.
Kargruine ONnes and Sornus Weskr. Communication N°. 1370
from the Physical Laboratory at Leiden. (Communicated by
Prof. H. Kanerniner Onygs.)

(Communicated in the meeting of June 28, 1913).

§ 1. Introduction. The knowledge of the vapour pressures of
substances of low critical temperature at low reduced temperatures
has recently obfained special importance?). The gradual transforma-
tion shown by the reduced equations of state for various substances,
when ordered according to their crifical temperature, manifests itself
in pavtienlar in the gradual transforwation of the reduced vapour
pressure curves, and the deviations from the law of corresponding
slates, which show themselves clearly in this transformation and are
connceted with NrrNsT’s heat-theorem, have acquired increased im-
portance by the connection with Praxck’s (heory of energy-quanta.

We have therefore undertaken a series of determinations of vapour
pressures for substances of low crifical temperature at lower tem-
peratures than in previous determinations. The measurement of the
very low vapour pressures with which we are concerned in this
case forms a separate branch of research. In measuring the pressure
in a space at ordinary temperature, connected by a tube with the
space, where the vapour and liquid or solid are in equilibrium
at a known low temperature, correct results can only be arrived
at, if due regard is paid to the theory of the thermal molecular
pressure.

Kwxupsen *), who has developed this theory, has shown that, when
a temperature gradient exists along a closed tube containing a gas
in equilibrium, there will in general be a pressure difference between
the ends of the tube, such that the higher pressure is observed where
the temperature is higher. The magnilude of the difference depends
on various -circumstances, specially on the ratio of the radius of
the tube R to the free path of the gas molecules 2. In the limiting

1) For the lilerature and a discussion of lhe ¢uestions veferred lo here, see: H.
Kameruneir Oxyes and W. H. Kezsoar: Die Zustandsgleichung., Enc. d. math,
Wissensch. V. 10, Leiden Comun. Sappl NO 23.

2) Marviy Knupsex: Ann. d. Phys Bd. 31 p. 205 1910.
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cases, calling p, and p, the pressures, 7, and 7T, the absolute {em-
peratures at the ends, we have

1 Bl /2 g B2l “
Py T, 2 o
. R
2. p, =p, for 7=

For intermnediate cases Knubsen deduces more complicaied formulae
which may be applied over a wide range. As a rule the matfer
reduces itself to the application of a correction to one of the
limiting cases. The application of the formulae is not allowed over

the range defined by _
2R
1< e <10

When these limits are exceeded, the accuracy very soon falls below
1°, It is necessary, therefore, to avoid the above range in the
measurements by a suitable choice of the tubes connecting the evapo-
rating surface with the measuring apparatus, and by changing them,
when occasion arises. When this is found to be impossible, the mea-
suring apparatus will have to bLe kept at a iemperature but little
higher than that of the liquid or the thermal molecular pressure will
have to Le measured experimentally or a different method altogether
will have to be resorted to?).

In the range where the measurements can be corrected to the
limiting cases by means of the more complicated formulae referred
to it may occur, that the corrections cannot be applied for a given
tube owing to the free path being unknown and that this quantity
cannot be found with sufficient accuracy by extrapolation: in that case
the object can be attained by means of measurements with two
different tubes suitably chosen, so as to eliminate the pressure and
obtain dala for the calculation of the free path, which can ihen be
introduced into the formulae. .

The pressures which we wished to measure lie between 0.02 baryes
and 1 mm. The highest of these might still have been measured
with a Mac Lrop gauge, but for the lower ones this method is not
applicable owing to the possibility of mercury distilling over at the
low pressure to the cold substance. We have therefore nsed Kxupsen’s
heated wire gauge?; between 1 mm. and 0.01 mwm. and Knvpsen’s
absolute manometer *) between 0.001 mm. and 0.01 mm.

) E. g. Kxupsex's method of molecular effusion through a small orifice, in
which the amount of vapour passing through is measured instead of the pressure.

%) MarTiN Knupses, Ann. d. Phys. Bd. 32, p. 809, 1910,
%) Marrivy KxuDsEN, Ann. d. Phys. Bd. 35, p. 389, 1911,



217

§ 2. The absolute manometer. From the different forms described

by Kwnupsey we chose one without sealed on
g windows or ground joints in order that the appa-
5 ratus could be heated to 300°. This heating is

advisable for the purpose of removing the occluded
gases from the metallic parts and so obtaining a
permanent high vacuum. The working part of
the manometer s represented in fig. 1. A german-
silver tube B of 1 mm. wall thickness was
flattened by means of a roller and provided with
a loose lid D, while the lower end remained
open. V, and V, are the two windows through
which the molecules enter the tube : they proceed
from the wall of the glass vessel in which the
tube is contained and which is alternately at a
high and at the ordinary temperature, and strike
* against the mica-plate M, movable round a vertical
axis, on which they exert a turning moment
which at a given temperature is proportional to
the pressure. The plate M is suspended from a
platinum strip (obtained by rolling out a platinum
wire of 0.08 mm.) and is proviced with a piece
of iron (length 2 mm., diameter 0.07 mm.) for the
purpose of regulating the sensibility by means of

0 0 29 4 magnet. The platinum strip is hard-soldered to

Fig. 1. thicker platinum wire at both ends. The lower
wire is connecled to M, the npper one passes through the screw I
and is clamped with the screw e. By means of £ M can be made
exaetly parallel to the flat sides of B.

A is a platinum wire which prevents the mica plate falling down
when the apparatus is inverted.

The two windows O, and O, serve for the reading of the rotation
of M : for this purpose the outer edge of the mica plate is observed
in a Lm1z reading microscope with eye-micrometer. The temperature
of the german-silver tube is read on a thermometer which is in
metallic connection with it and protected from radiation by means
of the tube f.

The tube B is held in the glass vessel (tig. 2) by the springs S.

The dimensions of the various parts of the apparatus were as follows :

avea of V, 9.030.1.18 em®.
w V, 9.005. 1.20 cm®.

»
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distance between the cenires of V, and P,

(arm of couple) 1.190 cm.
length of mica plate 12.70 cm.
width ,, ,, " 3.117 cm.
moment of inertia T 1415 gr. em®.
time of oscillation !full period) 3.53 sec.

magnification of micioscope 4 mm. = 87.5 seale divisions on wicro-
meter. -

In fig. 2 is shown the manner in which the manometer was
mounted.

Wermn W, K,

=
FHoud
0 R ~
Ke
W v
Ks .
T ]
B
/-
[ 4
Fig. 2.

The tube B is placed inside a glass tube which is provided with
a water-jacket ¥ through W hot or cold water can be passed,
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as required, by means of the pinching screws £, and K. The tem-
perature of the jacket is read on the thermometer 77,.

The vapour pressure tube R which is sealed {o the manometer
‘tube, bent over and closed at the bottom, is placed in a cryostat
with a calibrated resistance thermometer wiich gives the temperature
of the evaporating surface. The diameter of the {ube & was 1.71 cm.

The best method of securing an even temperature in the cryostat
is stirring with a “pump-stirrer”, in this case however, as the smallest
vibrations disturb the readings of the wanometer, preference was
given to the use of a stream of vaponr-bubbles evolved by local
heating with an electrically heated wire.

§ 3. Calibration of the absolute manometer. Iu the first place 1t was
necessary to consider for what range of pressures the manometer
may be used as an absolute instrument. In the second place seeing
tbat the distance of the mica-plate to the windows V cannot Le
treated as infinitely small and the sensibility can thus only be
calculated approximately, the value of a scale reading at given
difference of temperature between outer wall and mica plate must
be expressed in baryes.

According to Kwnupsex the force per em® K on the plate in the
luniting case, when the mutual collisions of the molecules may be
disregarded, 15 given by

K== G/T )
=P 1)
'['2

where p stands for the pressure, 7 and T, for the temperatures
of plate and wall respectively.

As regards the condition under which this formu]a may be used,
it is found that in order to reach an accuracy of !/, %, in the final
result, the free path must be at least ten times the diameter of the
tube. The range of the manometer is thus different according to the
gas used. For carbon dioxide according to BrerreNsacH’s measurements
of the viscosity at 20° p.2 =74, if p is expressed in baryes and A
is the mean free path in cms. From this it follows that the range
of our gauge reaches up to abont 0.3 barye.

The range can also be determined by connecting the manometer
with spaces, where known pressures are established, and ascertaining
for what pressures the elongation remains proportional to the pres-
sure. In any case it is necessary, with a manometer such as ours
which, as we have seen, does not allow the calculation of the
reduction factor from the dimensions of the apparatus, to make
measurements for the determination of this factor. By extending the
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calibration to pressures at which the elongation is no longer propor-
tional to the pressure (snpposing the rotation in any case to be
infinitely small) the apparatus can be made into a pressure-indicator
for that 1ange, instead of an absolute manometer.

For the purpose of the calibration the manometer was connected
with a system of pipettes according to Kaubpsex'), for the description
of which we refer 1o a subsequent paper?). The results are contained
in the following table:

[( TABLE L
Calibration of the absolute manometer,
TS| o2 N pipetiosn| 22
baryes, | abs. man. baryes L abs.M.
0.147
0.427 0.390
0.574
0.357 0.38
0.931 -
0.303 0.381
1.234
0.263 0.376
1.497
0.214 0.372
1.711
0.056
0.114 0.1005 0.881
0.170
0.113 0.0996 0.851
0.283
0.110 0.0984 0.895
0.393
0.107 0.0972 0.908
0.500
0.105 0.0960 0.914
- 0.605

The first column gives the pressures calculated according fo the
indications of the absolute manometer by the formula

1 1| n 1' !
—2—]) ([/7’21':77 _“[/T'j_:) —¢ (al"_as)

I Martin Knubpsen, 1. c.

%) 8. Wescr. Vapour-pressurcs ete, 1I. The vapour-pressures ol carbon dioxide
hetween — 140°C. and — 160° ¢, Comm. N°® 137¢, The same pipetles have
also been used for the calibralion of a hol-wire manomeler lor the purpose of
thermomelric measurements, which will be discussed in fulare communications
about experiments with liquid helium.



221

where, 7, -and 7" represent the temperatures of outer wall and
mica plale (properly speaking tube B) respectively in the experiment
at the ordinary temperatare, 7 and T} the corresponding tempe-
ratures in the experiment at higher temperature, ¢ the value of the
reduction factor calculated from the dimensions of the apparatus
(as we have seen this calculation can only give an approximate
value), e, and e, the two elongations. The second column gives
the differences of the successive pressures, the third the same diffe-
rences according to the observations with the pipettes.

In the first series the limits of proportionality are evidently far
exceeded: it can therefore serve as a calibration of the manometer
as a pressure-indicator. The second series shows clearly that at first
{he absolute manometer gives greater values for the pressures than
the pipettes, which are however in a consiant ratio to the latter,
while later on its readings are lower than those of the pipettes, as
might be expected?). It is also intelligible that our mancmeter gives
higher readings in the beginning than the pipettes considering that
the distance Dbetween the windows and the mica plate cannot be
taken as small as compared with the width of the windows, so that
parts of the movable mica plate oulside the perpendicular projection
of the windows will also be struck by molecules which proceed
from the heated wall. This action along the edges owing to which
¢ can only be approximately calculated was considerable in our
case; its influence on the pressure follows immediately from the above

¢ =

calibration numbers: obviously ¢ has {o be replaced by 0351

1135 ¢.

§ 4. The measurements.

¢. The 1manometor mounted as in fig. 2 was then exhausted for
a long time under strong heating to 300°C.: for this purpose it
was joined 1o a Gaupr molecalar airpump, for the loan of which
we are indebled (o the kindness of Luyvnorps.Nachf. of Cologne, which
we here gratefully acknowledge. As appears from {lie measurements
communicated below it is possible {o use this excelleni, reliable and
easily worked instrament countinuously at pressures of 0,007 barye
without the least trouble. After having been connected to the pump
at the temperature mentioned for about a day the manometer ceased
lo give off pas. The vacuum had become constant. The small
remaining pressure was thereapon measured, while the vapour

1) Deeue (Physik. Zs. 1911, p. 1115) has tried to represent lhis Lehaviour by
a formula of approximation.
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pressure tube I was first placed in liquid oxygen and afterwards
in methane of different temperatures. It appeared that the vacuum
remained constant within the limits of accuracy and was independeqt
of the temperature of the vapour pressure tube?). Carbon dioxide
carefully dried and repeatedly distilled in vacuo was now introduced
throngh a side tube info the tube [, which was cooled with liquid
air. When a sufficient guantity had passed over, the apparatus was
again connecled to the molecular pump and evacuated during a
considerable t{ime. The manometer was then sealed off from the
pump at @ and the pressure measursd, while & was surrounded
with oxygen boiling under reduced pressure. It was found that the
vacuum was the same as before the introduction of carbon dioxide,
from which it follows that at — 205° C. the vapour pressure ot
carbon dioxide must be smaller than 0,005 barye. A difference ot
0,002 barye could be clearly detected and the influence of vibration
was also just below this value; 0,005 barye could thus not escape
observation.

B. As a rule the further observations were mede_ in the following
manner: first the manometer is brought approximately to temperature-
equilibrium, and the thermometers 7, and 7', areread; warm water
is then made to pass through XK, until a suitable temperature is
reached; 7, and 7', are again read and the reading on the eye-
micrometer is taken. Finally cold water is let into X,. until 7', has
about assumed the original temperature, afler which a second obser-
vation is made at the same temperature.

The calculation is made in the manner explained in section 2.

As described the vacuum was measured before carbon dioxide
was admitted, 2 being at temperatures between — 160° C. and
—200° C., when 0,007 barycs was found for the pressure. Afier
sealing off the samec value 0,007 baryes was found. A complete

serics of observations was then taken, first with methane and then”

with oxygen ift the cryostat. The apparatus was then left standing
for a few days, after "which a new series of observation was taken.
In the mean time the vacunm appeared 1o have risen o 0,016
barye. If this change is laken inlo cousideration the two series
agrec well with each other.

In table 1 the two sets of measuremenis are combined.

The figures in the 3'9 column arc derived from those in the 2vd

1) The radiation-pressure did not amount in ow case fo more than 0,05. ]0—3
barye, when the wall was at 100° C. ‘
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TABLE IL
Vapour pressures of carbon dioxide at temperatures between
— 183°.0 and — 167°.04,
Pressure observed

Temp. in baryes diminish-| Vapour pressure an}gg_l;tte(%O

T—273°.09 ed by residual in baryes, cNERl\ISgI‘
pressure Snde

— 18320 0.015 0.908 0.0067

179.60 0.047 0.026 0.0241

175.81 0.179 0.106 0.1012

171.01 0.620 . 0.404 0.4083

168.83 1.143 0.791 0.7782

167.04 1.7780 1.310 1.297

by correcting for the thermal molecular pressure. This was done
by means of the formula given by KNuDsEN:

1
P (7_)
Pq T,

where p, and p, are the measured pressure and the real pressure
respectively, 7' and 7, the corresponding temperatures, 272 the
diameter of the vapour pressure tube and 4 the mean free path
calenlaled from pl =4 This relation was thus also applied in
conditions, where the mean free path is not well represented by
SvrnugLaNp’s formulal): this may, however, be considered allowable

1| =

1424
A

. ) 2R
in view of the small influence of the term e

It will be seen that the main term of the correction is large:
but ils value is aceurately known and is in no way connected with
the additional correction for 2. The latier.is only of importance in
the last measurements.

1t is possible by a suifable choice of the radius of the vapour
pressure tube I to make the additional correction so small, that it
may be entirely neglected. It is our intention to do this in future
experiments in order to become entirely independent of the small

1) The circumstance that in the exponential form the same factor is here used
for the residual pressure, although the substance to which this pressure is due,
is unknown, is of no imporiance within the limits of accuracy of the experiments,

-10 -
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uncertainty arising omt of this cause at present. In those experiments
a litlle more time will have {o be allowed for the selting in of the
equilibrium pressure.

§ 5. Determinations with the hot-wire manometer.

With regard to the choice of the shape and dimensions of the
vapour-pressure tube R, used in the measurements with the absolute
manometer, the question arises whether sufficient account has been
taken of two causes of disturbance which may influence the results
obtained. The tnbe being long cannot in 1itself be considered a
sufficient precaution to exclude radiation from above, by which the
temperature-equilibrium of the evaporating surface is rendered un-
cerlain, furthermore it has to be ascertained, whether the surface
of the liquud bath may possibly be at a lower temperature than the
bath at the spot, where the temperature is measured ).

In view of the degree of accuracy of the measurements with our
absolute manometer the errors arising out of these causes of disturb-
ance may be neglected.

With our hot-wire manometer the accuracy which could be attained
in the region of less low pressures, at which measurements were
also intended, was considerably higher. In designing the vapour
pressnre apparatus intended for the measurements with this manometer
the possible influence of the aforesaid causes of error was thercfore
carefully avoided.

The hot-wire manometer which we used is represented in fig. 3.
It consists of a WoLLasToN-wire (0.005 mm. in diameter and about
10 c¢m. long), stretched in a frame of platinum wire abc which
forms at the same time the one electrode of the current. The second
electrode ¢ is insulated from abc by means of glass. The WorrnasTon-
wire is fastened between & and d.

The dimensions are so chosen,-that a pressare of 1 barye can be
measured with great accuracy. This is the case when the diamefer
of the wire is small compared with the mean distance described by
the molecules since their last collision: for as long as this condition
is satisfied, the loss of heat by the wire may be taken approximately
proportional to the density (or the pressure) of the gas. Owing toa
deviation from proportionality, which is due to the heai flowing

1y Comp. Kameruweu Osnes and Braagk, Comm. NO. 107a. Lven afler 6 hours
there was no sign whatsoever of a distiflalion of carbhon dioxide at the hottom of
R (o the neighbourhood of the level of the liquid in the bath.

-11 -
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Fig. 3. Fig” 4.
off at the ends of the wire, a calibration is
required. For this purpose the pressure was determ-
ined by means of the set of pipettes referred to
before. The loss of heat is measured as follows.
.The wire forms one of the arms of 4 WHEATSTONE
bridge (fig. 4); the corresponding arm has a resist-
ance approxirnately equal fo that of the wire, when
it is heated to the definite temperature, which has
been chosen with a view to the sensibility (in oar
‘case 86 degrees above 20° C.): it is kept at
this temperature by regulating the main current.

The two other arms have equal resistance (chosen

in connection with the galvanometer resistance).
The P. D. at the ends of a portion of one of these
resistances is measured with a poteniiometer free of
thermo-effects : this gives the necessary data for the
computation of the loss of heat.

The . calibration was carried out with the set of
pipeltes mentioned above. Fig. 5 gives the (wo

Proceedings Royal Acad. Amsterdam. Vol. XVL

-12 -

104




296
vapour pressure tubes. They were partly doublewalled; the walls
are sealed together at the top and free at the bottom.

Where the external tube ends, the inner tube becomes narrower
and is bent round in a spiral finishing up in a small bulb; this
bulb is placed at the level of the middle of the thermometer. In
the space between the two walls of the tube a wire is inserted
which can be electrically heated, so as to secure, that the bulb is
the coolest place of the vapour pressure tube. The object of the
spiral is to compel the molecules which come in from above to
collide a number of times with the wall before reaching the bulb,
That part of the tube cannot contribute to the thermal molecular
pressure, as it is practically at the same temperature over its
entire length.

Weé have made a series of observations for carbon dioxide with
this apparatuas ).

We confine ourselves here to those measurements which give at
. the same time a check on the last measurements with the absolute

manometer, contained in Table 2. The results were as follows:

TABLE IIL

Vapour pressure of carbon dioxide at about — 168°.

Temp. 77— 273°.09 K. Pressure in baryes, Vapi%ull‘)a[:’rﬁssure

Vapour pressure tube I
2R=1.5T cM.

— 168.82 1.222 0.806 -

Vapour pressure tube II

2R =0.563 cM.
— 168.82 1.288 0.797
— 167.04 2.008 1.313

The last value will be seen to agree well with those obtained
with the absolute manometer, while the first appears a little 'too

1) The measurements at higher temperatures are dealt with in the next com-
munication: S WeBer The vapour pressures of carbon dioxide between —140° C,

and —160° C.

-13 -
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high. We are uncertain as to the cause of this differencc: most
probably it is due to an uncertainty in the temperature with the
absolute manometer.

It is of special interest to compare these observations with NErNsT’s
formula. The fourth column of Table II contains the pressures accord-
ing to this formula, calculated with the constants which Farnck )
has determined with the data at his disposal. Farck found the following
expression

6000 1 0,009983

logp=s — = L 1750100 T — 22 1 43,1700
9P 5T o9 2571 T

where p is the pressure in atmosphefes.

The correspondence will be seen to be satisfactory considering the
degree of accuracy of the observations. It does not look as if the
constants could be materially improved.

Physics. — “On the equation of state of an ideal monatomic gas
according to the quantum-theory.” By Dr. W. H. Kzgsox. Supple-
ment N°. 30z to the Communications from the Physical Labora-
tory at Leiden. Communicated by Prof. H. Kamerrinea Onnes.

(Communicated in the meeting of May 31, 1913).

§ 1. Introduction. Summary. DEsIE®) has shown that agreement
with the observations concerning the specific heat of solid substances
can be obtained by modifying the theory of Einstein’}in this sense,
that the formula®) which Pranck has given for the mean energy at
the temperature 7' of a linear electrical oscillator is applied to the
different principal modes of vibration of a solid.

It seems natural to apply the same principle to other material
systems which can behave as an oscillator and hence to investigate
the correctness of the consequences which follow from the hypothesis

1) Farck : Physik. Zeits. 1908, p. 433.

2) P. DeBE. Ann. d. Phys. (4) 89 (1912), p. 789.

8) For the literature see : H. KamErLINGHE OrNEs and W. H. KzEsoM. Math.
Enz. V 10, Leiden Comm. Suppl. NO. 23, § 74c.

4) DEBE makes use of the original formula of PLANCR, Wirmestrablung, 1st¢
Aufl, p. 157. The more recent formula, Wirmestrahlung, 2t¢ Aufl., p. 140, which
differs from the first by the introduction of a zero point energy, leads to the same
results as regards the specific heat as long asthe frequencies do not depend upon
the temperature. For processes in which the frequencies change, cf. P. DrBuE,
Programme for the WoLrskenL lecture, Physik. ZS. 14 (1918), p. 259, it can
give diverging results for solids loo.

15"
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