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In our concluding papet· something will be said about the lempe­
rature influence, which will manifest itself bv continual diminution 
of b,.- bo, at first slowly, then more rapidly,· as the ~bsolute zero is 
approached. Descendillg fl'om high to low tem perat llI'es one can 
therefore pass thr0ugh all the types. If the-criticall'egion of a substance 
lies i1l the region of low temperatures, the critical quantities, and 
also Ihe isotherms in the neighbolll'hood of the critical point, wiU 
present, as far as the COLlI'se of b is concel'ned, tbe little variabl~ 
type with slight' bk-bo (y in the neighbolll'hood of 0,5). But these 
same substances will of course show the same variability of ,b as 
the "ordinary" substances at high temperatures. Reversely the ordinary 
substances, considered a,t low temperatures, will as.§ume the Argon-, , 
HJdl'ogen- Ol' Helium-type, with respect to tlle slight yariabilitj' of 
b at these temperatures. Etc. Etc. 

In this concluding paper I shall aIso communicate the b-values 
for Argon I have calculated; besides I shall ventl1l'e to give some 
theoretical considemtions cOllcet'ning tile diminution of the factor 4 
in b'l = 4rn with fal! of the tempel'atLlre. 

Fontanivent sw' Clal'ens, Februal'Y 1914. 

Mathematics. - "The envelope of the osculating ellipses, w/tich a1'e 
clescribecl by the l'epl'esenttrtive point of (1, vigratin,q mechrrnisrn 
hl1ving two clegrees of fl'eedom of nem'ly equal f1'equencies." 
Bj' H. .J. E. BETII. (Communicated by Pl'ofessor D. J. KORTEWEG). 

(Communicated in tlle meeting of February 28, 1914). 

~ 1. In rnJ paper on the small oscillations of rnechanisrns with 
two degrees of freedorn 1), LISSA.TOUS Clll'ves with their envelopes were I 

discussed, which envelopes form the bounclaries of the domain of 
motion. In a summal'izing tl'eatrnenl of a mOl'e general problem 2) 

my further inquiries as to tllese envelopes have aIso been included. 
These inquirie::. we re extended over a system of f.JISSAJOUS curves, 
more general than the system wbich ió of importance fol' the dynamical 
pl'oblem. Howevel' the envelopes vIlere considel'ed exclllsively from 
a dynamical point of vie w , so that purely geometrical properties 
togethel' with the shape of ,Ihe curves outside the domain of motion 
l'emained unknown. Moreover what came to light about the shape 
of thl3 envelope l'emained for the greater part restricted to simple 
cases, e.g. in the case, formerlj' indica,ted by S == 2, to tlte symmet­
rical case, as quoted, inclicated by JJ + q = ° , l = 0. 

I) These Proceedings pp. 619-635 and 735-750 (Hl10). 
2) Phi!. Mag., sixth series Number 152 (1913). 
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tn what follows for S = 2, the casë of the equality of frequencies, 
the envelope will be treated anew and ii'om a more geometrical 

, point of view. 

We shall therefol'e have to occupy oUl'selves with the envelope (L) 
of the system of ellipses 

{(J = V; cos t y = Vl-; cos (t-q». 

in which ; and rp are two variabie quantities in the mo~t general 
case connected by the relation: 

V - 1 V 1 . ç (1-;) cosrf' = - 2l ± 'P ;2 + q; + l' + 4l~. 
By elimination of t we tlnà fol' the equation ~f the ellipses 

(A) (1-;).'1;2-2 V;(l-;)cosg:; . tvy + ;y~ = ;(I-;)sin2 rp. 

Let us now determine the recipl'ocal polar curves of these ellipses 
with respect to the cil'cle: 

(C) iV' + y' = I, 

in the eircumference of which eil'cle the vertices are situated of the 
l'ectangles, whieh are cireumscribed. to the ellipses (A), and have 
theil' sides parallel with the axes. The envelope (D) of this new 
system of ellipses will be the l'eciprocál polar eurve of the envelope 
(L) wanted. (Cf. note p. 943). 

The new system of ellipRes appears to be given by: 

(AI) ;,v' + 2 v;rï -Ç) cos,1' . ,vy + (1-;) y2 = 1. 

By elimination of (p betwTeen this equation and the given relation 
between ; and r(J we find: 

4 (p;2 + q; + l' + ~ t2 ) tv2y~ = 11 _ ;ro2 + l,vy __ (1-;) y212. 

This equation contains ; to a no higher order than two. The 
equation of the envelope of (A) may consequently be written down 
at onee. Aftel' some reduction this equation of (D) becomes: 
-(41' +l2)(y2_ro2)2_4p(1 +l,~y_y~)2 t- 4p(41'+l2),v2y2= 

=4q2,V'Y· -4q(1 +l,vy-y2)(y~ _IV2). 

As (D) is now apparently of the fom'th order, the envelope (L) 
wanted ii of the j'ou1,th class. . 

As CD) in general as we shall see, has no double p'oints or cusps, 
it has been determined by this, that (L) is of the twelJth O1,dm'. 

(L); like (D), has the origin as centre. 
If we multiply the equation found fol' lL') by p, (the eases jJ = 0 

nnd iJ = 00 we shall consioer sepal'ately in § ~) it appeal's that it 
may be written thllS: 

61 
Proceedings Royal Acad. Amstel·dam. Vol. XVi. 
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(Li
) {qm~ +2plmy-(2p+q)yz+2pJ' = sim4-2(2p+ 1).v'y'+y4j, 

where 

~ 2. It is evident from the equation just fonnd th at out of the 
origin 4 bitangents may be drawn to (D), given by 

.v4 
- 2 (2p + 1) .v:y' + y4 = o. 

The 8 points of contact are lying on the coni~ 

(K) q.v~ + 2plmy - (2p + q)y2 + 2p = O. 

The bitangents are realol' imaginary, accol'ding to p being positive 
or negative. They form two pairs of perpendicular lines, lying sym­
metrically with regm'd to the axes and with regaJ'd to the sttaight 
lines that biseet the angles of the axes. 

If (fi) bas its axes along the axes of coordinates or along the 
bisectrices, then CL') and consequently (L) as weU will have those 
lines as lines of symmetry. The first occurs for l = 0, the second 
for p + q = O. These two suppositions consequently give rise to the 
same simphfh~ation in the shape of (L). lu the formerly amply dis­
cussed case that l = 0 as well as p + q = 0, (l{) becomes a pi rele _ 
with V2 as radius. 

§ 3. Nodes of (L). Let us wl'ite the eqnation of (L') found in 
§ 1 in the shape 

U' = lI'fN, 
in which 

u = qm 2 + 2plxy - (2p + q)y' + 2p 

Vs 

and Mand Nare expl'essions of the second order, obtained by 
separation of the expression .v4 -2(2p + 1).V2y2 + y\ then we see, 
that (L') is touched in 4 points byeach conic of the system, 

1.2M + 21,U + N= 0, 

in which ).. represents a parameter. 
The separation of the expression mentioned, may be executed in 

the fol1owing ways: \ 

.v2 -2(2p + 1).v2y~ + y4 = (m 2 + 2Vp my-y2)(.v'-2Vp my_y2) 

=(m' + 2V.P+1.vy + Y')(.v2 -2Vp+1.vy+y2) 

= 1.'/,2_(V2p + 1-' 2V pep + l)y'll-v' -

-(V2p + 1 + 2 V pip + 1»y'j. 

The fh'st waJ' of separntion Jeads to the following system of inscribed 
conics 

I -
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(l{+ 2 L À + 1)/1]2 + 2 (IJ + lV P À-l)tIJy-(},2 + 
Vs S 

+ 2 2p + q À + 1)y2 = _ 4Pl . 
Vs ,Vs 

The values of J.., other tnan 0 or 00, for which this equation 
represents a degeneration, viz. a degeneration into two parallel straight 
lines, are determined by the equation : 

().2 + l VE. }._1)2 + ().2 -I- 2!L ). + 1)(1 2 + 2 2p + q). + 1) = O. 
s Vs I/s 

Each of the straight lines of a degeneration touches (L') in two 
poiiits, is therefore a bitangent of (1'). If we write the equation of 
sllch a straight line in tlle shape 

aal + by = 1, 
then we see easily that we have 

a2 + b' = 1, 
i.e. the 4: pairs of parallel bitangents touch (C). 

We may observe that the system of conics to whieh we have 
arrived is the system of ellipses (A') itself, which is' apparent, if we 
replace the parameter ; by )., in s~ch a way that: 

4p;2 -t- 4Q; + 4r + l2 = ----- À- - . 
Q2_4pr-Pl2( 1 )2 

4p À 

Let us proceed now to the second way of separation. The equat~oll 
of the second system of inscribed co nies alld the equation determining 
the degenerations may be written down. 80 we come again to 4 
pairs of parallel bitangents of (L') ; they appeal' to touch the hyperbola : 

t1J2_y2=_~. 
p+q 

In thc same way the third method of separatinb' leads to 4 pairs 
of parallel hitangents of (L'), which t0!lch the hyperbola 

1 
t1JY=-2t 

Hence: 
Of the 28 bitangents which the envelope CV), possesses 4 pass 

through 0; the remaining alles are pail's of parallellines; 8 of them 

touch the cil'cle xJ + yJ = 1, 8 the hyperbola x2 __ y2 = - -P-, 
p+q 

1 
and 8 the hyperbola xy = - 2i . 

We now transfer what we have found 'to (L): 
61* 
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0J the 28 nodes of the enve10pe (L), 4 a?'e 1ying at i11:finity, 
8 on the ci1'cumf81'ence oJ the circle x2 + y~ = 1, 8 on the hyperbola 

X2
_ y2 = - P + q and 8 on the hyperbola xy = - 21. 

P 
The 4 pairs of parallel asymptoteR of (L), which eOrl'espond with 

the bitangents of (L') passing through 0, tó'ueh the con ic (K'), which 
is the reciprocal polar curve of (K). 

The nodes of (L) lying on (C), if they are real, are for the dynam­
ical problem under diseussion the vertices of the quadrangular 
fignres, whieh as appeared before, may sel've as envf'Iopes; the 
branches interseeting in those points meet perpendieularly, as was 
proved for a mOl'e general case 1). 

§ 4. Asymptotes of (L). Besides the 4 pairs of parallel asymp­
tote6, CL) bas moreover generally speaking 4 asymptotes pasE.il?g 
through 0, whieh are perpendieular to the asymptotes of (L';. 

Of (L') two aSJ mptotieal dll'eetions may coincide. 
In this case the corresponding asymptotes do not pass throllgh 0, 

but they are l'emoved fl'óm 0 at equal distances. In that case on 
the straight lines passing throllgh ° (L) has two el1sps in whirh 
the straight l111e is a tangent. The said straight line is to be consid­
ered to belong to (L); consequent]y (L) is degenerate. 

Val'ious slwpes of (L'). 

§ 5. The eql1ation of (L') l'eads (§ 1): • 

Iq.'/,2 + 2pltvy - (2p + q)y2 + 2pl2 = 8111:4 -- 2(2p + 1),'lJ2y~ + y41, 
where 

8 = q~ - p(41' + l2). 

lts shape will in the first plaee be dependent on the nature of 
the bitangents drawn from 0, viz. whether they are imaginary 
(p < 0), or real (p> 0) and toueh the cnrve in real points or are 
isolated. 

Furthel' on the natl1l'e of the ronie (f() whieh may ?e an eIlipsis. 
an hyperbola or a degelleration. 

Finallyon the reality of the asymptotes. 
We can prove now, that (L') /ws as many 1'eal asymptotical (li7'ec­

tions as it Ita~ pairs of real points oJ intersection w~th (C). 
Let (cos a, sin a) be tlle point of (C) lying on (L'), then we have: 

J) Phil. Mag. 1 c' l p. '297. 
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JiJj:20. 

1.:
,J.lJ{/~d Wh, P. J. ,m~l<llJr,~ Zu. jlHp,..I.~ld~!1. 

! '. . 
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Iq cos~ a + 2pl cos a sin a-(2p + q) 8in2 a + 2p}2 , 

= 8100s4 a-2 (2p + 1) cos~ ft sin~ a + sin4 al. 
If we write th is in the form: 

Iq sin 2 a-2pl cos a sin a-(2p + q) 008 2 al2 = 
= 8 18in4 a-2 (2p + 1) 00$2 a 8~n2 ct + 008 4 al 

then it is eVIdent, that 
y = - a;ootg ct 

in an asymptotical direction of (L'). 
If (L') touches (C), two asymptotical directIOns eoincide, theyare 

perpendicular to the line that connects 0 with the pomts of contact. 

§ 6. (f() is an ellipsis. 

1°. 17>0, consequentJy (he bitangents from 0 are rea!. 
cut (f() in real points, 111 which points they touch CL'). 

The bitangents divide the plane into 8 angles, in which 

B4 = .'lJ4-2 (2p + 1) a;2 y2 + y4 

They 

is alternate]y positive and negative. CL') lies for positive values of 

$ = q2_p (41' + l2) 

in the angles, where H~ is positive. 
Let us caIl the branches of CL'), which are lying in the one pair 

of opposite angles, a, those which al'e situated m the othe1" pair, b. 
Let us begin by ~iving positive values to s and let us fil'st considel' 

a exclusively. 
For s = 00 degeneration in two bitangents. Fol' large values of s, 

a consists of one branch with two asymptotes and four points of 
inflexion. For decreasing values of s tbe angle between the asymp­
totes berOInes smaller, the apices are removed from each other and 
the points of intlexion move towards infinity. Fol' a definite value of s 
the asymptotes are parallel. If there is a fUl'ther decrease in s, a wiIl 
consist of two closed branches in which for another special value 
of 8 points of osculation occUJ' in the sides tul'ned towards O. Then 
two points of inflexion appeal' in each branrh and the bmnches 
contract, till we have fol' 8 = ° degeneration in the ellipsis (f() 1). 

1) The case s = q2_p (4r + 12) = 0 must be inquired into separately. For s = 0 
is the condItion that in the second part of the relation between , and cp (p. 939) 
the root may be drawn. In this case (A') reprec;enls two pencils of ellipses. 
Consequently the requil'ed envelope (L) has now degenerated into 8 straIght line~, 
which ale lhe polar lines of the base points of those pencils, and in (K'), which 
IS the polar curve of (K). 

11 
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Ir we allow s to chJ.uge from 00 into 0, b passes through an 
equal change of shape. If we consir:ler a and a, howevel', togethel', 
then the general and special values of s, for WhlCh two asympto. 
tical dil'ections coincide, and those for~ which points of osculation 
occur, will not be the same for a and b. 

Ir we take into consideration what has been ohserved in ~ 5 with 
respect to the asymptotical directions of (L') and its points of inter­
section with (C), it is evident that we haye to distinguish the 1'01-
lowing cases, which are represented in fig. 1 (with the exception 
of the 3rd ): 

1. a and b both cut (C); they have each two intersecting 
asymptotes. 

2. a touches (C). b cuts (C), a has twointersecting,btwopal'al­
lel asymptotes. 

3. a lies outslde (C), b cuts (C); a he.s two intersecting asymp­
totes, b consists of closed branches. 

4. a lies outside (C), b touches (C); a has two parallel asymp- -
totes, b consists of closed branches. 

5. a and b lie both outside (C); both consist of closed branches. 

In this we have not yet paid attention to the presence or absence 
of the points of inflexlOn in the closed branches; the number of 
cases would be increased by this. 

It is evident that a value of .ç exists, below which points of mflexion 
occur uoth in the closed bmnches a and b. In that case all the 28 
bitangents of (L') are rea1. 

We have now allotted to s all positive values, fOl' negative values 
of s (L') lies in the other four angles. Ir we revolve the system of 
axes 45°, we shall get the same eases again. -

'The value of p determines the situation of the bitangents drawn 
from (). For increasing vallles of p they move towards the axes, 
f011 decreasing valnes of p towards the lines that bisect (he axes-,­
an~les, We shall have to consider the limit-cases separately. 

( 

; 7, 2°. P < 0, consequently the bitangents ti'om 0 are imaginal'Y. 
For a very great value of S l which we have al ways to take posi­

tive here) (L') consists of a smalt closed branch, given by 

4 ~ 
.114-2 (2p + 1) m~y2 + y4 = .x. , 

8 

symmetrical with regard to the axes and the bisectrices. It possesses 
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1, 
8 points of inflexion or none, according to p being < -"2 or 

1 
>-"2' 

We shall suppose p> -1. This is sufficient, for it is easy to 
prove that (L') fol' a value of p < -1 by revolving the system of - \ 
axes 45° passes into a curve answering to a value of p > - 1. 

If s decreases, the closed bl'anch will incl'ease while the sy mmetry 
is lost. "Jj'or tb certain value of s it touches (0) in two points. Then 
it cuts (C) in four points, in consequence of which according to the 
observations made in § 5, mfinite branches occnr. For a smaller 
value of s the closed branch which we shall caIl a, again touches 
(C) internally in two points. Then ((, cut~ (Cl in 8 points while new 
infinite bran<~hes appeal'. 11' s decreases further, then a touches (C) 
externally in two points; two asymptotes of ~ become parallel. 

I Further a cuts (C) moreover m 4: points whil,e two asymptotes of 
b have become imaginary. Aftel' this eÀternal touching occurs again, 
aftel' which a bas quÏte passed outside (C). At the same time b has 
become a closed branch. All the time rt has remained inside (J(), b 
outside (J(), for (L') cannot cut (f() now a~ 1L cannot become 
zero. It is evident, that, if (L') bas assumed the form of a ring, a 
must ha"e lost its points of inflexion if it possessed them. They will 
have disappeared wHh fonr at a time. Aftel' the falling together of 
two asy mptotical directions, points of intlexion will occur in b so 
that the closed branrb b may possess 8 points ofinflexion. On further 
decrease of s these points of inflexion will disappeal' by four at a 
time, while the branches a and b approach each other, in order to 
eoincide with (IC) for s = O. 

In Fig. 2 (L') is repl'esented for a certain value of p < 0 (viz. 
< -1) fol' some values of s. 

Fl'om the eg uation of CL') appears at once tbat for p = -1, (L' j 
has degenerated into two conics ; at the same time (L) has degener­
ated into two conies. 

In tbe figures Cf() and (C) have not been drawn as intel'secting; 
it is easily shown that tlley cannot interseet each othcl' if Cl() is 
an ellipsis. 

~ H. (f() is an llb'perbola. 

10
• P > 0, so the bitangents from 0 are Teal. 

Fl'om the equation of (K) we deduce easily th at the angle of the 
asymptoles is atways greater than 90:>. Rence Cf() wil! cut at least' 

I 
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2 of the bitangents from O. Or the 4 bitangents 0, 1 or 2 are 
con~eqnently isolated. 

Fig. 3 refers to the case that two of the bitangents are isolated. 
Fot' a few positive and negative vaIues of s, (L') has been drawn. 

fig. 4 ref~rs to the case that 1 bitangent is isolated. 
Fig. 5 to the case that none of the bitangents is ii3olated; (L') 

therefol'e touches the 4 bitangents dra\~n from 0 in real points. 
2°. p < 0, so the bitangents from 0 are imaginary. , 
Fig. 6 'gives a representation QJ this (p is supposed > - ~). 

(In the tlglll'es (f() and (C) are represented as intersecting; tllis 
- is in deed al ways the case if (f() is an hyperbola). 

(f() is a de!}enfJ'ation. 
As p =1= ° is supposed, we have only to consider the case of 

degelleration in two parallel Hnes that touch (C). Generally speaking 
we can say that substantially evel'ything is as when (l() is an 
hyperbola. If the bitangents are renl they will generally touch (L') 
in real points. 

~ 9. Special cases p = ° and p = cr, These cases had to be 
considered separately (~ 1). 

For p = ° and q =1== ° the first equation which we have found 
in ~ 1 for (L') passes into: 
+ (41" + l2) (y~ _ ,v 2r + 4q2 ,v2 y2 + 4q (1 + l,vy _ y2) (y2 - ,v2) = O. 

If we wl'ite: 

then the equation becomes: 

It-c2 + [,vy - (t + 1) y2 + Il (y~ - .v2) = q.v2y\ 

(L') has now a node in O. For the rest various cases may occur 
also here, which we are nof going to consider separately. 

If p = ° and besides q = 0, then wc have to consider the pl'oblem 
separately (cf. note p. 143). It is evident then that (L) consists of twö 
rectangles 1). 

For p = 00 and q =1= gJ, thE' first equation 9f (L') found in ~ 1 
represents two hyperbolae, intel'secting in the points (0, + 1); P = 00 

involves, according ~to the l'elation between ; and cp (~ 1), ; = Ó. 
Thel'e is thet'efore no question of an envelope (D). For p = 00 

and at the same time q = 00 the envelope must be found again. 
It lappears that (L) consists of 2 rectangles 2). 

1) Phil. Mag. p. 315. 
_ 2) Phil. Mag. p. 3,15. 

;: 



- 12 -

947 

Vm'ious shapes vf tlw envelope (L). 

~ 10. The nllmber 'of, various shapes which (L') and conseqnently 
also (L) may assume is, as we have deduced in what precedes, 
very great. In order to facilitate the survey of those various forms, 
we ' ahaH begin with the case that p + q = 0 and at the same time 
1 = O. The eq uation of (L') runs: '-

q~(i!:~+y2-2)' =s la:4-2(1_2q),'j;2y2+y4} (s=q2+4qr). 

The equations of the 4th order ib ).. as mentioned in ~ 3 are now 
of aquadratic form. The situation of the double points of rL) may 
therefore be detel'mined by mealls of quadratic equations; of the 
double points 8 are Iying on the axes, 8 on the bisectrices. The 
cases q = 0 and q =. ct:: have been considered separately (§ 9). 

For an al'bitrary vaIue of q we have besldes the values s = 0 
and s = CI:J, for which (L') degenerates. two more special values of 
s, vlz. a value fOl' which the asymptotical directions cOÎncüle in 
pairs and one for which the points of inflexion coincide in pairs. 

The asymptotical directions are determined by: 

(q'-s) (,'j;2 _y~)2 + 4q (q-s) a;2y' = O. 

They are real if q2_s and q (q-s) have different signs. 
They coincide in pairs: 

for .<; = q' (1' = 0) with the directions of the axes, 

for "s = q (1' = ~ (1-· q)) with the direction& lof the bisectrices. 

1/
/-1 

For s = q2 the asymptotes al'e removed at a distance --
l-q 

lV-2Q 
from 0, tor s = q at a distance - --. 

2 1-q 
For s = q~ (L') touches CC) in 4 points, lying on the axes, for 

s = q in 4 points on the bisectrices (~ 5). 
If thl' points of inflexion C'oincide in pairs those points are 

situated either on the axes Ol' on the bisectrices. 
If they are lying on the axes at a distance ct from 01/ then the 

equation ·should run: 

(,'j;~ + y' _a~)2 = s' (,c2-a~) (y2_a2). 

From this we deduce: 

8 _ q2 • (1' _ q~ (l-q) ) . 
- (1-2q)~ , - (1-2q)2 ' 

2q -1 a2 - __ 

- q-1' 

The points of inflexion eoincicle in pairs on the biseetriees for: 

Ir 
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2-q a2 = __ 
l-q 

From what was observed in ~ 7 follo\vs that we have to eon~ider 
for q negative values only, and positive ones smallet' than unity. 

The asymptotes, parallel to the axes, are real fol' all these 
values of q. 

The .asy;mptotes, parallel to the bisectl'iees, are real for llegative 
val nes of q, imaginary fol' positive ones, smaller than unity. 

The points where the points of inflexion coincide on the bisec­
trices, are always real. 

The points whel'e the points of ilJflexion roinC'ide on the axes are -
real for all negative valnes of q, and further for positive values 

1 1 
of q, smaller than -. For values of q between - and 1 they are 

2 2 
imaginary, Further we observe that the value of s, for which these 

1 1 
. points oceu!', is betwE'en 00 and q, if q lies between - and -; s lies 

1 
between q and q2, if q lies between 0 and 4' 

4 2 

Aftel' the deductions made in § 6 and § 7 and this § it wiJl be 
supel'fluous to gh e au explanation of fig. 7, w here (L') is repre­
sented for a negative value of q and some val'ious values of s, and 

fig. 8, wh ere CL') is l'ep~'esented fol' a positive value of q ( < ~). 

§ 11. From the shape of (U) that of CL) as reciprocal polar 
curve may be at onee deduced. 

Let in the first plaee q be negati ve. There are 4 pairs of parallel 

asymptotes, touehing at the ei rele X
2+y2 =!-... They ace parallel 

2 
with the bitangents of (L'), passing through O. Let us now eonsider 
various values of s. 

S>q2. (1'<0). Fig. 9. Besides the 8 asymptotes jllst mentioned 
there are 4 inore, which pass through O. The entire curve (L) lies 
outside CC) and can therefo1'e not be of any consequence as an 
envelop~. Fol' on (C) the velocity of the moving point is 0; outside 
(C) the vis viva would be negative. In fact q2 is the gl'eatest value 
that scan have in the dynamiral pl'oblem. 

s = q2;. (1' = 0). Fig, 10. The cusps have coincided in pairs in 

, 
" 
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the axes, with which the fou!' asymptotes passing throngh 0 have 
now coincided in pairs. (L) touches in 4 points ftt (C). 

The only forms of motion which the dynamical problem allows 
of are an X-vibratio~, and a Y-vibration. 

(l~~q)~ <8<q~(q2 (;l ~:~l>1'>O). Fig. 11. (L) delimits two 

quadri1ateral domains of motion with vertIces on (C) 1). 

8 = q . l' = q2 q. On the axes 4 pairs of cusps 2 ( (1- ») 
(1-2q)2 (1-2qY 

have coincided, (L) deviates on1y a litt1e from the shape mdi­
cated in Fig. 11. 

0< 8 < q2 . (_ ~ q > r> i (l-
q»). FIg. 12.') 8 CllSpS 

(1- 2q)' 4 (1 - 2q)2 
occu!'. (The "stil'l'ups" lying within the domallls of motlOn contribute 
indeed to the envelope). 

8 = 0 (r = - ~q ). Fig. 13. Degeneration in 8 asymptotes. 

Two domains of motioll each bounded by a square. 
We now get to the negative values of s. No figlll'es have been 

drawn rOl' them as they are of exactly the same nature as those 
tOl' the positive values of s; we have only to revolve t11e figures 
45°. Consequently : 

(
q (q-l) (1- ~ q) ) 
___ --'--_2_

4 
__ > l' > - ~ q . Fig. 12, having 

(q-2) 4 

Here we have to take into 

consideration that tlle distance of the special points to 0 is anothel' 
one than for 

8 = (1-2q)2 . 

1) One domain ot motion is bounded by two opposite branches a as far as 
they are lying inside l C), and the branches b which pass through the points of 
intel'section of the just mentioned branches a with tC}. 

2} This Fig. and Fig. 18 we also find in a treatise of F. KLEIN: I/Uber den 
Verlauf der ABEL'schen Integrale bei dm Curven vierlen Grades". (Math. Ann. 
10. Bd, 1876). 
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(/ (1 q(q-1)(1-~q)) 
q < 8 < (1_ 2?' 4- (l-q) > 'I' > (q_2)2 . Fig. 11, 

having revolved 45°. 

8 = q . (1' = 1 (l-q) .). Fig. 10, having revolved 45°. The distance 

of the cusps to 0 has changed however. 
~ I 

S < q . ('I' > 1 (l-q)} Fig. 9, having l'evolved 45°. 

Let us now suppose that q is positive ancl < 1. 

s<q.(r>}(l-Q»). Fig. 14. (L) has no dynamiC'al meaning fol' 

the same reasons as in Fig. 9. 

8 = q (1' = }(l-Q»)' Fig. 15. The dynamical problem allows of 

two sil1!ple vibrations only. 

q~ (2 (l-q) 1 ). 
(1-2q)2 < s < q. q (1_2q)2 < l' < 4(1-q) . FIg. 16. Two domains 

of motion. 1) 

q' ( 2 (l- q») 
s = (1-2q)2 'I' = q (1-2q)' . The cusps of the preceding Fig. 

have coincided in pairs now. 

2 < < q2 (0 < < 2 (l-
q») F' 16 fj h' I th q s (1-2q)2 r q (1_2q)2 . 19. ,rom W 1('1 e 

cusps have disappeared. 
s = q2. (1' = 0). Fig. 17: CL) has 4 points of contact with (C). 

In the dynamical problem we are concerned with an asymptolical 
approach to the X- or Y-vibralion. This case should be considel'ed -
as the trl1nsition between two domains of motion and a single domain 
of motion. . 

3 q(q-I)(l- ~ q) 
(q q 1)~ < b < q~ . ( (q _ 2')2 < 9' < 0). Fig. 18. The 

"stirrups" contl'ibute to the "envelope". 2) 

1) Of the dosed branch of (L) 4 parts lie inside (0), Each of the domains of 
motion is boundecl by 2 opposite parts and by the infinite branches that pass­
through their flnal points. 

2) The inner branch serves partly as exterior, partly as interior envelope. The 
parts which, seen fr om the centre, are hollow, touch internaUy, the rest externally •. 
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i ( IJ (q -1) ( 1 - ~ q)) 
s = (q_2)2' r = (q _ 2)2 . The cnsps of Fig. 18 have 

,incided in pairs. 

l (1 q (q - 1) (1 - f q)) 
0< s < (q __ 2)2' - 4 q < r< (q _ 2y . Fig. 19 I) 

s = O. (r = - : q) Fig. 20. Degeneration in the cü'cle ,x2+y2= ~ . 

1 
We have now supposed, that q lies between 0 and lf q lies 

4 
1 1 

tween "4 and 2' we have a little change. Then the -8 cusps of 

g. 14 would al ready have disappeal'ed fol' S = q. 
1 

Fo!' q between 2 and 2 the forms of the envelope, indicated by 

g 16, do not exist. 
Fo!' Cf. positive and > 1 no figUl'es have been drawIl fol' reabons 
lted already. 

§ 12. Let us now consider the shape of rL) in general, first in 
se (K) is an ellipsis. 
The symmetry with regard to tlle axes and the bisec!rices does 
,t exist anymore now. The nodes, which for l = Olie on the 
es, lie for positive va]ues of l in fhe second and tlle fourth 
.adrant (§ 3); those which lie for p + q = 0 on the bise~trices 

.ve been removed for positi ve V3.l11eS of p+q into the direction of 
J> 

3 l'-axis (§ 3). The change" in form which (L) undergoes in con-
1uence of this are easily llnderstoQd. 
Other forms of (L) al'e, howevel', possible. 
Let us first sllppose p> O. We have to start now from the 5 
ses mentioned in § 6. 
In case 1, (L) has mainly the shape w hich has been repl'esented 
Fig. 9, in which we have to take into consideration the observa­

I11S jnst mentioned .. 
In case 5, (L) has, witll due observation of these remarks, the 
nel'al shape 'of Fig. 11, or of Fig. 12, or it is a combination of 

1) Fol' q = 1 (S) consists of two cil'cles; we have then the well known case 
the conical pendulum. 

""', 
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thosE' two' forms, i.e., the envelope o'f one system of os~utating 
ellipses has 4: eusps, the envelope of the other has none. ~ 

Case 2 is to be considered as a combination of Fig. !) and Fig. 
10. rt touches (C) in two points, b has two cusps on the line which 
connects 0 with the points of contaeJ of rt with (C). The dynamica!' 
problem allows of a single sirnple vibration. 

Case 3 gi.ves rise to a ('ornbination of Fig. 10 and Fig. 11 (or 
Fig. 12). There is 01lf3 system of osculating ellipses. 

Oase 4- to a combination of 'Fig. 10 and Fig. 11 (or Fig.-12). 
There is one system of oSf'ulating ellipses. Moreover the dynamical -
problem allows of a simple vibration·. 

In the case ]J < 0 we have agall1 in the thst plaee envelopes 
corresponding in the main with those l'epresented in the Fig. 14- 20. 
We t:>hould, however, bear lD mind, that in general the cusps do 
not disappear by 8 bnt by 4 at a time. 1here is for instanee a 
transitional form possible betwe.en Fig. 18 and Fig. 19 in which 4 
cnsps ocem, and in Fig. iJ and Fig. 15 4 cusps may have fallen 
out. In ordel' to obtain the other forms of rhe envelope we must 
make use of rbe obsel'vation about (L') in ~ 7. . 

lf the branch of (L) lying outside (C) touches (C) in two points, 
then the dynamical problem allows of one simple vibration. If (L) 
cuts (C) in 4 points, then we get one of the Jwo domains of motion 
of Fig. 16, etc. 

Is (f() an hypel'bola or a degenel'ation then the val'ious shapes of 
(L) may be deduced 111 the same way froll1 the {i'ig. 3-ö. 

Physiology. - "On the rejlectol'ical injlnence of the thoracal auto­
nornical ne1"/Jous system on the 1'igol' mOl'tis in cold-blooded. 
anirnals." 1). B~ S. DE BO'B.R. (Oommullicated by Prof. U. A. 
PEKET,HARING, ) 

(Communicated in the meeting of January 31, 1914). 
\ 

The t'igor mOl'tis that is caused by hardening and shortening ot' 
the muscles begins in warm- and cold-blooded animals aftel' the 
circulation of the blood has stopped fol' some time, in warm-blooded 
ones 5-8 hoUl's, in cold-blooded ones 1-2 days, If with a muscle 
that has been removed, we make provision fol' a 8ufficient supply 
of oxygen, it mortifies without stiffening, A special chemical s~ate 

:) According to experiments made in the physJOlogical laboratory of thc Uni· 
versity of Amsterdam, 


