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ore, aronnd which a mixture of ore and prisms of gold-coloured 
aegil'ine-augite columns i& formed. 

The metamorphoses described above by which gold-coloured pyroxe
nes with the optica! provet'ties of aegirine-augites are formed, appeal' 
to be connected with pneumatolytic processes in magmas rirh in alkali. 

- I 

Finally it mav be mentioned here, that to the Sonth of the road 
Panal'u~an Bes~ki, qnite :near to mile-po&t 13, a 100se pieee of a 
leucitite was found with pllenocl'ysts of leucites as large as 4 m.m., 
which certainly had come ,down from the northem slope of the Ringg;it 
and consequently may be éxpected there in greater quantities; hithet'to 
sneh types of rocks were not recorded from the Ringgit-mountain. 

Mathematics. - "l!lvpansion of a fwwtion zn senes of ABEL'S 

functions rpll(X) " • By Prof. W. KAPTEYN. 

(Communicated in the meeting of February 22, 1913). 

1,1 In the Oeuvres complètes of ABELl) m~ly he found the follow
ing expansion 

where 

1 
--e 
I-v 

l.V 

1-v al = 2 ~1l(a))vn 
o 

'I 11 ,1}! n .. vn 
CfJn(.v) = I-C,.v + C2 - - •••• + (-1) -

2/ n! 

C;; representing the binomial coefficients. 
Thebe polynomia form the object of the disserlation of Dr. A. A. 

NrJLAND (Utrecht 1896) and have been treated afterwal'ds by E. LE 

Roy in his memoir "SUl' les séries divergentes" (Annales de Toulouse 
18V9). 

In this paper I wish 10 examine when a given function of a real 
variabIe may be expanded in a series of this fOl'm 

f(.'/}) = all -I-.a1(pJv) '1- a2!Jl2(·II) +. .... ti) 

2. In this al·ticle we collect those proper ties of the polYllomitl 
((J,,(x) which we want for Dur investigation and which we take from 
NIJljAND'S dissertation. 

In the first pI ace we have the important relations 

1) Oeuvres Complètes 1I p. 284:. 
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.f:xrplIl (.v)gJn(.v)d.v = 0 (m =1= n) 
o 

je:Xq>n2(.v)d.v = 1 

o 
In the second place rpl/('x) satisfies the d l1fel'en ti al equation 

.vgJlI"(.v) + (l-m)tP,,(,'1J) + nrpr,(.v) = 0 

which also may be written 
d 

(2) 

- [.ve-x9'll'(''1J)] + ne-xp,,(.v) = o. ... (3) 
d.v 

In the thlrd place we have the following properties, whieh may ~ 
be easily obtained 

f~:r.vnpm(''1J)d''1J=(-1)7lI C;:ln!(m~n) •• (7) 
o =0 (m>n) 

3. lf the expansIOn (1) is possible, the coefficients all may be 
expressed b,v means of the equations (2) 

00 

all J e-~f(a)(PIl(a)da. 
o 

With these values the second member of (1) reduces to 
00 

S = ~ 'Pn(.v) Je 'i(a)9'n(a)da. . . . (8) 

o 
In order to deterrnine this sum we introduce 9'1I(X) in the form 

of a definite integral. This definite integral, whieh has been given 
by LE Roy, may be found in the followmg way. 

Denoting by .lofJ) the Besselian function of order zero) MACLAURIN'S 

expansion gives easily 
_ 00 .v1l1 

erJo(2Va.v)=~-(P1II(a). . .. .. (9) 
o mI 

Henee, mulhplying both members by 

between the limits 0 and ex) 

n! 
and integrating 
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12-17 

~ ~ 

ejl: f - 1 ex> .vmf ~ e-C(a11JO(2Va.v)da = - 2- e- r/.anfJ'm(a)da 
n! n! 0 mI 

o 0 

where the second member may be reduced by means of (7) to 

Therefore we_ have 

and 

cpn(.v)=~}~C(anJo(2va.v)da , , , , . (10) 
n! 

o 

00 00 

S = S (PI'(.v) rf (a) dafe-~ {In Jo (2 Va{I) d{I' 
o n! JJ 

o 0 

Now, from the equation (9) we obtain 

:2 flncp,,(m) = et? J~ (2 Vfla:) 
o n! 

thus 
~ "" . 

S jf(a)da fJo (2 Vafl) Jo (2 V{ja:) d{I, 

o 0 

01', putting W instead of (J 

~ 00 

S = 2 ji(a) da fJo (2(1 vii) Jo (2(1 Vm) (Jdp (11) 

o 0 

3. 'This double integral may be determined by a theorem of 
HA~KEJ. {Math. Ar,n, Bd. 8 p. 481), who proved that 

00 00 Jr cp (r) drJJo (flr) Jo (fls) Pdt1 = iJ'(§) 

o 0 

where g repl'esents a positive value and iJ' (s) a fnnction whieh 
satisfies the conditions of VIRICHUT for all values between 0 and 00. 

Putting 

r=2 V;, 6 = 2 V:;, . (P (2 Vm) =f(,v) 

this theorem gives immediately 
00 00 

S= 2 j/(a) daJJo (2~ V;;) Jo (2(1 Vi) (1 dp =/t.v) . . (12) 

o 0 
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Thus we have established the resuIt, that every function f (x) _ 
which satisfies the conditions of DIRIOHLET for all values between 
o and 00 may be expanded in a series of the form 

1(,'V)=ao+lll(PI(~)+al(Ps(m)+.:-.. O~,'V<oo. (1) 

where 
00 

all f e-~ f (a) (P" (a) da 

o 
It ib to be remarked that the values f(c + 0) and f (c -- 0) being 

different, the second member reduces to ~ [fee + 0) + f(c + 0)]:-

4. We now prbceed to give two intel'esting exampies of this 
expansion and to show the value of this expansion for the problem 
of the ·momenta. 

I 
As a first example suppose it is required to express f(x) =--

1+.v 
jn a series of ABEL's functions rpn (x). • 

EvidentIy this function satisfies the conditions of DIRICHLET from 
x = 0 to .')] = 00, thus 

where 

1 
-- = aD + al rpl (iU) + a, rp, (IU) + ... 
1+0; 

en 

a
n 
= f'e-~ lpn (a) da . 

• 1 +" o 
,Now the following relation holds between succeSSlve functions rp: 

(n + 1) rp,l+l (a) = (2n + 1 - a) lpn (a) - n rpll-l (a). . (6) 
e-ct. 

Multiplying this by 1 + a da, and integrating between 0 and 00 

we obtain 
en 

Jae-« 
(n + 1) all+1 = (2n + 1) a'l - na,l_l - l+a rpn (a) da' 

But, as 

we have 

a 1 
~=1--
1+« 1+a 

IlO 00 

o 

-- rpn (a) da = e-« rpn (a) da - a,l ~ae-« f 
l+a 

o 0 
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where the latter integraI, which may be wl'itten 
et) 

fe-a lfo (a) lIn (a) da 

o 
vanishes according to (2) if n > O. 

Therefore thl'ee successive coefiicients of this expansion are related 
in the following way 

(n + 1) all+l = 2 (n + 1) all - n all-l (n> 0) 

so that all the coefficients may be expressed in ao and al' 
Now 

({Jl (a) = 1 - a 
hence 

co 00 

_fe- rx (I-a) -JO-« [2- (l+a)];] _ C) 
al - ----da - u'a_ ... ao-I 

I+a l+a 
o 0 

which proves that all the coeffieients- are dependent on the first 

ao =J~-O:da = - eli (!.-) = (1,596347 ... 
l+a e 

o 

These cóefficients mayalso be obtained in another way. 
From ABEL'S expansion 

I 
-~ .. 

-- e =:2 (P'I (.'1:) VII 
I-v 0 • 

which holds where 
mod v < 1 

we see, by putting 

that 

if 

l' 
t=~ 

I-v 

1 t ~ 
e-

xt .= 1 +t, + (J +ty 'fl (:1:) + (1 + tr '1', (m) + .. 

t 
mod-

I 
- < 1. +t 

Multiplying this equation by e-t dt and ~ntegrating bet ween the 
limits 0 and 00, we obtain 

where 

1 
-- = au + al CPl (.c) + a, (P, (.c) + 1+.'1) 
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a> 
a = e-t dt f til 

11 (1+t)II+1 
. . (13) 

o 
Oom paring this l'esuJt, with the former, we obtain 

formula 
the intel'estil1g 

a> a> 

f -t tn -fe-t CPll(t) e ---+ dt - dt. . . . . (14) 
(l+t)n 1 l+t 

!! u 

wInch IS eVIdent Ir we put n = O. 
From (13) we see also that 

ro fa> 1 .. ( l)n Ja> 2 all = e-t - 2 - dt = e -t dt = 1 , 
o l+t 0 l+t 

o 0 

which shows, that the expansIOll 
1 .. --= :E an (Pn (,,/:) 

1 + tIJ 0 

holds fol' X = O. 

5. As a second example we will expand a discontinuous fUllction. 

Supposing f (x) = 1 from x = 0 to x = 1 and f (,'/:) = 0 fol' x> 1 
we have 

whel'e 
I(m) = ao + al lfJl (,,!:) -1- a~ 'P2 (.'/:) + .. 

1 

an = J~-" !Pil (a) da . 

o 
This coeffirient may be detel'mined m the foIlowmg way. F,'om 

the diffel'ential equation 

it appear& that 

d 
- [tIJ e-x (Pn' (.v)] + n e-x 'Pn (.v) = 0 , . (3) 
dtIJ 

x 

.v e-X 'Pn' (.v) + n fe-x rpn (,,/:) dtv = 0 • 

o 
thel'efore, putting x = 1, we have 

a,. = - ~ rp,/ (I) (n> 0) 
ne 

or, accol'ding to (5) 

1 
an -:- - [cp,,-I (1) - ({ti (1)] 

e 
(n > 0) 
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The two first coefficients may be obtained directly, for 
I 

ao = Je 
o 

1 
"da=l- -

e 

and 
1 1 

al = - [(f o (1) - (PI (1)1 = - , 
e , e 

The remammg coefficients are dependent on these. Fol' puttmg 
x = 1 In the recm1.'ent l'elation 

(n + 1) (jJ1I+I (,v) - (2n + 1 - IV) rr.l (IV) + n IPn+1 (IV) = 0 , (6) 

we get 
(n + 1) IPn+l (1) - 2n IPn (1) + n g'n-l (1) = 0 

and, changing n info n + 1 

(n + 2) IPn+1 (I) - 2 (n + I) (jJ7I+I (1) + (n + 1) (Pn (1) = 0 , 

thllS, sllbtmcting the former from the laf ter eqllation 

(n + 2) a'z+2 - (2n + 1) an+l + 1lan = 0 , 

6. The expansion holding fol' the vallle x = 0., we must, have'. 
rs> 

2an =1 
o 

and remarking that {IJ = 1 is a point of discontinuity 

i a'l IPn (1) = ! ' 
o 

To prove these equations direct1y we may rem ark th at 
n 1 n 1 

2 al' = -2 [lPp-l (1) -lPp (1)] = - [1 - IPn (1)] 
1 e 1 e 

so 
00 1 1 
2 al' = - - - Lim IPII (1), 
1 e e 11=00 

Now, the number n being very large, we have 
n'IV2 na,v! 

IPII (a:) = I - n.v + (2 !)' - (3 W + .. =Jo (V;;;) 

and 

V- V ~ (v- :'r:) Lim (jJ" (a:) = LimJo ( nu) = Lim -=cos n.'!1 - - = 0 
n=a n=oo n=oo:lrV na: 4 

therefore 

and finally 
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MIl 
ao + :2 ap = 1 - - + - = I , 
lee 

The second equation may be obtamed as follows, 
From the differential equation 

, I 

d ~ 

d,v [me-x (p,} (lil)] + pe-x (Pp (.v) = 0 .,.. (3) 

we may conclude 
1 I 1 

fe-x 'P/ (.'1:) dm = - ; f 'Pp (m) d [me-x 'PP' (m)] = 
o 0 

so 
I J e-x [rp/ (.v) - ; -fP'p' (m)J d,v = - :e 'P/I (1) rp,} (1) = ap (Pp (1). 

o 
Now, the eqnations (4) and (5) give 

'P/ (al) = (}J,J (m)J'Pp' (.c) - cp'p 1 (a')J . 

hence 

and 

~ ['P/ (m) - ; (P'/ (m)J = (Po (I') (p/ (,t) - 'Pil (,v) r;'n+1 (a:). 

This shows that 
I 

whel'è 

}-x [(Po (m) (Pl' (m) ~ (Pil (.'1:) (p'r+l (m)] a,v::::: f al''Pl' (1) 

o 

1 1 

}-~ 'PD (m) 'Pt' (m) d,v = - fe-x d.v = - 1 + ~ .. 
o 0 

To obtain the :,econd mtegral, the value of n bemg very large; 
we observe th at accordmg to equation 

'Pil (m) = cPr/ (,v) - 'P'1l+1 (,v), . (4) 

the functions 
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tend to the same limit. 
If, therefore n is very large, the second integl'aI, tends to 

1 1 

je-xcpn(ilJ)rp1n+I(.1J)dilJ j~xcpTt(ilJ)CPnl(.1J) = 
o 0 

and we obtain 
00 1 

:2 ap CPP (1) = - 1 + - + l' 
1 e 

Thus, arl.ding to ihls equation 
1 

ao CPo (1) = 1 -
e 

we get finally the reqmred relation 
1 

:;;E ap CPI) (1) = t. 
o 

7 In 1 thiS al'tlrle we wish to give a second verification of the 
former eXpanSlOl1 becau&e this leads to a \ ery l1lterestmg integral 
conraimng BE'3SII:L'r:, fUT!rt!ons. This verlfic~ttIon 1& obtamed by dIrect 
summahon of 

where 
1 

ao = 1 - - and an = i [Pn-I (1) - pn (1)]. 
e 

It appears from the equation (10) that 

thereforê 

nefOO V-
qJn-l (1) = -, e- rJ. an- 1 Jo (2 a) da 

n. 
o 

00 

(Pn (1) = ~f-rJ. all Jo (2Vä') da 
n! 

o 

Ib 

C}Jn- 1 (1) - CPn (1) = ~JJo (2Vä') d (~-aan) 
n. 

11 

Ol', aftel' pal'tIal mtegratIOIl 

Proceedmgs Royal Acad ·Amsteldam.- Vol XV 



- 11 -

· 12»4 

ef'" v- da fJJn-1 (1) - Cf'1I (1) = --; r" all J 1 (2 a) -. 
n. ~ 

ij 

( 

1f 12 = 0, the th'st membel' has no meaning, as rp_l (1) has not 
been detel'mined. The second member howevel' rednees to 

[NIELSEN, Handbuch der Theorie der Cylinderfunctionen p. 185 (7)J. 
By applying again the equation (10), we have 

[CPn-I(l) - CPn(l)]rp,,(iV) = eX+:j:-"((11Jl(2V0 d~f:-t3{JIlJo(2V{jiV)d{J 
(nI) Va 

o 0 

and by snmmation from n = ° to n = 'Xi, as 

Pntting {~! instead of {j in the latter integml, this l'edllCeS to 

aJ 

2 f-t32 Jo (2ij1V~) Jo(2{3V.~ {Jdj1 = e- x+" Jo (2Vam) 

o 

(NIELSl!.N p. 184,); thus 

a2 

01', changing a into "4 

aJ 

'!EaJ/rpn (m) =JJo (aV;) J 1 (a) da. 
o 

o 

The second member of this equation has dIfferent values ltccording 
to the valIIe of x, fol' 
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F (uV;';)J, (a dal = \ ~ 
O<iv<l 

,'/]=1 

,v>O 

(NIELSEN p. 200), and for (JJ = 9 
00 00 IJo (aV~) J l (a) da = Ijl (a) da = 1. 

o 0 

8. Now we Vvill apply our expansion to the pl'oblem of the 
momenta. In this problem the qllestion IS to detel'mine the functioll 
f (y) from the integral equation 

00 

all JI(y)ylldY' 
o 

wh ere all is a function which is giyen for all positive integral 
values of n. 

Putting 
1 (.11) =e-Y 0 (.11) 

we obtain 
00 

all J rY yn f) (.11) dy. 

o 
Supposing f) (1./) to be a fnnction which satisfies the conditions ot 

DJ RWHI,ET, we have 

so 
f) (y) = b~ + bl CPl (.11) + b2 Cf!2 (.11) + ... 

00 

((11 == f bp }-'IJ yn Cf!P (.11) dy. 

o 
Now, this integl'al has the value zero, wllfm p > 12, thel'efOre 

11 fa::> 
an = :2 bp e-Y yll Cf!p (.11) dy 

(I 

o 
Moreover, according to the equation (7) 

so, with (10) 
<IJ 

ct> 00 b"f -1(.11) = e-Y :2 bi' ({iv (.11) = :2 - e- X .'V,I 10 (2 V .. y) d,v. 
o u p' 

o 

\, 

11 
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If now we expancl the funetion 
00 wP 

9 (IV) == e-X :2 bp ~ = e-X X 
o pI 

in a power series, we have, differentiating n times, anc\ pntting 
d 

D=-
dllJ 

g(1I) (lIJ) = D" (e-x X) = e-X (D + l)(lI'X 
11 n 

= e-x :2 (-l)p Cp D(1I-p) X 
o 

where 
00 W]J 

D(s) X = :E bS+JI -
o pI 

which, for the value [IJ = 0, gives 
Do(s) X = bs' 

Intl'odueing this value, we obtain 
11 11 n 11 a n g(1I)(O)=:E(-1)pbn_ p Cp = (-l)':E(-l)Jlbp Cp =(-1)"-
o 0 n! 

anel finally 

This solntion agrees with that of LE ROL In his memoie the 
discussion of this forml1la for different vallles of a'l may be found. 

Mathematics. - "80me 1'el1Gal'ks on the coherence type 1)." By 
Prof. L. E. J. BROUWER. 

r-

In order to intl'oduce the notion of a "coherenee type" we shall 
say that a set itI is 1L01'mally connected, if to some sequenees f of 
elements of ~{ are adjoined cf'rtain elements of ~1 as their "limiting 
elements", the following conditions being satisfied: 

1st . eaeh limiting element of f is at the same time a limiting 
element of each end segment of j. _ 

2nd • for eaeh limiting element of f a partial sequence of f ean 
be fOLllId of which it is the onl!) limiting element. 

3 'd , each limiting element of a partial sequence of f is at the 
same time a Iimiting element of f. 

4t". if m is the only limiting element (Jf the seqnence 11n,-1 and 


