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IlathematicB. - u RO'Ino,q81U',oUS linear dijerential equatÎom olordt'r 
tUJa UJillt given 1'elatwn between two particltlar integrabt." 
By Dr. M. J. VAN UVEN. (Communicated by Prof. W. KAPTETN). 

(5 tb comnmnication). 

(Communicated in the meeting of April 26, 1912). 

Tbe equations (8) and (29) (see 1 st comm. p. 393 and 398) show 
us in the case that tbe equation F(x,y, z) = 0 represents a conic 
(see for the notation: 4th comm. p. 1015): 

_ e'z'H _/:;.Zl _ fld't 
91 - (n-l)'P%' - g' - e , 

where c is put equal fo 1. 
From this ensues 

9 I 
g 3 

Let us furtber put: 
. . . . . . • (72) 

we then find: 

or 

~ 
1=-6-. 

~ 
. • • • • • (73) 

The equation (62) (see 4th comm. p. 1015) runs now as followa: 
~, 9 

l' = 36- = ---;::---;;- (- an'Auz'~4 + 2all!::.z'~s - all!::.zS), 
;2 anL..\ZS~' 

or making use of the notation (59) (4th comm. p. 1(03), 

4;' = - Ä '~4 + 2;' - 1;. . . . . . (U) 

so ;/ is likewise an elliptic function of T. lts invariant has tbe same 
value (68) as that of the function u = P (compare (67) 1) (4th comm. 
p. 10(6). 

We can now deduce out of thc cquation 

Au.-e - Ally = V -A • .g'+ 2!::.gz-!::.au z' = Va,,!::. . Z V_).t;4+2"_1 (7?) 

(see 4th comm. p. 1005 at tbe bott.om) 

A,..-e - AuY = 2zV all 6 . ~. . . . . . (76) 

') In the 4th comm. in the table on p. loil and in the enumeration of the 
easeson p. 1015 ~l = e'j; and "g = e-ij; must he replaeed by .J1 = r-ij;,lt= e+i+. 
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As trom (73) follow8 
au ll1 + any = allz (;'-1), 

we find with the aid of (76) anel (77) 

(auAlI+a"AtI) ll1 = (h.-auAu) 0: = h.(l-l') ll1 = 
= 12an Va .. h. • ~ + allA u (;'--1)1 z, 

(auAu+a,.Au) y = (h. -a .. A .. ) y = I:::. (I-À') y = 
= 1·-2all Vau l:::. .; + allA,. (;'-1)1 z. 

. (77) 

~ (78) 

In this way we have expressed .v and y as functions of T witb 
tue aid of tbe function;. It is now st.ill our task to determine ; 
as function of T. Let us now put in 

9ri' = Ui - 36u' + 324 (I-À') u 

(see 4th comm. p. 1016) 
u = I' = 36v + 12,. . • . • . . (79) 

we then find 
. 1+3À.' 9).'-1 
v' = 4v' - v - ---

3 27' 

liy applying the ordinary notation 

1+3),' 9).'-1 
3 = 9, , 27 = 9.· • • • . . (80) 

we then find 

and 

. . . (81) 

80 that 

~ V 1 " = =F P (r:; U, , 9.) +"3 . . . . . (82) 

Before transforming the p-function of W EIERSTRASS we wish to 
remind tbe readers tbat tbe .roots of it = 0 are 

U 1 = 0, u, = 18 (I+À), u. = 18 (I-À), 

so tbat ror tbe roots of v = 0 (see (79)) we find 

1 1+3). 1-3). 
V1 = -- 3" ' v, = --6-' v. = -6-' 

We shall now investigate tbe relative value of these roots in the 
tbree cases: II C+ 1 < À < + (0), IV c+ 1 > À > 0), VI (4 = iJ..') 

- (iee 4tli eomm. p. 1014). 
Case II: +1 <);<+00 
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1 2 1 
VI = - '3' v, >3"' v. < _. i' 

The roots are all rooI. Let us caIl them in the ordinary way in 
descending order el' e" e" we then find 

1+3l 1 1-3l 
el = -6--' e. = -- '3' e, = -6-- . . . IJ 

Case IV: + 1 > A> O. 
1 2 1 1 1 

t't = - '3' "3 > v, > "6' "6 > ". > - '3 . 
The roots are here, too, all rooI and run when urranged: 

1+3A 1-3), 1 
el = -6-' e, = 6-' e. = - 3' . . IV 

Case VI: l = iJ,:. 
Tbe roots l', and v, are now conjugate complex. ]f we follow 

tbe notation genel'ally assumed, we then write: 

1 1 +3i}! I-3iA' 
e'- e'- e'-, -- -3' 1 --6-- • --6-- VI 

'Vben reducing the p-functions to the elliptic functions of JAcoBI 
we make use of the following formulae of reduction: 1) 

V ,0,1-,0,. VP(T)-el VP(T) -e, 
sn(v) = ---- , cn(a·) = -.--- , dn(v) = _ , 

p(T)-e. . p(T)-e. p(T)-e. 

k2 _ e.-e. k" _ et-e,. 
l'=Tt/el-e., ----, - , 

el-el tl-el 

, I' 1 et' -e.' en' (v) 
p(r; el ,e, ,e.) = e, + -;;-:-kk" '() d '( ) , 

"J:~ • &n l' • n v 

-3e '+ 2V(e '-e ')(e '-e " 
l'=TP/(e,'-e.')(e,'-e1 ') , P = 4'V( ,_ ")( ~_'s') ï!, 

e. e. et el 

, +3e.'+2V(e,'-4i.')(es'-e/) I V -ge,"+-4-(e-o,'---e-.'):-:(:-e,-;-'--et') 
k' = 4V(' ')(' ') ,Jek = 4V(' , (' " e, -e, 1'., -el e, -el ) e, -el J 

Tbe expression for ;:; becomes in tbis way: 
in case Il 

t - -r Vp---(-;~-g--g )"':'e - -r Ve---e d_n_(v_) I V--
}" -,- "'.' ',--r 1 J' () l'-T e-e 
~ IJn v -1" 
in case IV \ e,--e. . p~ . f= =F VP(T;fl,:9,Y::-e~= ± Vel-el ;~(-;) - el-e: ' 

1) See i. a. M. KRAUSE: Theorie der elliptischen Funktionen (Leipzig, TEtlBKIl\ 
(p. i35, 186, 147, 148). 
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, in case VI 

~ V ( "')' I I .;. ve'-e' cn(v) f= =F PI'; el '~' ,e, -e, = =F 4 ikk' . sn(1'). dn(1')' 

V -ge 12+4(e '-e ')(e '-e ') 
.4/(' ')(' ') kk' 's I , I' 1'=1' v e, -el e, -el' = V(' ')(' , e, -el es -el ) 

or, aftel' having expressed the roots el' e2 , el' e/, e,', e,' in À: 

in case 11 

; dn(1') À--l À+ 1 ,==F VÁ. sn(1') ; 1'='I'VÀ • k'= U · k't = U; 
\ 

~ ca; VI ~}' .. n:,.); V=TVl~À ,k' =: +~ ,k" = l~À; I 
(83 

in case VI , 

t==F VVl+)."" ClI(1') ; V=TVV1 +À
" ; 

; 2 8n(1') .'dn(1') 2 

1 + Vl+À" -l+Vf+ll2 
k' = k" - --==-

2Vl+À" • - 2Vl+Á" 

Let us substitute these expressioIls in (14), we then find successively 

i l+cn(1') ~ 1 
in case II ~I = ± VÀ' sn(1') '~, = ± À;1 ' 

in case IV ~ '- ± ~ VI +Àcn(1')+dn(1') 
~I-). 2' sn(1') 

l
"n VI ,. _ }'Y4(1 +À") dn(1') 

case l!1 - ± )..' . 8n(1') 

Let us now choose 

1 
~,= ± Á;l' 

and fol' ; the expl'esslons ~l with the upper sigu, we find: 
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dn(v) À-I v,_À+I, 
II I= + 6VA, m(v) ; 1'=TVA. , Ic'--U ' " - 2À. • 

; = +i , l+cn(v) , ;= -i ,11+cn(1')ldn(v) • 
Vl 3n(1') . 3nl(v) 

IV I = + 6 V1;À. ~V) ; v=TVI~À, 
I-À 2). 

Ic' -: I+À ! }I1=I+À; , 

; = + ~ VIT}", cn(l')+dn(v) , ~= -i (1 +À). e1l(v)+dn(l'). (84) 
). 2 sn(v) 2}" . 8n l (v) 

Vi 1=+6VV1 +J,.,t, cn(V!_, v=VVI+i:t
, 

2 8n(v).dn(l1) 2 

I+VI+l't -1+VI+)." 
Ic' = Ic''! - -----

2VI+).'" - 2VI+À" 

t'/4(1 + À.") dn(v). Vi +).,. cn(v) 
;= ,- ,;=- . .--, 

i./ sn(v) A' m'(I1) 
Let us restriet ourselves to real points (.v, y) of the conic, tben 

follows from (78) that ~/ au 6.. ~ must always be real. 
Case II (in which l is reaI) appears only with the hyperbola for 

whieh holds Au < 0; so we have here 
. ,,_ auA.. 6.' '-:"À'6.' < 0 
al'~ - • - • 

6. Au A .. 
From this ensues that in case II we shall fiod; always imaginary, 

d h
l' / 1 + en (v) I dn (v) . . I 

au t erelore IS rea ; 
8n' (11) 

Case IV is found with the hyperbola as weil as with the ellipse. 
As here too l is real we fiod 

IVa. with the hyperbola (A .. < 0) tl, .. 6. < 0, so ; is i maginary or 
en (v) + dn (v) 
----- real; 

8n' (1') 
. . cn(,,) + dn (v) 

IV b. with tbe ellipse (A .. > 0) a .. > 0, 80 ; IS real aod ---
.!nt (v) 

is pure)y imaginary. 
Also case VI appeslrs with the hyperbola as weIl as with the 

ellipse. On aecount of ). being,purely imaginary, thus Á' negative, 
holds: 

Vla. fol' the hyperbola (A .. < 0) au 1:. > 0, hence ~ 1'68.1, and 

~(1') rea.1' 
m' (v) , 
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VIh. for the ellipse (.A .. > 0) anI:::. < 0, tbus '; purely imaginary and 

also en (V» purely imaginary. 
m'(1' 

From the preceding we see tbat v must move in its complex 
plaue on tbe sides of tbc rectangles of tbe net formed by the lines 
l' = mK + purely imaginary and v = niK' + real. 

9 a a:+aaJI . 
Tbe value of ;' = -= 11 I + 1 is evidently positive on 

a.. a .. 
tbat side of the polar line.q = 0 of 0 witb respect to the conie 
where 0 lies itself; on the oUler side ;' is negative. The polar line 
9 = 0 of O.divides tberefore the plane into two parts: in one (in 
whieh 0 lies) ; is real, in the other ; is imaginary . 
. In tbe points of contact RI and Rs of tbe tangents out of 0 to 

tbe conie ; is 0, so 1 = 00. . 

In the points at infinity SI and S, we find tbat ; and '; are botb 
infinite and 1 is also equal to 00. 

Tbe diameter passing througb 0 (.Aux-- .AuY = 0) interseets tbe 

conie in two points Tl and T" for wbieb ; = 0, tbus I = O. 
If we substitute tbc expr~sions (84) for ; and ; in the forrnulae 

(78) we at last arrive at J.' and y as functions of T. 

With a view to V All being realor not, we sball deal witb tbe cases 
of IV and VI separately. Farthermore we sball express À everywhere 

1-À 
in d = -- tbus ~in the anbarmonic ratio of the four points 1+1.' ~ 

Rl' R" Su S,. We sbaH give t.be formulae for a: only. The expres
sions for y we can easily find by replaeing au in tbose for x by 
- au aod .Au by Au. 

We then fiod at last: 

II 1-d l+cn (v) [ au Au ] 
a: = 2d' ,n' (v) - (1 +d) V -Au dn(v)+ --":A .. tI +d en (v)1 , 

V 1-Ó 
1'=T l+ó; 

. 1 cn(v)+dn(v) [ au Au ] 
111 = 2ó' 8n'(v) - (l+d) V-A + -All (den(v) + dn(v)} , .. . 

'Va 

IVb 



- 8 -

8 

1'=1:Vl~di 
"" = 2 en (v) [OOS "'. a '" A ] VIa w V SJ + 2 008' -. _AU en (v) , 

sn' (v) 2 -A.. 4 al 

1: 
1'= , d=e-i+,,,,=ilogd; 

~ 
rIb z = 2 en (v) [oos '" . ~_ -2 008' '" • All i en (V)] , 

im'(v) 2 VA 4 Au .. 
1: 

V = , d = e- i+, '" = i log d. 

V2OO8 
: 

When point (,v,y) describes the conie, the varianle v will describe 
a cel·tain curve in its complex plane. This curve we shalllnvestigate 
in the five casel:i mentioned above whilst at the same time we sball 

indicate how the functions ;, ~ and I bear themselves during that 
motion. 

Case 11. Point 0 lies in the domain of the conjugate hyperbola ; 
the diameter through 0 does not intersect thc curve, i.e. the points 
Tl and T, are imaginary. On the contrary the points Rl , R, , Sl , S, 
are all realo 

111 ;:='ion~:R,I,nR, :O:_R:-Jins'~Jons,: R, [,nR,1 on R.s;-I,ns,-
! y i 0 Ipurely i mag. " 2iK' \2iK' + real)2K+2iK'12K+P.imag! 2K I real 0 

I
J, ~ i ~ I "., «ai I 0 i : pos. 'mag. I ~ I po~ reai I 0 i i"'" :mag. " 

!:: ' i pos. Imag. :, + -2 i pos. Imag. co I neg. Imag. :, - -21 neg. Imag. co 
'\.. I 'I I I I co I neg. imago i co :, neg. real co I pos. imago co pos. real co 

, I i I! I 

Here the curves are sketched which are described byv and 1 in 
their respective complex planes. 

The points where I turns its direction of motion are arrived 
at by putting j = O. We then find the. values of I corresponding 
to the roots of ft = 0; these are Ui = 0, U, = 00, . U. = 

18 (1+)), u. = 18 (l-À); or 11 = 0, I, = 00, I. = 6V1+l 
• 

• 2 
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{Va linSt '" on ;l~~l}n ~T-: __ ~~~~~l-----;:-TI ----r:--;1~2 ! ~~_~~_i on RzS2°O in ~oo_I_~_~_::_T~_! ___ _ ~ T2 __ l:"-_~~:_lns~~_ 
" 0 

ç ctJ 

!; ctJ 

I ctJ 

1--:~I---~II~;~~~.~:-a~~1 2K + ~~ :-;K~~.-;mag. '2K~;;;'I-;;;~real 4K+2i;:;~;~-P~i::;'!--~; +. --~~--.~F; +P.i::~.----;~-
• : I Vj":f) - Vl-;' 1 . ' 1 l/r:p, + V l-J. 1 I ec pos.lmag. 0 I pos. real -----.------1 pos. real I 0 I pos.lmag. ctJ ! pos. rea --"-V--z---- 1 pos. rea ctJ 

• I 'J vz, '. I I • 

. 1'1 . 'I 0 1 . 1+" . 0 . neg.lmag. - 2 neg. Imag. 1 i pos. Imag., -2 pos. Imag. 00 I neg. Imag. pos. Imag. I 00 

pos:~~al_L ___ Pos._ im~g. i _____ ._~ ___ J neg.~:ag~~ __ =-~~~~~:~__ 00 i pos. imag. __ ~ ____ ~=_:ma_~J~ 
---'---'--
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R, ___ ,~_.,S~ 
I , 

+iK _ ... _ .. _._~_ ..... - v-plane 
• , 

~()""'-... '""!K~-~llJ. 
S.t+'", plane of 

l t dn(v) [ 

3n(1') - 6Vl 

+i1 

S - -1.' +.t' - R2. 
-00 +<0 

R, - - s, 
_ik. 

Fig. 1 

V1- 1 . V1-1 dn (v) 1. = 6 _. = 6t -- ; the quotient --assumesinthoSf' 
2 2 8n (v) 

points successively tbe values 0, 00, ±,(;', ±ilc. The corresponding 
values of vare congruent (mod. 2K and 2iK') with K + iK', 0, 

. K and iK'. (see fig. 1). 

Case I Va. Point 0 lies in tbe domain between the hyperbola 
and the asymptotes. The pointo RI' Rt ' SI • St' Tl and T, are all real; 
TI and Tt lie OOth on the same side of the:tpolar line of 0 as 0 
itself. We shall assume that the polar line intersects th at branch on 
which Tl lies. The order of the singular points is then SI , Rl , Tl, Rs, 
S"Tt,Sl' 

V 1+l Vl-l The va)ues 11 = 0, 1, = 00, la = 6 -2- , I. = 6 -2-

1 
correspond resp. to the values of 0, 00. ± 1 and ± Ic for --, 

m(v) 
thus to the~vaJues of V which are congruent (mod. 2K and 2iK') 
resp. with iK'. 0, K and K + iK'. (see fig. 2). 
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Jh S.t · . • • · . 
+iJi. ------..:..------- Tt.. _____ ~------- ~ v-plane · , . 
~Ol~------~L---~---J~ 

+K R, 
+iao 

Sl R, 

! ! 
<r'" .~ R, 

-1 .. ~ '" +, +00 

.-...-S, 

1 ! 

Fig. 2. 

plane of 

1 IV 2 
sn(v) =6". 1+1 

Case [Vb. Point 0 lies in si de the ellipse; Tl and Ta are raaI, 
RI , R, ,SI and St are imaginary. 

1Vbl 
I 

I I I in Tl I on Tl T2 in Ta on Ta1i in Tl 

, i iK 1 I 2K+iK'. I I • iK' + real iK + real I 4K+iK -

I 
,. I Vr:p + Vi"=1\ pos. rea) I VT-f"À-Vï=1 pos. real vr:p+Vï=1 
~ lV2 I I lV2 lV2 . , 

I t; 0 

I 

neg. real I 0 pos. real 0 

I I 0 pos. real 
I 

0 neg. r.eal 0 I 
I 
I . 

The points where tbe motion of I cha.nges îts sign are according 
1 

to what was found in J Va the points for which sn (») = ± Ic, thus 

v =K + iK' (mod. 2K and2iK') (seeJig. 3).· 
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1'-p)ane 

T, 
+iK 

, 
1 , 

· · · , · 
~ 

Fig. 3. 

· : · T, 
· , 
· I 

Case Vla. Point () lies on tbe concave side of tbe hyperbola : 
Su S" Tl and Tt are raaI, Rl and Rt are imaginary. Let Tl be 
tbe point of intersection of tbe diamet.er through 0 Iying on the 
same sideof tbe polar line as 0 itself. 

v-plane 

r----• ..-----.s, , 
+ilC -----~,'-----. ~ 

+i.Xl cn(v) s, plane of ___ _ 
sn(v). dn(v) 

-"" , ~ __ -+~ ____ +w 
+K's -:;; o z ot s, 

S, 7j 

Fig. 4. 

- VI +0,,' - V I - i ).' Tbe values I 1= 0, I, = 00, 1,_ 6 --, I. _ 6 --
2 2 

• 4/1+il' 
correspond bere respectively to tbe values 0, 00, + V I-il' and 

tyl-î).' ('n(v) ± . .. ~ for ) d ( ) , tb us to the values of v which are 1+ til. 81'(V . n l' 

congruent (mod. 2R. and R+iK') witb K,O,! (K+3iK'), ! (K+iK') 
(see fig. 4). 

Case Vlb. Point 0 liesoutside the eJlipse; Rl> RIJ TI' and T, 
are raaI, SI and S, are imaginary. The point of intersection Tl may 
He on the same side of tbe palar line as 0 itself. 

For the particular values of 1 and the corresponding values of 
v we can refer to Vla. (see fig. 5). 
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, 11:f< ' 

1 

~ i: f;l 1 

Irj 1,1 + s s s 1 

I ,I "i I, ~ 
: ei' I1 + 
lel: 

"-\N 
o + S 

, .5 Ij ::.:: 1 
1 I, C'l 

1--::---;---------
8 II : ~ to4 I 

1
1 

l~ ~ !--I: -------
I 

,r 

V; I: .5 w ;i ~ , 
~ I ei..5 -

'I' t:: i: + ~ ~ ~ :_0_" ~ Q. _ Q. 

I .; li ~ 
, ~ 11 

i H + 
g I' Sc: c;, 

~ ~ 
.5 ,5 
b.O ui 
Cl) ° t:: Q. 

: 
i 

i ! 
I 

Sc: :tI il ~;"I! 
~ Ir ! s: .',~ OOi 

i ~ I I i '.. I t':l ;.. 

.5 1" ~ +\ 
[: c.'l ~I 

! . 11 +- ! __ !j, _____________ i 

I ~ i! ~ b.O - ~ 
18 .5~~E i V; ei.'- .-
I t:: 'i + ui ~ ~ 
i ° ii ::.:: 8. et::, 
I :' ,C'l _ I ,- ~. r-~--s-s---;-; 
I, __ ' 

1----1:---------, 

i ?~ ii ~ ~ ~ : 
! ""1.. i: -; - - a... ! 
I ~ i' f:! . .:' I 
I' t:::1 0 ~ b.O , 
iOH Q.Q.~~ 
, ___ '-- -- -~----I 

I :1 ~~I I 
I' 11 ! 
~ 1 " ' 

: 'i::':: +(' 0 0 _ I _I 1 

i .= I' , 
J, I ~\ 1 

: .5 I 
I i 
1--1 , ~ i 
~i 

I 
c \ 
° I 

i ~-i 
) c i 
I '- I ,--I , I 
i ~ I 
i ~ ! 

i 
! 

I 
I , 
i 

I 

! 
! 
i 
I 

i 

i 
I 

I ' I 
I g I 
1---11 
\ I, 

! i I 
I ~ \1 

.5 i 

I 
j 

+ -1 0 

~ ~i 
' .. 
I 

-a bil bil 
Cl) \IS <':I .... .5 .5 + 

Sc: bil ~ Cl) '- e e t':l 

~ '- 1C'l 

~ 
0 I 

bil -a b4 as <':I 
.5 f:! .5 
ei. b.O b.O 
~ Cl) Cl) 

t:: e 

~JI. C'l ,-< 

+-, 0 

::.:: 11 

i I + I i 
1 __ :----->-,.---~--! ---IJ--
I~! -a-a-a' ~, 

I , 

b.O ~ 
11 _ i - ~ f:! f:! ' ,.0;' I,' 
" ti) ! <':I i .... -
1 I <11 • • • , ' 
lel '- l/) M ft) i C i: 
1 0 1 0 (IJ 0 : 0 ii 
, i Q. t:: Q. l I, 

I~~-l:--~--;--~--i ~ -I; 
! -'; -\I-----------i I ; i,l,l 

'I -> :1 ;'10 ).t· ."" """"'" I > " 
! I _ ! I 

j ii <':I 

.5 Cl) E .... 
ei. bil ui 

~ Cl) ° s:: Q. 
, 
~ 

0 
'-IC'l 

~ + 

" ),J. • >J> 

'i 
Cl) .... 
ui 

° Q. 

0 

ii 
~ 
.'-

bi) 
Cl) 

s:: 

S 

~ 
.5 
~ 
t:: 

0 

~ 
.5 
~ 
Q. 

S 

.... 

Before investigating the cases of degeneration III and V we shall 
occupy ourselves for a moment with the relation (53) (4t11 comm. p.l011), 
existing between [ and 1'. In the case of the cOllie it takes the 
8hape of (65) (4\11 comm. p. 1018).The curve it repl'esents is as 
can be expected symmetrical with respect to the X-axis (X = /'). 
To simplify tile reasoning we shall translate the curve til (X, Y) = 
.,. (1',1) = 0 _ parallel to the X-nis and we shall decrease it 8,nd 
that by the formulae of transformation 
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v-plane 

. 
----~.-.--~- -------~ 

: 1 
1 I 

o'~ __ ~·----~--~' +x 
Fig. 5. 

l' -18 = 36S, 

i= 6'1. 

cn(v) 
plane of ---

m(v). dn(v) 

Tbe equation of tbc curve transformed in this manner runs as 
follows: 

À' 
". (s, '1) - S' - '1' - - = 0 ; . 4 

the curve is therefore a rectangular hyperhola. In tbe cases 11 and 
IV tbc i-1U:,is is the rooI axis, in ca...'le VI tbe '1-axis is the real axis. 
Each point of tbe con ie F (x, y) = 0 corresponds to one point of this 
rectangular hyperbola wbilst to one point of tIJ = 0 two points of 
F = 0 are l'Onjugated. The points for which [= 0 have as absciss 
i = - ,. The Hoe i = - i does not intersect the curve'" in case 
11, but it does in the cases IV and VI. The point at infinity on 
i + '1 = 0 represents tbe points SI and S, j the point at intinity on 
i - '1 :::::: 0 represents the two points Rl and R,. The points Tl and 
Tt are represented by . the points of intersection of 4) = 0 with 
i = - i· The images of tbe points Tl and Ts are in Càse VI united 
in the point of intersection ofi = - i with the branch of 4) = 0 
lying under the ;-axis. The images of Tl and T, are always points 
where the motion changes its Bign along the curve •. 

Now we hRove to investigate the cases of degeneration. 

Case I I Ia. À = + 1, 61 = 0, au and au not disappea.ring at the 
same time: 

The point 0 lies on one of tbe asymptotes, without coinciding 
with thc centre. So this position occurs with the hyperbola only. 

Here equation (71) holds, in which is put t' .. = 0, 

6. 
1= ::t:: -. - • • • • • • • • (71 ') 

8'" T 

Equation (62) (4th comm. p. J 015) passes, 00 at'countof the relation 
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anA .. = A, 
and with the aid of (72), into 

9 9 (rt . 1)' 
l' = _ (-;4+2~'-l) = _ ---,-:0-,--_ ;' çs 

from which ensues, in connection with (71), 
6 3i(Ç'--I) 

-=::1:: , 
sin T ç 

or 

, = ± i (1 ~ con). 
stR T 

We choose lor ,: 
.. l--C08T t' 
:. = + i-,--= + itg-, 

stnT 2 
. (85) 

and find in this manner 
. i T 

ç = +2 sec'2' 
Now the equations (76) and (77) a.re incompa.tible. If they depended 

on eacb other we should have Au = 0, which has not been sup
posed to he the case. 

Equation (77) now runs: 
T 

aua: + a.,.!! = -- allz sec' 2" . . . . . (86) 

Bringing this equat.ion into connection with R(x, '!I, Z) = 0, we find 

2AlI sec' ; • a: = l aua 11 see4 
; - au' ( 2 sec' ; - 1) t z I 

{ . (87) 

2Au sec' ; .!! = 1 a ua .. sec· ; - au' ( 2 sec' ; -1) t z \ 

These formulae can be used uniess either Au or Au is r.ero. 
Therefore we will mention a)so the expressions for x and '!I for the 
case Au = O. Tben we hMoe au = 0 on. account of auAu + 
+ au ..4,. = O. Wethen find immediately out of (86) the expression 
ror x, out of tlle sec,ond equation (87) in whieh Au is replaced by 
auQu tbe expression for g. So the solution is: 

T 
aua: = - a .. z • sec' 2" 

2a1.aU ,ee' ; !! = 1 alla .. ,'Iee4 ; - au: (2 see' ; -- 1) t z. 

Case 1116• all =an =O. 
Tue point 0 OOÎ1Ieides with the cent,re. 
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Now we have 
1=0. 

The expressions for x and '!I are of the form: 
Ie =(aeiT + a'e-iT)z, 
y = (JIei'r + (fe- iT) z. 

In order to have F _ aule' + 2a"IeY + auY' + auz' = 0, we must put: 
a= O'(-al1+V-A .. ), a' = 0" (-au-V- All)' 
fl = O'a 11 , {f = a'all 

with the condition 

au 
In the case of the real ellipse we have All> 0 and - < O. We 

all 
then can put: 

So we find 

1 V -a.. t ( . . 'V ( . . )1 1 Ie = - --. - au et': +e- '':)+ tAu' etT --r'': z = 
2 alIAll 

= V -au . (- at', CQS I' - V Au sin 1') z, ,(88) 
allA .. 

1 V --a.. '- '- v-alla .. y = 9 --.all (el. + e-I·)z = --'--.0081'. Z. 
... alIAll A33 

We ean use the same expression if we have to deal with a 
a 

byperbola not intersecting the x-axis. For then Au < 0 and _!.!> 0, 
all 

so a=o' real. We pref er to write -V-Au .sh(iT) fOI'VAu.sinT 
= - iV-Au' sin Tand eh (tl') cos for T. Then rooI points of the hyperbola 
correspond to purei)' imaginal'Y values of T. 

Ir the hyperbola does intersect the .v-axis we have Au < 0 and 

au < 0, SO (j = a' imaginary. 
all IV au We then put IJ = - a' = - -- and get in this manner 

2 altAn 
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Here also T must describe in its complex plane the imaginary axis. 
Fo)' all = 0, we get (2a12x+au Y) y + au = O. 
A solution of this is given by 

-1. . 
.?: = - (anP'''' + aue-1'l'), 

2au 
y =ei'r. 

Here also. only purely imaginary values of T eome in consideration, 
as might be expeeted. 

The second case of d('generation (IV) presents itself fol' J, = 0, 
1. e. ól = + 1. Here we must distinguish throo subdivisional cases, viz. 

1 Vn. au = 0: the point 0 lies on the cOllie, 
I Vb. A 33 = 0: the conie is a parabola, 
IV'c. a~3 = 0 and Au = 0: the point 0 lies on the parabola. 
Case J VII. Here we have (70a) (4th comm. p. 1017); substitution 

of T 0 = 0 furnishes 

so 

T 

I = + 3V2. t/t V2' 

. 3 
1=-

T 
c/t 2 _ 

V2 

. (70'a) 

Now the equations (62) and (63) (4th comm. p. 1015) teach us 

2b.Iz 2b.z 1 
9 = au.?: + a"y = -. - = -- . --

3A.. Au ch'J~ 
V2 

Auo'C-AuY=V -A .. g' + 2b.gz = v(- 4b.:. _1_ + 4b.:. _1_). z 
• Au h4 T All h' T 

C - c-

so we get 

rc= 

T 
sh-

2D.z V2 
=--.--; 

All T 
ch'-

V2 

Proeeedings Royal Acad. Amsterdam. Vol. XV. 

V2 V2 

• (89) 

2 
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In tbe case Au < 0 we prefer to write iV -- Au. sn ~ = 
V2 

.iT T iT T 
= + V -Au .sm V2 for VAn· sn V2 and cos V2 foren V2' 

80, whilst the fm'mulae (89) are specially suitable for the ellipse 
we do better in using for the byperbola 

2Z, iT (Au-au V-A ... 3in :2) 
Au C03 V2 I 

. . (89') 

Y= 

Conseqllently tbe rea! points of the hyperbola correspond to purely 
imnginary values of T. 

Ca...~e I Vb. Putting TG = 0, (70b) (4th comm. p.1017) we find 

T 
1= -SV2 . tIl V2 . 

and therefore 
. 3 
1=---. 

T 
ch'-

V2 

80 t.he formulae (62) and (63) now give 

i.e. 

and 
v-- T Au.v --AuY = V2bgz-ban z' == a .. 6..z.3h V2' 

so we find 

3J - t a,. Väu 6. ~h _~ + GuAu .(cht ~ -2) t z 
- l 6.V2 2b' V2 ~' 

~-au V anl:. h T + auA .. (hl T 2) t Y - 8 - -- C - - z. 
- l:. V2 2b V2 

Case IVc. Here we have 
1= ± 3 V2 

(70'b) 

• . (90) 
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or 
(alla: +al ,y)' + 2all(a 13 ,'I: + any) = 0 

passes by the substitution 

into 

alla: + a12 y = 2alls t 
a l33 + a2ly = - 2al1 11 

1J = St, 
a solutioll of wbieh (see 2"d comm. p. 590) is 

s=e- V2 

Out of (91) and (92) we deduce 

2al1 (-~ --V2)J 
{IJ = - A 12 au e V2 + au e' { 

y = ~:: (au' -;, + au , -'v. ) \ 

These formulae are always applicable, as the supposition 
would imply the degeneration of tbe parabola. 

. (91) 

(92) 
.. 

., (93) 

Chemistry. - "On some internal unsaturated ethers". By J. W. 
LR HEUX. (communicated by Prof. VAN ROMBURGH). 

(Preliminary eommunication). 

(Communicated in the meeting of April 26, 1912). 

By the action of formie acid on mannitol F AUCONNJER obtained a 
mixture of formic esters of this bexavalent alcohol, which submitted 
to dry distillation, . yielded among other products a liquid of the 
composition C.HsO, boiling at 1070 -109°. 

VAN MAANEN (Dissertation, Utrerht 1909) who investigated this 
substance and mentions it asa liquid boiling at 1070 proposed as 
the most probable structural formula: . 

CH~=CH-CH-CH=CH-CHI 

lOl 
As the mode of formation of this subst&nce does not give a com

plete insight into its strnctural formula, Prof. VAN RoMBURGH proposed to 
me toprepare fhe variolls possible oxides of hexadiene by other 

2* 


