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however that this rotation, which is incomprehensibly denied by
Leeros does not set in before the mouth has reached its minimal
size, consequently in the middle of the period of the metamorphosis.
In consequence of this rotation the rostral rim of the mouth of the
larva becomes right-rim, whilst at the same time the posterior rim
becomes left-rim.

The mouth-opening having become velaropening lies now sym-
metrically with regard to the median plane, but the nerves, that
surround it, indicate that it continues to be an organ of the
leftside.

In the higher animals the middle-ear originates from the first
gill-pouch, whilst amphioxus lacks the auditive organ entirely. If
we wish to express ourselves in a popular way, we may say, as
I did already on a former opportunity: Amphioxus cannot hear;
he eats however with the left ear, and has consequently lost the
mouth.

it

Mathematics. — “dpplications of SoNINE's exlension of ABELs
integralequation.”” By Dr. J. G. Rurerrs. (Communicated by
Prof. W. KapTEYN).

(Communicated in the meeling of September 27, 1913).

Sonizt ') has given to Apur’s integralequation an extension which
comes to the following.
The unknown function » in the equation

~

&

) :J ple—8u@d§ . . . . . . (la)
a
is determined by
a2
u(w) ::‘JG a—E&) /'(Eds . . . ... (2a)
a
where we suppose f{z) to be finite and econtinuous, f'\») finite,

alx<b, and f(r)=10. Morcover ¢ and ¥ are connected in the
following way :

Suppose
<F 1 @0
=Xe¢ —_— = 2 d, n
¥ (."/) p CnlYm (//(,7/) . K

1) Acta Matém. 4; 1884.
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then if
Cm . dn

Tm—i+1) ~ 7 Tltd)

Oy =—
we shall find
PYo) = X a,,,l am and o(r) = #—(1—) by b, an,
0

and at the same time we find 2 bonnd to the condition 1>2>0.

This rather intricate connection between ¢ and o greatly limits -
the number of applications with some practical significance. As a
malter of fact Soxme gives two, for the third furnishes nothing new
as we shall see,

1. Aswl’s equation appears when in (1‘(1) we take: 1 (z) =
1

=—({1>41>0) By this a,=1, @.=0(@m>0), by which
¥

¢,= I(3—2), ¢a =0 (m>0) and therefore

—_— 1—4 1 — 1 .
gy =T1—4) , s TO—

furtheron
1

b= ra—z

, d,=0mn>0)

and therefore
1 sm L 1

b
¢ 1‘(1 7)1’(;) x
Finaily follows:

, b= 0 (> 0).

sin A 1

o) = ol

Substiiuiion of ¥ and 6 in (1a) and (1)) now gives ns:
2

W g IO
f(>~-j( Bd =" [ o

a

2. For the second application Somxe starts from ') :

zl,/ m

— 1y =
°°.( )(4)
S —_—

0 m!

2y
g ly) = I’(l—-l)e— 4= r{—z

*

so that
£I\m 2 \2m
(_ )m (4) - (__..l)m (2_)
= I(1—j) ————%—, thus = P(l—}). —————
o m! m! ['(m—A-+-1)

1) The factor £ (1—) is added for practical reasons.
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o) = L=/ 2(') m! D(m—A+1)

by which

— (-7 G—) T )

Further we find

"."/ 22'1/ 23
1 1 Y 1 4

- ey TR TTa-n, W

lvs

?

so that
2 \2n )
1 (E)
= Ir(l—2) YA
thus
2 \2n 2\2n
b — 1 (5) __sindmw I'(3) (727)
T rA—A) W Te+d)T @ " n! D(n+7)
by which
(g l/(v)?)l
in A »
g (J,') —_— wm—(l—/) E__E_ f—
14 o W!T(n44)
1—2
1= sindn T'(2) 2\ — T2 )
— ) (—) & 2 I (- @=Ve).
1 4 2

By substitution of these values of ¥ and ¢ we see that (la) and
(1)) pass into

/

f(@)=TI1—)) (%)l (.v—g)__") I GVe—Eu@Edi. . (8q)
with ’

I—a

L
t'— sin 2w I'(A)/ =z \1— T e — o e
u(w)= ————-——()(—) ﬂw—’s’) I_q—n(=V/a—8) f'(S)dS. (80)

o 2

]
a

For 2=} follow from this some important relations as Somng
already noticed. The forms of Aser appear when we take 5=

3. As third application SoxiNe gives:

o I'im—ai+1
# )= D1~ (201 = 5 (—1p» Lo=24D o,

m!

by which
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I (m—2 1) 1) zm
Cn — (—‘1)'" . _(Wi_ M, up= (—%‘_a -
thus N
N g S T
P@)=w 0( 1) =
Further ensues
1 1 i —1 w, r'(n+2—1)
_ ()= = e S (1 T gy,
o) TN TI—)T0) n
so that
(A—"1) sin 27 (—— 1)t I'(n+1—1) A=V sindx (—1)y zn
(Z" == zn ’ bn —_—
i1 n' 11 n! (n4-A—1)

and therefore

(2—1) sin Az (— 1) (ex)?
o)—m—-— 1y
m I n’(n—{-)—l)
to which SoniNe gives another form, which is, however, not coriect.
It would be better to write for it:
st 1 » 2 gt~
6 (v) = — (1—1) Z—1p — |,
x &l 1 ! (n+A—1)

for indeed it 15 now again evident that for z =0 we find ¢ and ¢
assuming the form as in § 1.

Substitution of ¢ and ¢ in (la) and (10) (SoNiNg leaves this out)
now gives :

a:——:(:l:—é')
J (2) :fm w(@ds, . . . . . . (49
with

sin Az y f' (§) - ( ))sm?n ) ﬂ(_]_)n»tr(-b S)n-}-/-—l
x J(a—8§)\— %= £ 4 j( )< nt (n-42—1)

As 1>21>0 and f{a)=0, we ﬁnd that by means of partial
integration the last integral passes into -

fmﬂ I

w(@) = d3.

so that

sin Jor [ FE) (1—2)sin Ax e_z@ £
T N L LT

u (#) =

That (4a) and (44) do not stand for anything new, we shall
immediately see by substituting
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f@)=c¢==2f (&) and wu (&) —=e%u, (),

where (4a) takes at once the form of ABEL’s equation and (4)) as
its solution can easily be reduced to its ordinary form.

In the following paragraphs we shall be led to really new appli-
cations.

4. Let in the first place

) 1—) m -+ —))
=T (13 (1+z*y2>‘7=-r—(~'1:;’—?§<—1)7't——*( e
1‘(—2—
where, by application of
I(a) I'(a + ﬁ):zzﬁ_l I'2e) . (5)
we find that
P(l — i) rim+ E)
Con = 2 (— 1)7"—*2 22 ooy =0
Yz m/
and thus, again because of (5):
(-5 T
W= ya OV ey
2\2m
= F(l — 2— (— 1)n (2) y G =0,
2 2
m!l’(m —5 -+ l)
so that:

7

 (4) == P(l —-g) S o (?:) )z p(l 2)( 2;%)‘1__ (@)
1

0
?7!1'1)———+
' (l 2

Furthermore we find

r 1-2
11 = 1 ”'_2") :

s T VT = Sy,

ri—» )1*(—-—)

by which, on account of (5):
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2 1-2
A1) 1| - " op— —
( ) (2) st Jo ! (n ) ) -

l == . (=1 —_—— oM —
G 22—, l/f’f P ( 1) n/ 2y dln-H =0

and thos, again on acconnt of (5):

A 1—4
A—1 — —_
( ) F(Z) sim Ar ]‘(n 2 ) on

Z)-)u: -"‘)’—~—~—~—-3' —

4 22_} ‘/.71‘ I 3 7;!F(27?+Z)

2 M
AN\ sindn 2
a a

. (-—-])“ ; bﬁn-[-l =9,
n/l’(n + ) (n+2—1)

z \2»
a1

—>~ .17Z+) '—‘1

so that

o) — (3 1[‘). sin)*zy Iy
@=6-1 r(5) =2y (
nd | n 4=

s As ' 1 (=0 T sz % 1y (2—) 21 .
4 el= b AN\2n+4-21—1
Ll i~ + ‘7_

&

For z=0 we are evidently acawn 1 the special casc of ABuL’s

problem (§ 1).
Let us now substitute ¥ and o now found in (1q) and (L), we
then aruve at the integralequation

AN/a\T [ R o -
J@) = F(l — —2—) (3) ﬁ‘u—g) Lo f2(x--8) w(§) d§, (6a)

to which belongs as solution:

9

. __sindm FAG) .
u($) = 7 =g ds
A ) fod 1
sin .7:(1—)1‘( )J —-) vay
) - 204/ —1
- ff &6 | S -1y e
!

( | .27; L—1
ol [ n+ )

As L >4>0, f(a)=0 and f(v) is fimte the last integral passes
by means of pattial integration nto
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(%)271 ({U_g)ﬂn—]—)—?
' T A
nf ('n —+ —2—)
\

__sinAw 7' () a5 —
=fio. |

(6)
__i_____i“”n(l_)') f [1‘(5) (E) BI*(]_%)%’ (m,—’é)}—(,q;_gl)e:']f (g)d’g‘g

5. In a similar way we find by starting from

f 7@ a5 | 2 1y

so that we find

)‘t
(m—}—l—-é—

2
14—
+ r (zy)‘_)m

- A
P = TR (e T2 =L Sy

A\ o

1’(1‘5)
r A 1
)

1
(Laty) o S (AL

and

~

o) 1’<1 )

successively )

=

1—4 22\ 2
po)= (=)= (Z) " 1 o)
2 2 & ——
z 2n
smidn 1 A+ sinda 2 (—> p2nti—1
(’L) = ;:7-—(2 -’.) T( 2 ) s‘(—l)?l

1
71’]’( )—|—) 2n4-2-2

We can again notice here that for z=0 the special forms appear
as with ABEL’s problem.
Substitution in (1¢) and (15) furnishes the integralequation

4+
—J

f(z)—r(lz‘)(g) f(z—w e RCECE

with its solution ;

38
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sin An - G) -

. u(z) = - —(_?,——_—E)T__) d§ —

2z \2n \
stn Ao (2—},) A1 x/ o g Sw . (E) (m_g)En-}-).—l
T a P( 2 ) f(S)db';‘?("l) il ALY 2nt A2 {
a 1 nl (n—}-—z—-—)

of which the last integral can be brought by partial integrating into
the form :

A < \ < n (5)% (an A=) (o — ;‘.’n«}-)-_Q
;ﬁ”(s)d’é- ?21‘(—1) nrr((n_;_f_”;_l 2n 4 4 — 2 =

z

. | (z)?"u — i
= [r@ 5. 1% '

__:(_—:Efj
s S (§> " (z — §)2-Hi—2

fff(é)d’é-ﬁ(—l)"nw( L1\ Znti—2|’ .

+

n—}-——

by partial integrating the last part we find for if, if we put:

F=0 (a) = £ &) d§: ,
2\ 2n4-) 3
(‘2’) (x—§)

A+ N
n! I’(n + —-4—2_———)
Summarizing we arrive at the following form for the solution
of (7a): )

snhx(* '@
@—8—

frev@a. )=y

u (@) = ag§ —

1—)
X

LA Gl ﬂn@ _ql?['[ P(Z —g 1)(—2)—? (.v—§)—3_2:I_1_-j fe(e—8)} — 0

“ ),,_;Hf() +ﬂ§i$ a5




