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Mathematies. — “Tle theory of BRavAIs (on errors in space) for
polydimensional space, with applications to Correlation.” By
Prof. M. J. van Uven. (Communicated by Prof. J. C. Kapreyn).

(Communicated in the meeiing of March 28, 1914).

In the original treatise of Bravais. “Analyse mathématique sur les
probabilités des erreurs de situation d’un point”*) as well as in the
articles that have afterwards appeared on this subject *) the problem
of the distribution of errors in space has only been investigated for
spaces of two and three dimensions. Only Prof. K. Prarson has also
treated the case of four-dimensional space?). -

It may be interesting to treai this problem also for a space of an”
arbitrary mumber of dimensions, not so much with a view to the
geometrical side of the problem, as in connection with the subject
of correlation. If we cousider the problem from this point of view,
it comes to this:

A number (6) of variables w,, u,,...u,, are given, each of which
follows Gauss’s exponential law :

W, = % el gy,
and consequently may assume any value between — w and - co.

Further we have a cerfain number (g) of linear functions ,; @,, ... 2,

of the variables u,, viz.,
2y == 11Uy —+ QiU + ... o - 1,

&2 === U211 + 22U + PRSP —l— 09 Ug,

.’l:'r»,: U1ty + appus + ..o Ops Ua.
The probability that z, ranges between ;1 and §; + d3, (j =1, 2,...9)
is then expressed by the formula

1) A. Bravais. “Anal. math, ete.” Paris: Mémones preséntés par divers savants
& I'Académie royale des sciences de I'Institut de France; T. 9 (1846), p. 255.

%) E Czuser. Theorie der Beobachtungsfehler. Leipzig, 1891, Teubner; p. 350.

M. p'Ocacie. Sur la composition des lois derreurs de situation d’un point;
Comptes Rendus T. 118 (1894), p. 5i2, Bulletin de la Soc. math. de France,
T. 23 (1895), p. 65; Annales de la Soc. scientif. de Bruxelles, T. 18 (1894) p. 86.

S. H. Borsony, On the Law of Error in the case of correlated variations; Report
of the Buitish Assoc. (65th m.) (1895), p. 621.

V. Rema. Sulla probabilita degli errori di situazioni di un punto nello spazio;
Atti della R. Accad. dei Lincei, serie 8a, T. 6, sem. 1 (1897), p. 107.

%) K. Peanson. Mathematical contributions to the Theory of Evolution: Regression;
Phil. Trans. vol. 187 (1895), p. 253.




1125

E .
W= Z I, dE, . ... dE,
[ {id

He= b8 + 2, 8E + ...+ bkt
The aim of this paper is:
1. to express the coefficients 0,; of the quadratic expression H
and the quantity £ in the coefficients e,
2. to elucidate the notion of a coefficient of correlation by means
of the expressions found.

in which

The probability of the simultaneous occurrence of the values
Uy, Ugy + o Us 15 :

{Iﬁl — 2
) W=—¢ ! II du, .
e 1
‘7‘2
We begin by writing
hu—mw t=12,...0 -
and '
oy = hay (j=12,...0; i=12,...0).
Thus we get

and
&1 — aA11V1 —}— aiav2 —{'— [N + Q16 Vgy
@y = agvy + asave + . . - - Az,

-22P = aP11)1 + aF2?72 + ‘e + apG'Ua- .
For the present we shall continue working with the coefficients
@y only in the final result.
Like Bravais we moreover introduce 6—g¢ auxiliary variables, viz,

-]
Bop1 = 2 Gpf1, v,
: 1

. :
: ¢

L = = a5V,
1

By gy .« o &s
The determinant of substitution of ( v ?;) is then

Vs Ugy e as Vo
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11y 12y - - + QYo -
L= agg,az, ... a2 | = |ayl.

4| ¢ :
Qsly Q524 « o« Gog

The algebraic complement of a; we call 4,;.
By the svbstitution ( )
v
H=X4}
1

becomes :
H::El.'bjjxj“—l-z.?bjkm]mk. -
The functions 2,,...%, are given. We now dispose of the remaining

(®p41, .-+ @) in such a manner that the following relations are
satisfied :
byp=0 for j=12,...0 ; k=o+1,...0

In this way we attain that the introduced ¢—g¢ auxiliary variables

occur only squared.
Solving v; from the equations of substitution we find

Consequently we ftind for H
= (2 A;'i""j) El(Alixl + 4, s +...+ .AG;:L',,-)2

. z, e i=INj=1 o
[I-—. 21 ’U;i pumene} Aﬂ = A3 fommnd
S (i @1 + 241 dojey @ 4 ...+ A )

i=1 .
= A - = ~
S A e 423 Aydewias ...+ 3 A0 o
=1 ‘ i=1 1
— X =
Z“ (2 A;l)%j 42 =2 (EA]'Z'AM) @j g
J=1\j==1 J=Lk=1 \i=1
== Az y
or putting
= A?{ _2 A]i-Ach
fe==1 — b z=1___——___ (= brs
e =i 5 T = b (=)

s : ¢
H=ZXbj;a*+2 2 bj,a;at
=, 7 iy O

J_
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We must now try to express the coefficients h,, and b, for
j=1,2,...0, £k=1,2,...9, in lerms of the coefficients of the

given equations of substitution :
1= 2 W0 ey Bp = = iV
The conditions b;,=0 for =9 4 1,...0 are equivalent with
the conditions '
2 A;idp=0 for h=e¢+1,...0;

=1

but
¢ 2‘ Ajiap= 0L

=1
' S djios =0 for I==}.
=1
are also always satisfied.
So we have the following set of equations,
Sdjian=0, SAya2=0,...2 4j0)1,i=0, S Ajaji= A,
= Aji“_;+1,i——‘- 0,...> Ajz'af,g: 0, = Aj;‘Ak,‘: i bjks
S Ajidot,i=0,..., T 4;;4;=0.
Hence
a1y M2 4. O

as y  a22 y oo A2g ’
aj‘_lx 1y, Gj—1,2 0. 0j—1, o
(le B a,jg g eas aj, ’
A1, 1y Bjd1,25 ¢ - ff]-{-l, a

Qo1 ] > -« Qg ,
i A, A yere A

o

& )
)

l

o

Aal Ty Aa? a'-‘-Acc 9

or
a1 5, 412 . . Qi
A1 4 Q22 4. .. (9
ay1 5 Q12 g4 ee. Qi :
asy’ 5, Qg 4 ... 02 Gj—1,1y Gj—1,2 ++« @j—1,5
: H H NET} a Dy oo A 7
_ o Jt+1, 1 G341, 2 741,
Abjlc Qe 5 Qg g Ops = (——])r+] il
Aopr, 10 Aptayoy .o Ao, s Bl 5 B2 e es g
: ; . Ars ’ Ak? yor s Al
Acl N Ag-2 g qu
Af—}—l, 1 Af—l—l, 2y - e A_p-}—l,a
.An']_ 3 Aa2 go e Aaa
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or
Qb N=(—1)ts Ty i

Now the following relation holds good:

Glry9  Qlygy -« - a_lrF _ «' Ap—-{-l, By AF—]—I, radal Tt Ap-{-l, ’,
N=X| @ Oe@r |5 [ Aptar s Aptor o Apte )
“pil s Qorgae e aF?F \A”F—]—l ) AETF"‘Z P Acrc

in which 7,7, ... 7, 7541, ... 7s represents a permutation of numbers_
1,92,...06 and the summation must be extended over all these

permutations.
As e
A‘c—{—l, el T f-!-‘c—f-l, T, )
Aor g oo Aoy, :

is the minor of the reciprocal determinant
| Aui, Az ... A4se

A= Aay,  Agzy ... Ay
-AG]J A;21---A'aa l
which corresponds to the algebraic complement of

Alpyy oo al,.F
: -,
Qorya s o aP,P

we have the relation-
( A.?-i-l, NTIEED AFE‘H’%— _ et ailrl e e /z% r,

‘ Ac, . Gory v Gpr,

P
Consequently we find for N

Alrya s v aer

N = AV_P—l X =

3

Qory g - - - aF,.F

ie. N is A" "' {imes the sum of the squares of all determinants
of the oth order of the watrix .
a]..l’ 12,4+ v o a.lc!

M=

Qpls Qp2y -+ » Gpg
which is formed from the coefficients of the given equations of

substitution.
If we represent such a determinant of the oth order in general

by D, we can write ,
N=A"F3D
The numerator 7}z is reduced as follows:




.a111 yo o Qs

G)—dyrys e a]-—l, rp_l AF—l-l, 7“0’ AF+1,rP+1’ e AF+1'rg

—1

Typ=2 X |- :
o TR o 7'F__.1 : . .
am gy C-Z‘er—l Ar;r‘o 1 A; 7~P+1 , . Aq’ r, ,
The determinant
aig
aj—1,i
D, = E=r, 7500+ Po1)
P
J Ay, 1773
Qi
belongs to the matrix
ail 3o e 01 [ . N
Qg1 1920+ Bj—1, ¢
] > L2 J 3
M:, = ,
@Gp1,15 000 Oy, o
af,]_ gy oo oloy

which is obtained by omitting the row a,; (¢=1,2,...0) in the

matrix M.
Besides

Apy youoApr B
P -3

Ap+1, TF gy Ap+1, T,

Ach PR Acr@_

is the minor of the reciprocal determinant A, which, apart from
the sign, corresponds to the algebraic complement of

Dy —

aii
Gg—1,i
E=rry -« .7%1)

ar41,¢ \

~

Qi

Observing the sign, we have

Akrp y -

Ap—{-l,rp ).

AO‘TP e

.. -A-kra

iy, | = (=1 APy,

LA,
UTP
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in which Dy is oblained by omitting the row q, in the matrix- M.
So we find .

Ty = (—1)"T*A"~r S D, Dy,

in which the summation must be extended over all determinants of
the (¢o—1)% order, resp. of the matrices M, and My, and this in
such a way that the determinants D, and Dy in the products are
built up from the same columns of M. i

The coefficients b, (j=1,2,...0; k=1,3,..¢) are finally found
from

Dby AP ZD? = (—-L)pty (— 1)tk A7F 3D, Dy,
so that . _
=D,D j
_ ) JEE (I __
by = (—1)+x S (ic : =12 .. Q) ,

and in particular

sp:
b]]:'EDJE.(le,Z,...Q)
The determinant of the coefficients 0,z (j, £=1,2,...0) runs
biis Bigy...bip, 0 , 0 a0
bay, boa,...b2, 0 , 0 yo.. 0
Bat) Bure o bpoy 0 , 0 ... 0
| o | = PLy Op2 04 ,
0 P 0 ,..-O ) bF+1:F’i‘1’ 0 ,...0
o, 0,...0, 0 ' bp+2,p+2a---0
6, 0,.0,0d , 0 e b

or, if we write
by bray ... by

bor, Dazy..-bs |[=FE
b‘pl, b-‘g2, “ o Z;FF

G
| o | = EX I bp;
fi=p41
E is the determinant of the quadratic expression H in =, ,, ... 2,
As the determinant quadratic expression in v,,v,, ..v; has the
value 1, we have
[ by | = XK
hence
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. oA=— 1

I/E’ I by
+

p-1

Further we bhave

16z, = Alldv,,
1 1

therefore
e p ¢
é‘ . - (E‘bﬁa}f—{—ZZ b]kvjm]&) -2 bypen®
Tl e 1 e \1 1 Xe e+t d
IW=—e ' Hdo,———. IIdz ;=
g 1 z A 1
2 w2
¢ ¢ i 4
E——_ “(2[’_74""'1""22 b]7,3|2}J¢’U]c> e i Izbhh -2 bh/lz'b’l:.2 -
= —— 1 1 M2, X e o1 IT dy,.
o 12 1 Ae—F o1

In order to obtain the total probability /¥ we must integrate over
Tets,...& from —a to -4 oo, and over x,2,,...%, resp. from
§1,§2, .8 to § 08, &, 4 dE,, ... & 4 d5,; i. e. the integration over

-~ &, &y, ... 2p consists in this, that i the integrant @, z,,...z, are
replaced by §,,§,,...§, whie dz,, dz,.... dz, are resp. replaced Ly
d5,, d5,, . . . dE,.

So we find,

e e
E — (2 b8 +2 2; bk 5 §k)
.e L

F
W —= —_ IId5
1 (4 1 i ><
T Fflb"" — b ar’ s
Xff’ e fFHt Hdap, —=
ae—p pH

——w —®

Bh(h=p4-1, )

£ 2 L, .
E. — (Eb.?] § + 2208, §7c) P
= — e 1 1 I ds; .
Jre 1

We have already calculated the coefficients 0,7, that is to say,
expressed them in terms of the coefficients of the given equations
of substitution. Their determinant X is consequently also known.
For this latter, however, a simpler expression may be deduced. In
order to find it we start from the relation

]bﬂc| _ 1

by, A I by,
o1 e

N

E=
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1 ¢ 1 =

Now bjyp=— = A?u-a,nd b= 55 = A A =0 (for h=0-+1,...0).

L%y A%y ;

Consequently we have
\

7

bF+1:P+1" 0 ver- 0 l botiptts Botiotor + -« bpdae
Oby,=10 ) b,a+2,p+2y 0 = b‘o—[:é,.c-{-ly Z)p+2,‘a+2, v b,o+2,= =
l 0 , 0 veoobgs } bf,p-i—l ybogte s be ’
EA?.H,i y DAopa; Apieiy o Do Ao
1 2
=% 2 Appoi Aogryis ZA:+2,i Coyeee Dlpqes Ao | =
E'Aqg Aot , A Apta; - SA?:’
Aoprys Aoty - - Apprgs 0 , 0 yee 0 ) By -
‘,AF+’2:1 ’ 4.4-(:-]—2,2; oo -‘A‘c—i-Z,)f: y 0 y 0 I -.0 R2
[T B P P S TR RO

— pe—p | —L" 0 ... 0, A1 Aptors-. da’| Ry
Q s"":! e 0 ) 4p+1.2 3 -{1p+2,2’ co e R,

6' s 0 Yoo "—1 ’ .AP+1,G s ‘AF+2:"" ‘e -4:4-9": R’c

or
+1 Aty Aot gy Aot i
But
/ 4F+1’7'F’+1 LA 'Af;'l"l:rc
A.,-,rp IPEEREE Ag’r’

is the minor of the reciprocal determinant &, which corresponds to
the complementary minor of

l A1y, 1 Olry 9« A1y
- e
D= <.7'2r1 1 ‘.1-2r3 yoo -‘_12rp ) A

Gor, s Qory 4 -+ .aF,.P

1) This reduction is easily controlled by first multiplying thevows B, Ry,..R's -
vesp. by dg+1.1, dp+12, ... dp+1,s and adding all these products to R, ; then by
multiplying the same rows vesp. hy Ag+e1, Ao+2.2,.. dpt2s and adding these
products to I, etc

-10 -
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if r,7,...7 %41, .7 represents a permutation of the numbers
1,2,...0. Appalently this last minor is again a determlnant D of
the gth order of the matrix M. Hence we have

?F_{-l”'p-l-l 1t : F+1 s ' c—p——1 .D

and

¢ 1 o1 2D*

Ny, =—— . (A" D= '

= g ( )’ =7 |
so that
i
1
= .
=D
So our result is :
5 —( ‘.7 =+ zzbﬂcga‘k). ‘
W= — . ¢ 11d3;
f114 1
. which
=D;Dy, Jl_y
=1,2,...
D" (Zc g o 9)
and
B 1
=37

while D represents a determinant of the o't order of the matriz
aily @12, -« - Q1o
M= Qaz1, U225 « « « 25

Agly G2y » - Cog |

and D; a determinant of the (o—1)* order of the matriz M, which
is obtained by omitting the row aji, ajs,... aj. n M.
Moreover the two determinants Dj and Dy, in the products are
butlt up from the same columns of M. :
Returning now to the coefficients a;; we have only to write

9
Gi= hi

Denotmw by D, j)J, D;u the detelmmants m the coefficients «;;,
corresponding to D, D; and Dy, we have

-11 -
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“11'1 y &1,-2 y oo . Q1 Z)-

a,‘arl ) [L‘;;2 yoes aF,.F ’

Ar, 1 Olry 50« Clp

Pt 3
Aj—1ys Qj—Trgyr » » v Qg -
J—=lry K=l j—1r D
D, = _ e I,
, C;‘]-*—l,?p C:Lj+1,r2, ‘e '?j—i—l’r[s-—l 71,,‘1 hl'g ..-]L, o1
(tla)-‘ ) a:‘”‘g e aP,.F_l
Dy
D=
iy zrg...lz,.‘o_l _

or, if we introduce the mean errors g by means of the formulae

T = - _ e
=22 3 =2 2 e 9 2 =
.D—-— 871 £7n 8 PD 3 DJ—‘—Z E’l 81-2 ‘. 8/~F_1.DJ 3 D]c——z 8771 Ere ane Ero_l_Dk,

Before applying these Lesults to questions concerning correlation
we shall first deduce simple explessmns for the minors B, of the
coefficients 0,z in the determinant E.

If we represent the minor of 0,z in the determinant

“ 4 bll, 1)12, IR blg 1 5 I]' b,l/l
|6y2] = o l= = My X E=rfl
l 27’ LI bar A 1 >0
by B, then forj< e, k< o: ‘
Bk A®
) Bjk:_pj_:z‘_pz'ﬁjko
I7 by,
1 )
Now

EA?Z s 2A1iA2i ,...EAHA]‘_.]_’[ 2/111 _]-|—11 . 'EAliAci

ey T Edy e Sdudisg Ddudin o Sdyd
Bir= A1) | EAL—liAli,E;/liu—liAz;, SAp_1; A _'11""-‘4-76—1,1 Aig o EAL__uAm

Sl Aty 2l i it Ajriy A1/ 42 2 A1 Aa
S‘Acz Alz —dAr:z .A-&i yeue A-dAG‘l Aj""lt ZAm Aj+1,z . ,E_Acl -

-12 -



All ] A12 )

{121 3 422 ]

A1, Ap—iz,

AU Ay Argag,
A2(7_1) 1:471 9 ArQ )
-1 ,0 ,

0 , —1

6 — 3 (:) Y

A,

-Ai’l i

(=1t g
T A2As—1) =1

Ais

Ar-11, A 120 Arviety Ap—v ity Ap 1
A, Apaz s Ardr it At ity Apda s

Au’l

y

s Aoy
? Asz

Ay Ay A, iy g,
Avipr s Aot e Aty A
Alf: 1A‘27 7---44_]'—1,7 gAy’+l,a 1:--4‘1;,-;

+1

A2(e—1) "

Consequently we find

and in particular

DA 0,0 L0 , 0 g0
'--427 ’ 0 3 0 1 0 ’ O 7"'0'
w1 0,0 0 L0 . 0
....<‘__lk+1’,,-, 0, 0 4o , 0 ,....0
Aoy 0,0 .00, 0 .0
"'0 9 Allv AZlv"'Af—l,l, 47'—'—-1,1 y-.-.Ag]_
-0 s Aiz, Aogyndjr2, Ajpis,dse
...:—1 s Al.;, Ag;,..‘Aj__l’,,, A..7'+1;5""‘;1“
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Ays
Ao

v A

5o

) Al.l—[—l Ay,
y 1_4‘2,1—1 ’ A?{,H—l yo o Aoy

Ar;’) 9 Ao‘,l—l 9 Aﬁ,l—‘-l- 7---A55

4

endioig s Ajpan Aoy

Ac?

A':,l—l
Az

pedjota 5 Ajpre e

ot + 12 ajiap
A(s—2) =1
)_2 310k = — A
3
Al + = ajian
B‘I' _ =1
xp spr
¢
2
2ajl \
B =
YT ID

(To be continued).
74
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