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rimentatJy to agree with th at dedueed from (59) one could get a 
fair conception of the molecule which wouid at least give this law 
of dePendence upon lemperature by calculating v from the tempe
rature of the BOYLE point (if within the specified region) and (J from 
tbe terms in tl.te expression for B which are independent of T, and 
then me, the moment, of the doublet; from this one could, for in
stance, calclliate the distance of the' electron from the. centre in the 
case of the moleenlar representation indicated at the beginning of this 
section. Furthtr discussion of experimental results, however, must 
be postponed tiU a later paper. 

Physics. - Isotltel'ms of monatomic suóstances and of their binary 
mixtures. XIl [. The elnpirical 1'educed equation of fitate f01' 
argon. By Prof. H. KAMERI.lNGH ONNES and Dr. C. A. CROM:MEJ.IN. 

Comm. N°. 128 from the physical laboratory at Leiden. 

In a pl'evious paper 1) we indicated the desirability of obtaining 
from the mean reduced empirical equation of state for a number of 
normal substances which we have caHed VII. 1.'), a mean reduced 
empirical group-equation applicable to the monatomic substances. As 
a first step in that direction we now give a special reduced empi
rical equation for argon which we shaH eaU VII. A. 3. and which 
embraces data obtained from observations made in both vapour and 
gaseons states. I) 

In previous communications similar special equations have been 
published, ,·iz. one f9r carbon dioxide 4) in gas, vapour, and liquid 
states, and one for hydrogen i) which embraced all available obsel'
vatiolls on the gaseous state. The important part as cOll\'enient sum
maries of all available experimental data played by such special 

merease of temperature undergone by a quantity of gascontained under high 
pressure on lhe addition of a measured quantity of heat showed thal even at 
2000 K. 'Y "A is for hydrogen considerably below 6/ '}. R, while at 600 K. the valu~ 
obtaioed was 3/2 R. It was mentioned during the discussion al the Conseil SOLVAY, 

Nov. 1911, that Professor KAlIERUNGH O~ES and myself had undertaken an inves
tigation of 'Y IIA by KUlfDT'S method for hydl'ogen at temperatures down to thal of 
liquid hydrogen, but this investigation has not yet been completed. 

1) Proc. Maréh 1911. Comm. N0. 120a. 
t) Suppl. Nl. 19 p. 18. 
8) Prae. Dec. 1910, Comrn. N°. 11Sb and C. A. CROM:MELtN, Thesis for the doc

torale, Leiden, 1910. 
') Areh. néeri. (2) •. 6. 8". 1001, Cornrn. NI). 7'. 
Ii)Proc. April 1009, Comm. Nt.!. lOOa. 
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equations in all sorl" of thermodynamical calculations concerning thè 
particular snbslance i-ithin f,he limited range through which tbe 
equation holds, makes it essential to obtain the best possible agree
ment between the equation and the results yielded by experiment. 
As the forIll VII. 1. was chosen fol' this equation with a dew to its 
relationship to other investigations cOfi(~erning the equation of state, 
it was fortunate lhat, fol' the comparatively small region of tempe
ratUl'e co\'ered by the argon obsel'\'ations, there were still the same 
llIlmber of coefticients available for the equation as had been found 
requil'ed to gh-e good average &gl'eement over the whole region 
covel'ed hy the eql1ation of state for val'ious different sub::!tances. 

In the paper 1) which contained the isothel'nl determinations for 
argon we luwe all'ell,dy given preliminal'Y val nes for the individllal 
virial coefficiellts AA, BA, etc. of the equation 

BA CA DA BA PA 
plo =A +-+-+-+-+-.:1 ..4 V v 2 tJ4 t,S VI A A A A A 

as directly calclllated from the observations for each individllal isotherm. 
The reduced virial coefticients fë, ~, etc. have now been caleulated 

ft'om the virial coefiicients BA, CA, etc. as functions of the reduced 
temperatllre t, whieh eomes to the same as the evaluation of tbc 
constants in the equations 

m b. b. bi 
'<.J = b1 t + ~, + - + - + -t t' ti 

, , c 
~=,t+c +2+~+2 

1 t t t' ti 

(1) 

By tllis the coeftieients are 30djllsted to tbe observations with respect 
to both temper30tllre and density. 

We may here gi ve a short resumé of the manner in which these 
caleulations were carried out. 

As in the present instanee the 6n301 terms of the polynomial 
BA 

pVA = AA + - + etc. exert but a slight influence and therefore 
t'A 

, can be calculated only approximately from the obsel'vations, it was 
, 

1) Proc. Dec. 1910. Comm. NI). 118b and C. A. CaO:aufELIN, Thesis for tbe 
doctorale, Leiden 1910. 

2) Proc. June 1901, Comm. NI), 71 and Arob. nOOrl. (2) 6. 874 1901, Co~m, 
N°. 74. 

As can be seen a 6tb term bas been added 10 tbe equations tbere given. .'or 
the formulae connecting B..4 anti ~, CA and ~, etc., reference may he made 10 the 
former paper. ln lbe pres"nt paper we shall use chiefly tbe reduced virial coeffi· 
denls wbicb are 10 be preferred for tbc Adjustment of tbc values ofthe coeffi.cients. 
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best. to begin with the adjustment of these terma. The faidy great 
changes which these terms as a rule undergo, have but a slight 
influence upon the values of the initial coefficients, while, on the" 
other hand, smalt changes made in the initial coefficients in the 
process of adjustment occasion appreciable alterations in the coefiidents 
of the final terms, and so the adjustment oi the values of the flnal 
coefIicients would become more difIicult than it is as a rule at small 
densities. 

In the case of argon the coefiicients € and ~ need not be taken 
into account, for their values have been adopteo from VII. 1. 1) and 
conséqllt>ntly tbey have already been adjusted to the observations. 
Our calculations therefore began with the adjustment of 1), which, 
as a glance at the vallll's of DAalready published ') will clearly 
show, had to be do ne in a somewhat arbitrary manner. Some of 
these VA 's have been taken from VII. 1. The values of DA at the 
lower temperatlll'eS, whieh were very irregular, were now plotted, 
while fol' 1=6 the DA value from VII. 1 was included. In this 
way values of D A or 1) were grnphically smoothed, ano then the 
deviations of these smoothed values from VII. 1. were' represented 
as functions of the reduced temperature by alinear equation 

(in which 
~t) = ~blt + ~bJ 

t::.T:J = ~a -1)VII.1. 

t::.b 1 = b1.o - b1.VII.l. 

t::.b, ~ bll.a - bll.VII.I) 

In this way bl •a and t-2.a were calculated as functions of the redu
eed tempemture, while ba.a , b ... a and b5.a were taken from VIL1. 

Tbe \'alues of :D adjusted in this way were tben converted into 
DA and were used in tbe first place to get an idea of the mag
nitude of the corrections 10 be applied to tbe values of fa and ~ so 
as 10 give the b,est possible agreement with the observations. When 
tbis was done we could then proceed to the adjustment proper of 
the va\ue.c; of BA and CA, or rather of ~ and ~ according 10 the 
formulae (I). 

As can he seen from what follows, this process yielded values of 
the coefficients which, especially as regards the ~ coefficient, did not 
diffel' mllch fron~ tbose of VII.1. while, at the same time, a compa
rison with the experimenta.l data of the reduced equation of state 

)1 Suppl. NO. 19 p .. 18. 
lI) Prot. Dec. 1910, Gomm. N0. 11BO. 
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thus obtained gave thOlOughly satisfactory results. The results of all 
these calculations viz. the coefficients {\l,b" (\., b4 , b •• ct) c, etc., of the 
eqnation VII. A. 3., the virial coefficients obtained from these, and 
ftnally, the eomparison of VII. A. 3. with the experimental data 
are given in the following tables. 

,The figures italicised in the tables are those which have been 
taken from VII. J. 

TABLE I. Coefficients of the equation VIII. A. 3. 

2 3 4 5 

. bXlO~ I + 131. 193 1- 146.132 I - 505.134 1 + 94.358 - 11.8488 

ex 1011 + 91.9140

1

' - 528.608 + 836.166 I - 315.182 + 11.4006 

I

' ~XX t
1

()25°IS ! + 236.30 + 421.825 , - 901·004 + JÓ7·70H - I78·~5 
• -1588.9481 +5725.652 '-41Jl.730 + 864·610 + 40.449 

fX 1()3Z +1685·000 !-6m.876 +~)I9·Ó29 -1512.028 + 144·517 
----~----~~----~~----~------~------~ 

T ABLE 11, Virial coefficients of equation VII. A. 3. 

s- I AA 1 BA XW3 1 CAXI06/DAXtOI2!EAXlOIS!FAXlO24 

+ 20.39 + 1.07545 -0.00118\ + 0.16168 ! +6.18079 + 7·6045 -4·J54]o 

0.00 + 1.00014 -0.16163 +0.91203 + 5.93894 + 8·7J21 -4·98917 

- 51.12 +0.'48922 -1.30251 + 1.50901 +3.28619 +10.5255 - ).0Il.fD9 

- 81.05 +0.68114 -1.62411 + 1.92013 + 1.18908 +10.);66 -J.9J044 

-102.51 +0.62511 -1.81201 + 2.16108 +0.12261 + 10.401J -J.Io&p 

-109.88 +0.59810 -1.90692 +2.28115 +0.20350 +10.J251 -2·fi9o.I5 

-113.80 +0.58312 - 1. 95896 + 2.34653 - 0.09396 +10.294'] -2.476» 

-115.86 +0.51617 - 1.986151 + 2.38134 - 0.25708 +10.28}7 - 2.J56oo 

-116.62 +0.51340 - 1.99111, + 2.39431 - 0.31813 +10.~ -:l.JI4J:l 

-119.20 +0.56393 -2.032551+2.43861 -0.53362 +10.2']59 -2.l']66g 

-120.24 +0.56012 -2.04101 +2.45611 -0.62312 +10.2']64 -2.1:1219 

-121.21 +0.55658 -2.06656 +2.41316 -0.10808 + Io.2']8J -sI.lJ7a(6 

-130.38 +0.52296 -2.19283 +2.64118 -2.10863 + IO.Jg66 -1.66:I9J 

-139.62 +0.48909 -2.33484 +2.83411 -2 •. 41358 +10·8045 -1·42979 

-149.60 +0.45252 -2.50118 + 3.10431 -2.18849 + 11.844D -Z.JJffiI 
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T ABLE 1lI. Comparison of equation VII. A. 3 with observation. 

d,A O-C dA 
O-C dA 

O-C dA 
O-C 

I in % in % in % in % 

+ 20°.39 I 0°.00 I - 51°.12 I - 81°.05 

20.4991- 0.01 I 2).811 I + 0.05 23.509 I + 0.11 I 25.152 t 0.11 
25.159 t 0.01 ' 26.581 - 0.02 [28.5151- 0.161 34.461 0.02 
32.590 0.14 32.302 + 0.05 33.193 - 0.05 55.822 -- 0.10 
35.330 - 0.09 31.182 - 0.06 48.116 0.00 11.444 - 0.06 
35.159 - 0.13 51.840 -- 0.15 64.948 ' t 0.06 94.625 -- 0.14 
41.319 - 0.04 65.325 - 0.21 90.695 0.11 119.84 + 0.19 
59.134 + 0.01 

I 59.250 - 0.06 

- 102°.51 ! - 109°.88 I -- 113°.80 I - 115°.86 

25.511 + 0.191 26.2421 + 0.141 61.01°1- 0.16 69.941 1- 0 ~'" I 
35.011 0.00 I 34.801 I + 0.26 88.889 - 0.13 91.308 -- 0.18 

(41.893 + 0.41] 65.142 - 0.54 106.68 1-0.34 108.02 -- 0.35 
53.152 + O.48J 66.530 - 0.291129.11 ,-- 0.25 131.51 -- 0.38 ., I 

-- 0.21 62.240 , -- 0.05 I 81.116 I + 0.01 152.11 I - 0.14 155.12 
[69.954 + 0.50]1102.16 . - 0.20 1155.40 '-- 0.01 t 119.94 -- 0.06 
84.002 - 0.08 125.56 -- 0.09 182.13 + 0.31 1[183.35 + 2.40] 
95.802 - 0.11 148.32 + 0.03 I 184.82 + 0.21 235.41 + 1.16 

11O.SS - 0.11 152.19 - 0.261212... + 1.02 319.52 + 0.20 
135.65 - 0.01 .180.84 + 0.31 
158.01 + 0.13 

-- 1160.62 I - 119°.20 I - 120°.24 I -- 121°.21 

+ 0.24 I 12.621 I - 0.04 
I 

26.480 + 0.25 26.811 21.326 + 0.24 
34.939 -- 0.01 34.965 + 0.24 82.8161 + 0.10 35.283 + 0.25 
68.630 - 0.13 [10.314 - 0.25] 99.246 + 0.03 11.459 - 0.10 

I!&:W I = ~:~ 10.481 -- 0.66 118.51 - 0.10 85.580 -- 0.05 
10.580 - 0.56 136.31 - 0.02 100.33 -- 0.03 

133.69 - 0.39 83.251 - 0.63 165.19 -- 0.09 (123.85 -- 0.19] 
159.11 -- 0.25 96.834 -- 0.31 206.51 + 0.82 148.95 -- 0.10 
161.15 - 0.35 98.863 -- 0.83 280.25 + 3.22 110.05 -- 0.16 

[186.15 + 0.13) 124.91 -- 1.10 338.95 + 0.89 234.13 + 1.13 I 
210.02 + 0.64 [143.11 -- 0.44} 333.15 + 1.93 

[260.61 + 1.14J 156.36 - 1.01 
331.29 - 0.46 f172.25 + 0.01} 

222.69 -- 0.04 
215.02 + 1.11 

I 336.89 -- 1.12 
I 

- 130°.38 l - 1390.62 I - 149°.60 

21.394 + 0.30 28.122 + 0.12 29.183 - 0.03 
[31.583 fg

:
t1 35.513 -- 0.1() 34.646 - 0.14 

34.126 
55.801 0.20 
65.125 0.14 
11.821 0.11 

[101.11 - 0.81] 
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The àCcompanying diagrams exhibit the reduced coefficients ~ and 
Q: as functions of the reduced temperatllre t within the region of 
observation for argon, that is, from t = 2, to t = 0.8. The curves 
drawn through the circles refer to the special argon equation VII. A. 3, 
those through the triangles to the mean reduced equation VII. 1. and 
t110se through the squares to the special equation for carbon dioxide, 
V. S. 1. 1) 

As the experimental data at present employed are very limited in 
scope we must, in the meantime, he somewhat chary of drawing 
conclusions as to the mutual actions of molecules when they come 
within each other's immediate neighbourhood from a comparison of 
V H. A. 3. with the equations fol' the other substances shown in our 
diagrams. In tbe case of the ~ coefficient tbe absence of data at 
small values of t is specially felt !), while as far as (f apd the special 
argon equatioll are concerned it is (he absence of data towards the 
side of high densities. Equation VII. A. 3 can, therefol'e, be regarded 
only as a first step towards the formation of t!te empirical equation 
of state for argon . 

. . . . . . 
T , 

/ 0 

00 
1// 

// V 
50 

~ 
,/ 

0 /. ~ 

~ ~ ~ 
I-Y 

~ 

so ----~ 
~ 

-----0 

~ 
..----'--

f -
5~ --
c 

1.50 1/0 \IJ' 

1) Ardb. Noor!. (2), 6, P 874, 1901. Comm. NO. 7'. 
2) We hope to be able to publish sborUy some experimental resulls to supply 

this deficiency. 
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We may still take it, however, that we have advanced a step 
since our previous papers 1). It was there found tbat deviations of 
the isotherms in the gas state were systematically connected with 
deviations of tbe diameter and of the vapour pressure curves (with 
which the deviations of the latent heat of vaporization etc., are 
eonneeted by thermodynamical formulae), wbile in the present case 
a much simpier survey is obtained of the deviations of the isotherms 
at densities at which tbe virial coefficient D need not be taken into 
account. ,Tbese are shown in the two curves for !8 and <r, wbich 
therefore play pretty much ~he same part in this particular region 
as the boundary curve for equilibrium between liquid and vapour. 
And it is again striking how the various 8ubstanees arrange them-

1) Proc. Marcli 1911, Comm. N~. 120b and Proc. July 1911, Comm. N0. 121b. 
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selves as far as these devia.tions are concemed according to tbe more 
or less complicated structure of their molecules. The curves lor VII. 1 
in the region of reduced temperature to which the diagrarns refer 
ru'e obtained chiefly from isopentane and ethel', substances which 
have very complex molecules; aftel' these come, in the order given, 
carbon dioxide, with an undoubtedly less complex molecule, and 
finally argon. Clearly, just as was the case with the deviations which 
were encountered in a prevÎous paper 1), one must look fol' the 
explanation of this in a raai Ol' apparent compressibility which 
diminishes in magnitude as the molecule becomes less complex in 
shape or structure, or in a cbal'actel'istic behayioul' of tbe attraction 
potential determined by this peculiarity. 

We hope to present further cornrnunications shortly giving l'esults 
of calculations of various thermodynamical quantities whieh may he 
made from the equation now given within the limited region for 
which it holds. 

1) Proc. July 1911. Comm. N°. 121b. 

(September 2, 1912). 


