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8. Let (rp') be [l, peneil belonging to the net [(I- 3J, which is pro
dnced by ihe intel'section of the net [4J3l with the plane rp. T1Ie 
locus of the points which have the same polar line with regard to 
a Clll'\'e yP and the curves of a peneil (rpll) , is a curve 11' of order 
2n + p-3 1), hence a curve of order 9, if for yp the curve ot 
('oincidences l is taken. In the points 87,; lIJ 9 like yB, has nodes 
and there the same tangents as ,6, so the two ('llrves hàve 30 points 
in common in Sk Furtller both of them pass through the 12 nodes 
of the pencil [tp3J. In eaeh of the remaining 12 common 'points D, 
y6 is touched by 1~9, which means that there the curves of a pencil 
belonging 10 [ rf 3] have thl'ee-poini contact. In (Q") OCCUl' thel'ef~re 

twelve gl'OUpS, in which evel'y time t/u'ee points have coincided. 
In" each of the 12 points D, r 6 is touched hy the complemenüt1'y 

ctl1've /2, into which yB is transt'ormed by (Q,Q'); the latter is thc 
locus of the pairs of points w hich complete the coincidences of (Q4) 
into quadl'Uples. The figure of' order 48, into wlJich y6 is tmnsfor
med, consists of '/ itself, of the 5 curves (Jk 3

, each eOllnted twice, 
alld tbe complementary curve; tbe latter is consequently indeed 
of order 12. With -r 2 it has foUt' points in common, arising from 
1he 4: coincidences of the P lying on 16; the remaining 20 lie_ in 
the point::; S~. Ft'om tbis it ensues that yU has qaad1'llple points in 
the 5 singular points S. 

In Sk, y12, and y6 have.thel'~fore 5 X 4 X 2 = 40 points in common, 
they further toueh in the 12 points D. The remaining 8 intersections 
arise from ql1a.drllples of which tWlCe t'vvo points have coincided; so 
(Q4) contains jour grollps, which \consist ench of two coineidences. 

Mathematics. - "On 'HER~lI'l'E'S functions." By Pl'of, W. KAPTEYN. 

(CommunicateLl in thc meeti!1gs of lIIarch 28 and Aprl~ 24, 1913). 

1. The nth del'ivative of e-x~ may be put in this form, first given 
by HERi\II'l'E 

whel'e 
\ n(n-l) n(n-1)(n-2)(n-3) 

I-In (x) = (2.v)n - --- (2,v)n-2 + (2,V)II-4 - . (1) 
1\ 21 , 

These polynomia satisfJ' the following relafions 2) 

1) See e.g. CREMONA,CURTZE, EinZeitung in eine geometrische l'heorie der ebenen 
Ourven, p. 121. 

2) Exerc. de Tisserand, 18~7, p. 26, 27 and 140, 
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dil 
Hu (m) = (_l)n e1.2 - (e-'l2) - (;) 

d:cn 

d2Hn dIln 
-- 21u- + 2nH" = 0 " (3) 

d:c 2 d:c 

dHn 
- - 2nILz_l = 0 (4) 

d:c 

En - 2:c H II - 1 + 2 (n - 1) ILz-2 = 0 (5) 

J ~n (a:) !Lz (.v) e-x2 d.v = 0 1n =I=n (6) 
-(X) 

fOOHn2 (:c) e-x2 d:c = 2n. n! V:1l' (7) 
-(X) 

The object of thlS paper is to examine these polynomia and the ~ 
series connected with these, which also satls(y the dIfferential equa
tion (3). 

2. To integrate the dlfferentIal equation (3) by me'ans of defimte 
integt'als, put 

,) 

then We have 
d~z dz 
- .. + 2,v - + 2 (n + 1) z = 0 
d.v' d:c 

To sol ve this, we assume • 
Q 

z J e;-xt T dt 

p 

where T IS a fllnction of t, and Pand Q are constants. The l'eslllt 
of th is substitlltion is 

, Q 

2 (t l' e-3A ) ~ + J e-xt [ - 2t dd~' + (t2 + 2n) 1J dt =: 0 . 
p 

Now thIS equation will be satlsfied, if we make 
t2 

T = tn e4 

and 

p=o 
Rence the general mtegral is 

Q=±ioo. 

f
l '" -xt+~ 1-1 (X) -xt+~ 

Z = Cl e 4 til dt + C2 e 4 til dt 

o 0 
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C~ anel Cl being al'bitral'J constC1ntS. 
Puttmg 

t = Ïlt 
tlus takes the form 

00 ~ • 

z = "f-4"un (An cos ,'Int + Bn sin ,vu) d'!!:. 

o 
An and Bn bemg agam arbJtl'al'y constants. 

The general integral of 
d~y dy 
- - 2x - + 2111j = 0 
d,v 2 d,v . 

therefol'e may be wrltten 

Ohoosing 

-' co u2 

y = e'l:2}-4"un (An aos.vu + Bn sw ,vu) dn. 

o 

(-1)11 nn-
A11=--aos-

V.1l' 2 

we get the particnlar integl'al 

y = ;;r ex];-~ u' COb (V?t - ~n-) dlt 

o 

which fol' ,'I: = 0, reduces to 

whel'e 

nn 

(Os 2f'"'-~ 
Y 0 = -- e 4 ul1 dlt 
= Vn-

u 

n l V-
- 3r (n even) 
n , 

00 u2 2"' 
Je- 4

?t'ldlt = 1 (n-l) 
o - -- ! (n odd)' 

2 2 
Now we know that 

!!:.... nl 

~ (_1)2_' (n even) 
n 

Hl! (0) = 0/ 

I 0"' (n odd) 

/ 

(8) 

\\ 
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thel'efol'e thi~ particulul' integml is Hn (.'IJ) and we have 

(9) 

Choosing again 
(-1)11 . nn: 

An = Vn: stn"2 
(-l)n nn: 

B =--cos-, Vn: 2 

the second pal'tirulal' integTal may be written 

1 }"'-~ ( n:Tl) Ln (a:) ==V:Tl e~~ e 4 Uil sin xu -"2 du (10) 

o 

3. This second mtègral satisfies a1so the l'elaLlOns (4) and (5). 
FOI', clifferentiatmg, we have 

Or 

L'n (,v) =- 2,vLn (x) - LII+l (m). (11) 

Dlffet'entlating ftgain, and l'emal'king that Lil (,v) satisfies the diffel'
entla1 equation (3), we find 

(2n + 2) Lil - 2x Ln+l + L'+2 = 0 

Ol', changing n in n - 2 

Ln - 2<'1: Ln-l + 2 (n-l) Ln-2 = O. 

which is in accordance with (5). 

If now we substltute the va1ue 

LIl+1 = 2.'1) Lil - 2n Ln-l 

fi'om (12) in (11), we get 

Ln' = 2n Ln-l 

which is in accordance with (4). 

• (12) 

(13) 

4. The function Lil (,v) may be expanded in series of ascending 
powers of x. 

If n is even, we ha~e 
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l! 

(_1)2 0J 00 -~ • 

Ln (.v) = ------=-- eX' e 4 ull stn ,'VU du 
-Var 

u 

n 

n 

(-1)2 al (n+2k») (2,'1])2k+\ = -_ #2 . 2n :2 (- l)k __ ! __ _ 
- V;;; 0 2 (2k+1)! 

. 

Both these series ure con verging for n1l finite values of the val'iable, 
and show that 

0 (n even) 

n+l n-1 
Lil (0) = (-1) 2 2n (-2-)/ (16) 

(n odd)l 
Vll' 

5. Te investigate the value of Ln (x) fol' large value& of x, take 
the differentÏal equations 

d~Hn dHn 
-- - 2I1J-+ 2n ~l = 0 
dx~ d,'1] 

d~Ln dLn 
- - 2,'1] - + 2n LI! = O. 
drc 3 dtc 

Multiply the f(H'luer by LI! the lattel' by H;/ and sllbtmct, sO· 

H ll --L/I----2:c fLl--Ln - =0 d
2 
Ln d

2 E '1 (dLn dIJn) 
dx 2 dx2 d,'1] dm . -

or integrating 

dLI! dEIn 1 

lLl --LI! -= Cex 
d,'1] d,/] 

C, being the arbitrary con&tant. 
Intl'oducing the relations (4) alld (13) this may be written 

211 [Bil Lll - 1 - Lil H;l-I] = C&2, 
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!f x = 0 we have 

2n 11n (0) L II- 1 (0) = C (n even) 
- 2n Ln (0) 11n-1 (0) = C 

therefore in both cases 

thus finall)' 

212 (n-I)! , 
Hn (.v) Ln-1 (.?;) - Ln (.IJ) lln-1 (.IJ) = eX- • (17) 

V.1t' 

Now .'IJ havmg a lal'ge value, we may wrile approxlluateJ,r 

lIn (m) - (2.v)n IIn-l (m) (2.v)1I-1 

Bn ° 
Ln (x) = -- eX-

x1l+1 

and therefore 

6. Spmmation of some sel'les containing the functions EL/(x). 
Let 

~ (_I)k H2k (tlJ) fl2k(a) = P ano ~ 1 kII2"-+1 (.7:) II2"-+1 (a) 
o (2h.)! ; (- ) (2k + I)! 

(18) 

Q 

and wnte H 2k aud-::: H21..+1 as defim!e mtegraIs by means of (9), 
then we have 

1 f~~ f~~ CD (UV)2k P = '- ex2+,,2 e 4 cos avdv e 4 cos aJudu :2 (-l)k --
.1t' 0 (2k)! 

o 0 

co 1)1. co u2 .,. 

1 ° 0f--' f-- . CD (uv)2k+1 Q = - eX-+"- e 4 stn avdv e 4 stn .?;udu :2 (-l)k ...,----
.1t' 0 I (2k+1)! 

o 0 

where 
CD (uv)2k 
:2 (-l)k --= cos uv 
o (2k)! 

<Xl (uv)2k+1 I, 
~ (_l)k stn uv. 
o (2k+1)! 

Now 

CD ~ <Xl ~ 

je-4 cos .'CU cos uvdu = if-4 [cos (.'Ct v) u + cos (.v-v) u] du 

o 0 

and 
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~ ~ ro ~ 

je-4 sin mu sin ltvdu = i Je- 4 lcos (tC-v) u - cos (,v +,,) u] du 

o 0 

wbieh may be reduced by means of the relation 

j
a:> V;Jt' _.:: 
e-p2

u
2 cos ;.pudu = 2p e 4 Ca) 

0, 

In' this way we get 

and 

1 foo- 5v2 
, 

P = ---= e,,-2 e 4 cos av (e2Xv + e-2;W) dv 
2V;Jt' 

o 

To evaluate these integrals we may remark thaf the relation (aÎ 
holds fol' complex values of )., PuttIng therefore ;. = a + ib and , 
equating the real and lmaginal'y pal'! in both membel's of the equation, 
we bbtain 

co - a2 b~ I 

f ' V;Jt' --+- ab 
e-jJ2u2 cos apu (ebpu + e-bpu) du = - e 4 4 cos - . 

P 2 
o 

f
rr) V;Jt' -~+~ ab 

e-p2u2 sin apzt (ebpU - e-bpu) dtt = - e 4 4 sin-
. p 2 

o 

which redu~e the values of Pand Q to 
.J(o:~x") 

1 --' 4am ~ 1)7. H2",(,v)H2k(a) 
P= -e 5 cos-=..:;.( '" . V5 5 0 (2k)! 

InvesLigating in the same way a second series 

(b) 

(19) 

(20) 

11 
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s = ; fJnHn(n)Jlu(a) 
o 2n . 11/ 

whel'e fJ l'eplesents a vallle between 0 and 1, we get 

fJl1 Hn(,'IJ ) Hn(,'IJ ) 

2" . 111 

and 

00 00 1!2+V2 - (fJ UV)27C 
~ fJn Hn(m)Hn( (t) __ 1 ,,,,o-+--f-J --, - ~ 2 d d ...,;;, ,,-' e 4 cos ,'lJ1.t(COS av...,;;, --- u v 
o 2n • nl :re 0 (2k)1 

o 0 

(
f:iUV)2lc+l 

ctJ 00 u~+v!! -

--I-~ e7:2+"2[[e- -4-sin,/JusinwJ f __ 2 ____ dudt' 
:re •• 0 (2k+1)1 

o 0 

1 ,2 rJ'" _ U2+v2 ( 01!1 - O;V) 
= 2.7l' eX~"J. e 4 cosmucosav e 2 + e dudv 

o 0 

00 '" U
2+L2 ( DUO 8UI1) + ~ el!2+,,2(Je--4-si11musinav e2 -e-2 dudv. 

2:re J. , \ 
o 0 

Now, by means of (b), we may write 

00 u2' ( Ouv ouv) OlVl 

Je - 4' cos iUU e 4" + e - 2"" du = 2 V .7l' e - x2 

+4 cos fJ,'lJV 

o 

00 u2 ( OUII 8UV) 02, l f e-"4sin ,'lJU e2 - e- 2 du = 2V ~e-.tJ+4 sin (),IJL' 

o 
therefore 

(21) 

or 
(tx-Ox~~ 1 Cf2___ 00 fJnH,i(m)Hn(a) 

S=~e \-82 =:E (22) 
V1-fJ 2 0 2n• nl 

This result shows th at the serIes is diverging when () = 1, 

7, We sball next detel'mine whether any fllnction whatever of' a 
real val'iable can be ~xpl'essed in a series of ,this form, 
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J(tv) = Ao Ho ({IJ) + Al Hl ({IJ) + A 2 H~ ({IJ) + ... 
Bupposmg thlS expansion to be posslble the C'oefficients An may be 

found by means of the relations (6) and (7) 
00 

All = 1 f-C/2/(a) Hn (a) da. 
211

• n! VJT. 

With these values the second membe!' reduces to 
00 

S = Lim ;$ ()Il All Hn (tv) 1) 
O=l 0 

( where 

1 00 ~ _ (I-DJ) j32 

=-; I/ca) da je 4 cos (a-{).IJ) fJdfJ. 

-00 0 

Rence 
00 (I-DJ) j3J 00 

S = Limf- 4 d{3(f(a) COb (a-{).'IJ)Jda 
0=1 '), 

o -GO l 

or 
00., , 

S = ~ I dfT Jr (a) cos (a -.'IJ) fJ da. 

o -0, 

Now the second member of tbis eql1atlOn repl'esents j(x), when 
this function satisfies the conditions of DIRWHLET between the limits 
- IJJ and + IJJ. Evel'Y fnnctlOll of this kind may therefol'e be 

'expanded 111 a sel'Îes of the functions H. 

8. Wenow' proceed to gl ve some e::-.amples of th is expanSlOll. 
I Let j(,?:) = .'V Il , then we have 

,vP = Ao Ho + AI Hl + A 2 H 2 + ... 
where 

1 1 Joo 0 

.11n = -- --=. .V ll IIn e-;J.- d,'IJ. 
211 • n! V JT 

-00 

E\'idently this inlegral is ZeL'O when ,'VP 11" IS an unevel1 fnnction 

1) 'fhe idea of inll'oducing () was suggesteu to me by PlOf. P. DEBYE. 

7S 
Proceedings Royal Acad. Amsterdam. Vol. XVI. 

\\ 
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or if 12 + lJ is an uneven munber, the integral vanishes also when 
IJ < n. Supposing therefore p + 12 eren and n < p, we have 

Ol' 

Rence 

00 00 \ 

_ fwp En e-a.2dm = (-l)lIfmp!!!:.- (e-,x2) dlV 
dJJn 

00 

_00 

foo d (dn-
1 

) = (-l)n lVP - -- e-x2 dm 
dlV dlV lI- 1 

-00 

J
OC dn-l = (_1)11-1 P :vl'-1_- e-x·d.7i 

- d.'lJn-l -

f p/ V:rr-.7iP Hn e -a.ld.'/J = --=---
p-n' 2p-n ' 

-00 2 

and 

which gires 

pI All =_-C.-_. 
p-n 

2p --/11/ 
2 

(2z)lJ = Hp + pep-I) ~,-2 + p(p-1)(p -2)(p-3) ~)-4 + ." 
1/ 2' 

Ir. In the becond place expanding 

e2j3x-j32 = AoHo + AJ11 + A 2H2 + .. 
tlle coefficients are gi,-en by 

1 1 foo A = --- e - (,,-(d)' H (Cl) da . 
n 2n 'v- n .11. JT 

-00 

01', putting lt = Y + [j, by 

1 1J'00 f A,! = -- -=- e-l/~ Hn (y + [j) dy . 
~1! • 111 V:Tl 

-00 

Now, expn.nding Hn (Y + Ij) by iVfACl.AVHlN'S theorem we have 
[j'! 

.H,! (y + [j) = HII (y) + ?'j Hn' (!/) -I- ... -:-; EnC") (y) 
n. 
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whel'e accol'ding to (4) 

Hn' (y) = 2n H II_ I (y) 

H,/' (y) = 22 n (n - 1) Hn-2(Y) 

thus 

- ~ ~ 
IIII(y+m=HlI (y)+2n[jHn_1 (y)+22n(n-1) 2,HlI - 2(YI +, +211.n/ ,Ho(1j). 

. n. 

Introducing tlns val ue, we get immediately 

and 
o [j {P [j3 

e2f3x-f3- = 1 + - Hl (,v) + - H 2 (,v) + - Ha (m) + ... 
11 '.!./ 3/ 

From this eqllation several others ma,}" be deduced, 1'01' insiance 

e-'JJ3.~-foJ = 1 _ ..!!.- H (.v) + [j2 IJ (m) _ (33 H ' 
11, 1 2/ 2 3/ " ... 

e2f3x-- e-2,8r: ~. W 
e-f3J = 1 + - 11 + - H + 

~ 21 2 4' 4 

e2f3:r - e-2J3x;:1 W , ['1 5 

e-f3J fII + - Ha -,-- lis + ... 
2 l' 3' 51 

00 '2k 
e'lJ cos 2'I,v -= ::E (-I)',; ~ n"k(m) 

J 0 (2k)/-

, • 00 y2k+1 
el' sm 2y,v = ::E (- 1)7.: II27.:+1 (,'IJ) 

o (2k+ 1)1 

lIl. As a third example we will expand a discontinuous funciion. 
SupposiJlg .f (,IJ) =:J from :IJ = 0 to ol: = j alld f (,oIJ) = 0 fol' 

1 < ,1] < 0, we have 

f(,'IJ) = AoRo + Al Hl + A 2 H 2 + ... 
where 

Au -== -- --= e-<t2 Hn (a) da. 1 1 JI 
2n • nl V ~ 

o 

This coefficient ma)' be deteL'mined in the following wa)'. 
Let 

In = f~<t2 Ril (H) da = J (!. aE1n-1 - 2 (n--l) 111/-2) e-C/.2da 

o " 
then 

78* 
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j Ol fl 1 fl 
2ae-«2 ILI-1da = - Hn-Id (e-«2) = - (e-«2 Hn-I)O + e-,,2 H'n-I (ja _ 

o 0 0 

= Hn-l (0)-e-1 H n_ 1 (1) + 2 (n-J)f~"2Hn-2da 
"~ 0 

and 
In = ILl-l (0) - e- I l1n-1 (1) (n> 0) 

Now Hn- 1 (0) vanishes fOl' odd value& of n, therefore 

1 2k = - e-IE12k-d1) (k> 0) 

I I2k+1 = - e-1H2k (1) + H'J7.. (0) (k > 0) 

The following re1ations hold between three succes~ive va1ues of I: 
12k+J - 2I2k + 2 (2k-l) I'2k-1 (0) = 0 (k> 0). 

(2k-2)! 
[2k - 2 I2k-1 + 2 (2k-2) I2k-2 (0) = (-I)k 2. (k-1)! (k> 1). 

For 

127..+1 - 2I2k + 2 (2k--1) I 2k-l = B 2k (0) + 2 (2k-1) H2k-2 (0) -

- e- I [H27c (1) - 2H2k-l (1) + 2 (2k-1) H 2k-2 (1)1 

whel'e the second membel' vanishes according to (5). 

In the same way the second l'elation may be proved. 
From this It is evident that all values of I depend upon the 

values of 11 and I2' and these may Ge obtained du'ectly fOr 

[2 _J1 e-,,2 (4a2 -2) da = _ 2e-1 

o 

J1_«2 -I 
11 = e 2ada= 1-e . 

o 

Tf <'IJ = 0 Ol' <'IJ = 1 the expansion does not holeI. For these ,'alnes 
however we may easlly vent)' thaL the secolld membel' l'edures to 
the yalue 1. 

TaIdng ,v = 0, Ihe gerond rnembel' recluces to 

Ltm - e dl!2. 
. 1 J1 --'~ CÇ, (j11 HII (0) Hl! (a) 
0=1 V; 0 2l! . n , 

o 

Ol', aCrOI'c1111g to (22), Lo 

Assuming 

c(..! 

Lim _I_file 1-0- da' 
0=1 V:re Vl-{j2 

o 
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a 

VI-tJ2 =[j, 

we have 
1 

1 fV 1-li
2 

_/32 1 ftO -1'2 
J~:l V.1l' e d[j-V.1l' e d[j=!. 

o 0 

Ln the same way the value for tV = 1 may be found. 

SEOOND SEOT ION. 

9. Oonsidering the functions 

cpn (z) = Gn;-"2 Hn (.11) ,. 

and detel'minmg the valne of the constant CII so th at 

-00 I 

we easIly get 
1 

G'l=----
n 

and 

1 
pn (.'IJ) = ----- e 2 HIl (.11) 

11 

2"2 Vn]r;ï 

Putting these values in the integral equation 
00 

pn (,'IJ) = },nJcpn (a) K(m, a) da 

-00 

we shall now detel'rnme the ullknown functlOn J( (tV, a) and the 
unknown ronstant },1I' which verify this eqllation. 

The expansion Il from Art. 8 gave 
00 

1 1 f [jll An =--V- e-(a.-f3P Hn (a) da =-
2n • n! .1l' n! 

-00 

thus, changing [j into u, 
00 

(2,,)11 = :;f- (a.-U)2 HII (a) dl!. 

-00 

II 



- 15 -

1204 

SubstItutmg tI1lS \'alue 111 (9) we have 

=~eX2 ~-~-Hn (a) claf:2"lt-~1t2 cos (,vu _ n:n:)dU. 
2~ J' 2 

-Cl> 0 

Changing a into - a, this glves 

Hn (.v) = (-1)11 e3--
f

Cl>e-"2 Hn (a) da ~ -2"ll-~1t2 cos (am __ n:n:) alt (c) 
2'1:7l' J' U 

-Cl> 0 

and puttmg - u msteàd of u, the same equatlOn leads to 

1 fa> fO-2"'11-~1t2 ( n:7l') Hn (,v) = - e,2 e-",2 B, (a) da e 4 cos ,vu+ - du 
~:n: 2 

-Cl> -Cl> 

WhICh, by the relahon 

cos(xu-7) = (-I)n cos ( xu+ n;) 

IS eqUIvalent wlth 

(-I)n fCl> JO -2"'ll-~ 2 ( n:n:) • 
hu (iV) = __ ex2 e- a2 Hn (a) dcc e 4 u cos ,Vlt - - du. (d) • 

~n 2 
-Cl> -Cl> 

Now, addmg the equatlOns (c) and (cl) we find 

-Cl> 

4 
whel'e, puttmg u = v - 5" a 

-Cl> 

Ja> -2"U-~1t2 ( n:n:) ~"2Ja> _{V2 ( 4 n:7l') 
e cos X1t - 2" dit = e e ws ,vv - "5 aa; - 2" av= 

-00 -Cl> 

~,,2 (4 nn)Ja> ~ v2 
= e ws '5 a,v + "2 e cos ,vv dv • 

-Cl> 
, 

ACl'ordmg to formllla (a) Art. 6, we obtain thel'efore 

J-a>_2"tI_~U2 ( n:n:) 2Vn ~"I_~X2 (4 n:n:) 
e cos .tU -"2 du = V5" e cos 5" ax + 2"" 

-00 
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and finally 

1 ~X2Joo -~ (4 ) 
Hn (,v) = V 8 'j 8 5 Hn (a) C08 - a,v _ nn da. 

2n 5n 5 2 
-00 

X2 
Multlplying this equation by Gn e-2" we have 

00 3(rx~X2) 

(Pn (x) = 1 JC{Jn (a) 8-.-
0 

-C08 (~a,v _ n:Tr) da 
2nV5n 5 2 

-00 

thus 

or 

3(rx2+X2) 

K (x a) = -- e C08 - ax - - . 1 10- (4 n3'l) 
'V53'l 5 2 

To make K (x, a) independent of n, we distingUlsh two case<=;' 

1. neven = 2m, then 

00 3(rx2+xJ) 

(-l)m J -10- 4 
C{J2m (IV) = 2 V~ C{J2m (a) e C08 -5 ax dm 

2 m iJ:rt 
-00 

3(rx~X2) 
1 -1-0- 4 

KI (,v. a) =-= e C08- a.v. 
V53'l 5 

2. n odd=2m+1, then 

1 3 (rxJ-x2
) • 4 

Ks (.v, a) = V5:rt e 10 sznS" a,v. 

Accordmg to the theory of mtegl'aI equations we know that 

K ( ) 
_ ~ C{J2m (.r) C{J2711 (a) 

l.:v·a-~ 1 
o 1\.2m 

1'1) __ ~ C{J2m+1 (x) C{J2m+1 (a) 
Ks (.v.,.. ~ 

o À2m+1 

X2+rxS 

K ( ) 
1 --2- ~ (-l)m H2m (x) H2m (<<) 

I x, a = V:: e ~ 
"~ 0 (2m)! 

x'+rx2 

K ( ) 
1 --2- ~ ( 1) H 2m+1 (x)H2m+1 (a) 

s lil, a = - e ~ - lil ----'-----'---v;r (l (2m+ 1)1 

\\ 
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wbich ma) be vel'ified by tbc equations (19) and (20). 
10. We shall now show that the fllnction 

Hn+1 (IV) + lcLll+1 (x) 
Hn (ll:) + k Ln (m) 

a 

where k is an arbitrary constant, may be developed in a conti
nllOl1S fraction. 

Diiferentiating and eliminating k, the dliferential equation for a, 
takes the form 

where 

Yl = HII+1 (.~) Y~ = Ln+1 (m) 
Zl = Hn (.~) Z2 = Ln'(m) 

According to (17) the coeificients of this equation may be written 

Y2Z1 - YI Z2 = - 2n+1 n! /2x2 

dZ 2 dZ I 2 
• Z 1- - Z 2 - = 2n (HnLn+1 - HIl-1Ln) = 211+1 n! eX 

dm dm 

dy, dZ 2 dZ I dY2 + 2 
Z2 _. - YI - + Y~ - - Zl- = 2n (HII-1Lll+1-Hn+1Ln-1)=- 2n 2n!a;ex 

dm dlV dm dm 

~~ ~l + 2 YI- - Y2 - = 2. (n+ 1) (Hn+1Ln - HnLll+l) = 2n 2 (n+1)! eX 
dm dm 

thus 

Sl1bstituting 

da 
- = a2 

- 2.va + 2 (n+1) 
dm 

2n 
a= 2m -

al 
the fl1nction liJ satislles an equation of the same kind viz. 

dal - = (J12 - 2ma1 + 2n. 
d.v 

Substituting again 
2 (n-l) 

al = 2m - --
as 

the tl'ansfol'med equation is 

da2 - = a2' "- 2ma~ + 2 (n-l). 
dil] 

. . (23) 
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and 60 on, until 

Putting now 

we have 

'1207 

1 
O'tI'= 2.1: +-

1 

dl - + 2.vl=-1 
die 

tbus 

C being an arbitrary constant. 
Hence 

\ 2n 
0'= 2.1: -- 2 (n-1) 

2.1:----
2.1: 

where 

Thus for 

n=2 d 2)= 

n=3 a(3) = 

n=n mtl)= 

2 (n-2) 
----

2.'/; 

Ha (C-1) + (4.'/;2_4) ex2 

- H
2 
(C-I) + 2,'/;e:t~ 

_ H
4 

(C-I) + (8.'/;3-20.'/;) e'l:~ 

Ra (C-l) + (4,1]2-4) e:L2 

_ Hn+l (C-l) + l'nex2 

- Hn (C-I) + Tn- 1 ex2 ' 

(24) 

The following relation holds bet ween three successive functions 1': 
1'n= 2.1] 1',,_1 - 2n 1',,-2' 

as, appears from the substitl1tion of the ,'alues of (J(n) and (J(71-1) in 

2n 
dil) = 2.1: - --, 

O'(n-I) 

\' 
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Putting (IJ = 0 in this relation, we obtain 

Tn(O) = (-1)~ 211 (;) l (n even) 

Tn(O) = 0 Jn odd) 

lf now we compare the two forms 

Hn+1(C-I) + 1~!er2 Hn+1 + kLn+l 
(J = Hn(C-i) + Tn_1ex2 Hn + kLn 

(25) 

. . . (e) 

we may determine the relation which exists between C and k. For 
putting (IJ = 0, we have 1=0 and 

thus 

'1'»(0) -c = kLn+1(0) (n even) 

C 1 

T n- 1(0) kLn(O) 
(n odd) 

v;; 
k= - 2C' 

Hn+l 
Thel'efore if C = 00 th€( continued fraction (24) represents 

Hn 

and if C = 0 the value of rh is fraction is L~~l. 
Fl'om (e) we may deduce a new form for Lo(Jl). For introducing 

C instead of k, we have 

2C ex2 (HnTn-Hn+l1',,-Ü - V;; (C-i) (H,I+lLn-HnLn+Ü -

- va; e:2(Ln1'n-Ln+1Tn_Ü = O. 

No\\' the relations 
Tn = 2tuTn_1-2,vTn_ 2 

IIn+l = 2,vHll-2nHn_l 

Ln+l = 2mLlI -2nLn-l 
lead easily to 

or 

HnTn - Hn+1T,1-1 = 211 • n! 

Ln'1'n - Ln+1Tn- 1 = 2n • nl Lo' 

With these values, and (17) therefol'e, we iind 

2C. 2n . n! - (C-I) 2n+lnl _lv;;. 211 . n! Lo = 0 

x 

Lo = . ~_1-- 2_feX~dm . 
v 3l' Von' 

o 

(26) 
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This l'eSl1lt leads a,lso to a new form fOl' all the functions Lil (m), for 

o 
and,. according to (12) 

where 

T n- 1 = Hn-l - 2(n-2) Hn-3 + 22(n-B) (n--4) Hn-5 - .. • (28) 

11. Applying the precedmg expansion, the problem of the momenta ( 
may be solved. 

Let 
Ct> 

an = J f(y) yndy 

o 

the question is to determine the function f(y) when (tn is given for 
all positive integral \'alues of n. 

Putting 
f(y) = e-y2 [boHo(Y) + b1 Hl(Y) +b2H 2(y) + .. ·1 

we have to determine the coefiicients b from 
Ct> 

an = ~ bp }_y2ynHp (Y)dY 

-Ct> 

Here p + n is an 'even numbel', for the integl'al vanishes fol' P + n 
odd. MOl'eovel' the integral vanishes if p > n tberefore 

00 

an = ~ bp je-Y2ynHp(Y)dY 

-Ct> 

Ol', accol'ding to the expansion I Art. 8 

I V- ~ bp 
all =n. :1'(--

which may be written 

o n-p 
2n-p--I 2 . 

all n bp --_=An=2----
n!V:I'( 0 n-p' 2n-p-- I 2 . 

Sol ving these linear equations, we get immediately 

\\ 
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and accordingJy 

f {y} = :"j: ~ du ~ bp u; re, (Y" - P:) 
o 

where bp has the preceding values. 
W riting this ~ 

we have 

1 JO?~ 
f (y) = v;r e 4 du leos yu 81 + sin y1t S2J 

o 

O? p-l 

8, = :2 (-1) 2 bpuP 
1.3 

or, expressing bp in function of the values A 

S -A -U 2 (A -~)+U4(A -~+~) 
1 - 0 2 2211 4 2'1/ 24 .2/ ". 

- - Ct> = e4 (AD -A,u2 + A 4u
4 

- ... ) = e 4 :2 (_l)k A2kU2k 
o 

u' 
1 - 00 lI2k = _ e4 ~ (_l)k_- tt2k 

V; 0 (2k)! 

and in the same way 
,,2 

8 = ~ e4 .2 (_l)k lI2k+lcl u2k+ l • 

2 V; 0 (ik+l)! 

therefore 
00 

f(l!) = - du, eos !Jtt ::s ( - 1 )7c --" tt2/c + sin ytt .2 ( -1)k - u2k+l Ij [ '" C/2!. • 00 lt<>k+l ] 

Jr 0 t2k)f u (2k+l)! 
o 

or finally 

f(y) = ~f002 (-l)p ltpU,P cos (yu + p:r) duo 
3r 0 p. 2 

o 

Of course this is only a formal solution, which holds when the 
values lip are such as to make this integral convergent. This is e.g. 
the case if 
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for tben 

f(y) =--= ~f:os ~u 2 H2k(1) (~)2k du 
:rr ' 0 (21c)! 2 

o 
or, according to the expansion II 

f(y) =~fCXlCOS yu e-~ (et! + e- u) du, 
2n-

o 
which rednced by bArt. 6, gives 

) 
e , 

f(y = - e-Y- cos 2y . 
V:rr 

Microbiology. - "On t!te nitmte ferment and t!te fOl'rnation oj 
lJhysiological species". By Prof. Dr. M. W. BEI.TERlt-lCK. 

(Communicated in the meeting of March 28, 1913). 

It is a well-known fact that in soil as weU as in liquids containing 
a great many individuals of the nitrate ferment, large amounts of 
organic snbstances may_ be present withou~ preventing nitratation, 
w hich is the oxidation of nitrites to nitrates by that ferment. 

On tbe otber hand it is certain, that when only few germs of the 
ferment are present, so that they must first grow and multiply in 
order to exert a perceptible inflllence, extremely small quantities of 
organic substance are already sufficient to make the expel'Ïments fail 
altogether, the nitrite then remaining unchanged in the culture media. 

lt is generally supposed, that this lattel' circumstance must be 
explained by accepting that the nitrate ferment caJl only then grow 
and increase, when solllbie organic substances are nearly or wholly 
absent. 

My own experiment:;, however, have led me to quite another 
reslllt, na.mely that the nitrate fel'ment vel'y easily gl'OWS and increases 
in presence- of the most varioub organic substances. But in this case, 
that is, wherl gl'owing at t!te etvpense of Ol'ganic food, it soon wholly 
loses the power of oxidising nitrites to nitrates a,nd then changes 
into àn apparently common sapl'ophytic bactel'ium. 

This change may be called the format ion of a physiologiéal 
species, and the two conditions of the ferment thus l'esnlting, respec
tively the oligotrOlJ!tic and the polytropltic fOl'm. 

\\ 


