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lVlathematics. - "Tlte theol'y of BRAVAlS (on el'l'01'S in space) for 
polydimensional space, with applicatiuns to GOl'l'elation." By 

Pl'Ot'. M. J. VAN UVEN. (Communicated by Prof. J. O. KAPTEYN). 

(Communicated in the meeting of March 28, 1914). 

In the original treatise of BRA VAlS . "Analyse mathématique SUl' les 
pl'obabilités des el'reurs de situation d'lln point" 1) as weU as in the 
al'ticles that have aftel'wards appeared on this subject 2) the pl'oblem 
of the distl'ibution of errors in space luts only been investigated for 
"paces of two and thl'ee dimensions. Only Prof. K. PEARSON has a1so 
treated the case of four-dimensional space ~). 

It may be intel'esting to treai this problem also fol' a space of ar! 
al'bitrary number of dimensions, not sa much with a view to the 
geometl'ica.l side of the problem, as in connection with the subject 
of correla.tion. If we cansider the problem f~om this point of view, 
it comes ta this : 

A. number (a) of yariables Up ~~2' ••• U~, are given, each of which 
follows GAUSS'S exponential 1aw: 

7~z 1. 2 2 
óWz = - e- tz u! óu! 

V~ 

and consequently may assume any value between - 00 and + 00. 

FUl'ther we have a cel'tain number (Q) oflinear functions Xl" X 2 , ... Xp 

of the variables ~t!, viz., 
ml = allttl + a12tt2 + .... + al~tt~, 
a!2 = a2l~61 + a22~62 + .... + a2~tt~, 
';p= aplîtl + ap2~62 + .... + ap~u~. 

The probability that te) ranges between SJ and SJ + ógJ ti = 1, 2, ... Q) 
is then expl'essed by the formula -

1) A. BRAVAlS. "Anal. math. etc." Parls: Mémones preséntés par divers savants 
à l' Académie royale des SClences de l'Institut de France; T. 9 (1846), p. 255. 

2) E CZU~ER. Theorie der Beobachtungsfehlel'. Leipzig, 1891, Teubner; p. 350. 
1\'1. D'OCAGNE. SUl' la composihon des lois d'erreurs de situation d'un point; 

Comptes Rendus T. 118 (1894), p. 512, Bulletin de la Soc. math. de France, 
T. 23 (1893), p. 65; Annales de la Soc. sClentLf. de Bruxelles, T. 18 (1894) p. 86. 

S. H. "BURBURY. On the Law of Error In tue case of correlated variaiions; Report 
of the BlitLsh Assoc. (651h m,) (1895), J.!,. 621. 

V. REINA. Sulla probabilità degli errori di sltuaziolli di un punto nello spazio; 
Atti della R. Accad. dei Lincei, serie 5a, T. 6, sem. 1 (1897), p. 107. 

8) K. PEARSON. Mathematical contributions to the Theory of Evolution: Regression; 
Phil. Trans. vol. 187 (1895), p. 253. 



- 3 -

1125 

in which 
H = bugl ~ + 2b12gJ2 -t- •.. + bppg/. 

The aim of th is paper is: 

1. to express the C'oefficieJlts bJk of the quadl'atic eXpl'eSSlOn H 
and the quantity E in the coefficients aJZ , 

2. to elucidate the notion of a coefficient of cOl'l'elation by means 
of the expresslons found. 

The probability of the simultaneou5 occurrence of the values 
'[tl' u 2 ' •• Ur; is 

r; !1 A! -:2 A!21t!2 r; 

óW=--e 1 Hou!. 
p /I 

:Jr2 

We begin by writing 

ltl 'lti = v! (i = 1,2, ... a) 
and 

(j = 1,2, ... Qi i = 1,2, ... a). 
Thus we get 

r; 

1 -:2 V!2 ~ 
oW=- e 1 nov! 

r; 1 

31'2 

and 
Xl = allvl + a12v2 + ... + alr;Va, 

'~2 = a21Vl. + a22v2 + ... + a2r;Va, 

~p = aplvl + ap2v2 + ... + apr;Vr;. 

FOl' the present we shaH continue working with the coefficients 
aJl only in the finaJ result. 

Like BRAVALS we moreov~r introduce (J-Q auxiliary variables, viz, 
a 

Xp+l = :2 ap+l,! t' l 

: 1 

: r; 

,~r;=:2ar;!v! 
I 

(
Xp ''V2' " ''V~) The determinant of sl1bstitution of is then 
VI' v2 , • •• Va 
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aO'l, a(i'2 , • • . aar; 

The algebl'aic complement of a.it we c~ll AJi' 

By the substitution (:) 

becomes 

~ 

H=:2vl 
1 

c ~ 

H =:2 bH [v/ + 2:2 b}k [v) [l)k. 
1 1 

The functions Xl"" Xp are given. We now disposé of the l'emaining' 
(Xp+1, .. ,x~) in such a, mannel' that the following relations are 
satisfied: 

bJk = 0 for j = 1,2, ... (J ; k = Q + 1, ... (j. 
In this way we attain that the introduced (J-Q auxiliary variables 

occur on1y squared. 
~olv~ng Vi from the equations of substitution we find 

~ 

:2 AJi[l)} 
V' -- J,,--'=_l __ _ 

z -- D,. (i = 1,2 ... (J). 

Consequently we find' for H 

Ol' P II tting 

c 

:2 (AWlJ1 + Az tli2 + ... + A~i :/"0.)2 
i=l 
------------~~-----------D,.g 

---------------~----------------/:;,.2 

~ 

:2 AJiAkt 
i=l 

-D,.-:---2 - = b}lc(= bkJ-) 

~ ~ 

H =:2 bjj [1)/ + 2 :2 b}lc llJj lIJk. 
j=l ' j=l,lc=l 
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We - must flOW try to expt'ess the coeffieients oJJ anel bJk fol' 
j = 1, 2"" (I, lc = 1, 2, , . ,(1, in teems of the coefficients of the 
given equations of substitution: 

Xl =:? aliVi, ... ,{Cp = :2 apivi' 

The conditions bjh= 0 for II = (J + 1, ... () are equivalent witb 
the conditions 

17 

:2 AjiAlti= 0 for h = Q + 1, ... (J; 
i=l 

but 

" 
.2 Ajia)i= I:::. 
1=1 

" 2 AJï a/i = -0 for l =1=.1· 
i=1 

are also al.ways satisfied. 

Ol' 

80 we have the following set of equations, 

2AJiali= 0, :2AJia2i= 0, ... :2 .AJi aJ-l, i = 0, :2 AJiaii= 1:::., 

2 .AjiaJ+1,i= 0, ., .:2 Ajiapi= 0, :2 AJ'iAki= 1:::. 2 bjk, 

:2 AjiAp+1,i= 0, ... , ~ AJ'iAO'i= 0. 
Hence 

all a12 , •.. aiv ° a21 a22 , ... a2" 0 

aj-l,1, aj-l,2, ... aj-l, v, Ó 

aJl aj2 , ... aJO' I:::. 

aj+l,l, a~+l, 2, ••• ~J+l, a, ° =0 
: ; 

api ap2 , ••• apv 0' 

AkI , Ak2 , •.• Ak .. l:::.~bJk I 
Af+l,1, A p;tI,2 , •.. Af+l, v, 

: I A:1 AO"2 , .. , A:O' 

all , a12 , . alO' 

a21 , a22 , .. , ct2a 
al2 , ... alO' , 
a22 , a2 .. aJ-I, 1, aJ-l,2, ..• aj-l,v 

I:::.bJk api ap2, .. , ap" = (-l)p+j ar+ 1,1, ai+1,2, ... aJ+1,v 

~p+l, 1, ~P+1, 2, ••• ~p+l, v 

AO'1 ,Aa2 , . . . AvO' 

apl ,ap2 , ••• apv 

A'e1 , Ak2 , • . . Ako-

At+ I, 1, Af+l, 2' ••• Ar+l,O' 

Aal , A:2 , • • • AGG 

\ I 
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or 
b.bJk . N = (-l)p+J TJ7c. 

Now the following relation holds good: 

I alll , all!,'" a.1l'p - i Ap-f-I, l·p+1'. Ap+l, l'p+2' ••• Ap+l, I a -

N=2 a~'l' a~'2,···a121"p X ~p+2,I'P+1' 
{[p'l' ap1"2"" apl ,Äar + p P 1 

in which 1'1> 1'2' •.• Tp, 1'p-f-b • " . 1'13 l'epresents a permutation of numbel's _ 
1, 2, . " . (J and the summation must be extended over all these 
pel'mutations. 

As 
Ap+1, I p+l' " ~P+1, 1'13 

A;r p-f-1 ' ••• Aa;'a 

is the minor of the reeiprocal determinant 
I Au, A12, .•. A la 

b. = A21' A 22, .•• A2a 
: : 

Aal, A~2,'" A~a I 
whieh eorresponds to the algebraic complement of 

we have the relation· 

I A~+l, l'p+1' ... APjl-l,r<)" = b,,0"-p-1 

I A;r p+1 , ... Aara 

airl , ... ~11" 
• " 0 
: • I 

Consequently we find for N 
_ ja1l 1 ' ••• alr /2 

N=/i0"-p-1 X 21 : / ; 
a;rl , ••• ap~p, 

i.e. N is b.,,-p-l times the sum of the squares of all determina.nts 
of the ()th order of the matrix 

which is formed from the 
substitution. 

all, a12, ••. alel 

a;l , ap2 , ••• a!e /. " 
eoefficients of the given equations of 

If we represent sueh a determinant of the ()th order in general 
by D, we ean write • 

S = /ie-p-l 2Dl 

The numerator Tjk is redueed as follows: 
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A7cr p , 

AG" r, AG" l' + ,. . . AG" r 
p p 1 r; 

The determinant 

belongs to th~ matrix 

aJ-l,l' .•. aj-l, r; 
J.11J = 

~J+l,l' ... a{+l,!7 

Idpl , •• .. a~or; 
which is obtained by omitting the I'OW aJi (i = 1,2, ... 0) in the 
matrix M. 

Besides 

A;+l, rp' ••. A~l, r.,. 

AH , .. . A;r p .,. 

is the minor of the reciprocal determinant 25., which, apart from 
the sign, corresponds to the algebraic complement of 

ali I 

ak-l,i 
Dk = (i = 1\ ,1'2 ••. 1'p-t) 

~k+l,i 

Idpi 

Observing the sign, we have 
A7cr , ... A7cr p .,. 

A A -_ (_1)p+7C A P-k. Dk, p+l r , ••• L"Jp t-l r u 
• 'p .' IS · , · . 

A.,.? , .. . A: r p p 

\ I 
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in which D1c is obLmned by omittilJg the l'OW akt in the- mail'lx-.M. 
80 we find 

TJ7c = (-lY+1c.!l""-p 2DJ D1c, 

in which the summation must be extend<:..d over all detel'minants of 
the (Q_l)th order, resp. of the matrices ~!0 and ]l17e, and tItis in 
such a wa)" th at the determinants DJ and Dk in the products are 
built up fl'om the SCl1ne columns of 111. 

The coefficients bJ7c (j = 1,2, ... Q; k = 1,2, ... Q) are finally fOUlld 
fl'om 

sa that 

bJ7c -- (-l)J+1c 2DJ
D

k (j I 1 2 ) :2D2 k = , , " Q , 

and in particular 
:2D2 

b)) = 2;2 . (j = 1, 2, ... Q) 

The determinant of the coefficients bJlc (j, Ic = 1, 2, ... a) runs 

I bJ7c I = 

01', if we wl'ite 

I bH, b12 , ••• bil" 0 0 , ..• 0 

b21 , ~22 , ••• ~2p , 0 0 , ..• 0 
. . 

bpl , bp2 , ••• bpp , Ö ,Ö , ... Ö 
o , 0 , ... 0 , bp+l ,p+l, 

o 

6 

o , ... 0 , 0 

o , .. 0 , ö 

bH, b12 , ••• bil' 

b21 , ~22' ••• ~2p =E 

bpl' b1'2' ••• bpp 

"" 
I b)lc I = E X IJ bldt; 

lI=P+l 

o , ... 0 

~1'+2, 1'+2 , ••• ~ 

o 

E is the determinant of the quadrr.tic expl'ession 11 III Xl' a:2 , ... Xp 

As the determinant quadratic expl'ession in Vu /72 , .. , VI7 has the 
value 1, we have 

hence 
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Further we have 
r; r; 

IIól1JJ = 6.lIóv l , 

1 1 

therefore 

V E -(fbJ//JJ~+2fbJkI1JJllJk) P ,/jbhlt -.2bltlll/JiL 2 
" 

= -.e 1 1 .IIólIJJX --.e p+1 IIÓ,1J/t. 
:xP 1 :!l"-P p+1 

In order to obtain thc total probability JV we must integrate over 
[/',0+:1, ••• x" from - 00 to + 00, and over Xl' Xl' ••• i/Jp resp. from 
61' 62 , ••• gp to SI + ógl> S2 + ÓS2 , ••• gp + ó;p; i. e. the integration o\'er 

_ XI> x 2 ' •• • o.'p consists in tbis, that 111 tbe integmnt Xl' X2 , ••• Xp are 
l'eplaced by 51> 52 , ••• Sp, wlule ÓXI> (fx 2 • ••• (k/Ja are resp. rep]aced IJ)' 
Ó51' ógJ' ... Ó5p' 

80 we find, 

V E - (f bJJ SJ3 + 2 f bJkSJ SlC) P ~ 
W = - . e 1 1 II Ó ~J X 

:!lP 1 

-00 -00 

IlJlt(lt=p+1, .11) 

(
p 2 P ~ ) _ V E - - ~bJJ SJ + 2 ~ bJk 1;J Sk p 

- -. e IIósJ • 
:!lP 1 

We have alread)' calculated the coefficients bJk' that is to say, 
expressed _ them in terms of the coefficients of the given equations 
of substitution. Their determinant E iR consequentl)' also know11. 
For this latter, however, a simpier expression may be deduced. In 
order to find it we start fl'om the relation 

E= /bJk/ 1 
11 11 

II blth 6. 2 11 bllll 
Q+1 ,0+1 
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1 ~ 1 C 

Now bhh = "2.2 A~i and bhlc = ,,2.2 Ahi ATci = 0 (for h=Q+1,~ .. (j). 
L.l z=l L.l z=1 , 

Consequently we have 
\ 

- \ bp+l,p+l; 0 , ... 0 I 

P~lbhh = I ~ , fp+2,p+2 1
." 0 1= 

o , 0 , ... b"" 

bp+1,p+l, bp+1,p+2, .•. bp+1,,, 

?p+2"a+b ~P+2,p+2, •.. fp+2,,, 

bc,p+l ,be,F+2 ," bee 

1 
= b~(e-p) 

(-1)"1' 
= E.2(e-p) 

Ol' 

But 

, 2Ap+l,i 2Ap+2,i, ... 2Ap+1,i Aai 
2 

~Ap+2,i A p+1,i, ~AP+2,i 

2Aci Ap+1,i ,2Aci Ap+2,i 

Ap+l.1 , Ap+l,2' ... AP+l,c , 1) Rl 0 0 I'" 0 

Ap+2,l , Ap+2,2' ... Ap+2:c , R2 
: ! : 

0 0 , . .0 

.Ae1 , Ac2 , ... .AGC R~_p 0 1 
'0 I.' .'0 

-1 ' 0,. . . 0 , Ap+l,ll A p+2,1, ••• A~l' R'l 

o , -] ,.. 0 , 11'+1.2 , 11'+2,2, .. , f~2 R'2 

6' Ó, .•. -i ,Àp+l,c 1 Àp+2,~ I' •• Àec R'~ 

A p+l,7',-Ll' ... Ap+l,r 
• t"T \ t; 

Ä .. ,Tp+l ' ••• Aa,Ta 

IS the minor of the recipl'ocat determinant b, which corresponds to 
th.'e complementary minor of 

1) This reduction is easily controllcd by first lDultiplying the 1'0WS R't, R'g, ... R'a 
resp. by Ap+l.l, Ap+l,2, ... Ap+1,e anel aelding all 'these products to Rl; then by 
multiplying the same 1'OWS l'esp. hy Ap+2,1, Ap+2,2, ... Ap+2,ç and adding these 
products to R~, etc 



- 11 -

I· 

1133 

if ril 1'2' ... 1'p, ?'p+l, .. 1'<7 represents a permutation of the numbers 
:1,2, ... (J. ApparentIy thi5 Jast minor is again a determinant D of 

I' 

the (lth order of the matrix M. Hence we have 

and 

sa that 

4P+l,7'p+1 ' ..• :4-P+l,7'~' I ,,<7-p--l 
: : =1...\ XD 
Ä~r+ , ... ..4<77' I 'p 1 ' c 

<7 1 I "'-p-l. :2D2 n bH = --;.--( . :2 (6 D)- = -- , 
p+l 1...\2".-p) 6 2 

1 
E= :2D2' 

So ow' ?'esult is : 

zn whic!t 

and 

1 
E= :2D2' 

wltile D 1'ep1'esents a determinant of t!te (lIl! 01'de1' of t!te mat1,ix 

and Dj a det81'minant of t!te (Q_l)tll onle1' of t!te mat1'Ïtv Mj, whiclt 
is obtained by omittin,q t!te 1'OW a:jl, a:j2, ... a:j". in J1f. 

J110reovel' tlw two dete1'minants D:j and Dk, in t!te p1'oducts m'e 
built up froln t!te same columns of jJ1. 

Returniilg now to tbe coefficients aji we have onIy to write 

aji 
aJï=-' 

!ti 

Denoting by D, Dj, Dl~ the determinants in the coefficienLs flji, 

cOl'l'esponding to D, Dj and D/~ we have 

\ ' 
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, ... all' 
,o-l~ 

aj-l,"2' ... aj-1.r 1 
,0-

CLj+l,'", ... aj+1,' -
: ' • .; , 1"-1 

or, jf we inkoduce the mean erl'ors Ei by means of the fOl'mulae 

1 
ki=--, 

EiV2 

I" ,0-1 ,0-1 
D=2"2ErJ 13"2'" Er,oD ; DJ =2 2 ErJ 13,. ... • Er DJ' j Dlc=2 2 E,'! Er .. '" Er Dl.. • ,0-1 • ,0-1 

Before applying these results to questions concerning correlation 
we shall first deduce simple exi)l'essions for the minors EJk of the 
coefficieiits bJk in the determinant E. 

If v\'e represent the minor of bJlc in the determinant 

a 

bliJ. . " . bla 1 1 , n bh/t 

1

=-= IJ bltltXE=p+l_ 
&2"., .•• baa 6 2 ,0+1 2D~ 

by {JJ7c, then for i ~ Q, k ~ Q : 

Now 

, ... 2A1i Aj-l,i 

2 
2A2iA li ,2A2i , ... 2AZiAj-1,i, 2A2i AJ"+1,i , . . 2A2iAai 

{Jjl.;= (62~~~~;C 2Ak~1,i Ali, 2~1';-1,i A2i, ... 2~lC-1,i AJ-1,i , 2~k-1,i AJ+l,i , ... 2~k-1.i ACI 

24k+l,i Ali, 241c+l,i AZi, ... 241c+1,i Aj-1,i , 2~7c+1,i / +l,i , ... 2A:k+l,i ACI 

: ~: : -,: .. =2'" 
2 A ai A li ,2Aai A2i , ... 2Aai A j-1,i ,JSAaiAj+l,i , ... 2Aai 

--~- -
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All ,A12 , ... Al'7 ,0 

A21 ,.A22 ""12'7 ,0 

Ale-l,l, Ale-l,2 , ... Ale-l.'7' Ó 

1le+1.1' 1k+1,2 ""1k+1,'7' 0 

A'71 ,A'72 , ... A c'7 6 

0 , ... 0 

0 , ... 0 

0 , ... 0 

0 , ••• 0 

6 , ... 6 

, 0 , ... 0 

0 , ... 0 

6 , , ... 6 
0 , ... 0 

Ó , .•• 0 
-1 0 , ... 0 All, A 21 ,···4i-l,l, 4i+1,1, ... .A c1 
o ,--1 , ... 0 , A 12, 

Ó 6 , ... ~1, Ale, 
1 22""1i - 1,2, ~i+l,2 , ... A'72 

Á2'7,.· . .Aj_l,'7' A.i+l,c , ... ~4.e'7 

I 
All , A 12 , A1,1-1 , Al.l+1 , . . A tc 

(-l).i+k ~ 
=---2: 

b.2(,.-l) 1=1 

1121 , A22 , 12.1-1 'f2,l+1 , . . .A2,. 

~4le-l,1,Ak 1,2, Ä1;:-1.l-1l À'.-l,l+l, ... Ak-l,'7 

Ak+1,1, Ak+1,2, Ak+1,l-1, A k+1,l+1, ... Ak+1,'7 

~"1 ,~C2 , ~,.,l-l , 1,.,l+1. , ... ~,.c 

A 11 , A21 , ... A.1-1,l, 4i+1,1 , ... A,.l 

x 
A 12 , A 22 , .. ·4i-1,2 , 4.1+1,2 , ... A,.2 

l11-1 , i 2 l-l , ... A7·-1l-1' ;17·+1 1-1,..:.A,. 1-1 , 1 ., ., , 

A 1'/+1 , A2,1+1 , ... .11j-1,1+1' Aj+1,1+t, ... A,.,1+1 

llc , ·A2,. ""~.1-l,,. ,~;i+l,,. ,: .. lec 

r; 

, " + ~ ajlakl +1 A 2(.-2) >' {=1 
= b.2(0"-1)· L:l /;;1 ajlakl= -,6.-2--

Consequently we find 

a nd in pa~ticlllal' 

x 

-

(To be contimted). 
74 
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