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Mathematic!l. -- "~\'ew re.'1earc!tes upon t!te centra ol t!te inte.lJrals 

whiclt satisj1/ d(pèl'ential equations of tlw jirst order and t!te 

JÎl'l?t degree." (Seeond Part). By Prof. ,V. KAPTEYN. 

8. Assuming in the third place 
af + c' =i (a+c) 

aa' - cc' = (l,-ib') (o+c) 

2b' = 3a + 5c 

Ol' putting b = ifl 

We have 

2a' = - i (3a-2fl+3(') 

2e' = i (5a-2;1+ 5c) 

2b' = 3a+ 5e. 

1 
q, =a' - i(3a+2b')= - ~ (15a-2~+lö(~) 

... 
1 

q, = 2a + 3b'-ib = 9" (13a+2fl+ 15e) ... 
l 

ro = - ti (S6a' + 26a~ + 179ac - 4;J~ + 2S;Jc + 99c') 

1 
r 1 = - 4" (45a 2 

- 36ap + 84ac + 4p: - 32pc + 39c~) 

t 
r, = - "2 (130a 2 

- 6ap + 265ac - 4;12 -Spc+137c') 

1 
12 (421a' + 116a3 + 972ac - J2W + 120pc + 567c l

) r.= 
and for the coeffieients of p. 

8, = (5a-+ 2b') ro + a' r1 

2s, - 480 = (8b+2c') ro + (4a+ 4b') r 1 + 2a' ", 

3sa - 3s1 = 3cro + (6b+ 3c') r 1 + (3a+6b') r2 +3a' r. 

4s4 - 28, = 2crl + (4b+4c') r, + (2a+8b') ra 

- sa = cr, + (2&+50') rs' 

To determine the next eondition we introduce the two following 
polynomia 

Pi = t.,x, + tl,v4y + t,,x'y~ + t.,x'y3 + t4,~!t + t,y' 

PI = ?lo,x' + ul,x'y + U,,x4y' -t- u.,x·y' + u4,x"!/ + u.,xY'+U,y6. 

Tbe coetlicients of tbe first are determined by tlle relations 
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ti = (6a+2l/) So + a'si 

2t, - 5to = (lOb +2c') '.0 + (5a+4b') SI + 2a's. 

3t 3 - 4t1 = 4c So + (8b+3c') SI + (4a +6[,') 8 2 + 3a' Sa 

4t. - 3t, = 3c SI + (6b+4c') S2 + (3a +8b') S3 + 4a' s. 

5t, - 2t3 == 2c 8, + (4b+5c') Sa + (2a+ lOb') s. 

- t. = CS I + (2b+6c') 8 4 

which may always be satistied, alld tbe coefficients of the second are 
related 10 those of the th'st hy the following system 

0)' 

UI = (7a+ 2b') to + a't l 

211, - 6uo = (12b + U) to + (Ga+ 4b') ti + 2a't. 

3ua - 5"1 = 5e to + (1 Ob+ 3e') ti -+ (5a+ 6b') t, + 3a' ta 

411. - 4U 2 = 4e ti + (8b+4e') t, + (4a+ 8b') fa + 4a' t. 

5u, - 3us = 3c t. + (6b+l'ie') ta + (3a+l0b') t 4 + Sa' ti 

6u 6 - 2u. = 2c ta + (4b+6c') t. + (2a+12b') t, 

- Ui = ct. + (2b+7(") t., 

This system is impossible unless 

5u 1 + (3u S-Sul ) + (5us-3u.) + 5 (-u.) = 0 

(35a+lOb'+5c) to + (Sa'+ 10b+3c') ti + (5a+6b'+3c) ti + 

+ (3a' + 6b+ 5/) la + (3a+ lOb' +Sc) t. + (5a' + lObt 35e') t, = 0 

\V hich may be written 

A ti +B (2t,-5to)+ C (3tl-4tJ +D (4t.-3t,)+E (St,-2ta)+F ( -t.)=O 

if 
5 

A =-(7a'+14b+17c') 
3 

I 
C = - (Sa'+10b + 1ge') 

3 

E=a' + 2b + 7e' 

B = - (7a+2b'+e), 

I 
D = - 3 (19a+l0b'+5e). 

!') 
, F= - 3(17a+14b'+7e). 

Thus, cltoosing as before So = 0, the sought condition takes this form 

81 [ a'A + (5ai- 4b') B + (8b + 3c') C + 3eD] 

+ 8. [2a'B + (4a + 6/1') C + (6b +4e') D + 2c El 
+ 81 [3a'C + (3a+ 8b') D + (4b + Sc') E + c FJ 
+ 8. [4a'D + (2'l+IOb')E + (2b+6c') FJ = 0, 

Writing this equation 

/1 8 1 + j~ 8. + /a "3 + /. 8. = 0 
and eliminating a' 1/ c' we obtain 

OOi ~ 
A = T( 8a+~+8c) , B = - 2 (Sa+3c) , C = 3 (lOa -p+lOc) 
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2 10 < 

D = - -3 (Ha+ 15c) ,B = 4i (4/,-jj+ 4c), P= - -3- (19a+ 21c) 

il = -10 (a+e)(13a+lOp+llc)= lO(a+c)gl 

/, = 30i(a+c)(3a-2P+5c) = 10 (a+e)g, 

fa = - 10 (a+c)(3la-2p+41e) = 10 (a+c) ga 

/. = - IOi(a+c)(61a-14~+5ge) = 10 (ate)g., 

Now, omitting the factor 10 (a + c), we get 

!h 8 1 + 92 8 2 + 9,8. + 9. 8• = 0 

• 

wherein the values s may he expressed in functioll of r in this way 

281 = (16a + 10e)r. -i(3a-.2p+3e) r 1 

2s,=i(5a+6p+5c)ro + IO(a+c)r 1 -i(3a-2p+3e)r. 

28, = -2er2 -i (25a-6fl+25e)r. 

i i 
28. -=- - (5a t 6p+5c)r. + (5a+6c) r 1 + - (7a+2fl+ 7c)r2+ (7a+ lOc) r. • 2 2 . 

Substitnting these yalnes, and putting 

G1 =13a+ 10~+ 11c , G.=9a-6p+15c, 

G. = 3la - 2p -+ 41c, G4 =-~ 61a - 14fl + 59c 
we find 

1 
re [- (16a+ lOt') G1 - (5a+61~ + 5e) G, +"2 (5a+6~+ I)c) G.J 

+ ir1 l!3a-2p+3e) G1 + 10(a te) Gs - (Sa + 6e) G.] 
1 + r,r(3a-2p+3c)G, + 2eG, + "2 (7a+2p+7e) G.] 

+ ir. [(25a-6tl+25e) Ga - (7a+IOc) G.] =0 

which may he reduced to 

• ~ ". [- 201 a2 
- 72 a{l- 252ac -12p' - 36fle - 75es J 

+ ir l [ - 176 a' + 14a{l- 34900 -- 2011' + 32Pe -171e'] 
1 + "2 rt [ 481 a' - 48a,'1\-- 110800- 4P' - 84fle + 667c'] 

+ ira [ 348a2 
- 1,38a,i +' 777ae + 12fl' - 1 56pc + 43r.c'] = 0 

Writing tbis result 

~ r.T.+ir11't+ ~ r,T.+ir.T.=O 

and assuming 

i 1 i 1 
r. = -(iRo. "I =-4 Rl' "s =-"2 R" r. = 12 R. 

we obtaiD 
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RoTo + SR1T1 + S R 2 T. - R31'3 = 0 

whieh after reduction gives finally the eondition 
12 (a + c) (a - 2~ - c) (3 a-2~ + 5c) = O. 

~ 

This condition breaks up into three others from which the fil'st 
a + c = 0 has al ready been examined in Art. 2. 

9: Introducing the serond, we must examine the case where 

2a' = -- i (Sa - 2~ + 3c) 

2c' = i (5a - 2{l + 5c) 

2b' = 3a + 5c 

2~ = a - c 
or, remembering that b = ifJ 

a' = - i (a + 2c) 
c' = i (2a + 30) 

2b'= Sa + Sc 
2b = i (a - cl. 

This case has al ready been met with in Art. 7. 

10. Finally we have the relations 
2a' = - i (3a - 2~ + 30) 
2c' =-= i (5a - 2{l + 5c) 
2b' = 3a + 5c 
2;:1 = 3a + 5c 

whieh are ideutical with 
, . 

a ='W 

Cf =ia 
2b = 2ib' = i (3a + 5c). 

The dilfereutial equation reduces in th is case to 

dy -.'1: + ic:c' + (3a + 5c) :cy + w.y' 

dx y + a,x' + i (Sa + 5c) :cy + cy' 

whose general integral maybe constructed from the two particular 
integrals 

and 

1 
(a + 3c) (:c _. iy)' + 2i (ao + iy) + - = 0 

a+c 

(a + 30) (:c - iy)l + 3 i (J'2 + y') = 0 

which are easily found. 
This general iutegraI 

I (a + 3c) (:c - iy)' + 3i (m' + y') I' 

1 
1 t • = oomt. 

(a + Sc) (:c - iy)1 + 2i (:c + iy) + -
a+c 

Proceedings Royal Acad. Amsterdam. Vol. XV. 
4-
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may be expanded for small valnes of x and y in the form 
,v' + y' + F. + ./<'. + .... = const. 

whieh proves again that the origin is a centrum. 

11. Resuming we may conelude (hat where 

(a + c)' + (a' + c')' = O. 
the differential equation 

dy - :e + a'.r' + 2b':e.ll + c'y' 

!I + (I,r~ + 2b .r-y + cH' 

has a centrum in the origin of eoordinates ouly in the following cases 

J. a + c = 0 en a' + e' = 0 

J J. a' + c' = ± i (a + c) en a + b' = 0 

r J J. 2a' = ± i (a - 21/ + 1'). 2e' = ± i (a + 2b' -l c), 2b = ± i (a - r) 

J V. a' = ± ir, e' = ± ia. 2b' = 3a -f- ve, 2b = 3a + 5c 

for it is easily seen thaI in fhe lasl three eases l'verywhel'ei may 
be replaced by- i. 

The results obtained in 0111' fOl'mer papel' show that the origin is 
also a eentrum in the thl'ee following ('ases 

V. a' + c' = 0, a' = {J en a + h' = 0 

~.J. a' + c' = 0, (I' = b = 0 

TT J J. Il' + e' = 0, a' = b, 2b' = Ba -1- 51', ac + b' + 2e! = O. 

\Ve found there one ('ase more viz. 

a' + c'=O, a'=b and a + c=û 

but tllis is inc\uded in J. 

12. To compare these rcsl1lts with th08e of DUJ,AC, we will 
transform our difterential equation 

d!l -.v+a'.r'±_~_~':!L±_e'!I'...:.. =_.~+~ 
d.v y+(I.v~+2b.vy tey' ,1I+X 

III his form. This may be done oy thc substitution 

!tg = ie + i!! h; = a; - (IJ. 
This gives 

ltdg kd11 
---'"- -_._--~- -----'>---,,--_ .. _-----

y+X+i(-.v+y> y+X-i(-.v--t- Y ) 
where 

y - i.v = - ihS, , Y + i:e = ikl'J 

X + iY = - i (A-B) !t'S' - 2i (C-C') hk;lj -- i (D - E) k!'j' 

X -- iJ'= - i(D+E)h';'- 2i(C+C')ltk~lj - i (A+B)k'lj' 

and 
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i 1 
A = -(a+2b'-c), B = - (a'-2b-c'), 4 . 4 

t 

C =- (a+c) 
4 

Z I 1 1 
D = -(a-2b-c), E= -(a'+2b-c'), C' = - (a'+c'). 

4 4 4 
Thus we find generally 

[g + lt (A-B) ~2 + 2k (C-C') ~'1 + ~- (D-E) '1'J d'l 

+ [ '1- k (A+B) 1J" - 2lt (C + C'H11 - ~ (D+ EH'] d~ = 0 (A) 

and when C' = 0 or a' + c' = 0 

[~ + h (A-B)~' + 2kCg"j + :" (D-E) '1'J dll 

+ [11- k (A+B) 1,' - 2ltC~li - ~ (D+ EH2 ] d~ = 0 (B) 

where 
i I 2" (a'-6) i(a+c) 

A = 4: (a + 2b -c), B = -4--'C = -4--

i I 2 (a' +b) 
D=4 (a-2b-c),E= 4 . 

If now we compare with CB) the first equation (1) of Art. 1 we 
have 

lt (A-B) = 1, 2kC = IJ, 

- k (A+B) = 1, - 2hC = fJ, 

k' 
-,;(D-E)=v 

hi 

- -(D+E)=v 
k 

which may be satisfied by taking k = --lt and 

B=O, E= 0 
or 

a' = b = O. 
This first equation therefore belongs to Out e1ass VI. 
In the same way we may infer that 

(2) belongs to class V 

(3) is a spe~ial case of class 1 
(4) belongs to class VII 

(7) is a special case of class 1 

(9) is a special case of class VI 

(11) is a special case of class I. 
,'( 

If now C' *0 we compare with CA). This gives for the fifth 
equation of Art 1 

4* 
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11 (A-B) = 1. 2k (C- C') = 0, 
k' 
-- (D-E) = ° 
I1 

}t S 

-k(A+B)=O, -2h(C+C')=l', -,;(D+E)=v 

whieh may be satisfied by 

Ol' 

A + B=O, D- E=O, C-C'=o 

2a' = i (a-2b'+c), ?oe' = i (a+2b'+c), 2[, = i (a-e). 

Thus (5) beloilgs to elass In. 
In the same waj' it is seen that 

(6) is a special case of class TI 

(8) belongs to class IV 
(10) is a special case of cIass 1I I. 

The eleven equatiolls gi\"en by DCLAC are therefore contained in 
the preceding 7 classes. 

Chemistry. - "On (l ./Î:1l' o.l'ylwloid.'f." By Prof. F. A. H. &mRRINI':­

~L\lü;RS and :\h .. 1. MILIKAN. 

Of thc ehlorides, IJrolllides, anti iodides of Ihe alkaline earths 
se\'eral oxy-salts have all'eady heen deseribed; in order to fm·ther 
im'cstign.te 1 he oeelll:l'l'nee Ol' lIon-oe(,lIlTem'e of these salts, to detcr'­
minc the limits of eoncentl'atioll belween which they exist and, it' 
possiblc, 10 find olher oxyhaloids, different isotlwl'ms have now been 
determined and by mealls of the "residue method" I) the eompositions 
of the solid phases have been dedueed therefrom. Here, we will 
diseuss onl)' the solid sllbstances that ean be in equilibrium with 
solntion. 

The s!lstem CaCl,--CaO--lI,U. 
Tt!/Ilpemtul'e 10Q anti 25°. At both these temperatures occur, 

uesides CaCI •. 6 H.O aud Ca (OH)., as solid phases the oxychlorides: 

CaCl, . 3 CaO. 16 H,O and CaCl, . CaO. 2 HsO 
Ow eomposition of tlle seeond salt may be expressed also as: 

/Cl 
Cn~OH' iH,O 

This lattel' oxychlol'ide has all'eady been fOlJnd previously by a 
determinatioll of the isotherm of 25° 2); Ihe first one was th en 

I) E. A. H. SCHREINEMAKERS. Die heterogenen GJeichgewichte von H. W. BAKHUIS 

ROOZEBOOM. I1I~ 14-9. 
2) 1-', A. H. SCHREIN"MAKERS and TH •• 'WEE, Chem. Weekbl. 683 (1911). 


