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ltowevel' that this rotation) whiclt is incomprehensibly deniecl by 
LEGROS does not set in bofore tho lllonth has reached its minimal 
size, consequently in the middle of the pel'iod of the metamol'phosis. 
In conseql1ence of this rotation the l'ostml ri m of the 1l10nth of thc 
lal'va becomes right-rim, whilst at the same time the posterior rim 
be('omes left-rim. 

'fhe 1l10uth-opening having become velal'opening lies now sym
metrica-lly witl! regaJ'd 10 the median plane, but the nerves, that 
snrl'Olllld it, illdicate that it continnes to be an organ of the 
leftside. 

In the higher animals the micldle-ear originates from the first 
gill-pol1ch, whilst arn;:>hioxus Jacks the auditive ol'gan entirely. 1f 
we wish to' express onrselves in a poplllal' wa)', we may say, as 
I diel already on a former opportunity: Amphioxus cannot hear; 
he eats howevel' with the left ear, anel has consequently lost the 
mouth. 

" 

Mathematics. - "Applications of SONIN1!]'S e.'Clenslon of AI3EL'S 

integmleqztation," By Dl'. J. G. RUTGEHS. (Commnnirated by 
Prof. W. KAPTI'iYN). 

(Communicated in lhe meeting of September 27, 1913). 

SONINN 1) has given 10 Armr,'s integralcquation an extension whieb 
romes to the followillg. 

'l'he unknown fnl1ction u in the eql1ation 

f{·1J) J"ll' r.'I:-g) lI(~)dg (la) 

(! 

is dcLel'mineu 0)' 

(2a) 

a 

whero we supposo f(:v) to be finite allel rontinllous, f\1') finite, 
a ~ .1' ~ b, nnd f(rr) = O. 1\101'CO\'01' () itnc! 1" tL1'e ronnertec! in the 
following WtL)': 

Sllpp.ose 
' .. 

, '1(y) = ;S Cm Ym 
o 

1) Acta Matèm. 4; J 884. 

1 00 

--=:Edlly", 
(f(Y) 0 
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then if 
CIII 

a ----
lil - T(m-À+1) , 

we shall find 
00 00 

tp(iV) = iV-I :E am.vll) and 6(.1') = .1,-(1-/) :E bl! iV", 

o 0 

anel at the same time we tind ), bonnd 10 the condition 1», > 0. 
This rathel' inLl'fcate connection between tI' and 6 greatly limits -

thc number of applI('u,tions with some pmctical significu,nce. As u, 
matter of fu,ct SONIN]~ gives two, tbr the third furnishes nothing new 
u,s we shall see, 

1. ABI~L'S equation appea1'5 when in (la) we take' tf' (,'IJ) = 
1 

=-(1))..>0). By tbis llo=1, al/l=O(m>O), bJ which 
{IJl 

Co = r (:I-i.), Cm = ° (111 > 0) u,nd thel'efore 
1 

q(y) = r(1-À) 
1 

lJ(Y) r(I-ol), 
fUl'therou 

I 
do = , d, = 0 (n> 0) 

r(1-1.) 
u,ud Ihel'efol'e 

1 sin 1.:1: 
b = --- = -- , bil = 0 (11 > 0). 

o r{l-Î.) 1'(1.) ~ 

FlI1ally follow5: 
sin Î • .7l I 

û(m) = --. 
~ ml-I 

SlIbslilullO/I of tI' and û in (10) awl (1b) now giver, us: 
:l, 

j ' 7l@ ~ 
f(.1') = -):- cl; , 

(m-!!iY 
a 

:l, 

sin Î.1C r t '(~) ~ 
1/(.1') = -- --' -'- cl;. . Cl) 

~ • (/V-:)I-I 
ct 

2. Fol' the seconcl u,pplicu,tion SONINJli slm'ls fl'om 1) : 

(~~!J)1II 
Z~'I (-1)1/1 ~ 

-- 00 4 
'IC!!) = r{l-À)e 4 = r(l-i.) :E , ' 

o m. 
so that 

. (-1)11l(f)1lI , (_1)1Il(i)2J1l 
Cm = rel-i) , thus am = r(l-),) , ( ). 

mI mI r m- +1) 

1) Tbe f'actOl' r (1- \) is adde'l for practical reasons., 
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by which 

(
ZV'U)'2111 (-1)/11 - I 

<IJ 2 z 1 __ 

tp(:u) = r(l-i),v- 1 2,' = r(l-J) (-) {IJ 2 I-I (zV,u) 
o mI r(m-À+1) 2 

Furthel' we find 

(
Z21/)" :;llJ _,I 

1 1""4 1 a;., 4 
-=---c =----~--, 
(p(y) rel-À) r(l-J.) 0 1t! 

so that 

1 (;J" 
d - ---
11- r(l-J.) ' uI ' 

thus 

sin ),tr r ().) 
tr ' nl r(n+J)' 

1-) 

~ - szn "tr " z -, 2 r ('~ V,) 'I ) . , re') ( )1 ) --
tr ,., "2 ,v -(l-I) z~ ,r, 

By sub&titntion of 'these valnes of tf' and (j we see that (ia) nnd 
(ib) pass into 

x ) 

f(,v) = rl1-},) (i)J<.v-s) -2,'_1 (z V.u-s) Il@dg, . (3et) 

a 

with 

a 

FOI' J, = ~ follow ti'om this some impol'tnnt l'elations as SONINE 

ah'endy notice(l. Thc forms of ABl~L nppeal' when we tnke = = 0. 

3, As thil'd npplicntion SONINI!: give&: 
~ r(m-l+1) 

lP (y) = r(l-J,) (1+zy)-(1-1) = ~ (-1)/11 , (zy)l/l, 
o m. 

by which 
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r(m-)'+l) 
c - (_1)1/1 .. 1/1 m- . mi ~ 

(-1)111 z11l 
am= 

mi 
thllS 

Further em,nes 
1 1 ) -1 00 r(n+J.-l) 
-= (1+zy)1-J = 2.'(-l)n------(zy)", 
rp(y) r(l-}.) l'(l-J.)r(J) 0 n' 
SO that 

(}.-I) sin ) .. T (-1)/ r(n+Ä-l) (l-l)sin}.'l (-1)/.:;" 
dil = . .:;" , V" = ----------

3r u' 3r nl (n+}.-I) 
and thel'efore 

(J.-I) 6i7/ }.'l ~ (-l)n (z,!!) , 
a (,!!) = ,,/!J-l;S , 

3r 0 n!(n+}.-l) 

to w luc h SONINl~ gi yes anothel' fOl'm, w bieh is, hoV';evel', not corl eet. 
It wonld be better to write fol' it : 

sin}'l [ 1 ",.:;11 i/,n+J-l ] 
a (m) = -- -- - (1-).) 2(-1)11 , 

3r ,v 1- J 1 71/ (n+Ä-1) 

1'01' ineleed it IS now again evielent that fol' z = 0 we finel lP and (J 

assllmmg tbe form as in § 1. 
SubstitutIon of tp anel a in (lrt) and (lb) (SONINE leaves tlIis out) 

now giveEl: 
x '-

Je-=(x-s} 
j (x) = g) lt (6) {zg, •. 

(,v- J 

. • . . (4 a) 

a 
with 

As 1 > Ä > 0 and f (a) = 0, we find that by means of partial 
integl'ation thc last integl'al passes mto . 

x Jf@ 1 ~ (-'1)" ZIl('!!~~r+)-21 dg> 

a 
80 that 

~ ~ 

sin }'lJ f'@ (l-).)sin Ä3rj'e-z\.x-ç';-l ~ 
~t (a:) = -:- (. J:)l-J dg - ---- ( I:)"-J f(g) d; • ('lb) 

"''' lV-~ :r lV -~ ... 
a 

Thai (4a) a.ncl (46) do not stanu fol' anything ne\'\', we shall 
immediately see by substitnting 
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1 (,~) = e-:::t 11 (lIJ) and 16 (,e) = e--::X 1t1 (,e) , 

where (4a) takes at once the form of ABEL'S equation and (4b) as 
its solntion can easily be l'educed to its ol'dinary form. 

In the following paragraphs we shall be led to really new appli
cations. 

4. Let in the fil'st place 

1-) ( 1-;.) r m+--r 1--; 0> 2 
( )::E ( -1)111 (z!J)2m, 

r(I 2 A) 0 m! 

--
rp(y)= r(I-À) (1+z2y2) 2 

whel'e, by apphcation of 

V3l' 
rea) rea + n = -- . r(2a). . . . . . (5) 220:-1 

we find that 

and thus, again because of (5): 

( À) (I-À.) r 1-- r rn+--
a2m= ____ 2'-.(_1)1/1 ~ z211!= 

2)V3l' m!r(2m-À.+I) 

so that: 

( À)(Z)~ r 1-. - 21 1 (Z'L) 
2 2.'1: --

2 

FUl'thel'more we find 

( I-I,) r n--
1 ~( 2· 

(

I -1) . -; -1)" --11 -, _(zy)211 , 
r(l-),)r -2-

I-I 

by which, on account of (5): 
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anc! thl1&, again on account of (5): 

(),) ( I-À) (À-I)r-. rn--
2 btn i.n 2 

lJ''!'n = " --. (-1) I ~211 = 
2--JV 3l'.1l' uI r(2n+i.) 

(
Z)21l 

(J.) sin ),7r 2 = (1,-1) f' - --. (-1)" ,Ó21l+1 = 0, 
2 7r (J.) uI f' n +"2 (2n~i.-I) 

so (!Jat 

(i.) sinix en (i-)21t .v11l+J-1 
IJ(.v) = (l-I) r - --:2 (-1)1/ . = 

2 .1l' 0 (À) 2n+}.-I 
n!r n + 3 

sml.1l' 1 (i.) bm}x U) (~)21l . .;271+J--l 
=--.--(1-),)1' - --2(-1)11 ----- . 

.1l' .v 1
-

J 2:r: 1 (i.)2n+i.-I 
!tl r 1, +-

2 

Fol' Z = ° we al'e eVlclen tI," I.1,Qat1l 111 (he speclal case of AREL'S 

pl'oblem (~ 1). 
Let us now substltute 11' J,nd IJ now found in (la) anel (H), we 

tilen Ul'l'lVe at tile integntletjl1ation 
J 

- ? 

f (.u) = r (1 - ~) (i) 2j{.v_g)-i J -i !z(.v--;)j u(;) cl;, (6(~) 
n 

ta winch belangD ,1,'; sol u tion : 
? 

, sin À.1l'Ji /@ I: 
u(.v) = -- --~- d~-

.1l' (.v-S)l-J 
n 

As 1 > À > 0, f(a) = 0 anc! f(.i') is til11te the last 1I1Legl'al passe& 
by means of pul'tial 111 tegl'atioll 1I1 Lo 
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80 th at we find 
$ , 

sin À3rJi f' (S) ~ I 
U (iV) = -- --- d~ -

~ (iV-S)I-l 
a 

x I--l \0~ 
sin À3r (I-I.) À z 2 1 l: 

- I r[r(-) (-) I ( ))lz(,'lJ:-s)l- ~=-lf(S)d~ ~ J 2 2 - 1-- (.1!-!:»- ) 
, 2 I 

r:! , 

5. In a similar way we find by starting from 

and 

successi vely 
,1-) 

(
I-À) z (2''lJ)-2 

tp(iV) = r -2- "2' z I _ 1;1 (z.'lJ), 

sin À~ 1 (À + 1) sin À3r 00 ( ; ) 2n ,'lJ2n+;"-1 
a(.'lJ)=--.--(2-1.)T -- --2(-I)Il----'::---'-::-- ---

:Tt .'lJ1-) 2 3r 1 ()+1) 2n+I.-2 n'r n+-. • . 2 

We ean again notice here that fol' Z = 0 the special forms appeal' 
as with ABEL'S problem. 

SubsLitution in (ia) and (lb) furnishes the integl'alequation 

1+1 

f(m) = re 2 }.)(;) 'j .. -s/~) 1 _ I+>I*-S)J u (s) dg, (7a) 
a 2 

with its solution; 
38 

Proceedings Royal Acad. Amstel'dam. Vol. XVI. 
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x 

8in J.:rr~ fJ (S) 
u (.v) := -- J:) dg-

:Tt (.v-~)l- . 

sin ),:Tt (2-À) (À+ 1)1 ; ~ ~ ro (i yn (,v-s)2n+À-I t 
:rr r -2- '.)f

J

(6)dS. ~f(-l)n ~( )0+1)' 2n+À-2 ~' 
a ' '11.11 '11.+- , 

2 ~ 

of which the last integl'al can be brought by partial integrating into 
the form: 

by partial integrating the last part we find for it, if we put: 

(:-1) (tv) = J f@d§: 

x l (:)2n(,V_S) 211+À 3~ 
jfc-I) (s) dg. ~ (-l)n 2 A+ 1 . 

a n! r(n + -2-) 
Sllmlllarizing we arrive at the following fOl'm for the sollltion 

of (7a): 
x 

sin À:rr~ I' (6) ~ I tt (tv) = -- À dS-
:rr (tV - s) I-

a 

sin À:Tt (2-À! t[ (jo + 1)(Z)1-;;À -~ (7b) 
- 1/: J r ~ '2 (tll-S) 2 I _ l-).(z(m-S)l-:- \ 

a 2 

, 1 " .] \ f(6) + fC-I) (6) I elS 
(tV -6) ~-J. I tV-s \ 


