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R3 ol Ztv, then the pal'ticlllal' integral connting double does belong 
again to E = 0; etc. 

Finally V4 (/ = 0) may possess a double space, whirh then is 

af af 
common to the two polar spaces -a = 0, -a = ° (cf. § 5). Every 

u v \ 
Ra ol uv cuts this double space along a -cllrve, aud every $f' contains 
a double curve, the latter of whieh tilI the whole space Rxy:::. ; the 
result of the elimination E Jisappears now identically. 

o b ser vat ion. Following up this method, and without en
countering other dlffieulties but those which at'ise from the increasing 
number of dlmensions, one can obtain an jnsight into the singular 
solution of the partial differential equa.tlOn of the first order wIth 
an al'bitrary Jlllmbel' of independent variables. 

Physics. - "Tlte cl~d'usion-Goefficient of gases and tlte viscosity of 
gas-mixtw'es". By Prof. J. P. KUENEN I 

(Commulllcated in the meeting of Mareh 28, 1914). 

In a previollS comml1nicatioI1 1) on the diffusion-coefficient D of 
gases it was shown, that the contradiction between O. E. MEYER'S 

theory on the one hand and that of MAXWJ<,LL-STEFAN-LANGEVIN on 
the other can be largely removed by taking into account in the 
former theol'y the persistence of molecular movement. By doing this 
the limiting values for tile two components, i. e. for n l = ° and 
n

2 
= 0, become eqnal. which involves a -much smaller change in D 

with the compositwn of the mixtnJ'e than according to tlle incomplete 
theo1'Y, while tbe second theol'y mentioned makes tile coefficient 
entirely independent of the compositIOn , obsel'\'ation also gives only 
a smalI varin,tion of D. 

fn order to further compare the improved theory with observation 
I have calculated D for two pairs of gases viz. carbon dioxide-
hydrogen and argon- hehum, whleh seemed &pecially suitable fol' 
th is test owmg to the great difference In the moleculal' masses. For 
th is purpose It is neeessary to give a further modification to the 
formulae In order to expl'ess th0 mlluence of the mutual attractIOn 
of tbe molecules: in the former theoreLical papel' tlus influen"ce had 
to be left out of account, seeing that In STm'AN's theo1'Y the molecnles 
are likewise l'egUl'deà as free from attl'action. 

"Qsing SU'l'Hr~RMND'S well-known formulation of the attraction by 

men,ns of a factor (1 +~) the fOl'rnnlae become fol' 0° (T = 273). 

I} J. P. KUENEN, Proc. XV p. 1152. U113. 
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1 
Possibly in the last formula the coefficients might be replaced by 

a slightly different one, but the uncel'tainty involved 111 tlllS has but 
a smal! mflllence on tl{e result. 

A difficlllty in the calculation al'ises 1'rom the constant Cu, which 
meaSUl'es the attractlOn of uuJike molecules. Expel'iments on ~he 

viscosity of mixtures have shown, that the mflnence of temperatllre 
may m th at case, as 'rith pure snbstances, be represented by meaus 

of a factor (1 + \ ~), but the cOllstant C in this factor is not iden

tkat with th€' C12 111 the above fOl'l11 U Jae, fol' 111 rhe vlscosity of a 
mixt ure not only the attl'aciÏoIl of unlike moJerllles but also that 
between like molecules plays a part. If the obsel'\'ations coule! be 
represented by a rigorolls theoretical fOl'lTIula, the val'Ïous attractions 
could be sepal'ated and thus tlle Cn 10 question dete1'l11ined. As this 
is not tile case, howe\lel', an estnuation has to be resor(p,c! to; it 
seems simplest to take fol' C12 the val ne winch holds fol' the mixture 
of compos~tlon 1: 1 as a whoje: fortllnately a small change in Cu 
does not mvoh·e more than a small cbange m the result. 

For the mixture of equal parts of CO2 anel B 2 (nl=n2=~n), I have 
calculated ti·om BREITENBACH'S expel'iments 1) Cu = 116.2. 

The molecular dIameters ,sI anel S2 were fOllnd fIom the viscosities 
of the pure '<:'omponents at 0° using the formllla 

1) P. BREITENBACH, Wied. Ann. 67. p. 803, 1899. 
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1 
11 = 0.44 d uZ C 

1+-
273 

'0.44 du 

-V- 2(1 + C)' 
2n;1l's 273 

in whieh n was taken equal to 2.76 X 10u and further 

cl u 
carbon-dioxide 0.00197 36250 

'tJo 
0.0001388 

C 
239.7 _ 

87 

116.2 

The reslllt of the calculation is S1 = 3.136 X 10-8 anel 8 2 = 
= 2.217 X 10-8 , and hence 

bydl'ogen 0.0008987 16g200 0.00008Jl 

mixture '1: 1 0.0001423 

(j = i (8 1 + 82) = 3676 X 10-8 .-

Fot' n l = n2 = 1 n I find DIl! = 0.453, w'hel'eas tile 1imiting vnJues 
1'01' pllre CO~ and 1~ become: Dl = D2 = 0.551. Obsel'vation lias 
given D = 0.53. 

The agreement with obsel'vafion may be eonsidel'ed satisfactol'j'. 
The difference between D12 and D1 Ol' D2 whieh was discussed in 
the }lreviOlls eOIllmunication, is rather large: probably, as obsel'ved, 
this is owing to the imperfections of the method of ealculation by 

\ 

averages followed in the t11eo1'y. 
Fo!' argon allel helium the follovl'ing ('ollstan[s hold 1) : 

cl u 110 

Argon 0.001781 

Helium 0.0001784 

Mixture 3: 2 

" 
1:1 

whieh give 

38080 

120400 

0.0002119 

0.0001819 

0.0002207 

0.0002203 

C 
164.1 

80.3 

105 

Sl = 2.674 X 10-8 S2 = 1.775 X 10-8 hence (j = 2.224 X 10-8 

and 

D!/2 = 0.535 Dl = D2 = 0-,597 D (observed) = 0.70~). 
The agreement with obsel'vation is 1ess close here than in the 

fi)l'mer case; it may be added, that STEFAN'S formula (aftel' cOl'l'ection 
for the moleculal' attl'actlOn) would, as the previolls communication 
shows, give aresult closely agl'eeing with D 1 = D 2 aceol'ding to 
our fOl'mula alld tllel'efore also diffel'ing fl'om the expel'imental value. 

1) K. SCHlYIITT, Anll. d. PlJys. (4) 30, p. 393, 1!)u9. 
2) R. SCHMIDT. Ann d. Phys. (4) 1~ p. 801. 1!:104. A. LONIUS ib. 29 p. 664: 

1909. 
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The further question arises, whethel' the theory is capable of explaining 
the viscosity of gas-mixtures, in pal'ticulal' the interestilIg fact, that, 
e.g. fol' thc two above combinations, the yisco'3ity goes thl'ough a 

, maximum. In order to del'iye a fOl'mula for the viscosity of mixtnres 
it is necessary fil'st to consider the rase of a pure substance. The 
cocfficient 0.44 in the formnla for 'J], used above, is the result of the 
multiplication of {he factor 0.35 which is obtained, when the pel'sistence 

1 
is 1eft out of account, and a persistence-factor l' w here {}=0 . .,b06 

1--{} 
2 

represents the persistence. 
1 

The coefficient "2 in the denominator which is absent in the persist-

ence-factol' of the diffusion-formula may be justified as follo\vs 1). 
Wîlen a molecLlle is Iraccd 011 its way froll1 the moment that it 
collides, it is found, that on the average it does not describe a distance 
l in the dil'ectioll of motion, before its velocity in this direction is 
exhausted and rherefol'e all dil'ections becollle equally p1'0bab!e, but 
a distance: 

l 
l + l{} + l{}2 + ... = --. 

1-{t 

In tIJe case of viscosity howevel' we are dealing with the transport 
of momentum: it wonlcl on the one hand be incorrect to assume, 
that the mOlllentum of a molecule ai each collision immedmtely 
assumes the value belonging 10 the point \'\-'here the collision occnrs; 
if that were the case, the persistence woulcl have no influence on 
the viscosity and woulcl hnye (0 be left out of aCCount. On the other 
hand it cannot be assumed, that the molecule keeps its lllomentulll 
till the 'moment, when it has lost its velocity in the direction of 
motioll, micl' then suddenly, as l'egarcls lllomentum, goes into 
equilibrium with the neighbouring n~olecules. Tt is much more reason
able 10 ass~Ulle, that at each collision the excess of momentum is 
equd,lly distl'ibuted o\'et' the two molecules: on this supposition the 
pel'Ristence-factol' wiJl obvioLlsly be gi ven by the series 

. 1 1 1 
1 + _ {j. -I- - {}l +. . = --

2 4 l-t{} 

by which JEANS'S l'esult is obtainèd. 
If we now appl) tbis principle to mildures, it seems natlll'al fo 

suppose, that fol' collisions between unlike molecules the persistence' 

1) J. H. JEANS. Theory of gases p. 249-250. 1904. 

\1 
, " 
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has to ~nultiplied, instead of by the factor l/~, by the mass-ratio 

mI m. . -
--- or --- l'espertIvely. A rigorous treatment of the pl'oblem 
mI+m. mI+m 2 

is impossible, but lt \Vould seem th at an approximately correct l'esuJt 
will be obtained, if in the above formulae for f the fil'snerm in the 
denominator whieh refers to collisions between like molecules is given 
the factor 1/., a.nd the second term which depends on the unlike 
collisions is multipliec1 by the afore&aid mass-ralio. In this manner 
the persistence-factol's f' which apply in the case of viscosity assume 
the following form 

f'J=l: !1- ~ V2 Tt I .7l'81
z (1 + ~;3) II X 0406-

mI 2 VmJ+m. ( Cn) m1-0.188m.! - / X n.3"6o 1 + - l~ , 
mI +m2 m2 273 mI +m. 

For CO2 and H2 wilh n1=n2=1/2n calclllntion give::; 11=0:0001482. 
The theol'y thel'efore actua.lly gives a maximum in the dscosity, 

in uccol'danee wit!l obsE'l'vation whi~h had not been explained hithel'to. 
Tlle observed maximum lies at 70°/. CO2 anel is not quite so high viz. 
about 0.000144, but a nen/rer ag'l'eement could not really be expected. 

For argon anel helium ealell1ation gÏ\'es 

fol' the mixture 3: 2 1] = 0.0002294 

" " 
1 : 1 "J = 0.0002321. 0 

( Observation gl\'es a maximum neal' the first named mixture wi111 
"1 = 0.0002207; in this rase the theol'Y gives ag'ain too high a value. 
Whereas thel'efore a numel'ical agreement is absent, we !Qay conclude 
ti'om the in\'estiga,tion that the ol'elinary gas Iheory which tren,ts the 
molecules as mutllally attracting elastic sphel'es cau withont being 
sll'ained explaill the OCClll'l'ence of a maximum in the viscosity ot' 
tlle nbove mixtures, 


