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Physies. — “Magnetic researches. IX. The deviations from GUH;EiS
law in  comnection with the zero-point emergy”. By E.
Oosrerpuis. Supplement N°. 31 _to the Communications from
the Physical Laboratory at Leiden. (Communicated by Prof.
H. KaumerriNes ONNES).

(Communicated in the meeting of June 28, 1918).

§ 1. Curiz?) found that for a number of paramagnetic substances
the susceptibility is inversely proportional to the absolute temperature.
Later measurements have shown, however, that with many substances
considerable deviations from CuriE’s law occur. They were first
disclosed about simmultaneously by an investigation of Hownpa?) (after-
wards continued by Owin®)) who showed that the majority of para-
magnetic elements does not obey Curie’s law and by an investigation
of liquid and solid oxygen by Kamerrines OnNEs and Prgriog ), which
proved that a substance which follows the law at higher tempera-
tores, may begin to deviate from it at lower temperatures. Liquid
oxygen showed an increasing deviation with falling temperature
approximately in accordance with the relation y = CT—% (y: sus-
ceptibility per gramme, 7: absolute temperature); with solid oxygen
at hydrogen temperatures the susceptibility deviated even more and
seemed to approach .a constant value. The investigation' at low
temperatures which promised fo give an insight into the nature of
paramagnetism °) was continued by Kameruines ONNEs and Prgrrier ©)
with several other substances. By the results obtained they were led
to the conception that for all paramagnetic substances or at least
for one class of them the deviations from Curie’s law are governed
by a law of corresponding states, the corresponding temperature for
each substance to be taken proportional to a certain temperatare
characteristic of that substance. The data obtained later on by
KaurruineE Onnes and the author ”) may serve to confirm this view,
as will be shown in § 7.

The majority of the substances investigated in the cryogenic labo-
ratory at Leiden may be reduced to the following three types:

1) P. CuRtE. Ann. chim. phys. (7). 5, p. 289; 1895. '

%) K. HonpA. Ann. d. Phys, 32, p. 1027, 1910.

3) M. Owen. Ann. d. Phys. 37. p. 6567. 1912,

4) H. KameruiNgH OxNEs and A. PERRIER. Clomm. NO. 116 (April 1910).

5} Comp. H. Kaneruneu Ownnes, Comm. Suppl. NO. 21p.

6) H. KamerLiNGgHd Oxnes and A. PERRIER. Comm. Nos 122a, 124q.

7} H. KamMerringH OsNEs and E. OosterHEUs. Comm. Nos. 1295, 132, 134d.

'
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a. For some substances (crystallized ferrous-sulphate, crystallized

manganese sulphate etc.) the relation 47'— constant was found to hold
as far down as the temperature of liquid nitrogen, but at hydrogen
temperatures y7' was always found smaller than would follow from
Curip’s law.
. b. With other substances (e g. anhydrous manganese sulphate) the
product 7" began to diminish at once when the temperature was
lowered below room-temperature ; in that case the relation (74 A)=
constant appeared fo hold for the range between ordinary tempera-
ture and nitrogen-temperatures; in liquid hydrogen, however, further
deviations became apparent.

¢. With platinum the susceptibility was found to change very
little with temperature and in the range between liquid mitrogen .
and liquid hydrogen to be almost independent of the temperature,
entirely in accordance with the results of Hoxpa and Owex who
found the product 7' for platinum (and for many other elements)
to diminish continually with falling temperature.

§ 2. LaneeviN') in his kinetic theory of paramagnetism has given
a theoretical deduction of Curie’s law. He finds, that the suscepti-
bility is inversely proportional to the kinetic energy of rotation of
the molecules. When this energy is taken proportional to the absolute

. ~ - '1 .
temperature, this gives x proportional to 7 or yI = constant, i.e.

Curie’s law.

§ 3. It seems natural to try an explanation of the deviations from
Curi’s law by dropping the assumption that the rotational energy
U of the molecules is proportional to the absolute temperature and
adopting a different temperature relation for U *).

In a different connection Emstiin and Stern®) were led to the
assumption that the rotational energy of a molecule with two degrees
of freedom is equal to

hy 1
+?7m........(1)

v

kT —1

1) P. LaneuviN, Ann. chim. phys. (8) 5, p. 70; 1905.

2) KamprringH OnnEs and PERRIER ascribed the deviations from the law to
the electrons freezing to the atoms, in consequence of PLANCK’s vibyators coming
to rest. In thal case, if the rotational velocities remain proportiopal to V7' the
susceptibility * approaches a constant value. In this paper a theory is developed 1n
which the elementary magnets themselves remamm unchanged.

3) A. Ewvstmiy and O, SrEry,_Ann. d. Phys. 40, p. 551; 1915,

Procecdiuus [oyal Acad. Ai.slerdam. Vol XVI

s
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(v = frequency of the vowational movement, 2 and % the consi
in Pranck’s radiation-formula). The connection between U anc
W .| assuming v -independent of the temy
(’W‘S”;T) ture, is then approximately as indie
't 5| by curve 2 in the figure.-The stra
‘ line 1 gives the relation according to
original assumption: U =#%T.
The form (1) gives for I'==0 a v

1.
- T of U differing from 0, viz. = - I

1
the zero-point energy is left out, the term 5 kv in (1) disapp

and the dependence of U on 7! is represented by curve 3.-
If we may assume that the proportionality of the susceptibility 1

1 1 1
T holds (§ 2) and, therefore, that 7 is proportional to U*), —
y 4 P4

show the same law of dependence on.temperature as U, and it
be possible by measurements of the susceptibility of paramagn
substances at different temperatures to obtain an insight into
changes of the rotational energy of the molecules for these substan

§ 4. Starting from this assumption it can be concluded at o
from, the measurements of the susceptibility, thal a curve as gi

1
by 3 is unable to represent the changes in M or U. In fact all

observations at low temperatures which give deviations from Cus
Jaw always show that the product 7" has smaller values at lo
temperatures than at higher, whereas according to curve 3 the j
dact 7 would continually increase towards lower temperature.
assumption of a zero-point energy (curve 2 and also 4, see lo
down) on the other hand leads to deviations from Curie’s law
the same sense as found experimentally. According to a remark
the paper by EmstRiN and Stiry quoted above Weiss had arri
at a similar view and had inferred the existence of a zero-pc
energy from Curir’s measurements of the susceptibility of gaseous uxyg

According to curves 2 and 4 '/, and ¥ ought to approach a ¢
stant (inite value at low temperatures; this is actually the case

1) In this case also U is the rotational energy for two degrees of freedom
is, therefore, given by the expression (1), because the dependence of the suse
bility on the temperature is determined solely by the rotation about:axes at r
angles to the magnelic axis of lhe molecule; [or the sake of simplicity the mon
of inertin. — and therefore v — is laken equal for those axes.
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platinum, and the other substances which have been investigated in
liquid hydrogen show a similar tendency. There is therefore every

reason for the assumption of the temperature-funetion (1) with the
inclusion of a zero-point energy.

§ 5. It was further tried for a number of substances, whether the
dependence of the susceptibility on the temperature is in quantita-
tive agreement with the above hypothesis. In the calculations the
frequency » which occurs in the formula for U was not taken in-
dependent of the temperature (v independent of 7 gives the curve 2
but following EinstrIN and StERN it was assumed that

. U
P =2%,— . . . . . . . .9

h

1
The change of U ( or —) with 7" according to the relations (1)
X

and (2) is represented by curve 4; v, is the value which p assumes
at very low temperatures: it is related to the moment of inertia /
of the molecule by the formula

— h 3y 1y

, vn_m())

In the first place it may now be observed that for temperatures,

which are not too, low, the relation between U and 7" expressed

by (1) and (2) leads to the empirical relation 3 (7 -4- A) = const.,

which was dedoced from the observations (comp. § 1). This is seen

by developing (1) in a series and neglecting the terms beyond the
third which is certainly allowed for high values of 7'; this gives

U=h» i—l—i——l—ﬁ —{——1~Iw

hy 2 12 kT 2

(7w
1 2%?

U
When - we substitute : »* = 2», " in this, we find
L -

17
| U:kT+-6-£p—°U

1) The relations (2) and {3) are at once arrived at when it is remembered that

1 1 1
U=_2—I(2”")2‘ For I'=0 this gives: *2—7“0:'-2—](27”(;)2 or v(,:——-—hfnl.
When this is introduced into U = _;T I(2+)° the result is (2).

28%
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kT 1 i, o1 lw
6 Ic’[ . .

1 :
As further by hypothesis — is proportional to U, the following
x
relation is obtained -
— = C(T+2L) ovr x{T+4+A4)=C, which is the relation found

empirically e.g. for anhydrous manganese sulphate above nifrogen
temperatures. That for other substances, like crystallized manganese

sulphate above mitrogen temperatures, Curi’s law was found appro-

L
ximately fulfilled, is obviously due to a small value of A, or of — iy

U .
By means of formulae (1) and (2) the value of 7 was calculated

il

k1
for a series of values of P if the underlying suppositions are correct,

iy,

1 . . .
-— must have the same relationship to 7 for a paramagnetic sub-
b4
U ! . . . 5
stance as W to ot The comparison of the two functions is made
iv,
by means of logarithmic diagrams?’); in the one diagram the abseissae

]

1 U
were Zog;— and the ordinates log — e in the other log T and
(2% {

1
log-— respectively. For nearly all the substances examined the curves |

could be made to coincide with sufficient approximation. The 'Shift
along the axis of ahscissae required to produce coincidence gives
' Ly . .

the value of — for the substance under consideration.

¢
Subjoined in the two tables ave the results obtained for two of

. Y/
the substances. At the head of the table is found the value of —;:—“

which has to be assumed for the particular substance to bring about
the closest cuincidence of the two curves. The first column gives
‘the absolute temperature 7', the second the observed values of y.
Starting from any dne of the observed values, the values for thie otker
temperatures may be calculated by means of (1) and (2). The fourth

) Comp. H. Kamerumver Onyes and W. H Kevsow. Math, Enz. V 10, Teideén
Comm Suppl N 23, § 33. )
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column gives the calculated values of y, the fifth the percentnal
differences between the values observed and calculated. Finally in
the third column are given the values of the product z7" in order
to show the magnitude of the deviations from Curir’s law.’

TABLE L
- Crystallised manganese sulphate. )
hy,
Mn $04.4H,0 < — 6.6
% —X
m 6 |. I 6 ]a [} obs, calc,
7 Xubs-' 10 '{obs.' T.10 '(calc.' 10%) 100 ———————X
bs,
288.7K.|  66.3 19140 66.3 -

169.6 111.5 18910 112.6 — 0.9
7.4 247 19120 245 -+ 0.8
70.5 270 19030 268 + 0.7
64.9 292 18950 201 -+ 0.4
20.1 914 18370 904 + 1.1
17.8 1021 18170 1015 + 0.6
14.4 1233 17760 1231 4 0.2

TABLE IL
Anhydrous manganese sulphate, %)
hy,
Mn SO, ~— =83
k
L, —XA
m ] d ¢ 6 obs. “eale
1 Xobs,* 10 Ayps * 7.10 Aol 10 }00___.
Xobs.

293°9K.| 81.8 25800 86.3 + 1.7
169.6 144.2 24460 145.4 — 0.8
1.4 274.8 21270 284.0 — 3.3
64.9 314.5 20410 325.1 — 3.5
20.1 603 12120 603 - '
17.8 627 11160 619 -+ 1.3
14.4 636 9158 628 + 1.3

1) Comm. No. 182e. ) Comm. NO, 182,
- !
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Crystallized manganese sulphate does not show distinct deviations
from Curie’s law till hydrogen temperatures are reached and there-
fore belongs to class @ of § 1, the anhydrous salt on the other hand
shows deviations over the whole range (class b). For both substan-
ces ihe agreement between observed and calculated values appears
satisfactory, although the differences seem somewhat larger than the
experimental errors. In the same manner we found:

hv
for crystallized fervous sulphate: ~k—°:: 10 .
. . Iy,
for crystallized manganese chloride: - =13.
For a substance like platinum the deviations from Curm's law
T T
are enormous and the value of 7" must be correspondingly large.
The measurements with platinum made at Leiden (Comm. N°. 132¢)
hw
give -L]c—" about equal to 1500, those by Honbs (above normal tem-

perature) give a still lmgher value.

§ 6. The above shows that substances which deviate strongly

. . . L
from Corie’s law give large values of 7” . This result is in itself

. . . 7
evident, considering that substances with a high value of % must
\

1
also have a large zero-point energy (4 /4w,), so that U (or —) will
P4

be far from prop(;rtional to 7" al low temperatures.

According to (3) v, is inversely proportional to the moment of
inertia of the molecule. It may therefore be expected that substances
with large moment of inertia (i.e. small »,) will show small
deviations from Curig’s law and vice-versd. This is in general well
confirmed by the results. A substance like gadolinium-sulphate
Gd, (S0,), . 8 H,0 (comp. Comm. N°. 122a) with very heavy molecules,
each moreover loaded with 8 molecules of water of crystallization,
shows hardly any deviation from Corir’s law even in liquid
hydrogen. Anhydrous manganese sulphate deviates strongly even at
the ordinary temperature; with the crystallized salt, each molecule
of which carries 4 water molecules and must therefore have a
large moment of inerha, distinct deviations from the law only
appear at hydrogen temperatures. Platinum which deviates very
strongly would have molecules with very small moment of inertia.

) : L by
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The possibility of the waler of crystallization acling through the
increase of the moment of inertia which it produces was previously
expressed’ by Kamerringm Onnus and Prrrigr. They worked on the
view that the deviations were due to the PLaNck-vibrators coming
to rest and that their frequency would be smaller for the molecule
of crystallized gadolinium-sulphate than for the unloaded molecule.

By comparing anhydrous and crystallized manganese sulphate an
estimate may be formed of the distance between the centra of the
water-molecules and of fthe sulphate molecule. The moments of
inertia of MnSO, and of MnSO,.4H,0 are found equal to
8.7 X 10-41, and 109.7 X 10—*'. On the" supposition that two of
the water-molecules are placed along a line at right angles to the
axis of votation and the other two on the axis, the difference of the
two above numbers gives for the distance in question the value
44 % 10-?. This distance 15 of the order of the molecular dimen-
sions, but smaller than the adopted value for the radius of a
hydrogen molecule (1 X 10—%): our result would thus seem to
indicate that the water-molecules partly penetrate into the molecule
to which they are attached.

§ 7. At the suggestion of Dr. Kersom — to whom I am indebted
for several useful hints — T have also compared the observations
with a different formula which takes into account the possibility of
more than one frequency of rotation, whereas BiNsTRIN and STERN
assumed that at a definite temperature all the molecules rotate with
the same velocity. On Dr. Kuesom’s theory the molecular votational
motions in the body under consideration are analysed into a number
of stationary waves, which may be supposed to be governed by
similar partial differential equations as, say, sound waves in a gas
with corresponding conditions at the boundary (crests may take the
place of nodes). Along these lines he was led to the hypothesis, that
equation (4) of Suppl. N°. 30a (May 1913) with the additional assump-
tion v, = U} (as in equations (5) and (7) L c.) might also hold for
the rotational motions. I have found that the correspondence between
observation and calculation by the new formula is not appreciably
better than by the method followed above and 1 have therefore in
this paper confined myself to the caleulation according to the EiNsteIN-
STERN view i.e. assuming one value of » at each temperature.

§ 8. Summary. The exisience of a zevo-point energy has recently
been made probable by \arious investigations.
1. The change of the specific heat of hydrogen at low temperatures
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has been explained by Einsteiy and STeRN in a satisfaclory manner
by the assumption of a zero-point energy. ’

2. The assumption of a zero-point encrgy for the translational
motion of gas-moleculés appears to be also required Y).

3. Kersom?®) has shown that the quanta-theory with the additional
assumption of a zero-point energy is of great importance in the
theory of free electrons in metals and removes a number of diffi-
culties inherent in the equipartition-theory.

4. In conclusion it is shown in this paper, that the assumption
of a gzero-point energy for the rotations finds a strong support in
the observations on the susceptibihty of paramagnetic substances; it
appears that by means of it the majority of the deviations from
Curiz’s law observed at low temperatures®), which seem to be
reducible to three seemingly largely different types may be correlated *)
and quantitatively explained in a satisfactory manner.

Physics. — “The wvapour pressures of hydrogen from the boiling
point down 1o near the triple-point.” By Prof. H.KaMERLINGH
Owyes and Dr. W. H. Krssom. Communication N°. 137d
(On the measurement of very low temperatures. XXIII) from
the Physical Laboratory at Leiden. (Communicated by Prof.
H. KaMERLINGH ONNES).

(Communicated in the meeting of June 28, 1913).

§ 1. The vapour pressures of hydrogen between the boiling point
and the triple-point have been determined by Dewar®) and by
Travers and JaqQueroD ®). The value, which was obtained at

1) Communication to the Wolfskehl-Congress at Gétiingen by H. KaMERLINGH .
Oxyes and W. H. Keesoa. Comp. also W. H. Kepsom. Comm. Suppl. NO. 30a.

3 W. H. Kgesom. Comm. Suppl. N° 300.

3) The abnormal behavicur of anhydrous ferrous sulphate whicl has a maximum
in its susceplil()ilily is here left out of account.

4y The theory given in this paper confirms the supposition by KAMERLINGH
Onnes and PERRIER mentioned in § 1, that as regards paramagnetism cotresponding
temperatures exist, which must be taken proportional to a definite temperature,
characteristic of each subslance; on the above theory the lemperature of maximum-
susceptibility chosen by the authors for the purpose is to be replaced by the

1l . .
“internal” temperature 3 ——/—“, which may be calculated from the zero-point encrgy.
e

5 1 Drcwar. Proc Roy. Soc London, A. 76 (1905), p. 336.
6, M W, Travers and A Jaquerop. Phil. Trans. (A) 200 (1902), p. 155.
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