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Physics. - "The coefficient of dijj'usion for gases acco1'Cling io 
O. E. MEYER." By Prof. J. P. KUENEN. 

(Communicated III the meeting of January 25, 1\:113). 

Among the various methods of deriving an expression for Ihe 
coefficient of diffllSion fl'om the kinetie theory on the assumplion 
that the molecules behave like elastic spheres there is one - that 
of O. E. MEYER,I), - which leads to a resu1t differing largely from 
the olhel'& and fl'om observalion, althongh the fundamental assump-
t~ons are essentially tbe same. . 

The deduction of MEYER'S formula is shortly as follows 2): a plane 
of unit area is considered at right angles to the gradient of concen
tration and therefore to the diffusion &tream, and the numbers of 
molecules of each kind are calculated which cross the plane per 
second. It is assumed that the molecules have on the average had 
tbeir last coIlision at a distance 1 (mean f1'ee path) from the point 
whel'e they CI'OSS the plane and that their numuer in each dil'ection 
is proportional to their density at the point where the last collision 
has taken place. The numbers in qllestion of both kinds of molecules 
are found- to be 

and 

where u i& the mean moleclllar velocity, n the number of molecules 
in unit volume and x the direction of the diffusion stream ; obviously 
dn l dn 2 - = - -, for II and 121 the mean free patlH~ of tbe two kinds of mole-
dic dic 

cnles In tIle mixture, we have 

and lz = 1 : ! V2" ns n 8 2
2 + n1 3r (J~ V ml:mZ (; 

whel'e s is the diameter of the molecule and 0 = t (SI + Ssl' 

Owing 10 this double stream of molecules a total number al + as 
pass through tlle plane: this wOllld in general repl'esent a motion 
of the gas. As the gas considered as a whole is snpposed to be at 
rest, the stl'eam al + az will pl'oduce a pressllre gradient by which 
a stream of the gas as ,"t whole of the same amount in the oppo&ite 

1) O. E MEYER, Die kin. Theorie der Gase p. 252 seq. 1899. 
2) e. g. L. BOL'rzMANN, Kin. Theorie. J. p. 89 seq. 1896. 
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direetion is generated. W hen this stream is superposed on the th 'st. 
_ n n 

the numbers of molecules become a1 - ..2 (a1 + a2 ) and a, - ' (a 1 + a,) 
n n 

and the coefficient of diffusion D 

1 
D = - (n,u]ll + n1 u2l,). 3n 

According to this fOl'mula, D would vary strongly with the eom· 
position of the mixture, when m 1 and rn 2 differ mueh. In order to 
show this we put successively n1 = 0 and n, = 0 and nnd fOl' the 
limiting values of D: 

1 UI V m 2 
D (nI = 0) =---2 

3 n:rra mI +m, 

D(n,=O)=~~V m1 

3 n:ra2 m1 +m, 
4 

Using the relation u 1
2rn 1 = u, '/f/, = -, where h is the constant 3rn 

in MAXWELT:S law of distribution, we can also write 

- 2 1 Vm, 1 
D (nI = 0) = ----:=::: 

3:rrna' V:rrn mi mI +m, 
2 1 Vm l 1 D(n,=O)=----= ---

3:1'1i'7 2 V 3rh m2 mI +m, 
The two "alues of D are to earh othel' as 'm, : m1 e, g. for car· 

bon dioxide and hydl'ogen as 2: 44, 
The experimental evidence I) is in favour of a coefficient whieh 

val'ies with n l and 11", but only to a very small extent, 80 that a 
variation as given by MEYER'S formula is out of the question. 

The coefficient of diffusion accol'ding to STEFAN ') is: 

D-_3 __ 1_V~~ 
- 16no' V :rrl! m

1
m, , 

thel'efore Jindependent of the composition of the mixture, whieh agl'ees 
approxinlately with experiment, The same expression follows "fl'om 
MAXWEU:S secOlld theory when applied to elastic molecules i this 
was proved by LANGEVIN 3). The only simpli(ying supposition which 

1) Compare A. LONIUS, Ann. d, Ph. (4) 29 p. 664. 1909 
2) J. STEFAN, Wien. Sitz.ber. 65 p. 323. 1872 
3) P. LANGEVIN, Ann. chim. phys. (8) 5 p. 245. 1905. MAXWELL himselfhad used 

the samé method (Natul'e 8. p. 29d. 1873): hlS rèsllIt glven wilhout pl'oof differs 
by the factor ./d fl'om that of LANGEVlN. 

75* 
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he had to make in order to carry out the required integl'ations v 

was, that in ol'dinaI'Y slow diffusion lVLAXWfi.LI:S law of distribution 
may be takeu as fnlfilled. The want of l'igour which this implies 
may perhaps. account fol' the small differen_ce bel ween the formula 
and obsel'vation mentioned. 

The question arises, what causes the gl'eat difference- between 
l\1En:R'S result aml (he othel's. GROSS 1) criticised the superposition 
of the gas cnrrent' on the diffusioll CUl'rent: he tried to improve -
the theory by leaving out the former and by taking 1(a1+a2 ) as 
the real diffusion stream; but this is certainly ilIegitimate, as the 
definition of D presupposes the gas to be at rest or the plane 
thJ'ough which the diffusion slream is calculated to move with 
the gas. 

LANGEVIN 2) pointed out, that the dynamical action between the 
two kinds of molecules is lost sight of altogethel' in MEYER'S method, 
but he failed to indicate, how to modify or supplement it in order 
to take this action into acconnt. Neither does BOLTZl\IANN explain the 
strikillg contradiction between the two methods, ... 

It is possible to remove this contradiction fOi' the gL'eater part by 
making use of the notion of persistenee of molecular velocity which 
JEANS 3) introduces into the ldnetic theol'y and which a150 plays an 
important part in the theory of the Brownian moveluent. rThis 
quantity depends on the principle that, when a molecule collides 
with other molecules, it \Vill aftel' a colliaion on the average have 
retained a component of velocity in the ol'iginal direction. Jl!:ANS has 
calclllated wh at fraction of the original velocity this component 
is on the averag'e: he caUs this fraction the pm'sistence f} and nnds 

1 1 
f} = 4' + 4V

2 
log (1 + V2) = 0.406. 

JEANS shows that the usn[~l calculations in the kinetic theory of 
thc various transpol't-phenomena of which diffusion is an example 
have to ue corl'ected for this persistence. Fol' the sake of simplicity 
it is assumed that a molecule describes the same distance 1 between 
successive collisions. Owing to persistence a molecule wiIl on the 
a venige aftel' describing a path 1 travel on in the same direction 
over distances suc~essively of 1:J., l:J.2 etc., therefore al'together describe 
a distance 1/(1-f}) before its motion in the given dil'ection is exhausted 
and sirnilarly a molecnle which reaches a pJane from a distance 1 
wiIl not on the avernge have had a romponent 0 in, the given 

1) G. GROSS. Wied. Ann. 40 p, 424 1890. 
2) l.c, 
3) J, H. JEANS. The dynami::al theory of gases p. 236 sqq. 190~, 
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direct ion at that dis/ance befol'e it collided there, but at a distanee 
1/(1-f!). We can àlso say, that the molecules whirh have had a 
collision at a distance 1/(1-8) sl1cceed on the average in getting to 
the' plane before their velocity in the given direction is reduced to O. 
In the calculation of the nnmbel's that cross the plane it was assnmed 
that the veloeities wel'e .evenly distributed in all directions at a 
distance ?: as it now appears that this condition does not hold for 
a distance 1 bnt for the distance l/(l-ft), tbe correct result i3 obtained 
by replacing 1 by 1/(1-ft) in tbe ibml formula. 

In this manner JEANS eorrects MIWER'S formula 1), hut it is deal' 
th at by tbis means ~o improvement is effected, as D is multiplied' 
by a constant factor and the a,nomalons dependence on n1 anel n2 

remains. An important point has however been overlooked b~T JEANS 

viz. that the persistence obtains a different value when one deals 
with a mixture of two kinds of molecules of diffèrent mass. 

When the calculation of {J. is carl'ied out for a molecule 111 1 amongst 
molecules m2 one finds 

./ 

ml +m2l- ++~lo,q(.I+V2) { ?J1-l - 0.188m~ 

ml +m2 

For ml = m2 this expression reduces to tbe one given by JEANS. 

As a molecule mi collides not only with molecules 7n 2 but also 
with molecules of its own kind, the eOlTert expl'ession for the 
persistenee is, obtained by muItiplying the average numbel' of collisions 
of the latter kind by 0.406 and that of the former by tbe above 
fraction. In this mannel' the factol' 1/(1-f}) becomes 

I n v- - Vml +ln2 ml-0.188m2t /1=1: J-nl 3TSI - 2llXO.406-n2:7E'o2 l1-----
~ , m2 m l +m2 

for the molecules m l and 

f I V- Vm1+m2 m2-0.188mlt 2=1: l-n2 31's2
2 2l2 X0.406-nl 3l'o2 • l2 . 

m1 I ml t m2 

for the molecules 1n2 • 

Repeáting MEYER'S argument we fine! for D 

1 
D = 3n ('f/. 2u1lJ1 + n1tt2lJ2)' 

If we IlOW put n ,= (J, we obtain 

1) JEANS l.c. p.273. Oomp. M. v. S~IOLUCHOWSKI, Bun. de l'Ac. d. Sc. de Cracovie 
1906, p. 202. 

./ 
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UI V m 2 1 
D(nl =0)=--2 Q -

3n ;rlJ mI + 1n2 Jil l - 0.1....8 m2 1- -----=
mJ +m, 

UI Vml + m2 1 2 l~ 1 V~;;:-
= 3n ~lJ2 mJ X 1.188 = 3n- nlJ 2 1.188 V ~h m

l
m

2 
• 

The symmetry of this expression 6hows that exactly the same 
value holds for n2 = O. The form of D also agrees with STEFAN'S -

expression : the coefficients are in the l'elation of 1 : 1.05; therefore, 
considering the approximate character of the deduction, there is 
plactically complete agl'eement. 

For intermediate compositions the difference between the two 
expressions for n beeomes material onIy when 711'1 and m, are very 
dIfferent. This is probably due to the method of calculation whirh 
compels us to work with averages from the beginning. MOJ'eoYer 
hANS'S methad of caiculating the persistence is not rigorous : it might 
pe"'laps be found possible by applying more rigorous metbods to 
redllre the remaining difference between MJ<'YJm's corrected formula 
and the other one. As a matter of fart the object of this paper was not 
so much to deduce a correct fOI'mllla, considel'ing that the near 
acclIl'acy of LA~GEVIN/S method cannot well be doubted, as to remove 
the strong contradiction between the two results. 

In conclllsion it may be added, that the meLhod which is indicated 
in this paper can immediately be used to deduce rational formlilae 
for lhe viscosity and thl) conduction of heat for gas mixtures. 

Mathematics. - " On bilinear null-systems." Oom m unicated by 
Prof. JAN DE V BIES. 

(Communicated in the meeting of January 25, 1913). 

~ 1. In a bilinear null-system any point admits one null-plane, 
any plane oue mdl-fJoint. The lines incident with a point and its 
null-plane are called null-rays. If these !ines form a linear complex, 
we have the generally known null-system, which is a special case 
of the correlation of two colloeal spaces (null-system of MOBIus). 
The null-rays of any other null-system (1,1) fill the entire space of 
rays; with R. STURM we denote by y the number indicating h1W 
many times auy Hne is null-ray. 

In the thst we suppose y = 1 l.!-nd we examine the null-systems 
w hieh may be called t1,ilinew o and which can be repl'esented by 
(1,1,1), 


