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Physics. — “On the low of the partition of energy” By
J. D. va~ prr Waars Jr. (Communicated by Prof. J. D. vax
DER WAALS). -

(Communicated in the meeting of January 25, 1913).

§ L. Introduction.

The law of equipartition of energy wmust hold for the kinetic
energy of all systems whose equations of motion *) can be represented
in the form of the equations of Hamirron. This is shown in statistical
mechanies.

Experiment shows that this law is not fulfilled. This has fivst
clearly appeared from the fact, that the Iinetic energy of monatomic
and diatomic gases, as it may be derived from the value of ¢y,
accounts for only 3 and 5 degrees of freedom respectively, whereas
the molecules of these gases have undoubtedly more degrees of
freedom, which appears 1.a. from the light which they can emit.

Later the observations of Nesxst and his disciples have shown,
that the ¢, of solids decreases indefinitely when we approach to the
temperature 7’=0 (absolute) which is also in contradiction with
the equipartition law.,

Finally we usually deduce from the equipartition law that the
partition of the energy over the different wavelengths in the
normal spectrum mast be as it is indicated by the spectral formula
of Ravixwen. In this case also experiment shows that the conse-
quences of the equipartition law are not fulfilled in nature.

It appears from the above considerations that we are obliged {o
assame, that the equations of motion of the real systems cannot have
the form of the equations of Hammron. The following conside-
rations are to be considered as an attempt to find a way, which
may lead to the dedretion of the form of the equations of motion
of the real systems occurring in nature. In this attempt I will
assume that the pactition of energy in the normal spectrum is accu-
rately represented by the spectral equation of Pranck; so I will try
to indicate a way which may lead to the drawing up of equations
of motion from which the equation of PLanck can be derived. In
consequence of the mathematical difficulties, however, I have not
succeeded in finding those equations of motion themselves.

1) With “equations of motion” I mean the equations which are required to
reduce the lime derivatives of the independent vaviables by which the condilion of
a system is determined from (he values which these variables have at a given
ime, independent whether or no these changes refer Lo motions in the strict sense.
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It seems natural to assume, that these equations when they shall
have been found, will be able to account for the dffferent above-
mentioned deviations from the law of equipartition of energy. In
fact these deviations are closely connected with one another. If e.g.
the energy of visible lightvibrations at 100° is imperceptibly small
compared with that of infra-red rays, we cannot wonder that the
vibrations of electrons which are in equilibrium with those light
vibrations have an energy very small compared with that of vibra-
tions of greater period. The thermal motion of the molecules may
here probably be considered as a vibration of rather large period,
although it is not a simple harmonic vibration. At a higher tempe-
rature the small wavelengths become more predominant in the_
spectrum. It is therefore t0 be expected that also the vibrations of
the electrons of short period, which at a low temperature are devoid
of energy, at a higher temperature will obtain a measurable amount
of energy, so that the specific heat with constant volume will increase
with the temperature.

The physicists occupied with these problems have noticed this
connection between the normal spectrum and the specific heats from
the beginning. Jeans’) e.g. has applied his theory, which originally
was meant to be an explanation of the ¢, of gases, o explain the
properties of the normal spectrum; and it is not astonishing that
vice versa the theory of PraNck for the normal spectrum was soon
“used for the explanation of the specific heats, .

The method in which we start from a theory for the normal
spectrum and deduce from it the value of ¢, seems to have advan-
tages over the opposite way. For we have in the spectral formula
of Pranck a relation which agrees well with the observations and
which moreover is independent of the Special nature of the walls.

I will therefore follow this method.

§ 2. The centra of radiation. .
We may make the following two assumptions concerning the way

in which’ the partition of energy of the normal spectrum is brought
about. )

1st. We may assume that every vibrator considered separately
has the property to transform radiation of an arbitrary partition of
energy into the partition of energy of the normal spectrum.

2nd. We may assume that this property only belongs to groups

) J. H Jeans, Proc. Royal. Soc. of London 67, p. 236, apno 1900,
Phil. Mag. (6) 2, p. 421 and 638, anno 1901.
Proc. Phys. Soc. of London 17, p. 754, anno 1901, ete,
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of vibrators, when their vibration is influenced by their interaction
(collisions).

I shall start from the first supposition. In the first place because
1t is simpler. But it seems to me also to be more plausible. For we
cannot doubt that the equations of motion are not linear. A vibrator
therefore, when set into vibration by a perfectly homogeneous ray
of light, will not execute perfectly harmonic vibrations. The radia-
tion, emitted by 1t will therefore contain vibrations of other period
than the incident ray. If therefore it is inclosed in a spacz with
perfectly reflecting walls it will change the partition of energy of
radiation which is also inclosed in that space. If now the spectrum
which originates in this manner was not the normal spectrum (be-
cause this latter was only brought about by a great many inter-
acting vibrators) it wonld be astonishing, that even the most rarified
gases, in which relatively only a few collisions occur, always give
rise to the normal spectrum, and not to a spectrum whose partition
of energy lies between the normal spectrum and that of one vibrator.

1 will therefore imagine one single vibrator, If its motion was
determined by the equation:

d*x 32
Ky +fm—9375=e@. N ()]
in which the coefficients m, f, g.e were constants, then it would
necessarily give rise to a partition of energy agreeing with the
spectral formula of RaYrren?).

Therefore we shall assume from the outset that the equation (1)
is not satisfied. The vibrator will then nof be able to execute per-
fectly harmonic vibrations, but its vibrations, when analysed in a
series of FouriER, will consist of several, in general of an infinite
number of harmonic vibrations. This seems not to agree with the
fact, that undisturbed vibrating vibrators as they occur in gases,
emit very sharp spectral lines. We must, however, bear in mind,
apart from the fact that no element exists whose spectrum consists
in one single line, — that according to the electron-theory the
mass i§ not perfectly constant and the light of a vibrator therefore
not perfectly monochromatic. It 1s true that light of a period T,
differing from the fundamental period 77, of a vibrator, often occurs
only to an imperceptibly small amount in its radiation. But it
cannot be totally waniing. Now it is well known that the intensity
of radiation of a certain period in the normal spectrum does not
depend upon -the emission alone, but upon the ratio between emis-

1y Comp. H. A. Lorentz, Nuovo Cimento V, 16, Anno 1908.
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sion and absorption, so that a certain wavelength may be represented
in the specirum to its normal amount, even if the emissive power
of the walls be imperceptibly small for that wavelength, provided
the absorption have a corresponding, small value. The small value of
the emissive power has no influence on the final partition. It only
occasions that radiation of other energy-partition will only very
slowly be transformed inlo the normal partition. _

So we shall assume that the centra of radiation are vibrators
whose equations of motion are for the present unknown. These
equations cannot have rigorously the form (1), but they need differ
only very little from it.

§ 3. The independent variables. The ensemble.

We will imagine an ensemble each system of which consists of a
parallelopipedic space inclosed in perfectly reflecting walls and
containing one vibrator, whose centre has a fixed position in that
space. We will assume that the motion of that vibrator is determined
by one coordinate.

The choice of the independent variables requires a certain circum-
spection. The aether namely represents an infinite number of degrees
of freedom, each of which can therefore possess an infinitely small
amount of energy. The vibrator on the other hand-possesses a finite
amount of energy. It seems, however, difficult to deal with an ensemble
in which one variable possesses on an average infinite times as
much energy as the other variables. Therefore I will choose the
variables as follows: If a monochromatic ray of light passes a vibrator
the latter will be set into vibraiion. After a certain time this vibration
will have become stationary. Now [ will determine by one coordinate
the amplitude of the ray and the stationary vibration of the vibrator
caused by it.

Besides this I will assume that the vibrator has a “proper” coor-
dinate. Now if this proper coordinate, and also its time derivative
are zero, this does not mean that the vibrator stands still in its
position of equilibrium. It does mean that the motion of the vibrator
consists exclusively of the stationary vibration, which it assumes
through the influence of the radiation to which it is subjected. If
the proper coordinate is not zero, then the vibrator has a motion
which does not agree with the absorbed vibration. So it is possible
to assume, that in a radiation field which is in equilibrium (i. e. in
which the energy partition is that of the normal spectrum) the proper
coordinate of the vibrator has always an infinitely small amount of
energy (in the same way as the separate coordinates which determine

¢
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the condition of the aether), and that yet the vibrator vibrates with
a finite energy the amount of which agrees with that calculated for
it by Prawck?).

We can divide the electromagnetic field into two paris: 1st The
electrostatic field which agrees with the momentary position of -
the electron, 204 A field consisting of the really existing eleciric and
magnetic forces diminished by those static forces. In agreement with
the above we assume, that the position of the eleciron and therefore
also the 2 field is determined by the first. As for this latter field
we have: . '

Div@ =0 and DivhH=0,
we can represent it as follows, if for simplicity’s sake we assume,
that the space in which it is inclosed is a cube with a side equal
to unity :

€, = = (gu + q'd')cos 2m uw sin 2 vy sin 27 wz

€, = = (gB + ¢'f)sin 27 ux cos 2 vy sin 2w wz

¥. = 3 (g7 + ') sin 27 ux sin 7w vy cos 27w wz

D = = (p'a + pd') sin 25 ux cos 2 vy cos 2w wz

Hy = = (p'B - pp') cos 2 uw sin 2 vy cos Iz wz

D = = (p'y + py) cos 2 uw cos 2w vy s 2w wz

In the summation we must take for 2u, 2v, and 2w all positive
integers; V'u? 4 v + w® represents the number of waves in 1 cm.

and 2mcV u* 4 v* - w* = v the number of vibrations in 2 seconds. -

The uantities «, 3, ¥ and ¢, #, ¢ are the direction coefficients of two

directions which are mutually perpendicular, and also perpendicular to
' u v w

the direction determined by Vm, Voo vV = =
The quantities ¢, ¢’ and p, p’ are the independent variables. One of
these variables corresponding to a certain set of values u,v, w will
be represented by Guow Or Pu.,. It can be proved that the variables

) Comp. i.a. Max Pranck. Acht Vorlesungen tber theorelische Physik. p. 84.
In -facl our suppositions quite agree with what Pranck does, when he treats his
vibralors “as resonators and assumes that their energy is perfectly determined by
the radiation field, to which they are subjected. In that case it is however not
allowed to equate the entropy of the system to the sum of the amount of entropy
of the radiating energy, and that of the vibrator. For the motion of the vibration
is perfectly determined by the radiation; the vibrations of the vibralor and of the
radiation arve therefore coherent and their united enlropy is no more equal to the
sum of their separate amounts of entiopy as tis is the cace with the entropy of
two colierent vays of radialion. (Comp. M. Lauve, Ann. d. Phys. 20 p. 305. 1906;
23 p. L and p. 795, 1907 eic ).
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p may be considered to be the -momenta corresponding to the coor- -
dinates q. As however we must assume that the equations of HAMILTON
do not apply, this observation is of no consequence for the equations
of motion of the system.

Now if no vibrator occurred in the space, every partition of energy
would remain unchanged, and there would be no occasion to speak
of an equilibrium partition. If a vibrator occurred which had the
property to be able to transform radiation of every wavelength into
every other wavelength and whose motion was determined by the
equations of Hamiurow, then the energy partition would approach to
that indicated by the formula of Rayreiem. In this case we might
represent the condition of the system by means of an ensemble for
which the probability of phase would be represented by ?):

1 1
—_—— g — —3p?
Y167 T 167

P=¢ 6 N )

I 1 :
where ¢ and 6 are constants and EEQ" —l——1—6 2 p* is the energy of

the system, the summation being extended over all quantities ¢ and p,
also over those provided with accents.

Properly speaking this expression for the energy is incomplete.
In the first place the energy of the proper coordinate of the vibrator
has been neglected, but moreover we have_neglected the energy of
the wvibrator, which it has in consequence of its forced vibrations.
If we imagine the volume sufficiently large these approximations
will meet with no serious objections. More risky is another simpli-
fication which I will introduce; I will namely represent an element
of extension-in-phase®) by T dpdg and here also I will neglect the
proper coordinate (or coordinates if the electron has more degrees
of freedom). I think I may suppose that this simplification also will
not affect our conclusions’ greatly. Perhaps it is even perfectly
justified. It is namely possible that we must assume, that the motion
of the vibrator is entirely determined by the electromagnetic field,
and that therefore there is no reason to introduce a “proper”
coordinate. i

As the spectral formula of RaviEeH is not satisfied by the expe-
riments, the formula (3) cannot give the right expression for the
probability of phase. I shall therefore put:

1) Comp. Gises. Elementary principles in statistical mechanics p. 16.
%) Comp. GiBBS, lc. p. 6.
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"""‘EEQ ———~2p -

P=e 6 plg.--p. = - . . (4

If it is possible to find such a form for the function ¢ (which
represents a function of all variables ¢ and p) that the following
formula is satisfied

1
U-——Zg —-—Z’p

1 . 6 —_ Iw
167°¢ Plq...p) Jdgdp o —
— = — 0
1 2 lw
B~ s L
M Ui : L0
fe 4 ©(g...p) Hdgdp

then the average energy in the ensemble for every degree of freedom
has the value which is indicated for it by the spectral formula of
Pranck. The function of ¢ must of course have such a form that
an equation of the form (5) is satisfied for every yariable, not only
for the ¢’s, but also for the p’s. The function ¢ may moreover
contain the frequencies », but it must be independent of 0, for else
the equations of motion of the system would depend on 4, whereas
the conception “equation of motion” involves, thal they are perfectly
detelmmedéby the condition of the system at a given instant (the
g’s and p’s and constants), and that they do not contain a quantity
as #, which is not characleristic of the individual system, but of
the ensemble. If the condition that ¢ must be independent of # did
not exist, then it would be easy to find several solutions for the
integral equations (5). With this condition it seems to offer rather
great difficulties?).

1) The integral eguation can in general he brought into the following form :

1 1
LSSt
16 16 P
3 vh
e - plg--» L ! idgdp = o,
8 vh
ea — 1

It is possible that ¢ may be split up into a product of fanctions £1g,+) each of
which contains only one vatiable and the number of wibrations belonging to it.
In this case the equation for the determination of f{g, ) may be wiitten:

FIETRR TE
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Yet 1 have thought it useful to draw attention to this equation
as its solution would be an imporfant step on the way which leads
to the drawing up of a system of dynamics from which not the
spectral formula of RaYLEiGH, but that of PraNck would follow.

In this system of dynamics the equations of motion can of course
not be bronght into the form of Hammron. Instead of the law of
conservation of density in phase, which follows from this form of
the equations of motion, another relation can be derived, which is
found as follows. In order that the state is stationary, it is of course
required that the probability of phase for a point with constant
coordinates is constant. If we indicate the time derivative for such

0 . oo
a point with > then we have in the case of equilibrium:

op : X
0:—:—2(@4}_ _a_}_)ﬁ)
dg ~ Op

dt

dg Op dP. oP.

A0 {201 Zp)
r= (0q+5p) (aq 74 op p)

1t follows from the form of P that we may also write:

1 dp -, Op . dg  Op
= 2| 5= —pP|l=—2\+5=] . - .
P (69 7t Op p) (ag + Bp) (6)
When the function ¢ is found by solution of the equation (5),
then (6) is a relation which the equations of motion must satisfy.

It has for the modified mechanics the same significance as the thesis
of LiovviLLe has for classical mechanics. o

or

§ 4. The equations of motion of the electrons.

Though the vibrator does not figure explicitly in equation (6), the
values of q and ]} occurring in it are determined by the properties
of the vibrator. For the molion of the eleciron we can deduce the
following equations. We start from the expression for the electrical -
force of which the X-componeni can be represented by :

1

ﬁ 0 Flg) dg= 4 ahy

l/ »h’
6

1 —e¢

In the original Dutch paper there is an error in these two formulae and in
equation (5, which 1 have corrected in the English Lranslalion.

2




vvvvvv

1183

&

€, = X (qe + ¢'&') cos 2o uw sin 22 vy-sin 2m wz + m ypw

m denoting the electrical moment of the vibrator.
From this expression follows :

d€, 00, 0Dy

‘d—t ( 67/ 0z

)—be:: 2 (ga + 'g’a’) cos 2mux sin 2x vy sin 2w wa

]

z dm

T

and in connectivn with (2) and with equations of the form
va' = ¢ (vy — wp):

= {(q+vp) o+ (é’—}—vp’) '} cos 2 uw sin 27w vy sin 2w we =

z dm
= YV, —

) i dt )
The divergence of the vector in the lefthand member of this
equation is zero, and so also that of the vector in the righthand
member. We can therefore represent it by :
= (0a 4 d'd) cos 27 ux sin 27 vy sin 2w we.
Equation (7) being satisfied identically in 2, y and z, we have
g+wp=o d+w=¢ . . ... @8
Differentiating these equations respectively thh regard to ¢ and
q' we get:
dg . 0 3 ' .
3 dg oo O
If we treat the expressions for the components of 9 in the equa-
tions (2) in the same way, we find:

p—vg=0 pP—rgd=0. . . . . (8)
and

dp -0p' .

&ho a—p,_O. N 1)

and therefore :

) Bq p 60'.
’j?(aq ap) ( 7+ ”) |

When ¢ fs known, we can substitute in (10) the values for

Q and p from (8) and (82) and so we get a relation which the
coefficients ¢ as functions of ¢ and p must satisfy. The value of the
6’s on the other hand depends upon the value of ¢ as a function

s dm ,
of 2, y, and z and upon the velocities (I‘I_CE in equation (7) ) which

7
Proceedings Royal Acad. Amsterdam, Vol, XV.

-10 -
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the electron assumes under influence of the field determined by ¢ and p.

§ 5. Conclusions. In the above considerations I bave tried to show
_that it is possil:lé to account for the partition of energy in the normal
spectram with the aid of differential equations, which adwmit of a
continuous emission and absorption of energy, and that it is therefore
not necessary for the explanation of the normal spectrum to have

" recourse to the supposition of quanta, either of energy or of “action”.

For this explanation it is necessary to draw up a system of mechanics,
in which a relation of the form (6) takes the place of the equalion
of Liovvinty in “classical” mechanics. In order to determine this
equation further knowledge of the function ¢ would be required,
-which function can be found by solution of the integral equation
(8). I have however not succeeded in this solution.

If such an explanation with the aid of continuous equations is
possible for the partition of energy in the spectrum, then this will
also be the case for the variation of the specific heat with the
temperature, which follows from this energy partition. )

Chemistry. — <“Hexvatriene 1, 3, 5.” By Prof. P. van RomsureH.
(Communicated in the Meeting of February 22, 1918)

In  previous communications, published in this ProceedingsY),
an account was given of the resulis of an investigation carried
out jointly with Mr. vay Dorssen and which had led to the prepu-
ration of the above hydrocarbon. Owing to the departure of Mr.
vaN DogssiEn the continnation of the study of hexatriene has expe-
rienced considerable delay. Since then, however, a fairly considerable
quantity of this substance has been prepared and kept in sealed
bottles. As hexatriene — as might be expected from ifs analogy with
other unsaturated compounds (and what also proved to be the case)-ex-
hibited a tendency towards polymerisation particularly on warming,
1 have submitted the contents of the bottles which had been kept for
five years, to investigation.

On distillation fully 50°/, passed over below 80°: the residue in the
flask was then distilled in vaecuo. At == 100° about 30 °/, passed
over whilst in the flask was leit behind a colourless, very viscous
mass which dissolves in benzene. From this solution it is again pre-
cipitated by acetone or alcohol. If ihe residue is heated more strongly,

1) Nov. and Dec. 1905; June 1906.
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