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the shortening reflex and the paradoxal contraction. I am inclined
to suppose that the latter is the pathological form of the first.

The curves 1 have given as physiological were those taken in a-~
patient with a severe trigeminus-neuralgia caused by periostitis alveo-
laris, who is now cured. His reflexes were not altered in the least.

The curves 3 and 4 were taken from the healthy side of a hemi-
plegic patient and are perhaps not to be considered as purely physio-
logical. There is some reason to suppose, that hemiplegia may cause
a heightening of the shortening reflex of the healthy extremity.

Amongst the pathological forms of the reflex we might perhaps
include some forms of hysterical contraciure and also some cases of
crampi. But I intended to consider only the physiological aspects of
the reflex. i

Physics. — “On the thermodynamical functions for mixtures o
reacting components.” By Dr. L. S. Ornstein. (Communicated
by Prof. H. A. Lorentz).

(Communicated in the meeting of November 30, 1912).

In his dissertation Dr. P. J. H. Hoeney has developed a thporly
of the thermodynamical functions for mixtures of reacting components *).
Considerations closely connected to those of this discertation are
obtained if the statistical method of GiBps is. applied to the study
of the equilibrium in chemical systems. I will show’ this in the
following communication, and will restrict myself to the case that
only one kind of reactions is possible in the mixture, the extension
to other cases being possible without any ditficulty.

In the following considerations I shall use a canonical ensemble

R -
of the modulus @ (:N T) (R is"the constant of Avogrado for the

grammolecule, N the number of molecules present in this quantity
of matter. We might as well use the micro-canonical ensembles,
but for the calculations then being somewhat more complicated.

The molecules participating in the reaction are indicated by g, .« phe. .. p2
Then the reaction will be characterised by the stoechiometrical formula

3
Sope=9. . . . . . . .. (1)
1

the numbers », indicating the smallest numbers of molecules that

1) Dissertation Leiden 1912, comp. also these proceedings XV p. 614.
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can take pari in the reaction. The 1’s are necessarily whole numbers,
some of them must he negative.

We will imagine the molecules to be built up of atoms e,...0r...0t,
in such a way that the chemical formula for the =t molecule is

e =ynt, 4+ .. . Ynttz+ ... ypep - . . . . (2)
the numbers 7, being positive whole numbers or zero.

We will tirst treat the case that the system has so great a volume
that the mutual action of the molecules may be neglected in the
expression of the energy.

The state of the system can be characterised by the coordinates
of the centres of gravity of the molecules and the corresponding
moments of momentum and by a certain number “of internal coor-
dinates and moments of momentum. The expression givirg the energy
of each molecule consists in the kinetical energy of the centrum
of inertia, a quadratic expression in the moments of momentum of this
centrum, the coordinates of the centrum of inertia not playing a part.
Further in the energy corresponding to the internal coordinates,
which [ shall represent by e. An element of the extension in phase
corresponding to the internal coordinates of the xth molecules will
be represented by d/,. Be the mass of the molecules m,.

Be the total number of systems of the ensemble X, the statistical
free energy W.
+We now want to know the number of systems (") in this en-
semble, for which ny...% ...7 molecules of the different kinds
are present in the volume V. That is to say those molecules produ-
ced by a completely specified combination of atoms, for which the
internal coordinates and moments are situated in completely determined
elements dA,...d2, ...dx4. As for the situalion of the molecules
within the volume V, and the moments of momentum of the centres
of gravity, we will not apply any restricting conditions?). We
find for 2"

3 &

L
— - n, - Ny
0] 2 o
2" = Ne II (8am, @) (e d),) oL L (8)
1

The number of systems in which no restrictions are applied not
even for the internal coordinates and moments is obtained by inte-
grating over the di,’s with respect to all possible values.

We now put

1) Comp. for the case that one should want to specify for these quantities also,
my diss. p. 39, where the case of non-reacting molecules is treated,
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3 &

2 (]
(2nm,0) er =1 . . . . . . &%

in which the integration must be extended over the above mentioned
space. Now the number of the sysiems considered z’ may be repre-
sented by -

L'

— &k
z’:Z\'aQKIIf’. N ()
1

Now we have to determine the number of systems in which the
atoms are combined so as to give n, molecules of the x'" kind, etec.
We must bear in mind that the total number of atoms of each kind
is fixed; so thai when 2. 1s the number of atoms of the ath kind,
we have p equations of the form

MY oY+ U Y r—8 . . . . ()

Now, in order to get the number of combinations possible, we

must in the first place consider that . atoms are to be combined
into groups of 7,y ... particles in
Zazl

(nlylﬂ) ... (71/y/n) ... (n]‘y/m)! :

™

different ways.
Fuarther, that the number of different ways, in which n,y,~ particles
are to be combined into n, groups of y,~ particles, is given by

(o) ®
Gmed (=1~ 0T
In order finally to obtain the total number of cases possible, we still
ought to consider in how many ways the n, gronpsofy,,..y;=.. 7,
particles may be combined into wolecules a,y,, 4+ ..a<yx. .+ ay,,.
Suppose 3, of the quantifics 7, to differ from zero, then the wanted
number of the combinations in question will be

Y L S T (1)
For the total number of combinations we find, bearing in mind
that (rn,/)f elc. occurs in the denoininator

a o alwp!

myl o d ol Yy o Yom e Yop)™ e et Yt Yan)' (Yr2— 1) o (Yrp—1)! (1)

By uniting into a constant €' the quantilies not depending on
n,, we get for the total number of systems, in which =n,...,
molecules # are present (z)
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n

I“: : I ’
:=0C ’ ...
IlI n,! (,"//l e o Yoo ,7///;)"/ ( )

(in which only those 7,.’s are to be taken into account that differ
from zero). I will represent the factor (v, ..%m..¥.,,) by 5.

Now in order to examine which of all systems is the most fre-
quenlily occurring in the ensemble, which therefore is the system in
equilibriumn, we have to consider for which values of the n, z or
log 2, i.e. g

k

2 n,(log I, —logn, + 1—logs,) . . . . . (12

1
is a maximum, (n/ being developed here according {o the formula
of STrLiNG). The variations to which the numbers n, are submitted
are arz, in whiclh « is a positive or negative whole number. The
condition of equilibrium that is reached in this way is

L
=, (log I—logn,—log s)=0 . . . . . (12
!
Introducing
4
I, = (2am, 0)2 Vy
for [ we get
3 1
2 Sr, 33w, koo R\
T . | AT i'n/ /2 4 vl T
111 W=V 1 I;[ 7 v . (18)

As 7 contamns still terns that depend on 7 this formula cannot
yet be compared to that of Dr. Hoknun, however, m many regards

o . . R
it is already analogous to it. Now, applying the theorem thatﬁ log w,

{in which w i> the probability of a stale) is identical with the entropy,
we find fthe entropy 7 of an arbitrarily chosen state to be given by

R L
7;:X7‘? n, oy Li—log n, + 1—logs} . . . . (14)

This quantity therefore wmust agree with the entropy of a non-
equilibrium  state as defined by Dr. Houner. As appears from whal
is mentioned above, it posscsses the quality of being a maximum
in the state of equilibrmm.

Now [ will first use the 1esult we obtained {o calculate ¥ and
through means of iv the equation of state. Developing z with respect

to e and summing up. we find for Y~
72
Proceedings Royal Acad. Amsterdam. Vol. XV.
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3 )
— e
e O9=¢ N 1)
1 0y Y)Y e
C’ is oblained from C, by dividing the total number of systems;
n, denotes the value in the state of ethbuum

Applying the relation

0¥
p=- Y4
we find for the pressure
O k (n,~n )

p:_ﬁ_l,n,—[——{—@?(ZOgI/—ZOgny-—lOgS/) V ?

where 7, relates to the stale of equilibrium of the volume V,#/, to
that of the volume V - dV. These numbers always differ a»,, and
s0, taking into account the condition of equilibrium, we find

RT k
p= __Z\_7 —V_.Sl: n, . . . . . . . (16)
In order to calculate the average energy we can apply the relation
ow
= 60—
F=¥—055
which gives, when the condition of equilibrium is taken into account
—_ L 3R 0 log .
== T4 6 .
= ian T 56

Now, in many cases y, inasmuch as it depends on @, may be
represented by @+¢q, (¢ independent of @) or in other cases by a
complicate function of @. So, in the first case,

&= ZZ%I’ZI' n,(2 + yx)
Putting the energy that is supplied when the numbers n, change
with 2, c::f%.’S v, (; —}—}'/), then we find that the condition of
equilibrium (13) changes for this case info
k

fI n/v, — % R II ’ 27 m, )3/2% .
1

When we represent the energy of the molecules & by « constant
a, plus a function of the internal coordinates, then in the formula
(13%) the factor

123

(13)
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Fa,v, N
— ==
e
sull must be added. The formula obtained in this way agrees.with-
that of p. 12 and 13 of the cited dissertation.
Just as in this dissertation p. 16, we can by comparing d{l—de

~+pdv and dy show that

(17)

T
if we have to do with the changing into a state of non-equilibrium.

I will now consider what will become of our condition of eqnuili-
brinm in the case we apply the theory of energy-quanta. Let us
suppose we have the case of the molecules possessing 3 degrees of
freedom of rotation, and / vibratory degrees of freedom of the
frequency « ..

The value of y, can be given then. On account of the 3 rotations
it contains a factor @Y, further the integral is equal to a product
of [, integrals of the form

Elsr

fe o (Z)"tl/

relating to each of the vibrations. This integral has the value
hr,,

A — 1)

h,,

—

Introducing for each molecule the energy « for the zero state and
a constant originating from the integration with respect to the angu-
Jar coordinates of the rotations, then the condition of equilibrium
takes the form

’n a/L/
‘-41/ 4—41//

H II H —Ie A\

ht,,
e

1—e¢

in which all constants relating to the molecules %z are contained in
S,. If the theory of quanta must be applied to some of the rotatory
energies, then the exponent of 7" will be smaller.

As appears from the calculations of Dr. ScHurrer ?) the experi-

1) The complications arising when equal frequencies occur are easily lo be
overcome Comp these proceedings 8 March 1912 p. 1103 and 1117,

2y These proceedings XIV. p. 743.

2%
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ments can more sufficiently be represented by applying the formula
not of HinsreiN, but of Nernsr-Lixpemanwy for the specifie heat; the
equation (18) leads for the specific heat to the formula of EinstrIN. For
salid matter Born and Van Karman have given a theory leading io a
formula which seems to represent the experiments on s. h. as well as the
formula of NernsT-LINDEMAN. They start from the conception that there
cannot be atiributed one definite frequency to the atoms of solid
matter, but that, because of the coupling a great number of
frequencies oeccur, which accumulate infinitely at one or more
definite frequencies. The fact that the formula of NEernst is the
more appropriate also for gases, makes it acceptable that also in
gases, through the mutual influence of molecules, there cannot be
spoken of a finite number of definite frequencies. “

I may stil observe, that for the given consideration the way
in which the system at length comes into the most frequently
occurring state, is of no importance. That it will get into it,
may be regarded to be sure, as well from the point of view of
statistical mechanics as from that of the theory of energy-quanta.

I will still consider now in what way we can, in Jiquid slates,
come to the condition of equilibrium. We must for a moment return
to equation (3), then. There we conld divide into parts relating to
each of the molecules, the general integral which, according to the
definition of GiBss, denotes the number of systems of given state.
However, in the case now considered we cannot proceed likewise,
because of the mutual influence of the molecules. The number of
systems of specified state is in general given by

W—¢

(] . .
Ne da,y .. deg, myda .. m, dag, d

where @, ..., represent the coordinates of the centres of gravity, -
n,, the velocities, and where d4 relates to the internal coordinates
and moments of all molecules. Now considering a system with
n, molecules x, built up of specified atoms, and allowing all values _
for the coordinates of the centres of gravity, the total number of
systems obtained in this way z" may be represented by

3 ¢
k Ezny '—'5
27 m, 1 2, ... dA
\ NI]I( n m, 6) e Odo ...ds

The value of the integral can always be represented by
i

v f(Va,n...n6)
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For a gas the function f takes the form of the function considered
above. We will not consider the form more closely now. This being
observed, it will be.easy to point out the changes which (11), the
formula that gives fhe number of sysiems, will undergo. We find

8 ~—n N
I @a@m): V"

e=CfVyn, ...n,...05 6) (19)

?l
nl (s)

Asking again which -is the most frequently oceurring stale, we
find for the condition of equilibrium

3
2, (-- log n, + 5 log (22 @ m,)+logV —log 8,4~ — OQf) . (20)
n,
For the statistical free energy we find
k k
¥ Xn, 3 3Zn,
0 Cf(Vagn, ..ny, 6) Vi o r2a
911"10_"1 . ni’/a—?./ 31711 . 'q:l/

the numbers n, ..n, relating here to the maximal system.
Caleulating the pressure from ¥ we find

RT k RT'0 log f
p=—==n 4+ — -7
NV N oV
where the {erms again are zero on acconnt of the condition of
equilibriam, Like Prof. H. A. Lorentz in bhis “Abhandlungen” also
Dr. Hounen uses the equation of slafe

]’j‘ L

(I put it in molecular form), the teim ¢ then denotes the deviaticn
from the gas-laws, the ¢ there nsed therefore agrees with onr

_ RTOlogf
=N v
log f may be given the foim
Zogf__———fqdv + 9

where 9 is a function of temperature depending on the n, also.
Introducing this into (20) then

M

. 3 09 dg
, V=t > % —{ 2; / { —[ ’ _‘\\ ‘ v
21,‘1; loyn %v (2 og (2x@m,)+log V— logs, o) w7 ‘fdn,n d

/
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Now if ¢ is a fonction of the numbers n, the variation of ¢, if
« varies with de«, is because of dn, then Leing v,du,

o .,
g = ] 671,1’ .

) -0
So that this sum may be represented by a—q da.
o

The condition of equilibrium thus changes into

39 N [0
i r, 7 do.

2 k(73 h A

‘, = - 27 , V-l ’ dc

?1 logn Ex‘ 1(2 log 27 Om, )—}- log 198, , 27 5a
14

Putting the zero-energy «, and introducing 3 vibrational freedoms
then, when the remaining part of 9 is represented by ¢, we get

o, N 0t

3log T + log V_ﬁ~logs’+5; r,

13 h
v, dogn, =
1 |

N O'aagd

RT.) 0a v

v

the constants, containing all quantities that do not depend on Vand 7. The

/‘.
quantity Zv, log s, may also be substituted by a single constant.
1

. . R
Also in the case considered the quantity v log 1w can be defined
for cach state as entropy, and likewise we have for the supply of
d -
heat ?@ < dy for slates of non-equilibrium and = dy for stales of

equilibrium. .
It may be regarded as an advantage of the statistical method, that
it contains at the same {ime the thermodynamical consideration of
- Dr. Hornmy, and the kinetic resuli -—— the law of GuLpsrre and
Waaer — that he is bound (o introduce besides his thermodynamic
. considerations.

Grroningen, November 1912,
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