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were entirely due to the influence npon the polonium of the con­
densation of gas es still present in the apparatus. 

Experimenls made in Lelden in, liqnid hydl'ogen with a pro,"isional 
apparatus have convincecl us that one might get ncl of the conden­
sations completely, even wUh Jiquid hydrogen, by usmg a ioniflation 
chamher [Wed with pure gaseous hydrogen and a side tnbe with 
charcoal, immel'sed in liquid hydl'ogen, 

Conclusions. 
All these experiments which unfol'tunately are not so complete 

as we could have wished, contirm the independence of the radiation 
from the temperature, over a larger range of temperatures than 
had heretofore been clone. Moreovel' these expel'iments have bl'ought 
to light sources of error which must be taken into account, jf one 
wants to make very accurate measuremenrs at low tempel'atures. 

Astronomy. - "Tlte perioclic cltan.qe in the sea level at Helder, in 
connection with the pel'iodic change in the latitude". By Prof, 

H. G. ·v. D. SANDE BAKHUYZEN, 

At the meeting of the Aeademy in February 1894 I read a paper 
about the variation of the latituQe, dedueed from astronomieal obser­
vations, and added to this a delermination of the change in the mean 
water level in consequence of the variation of the latitude. 

Roughly speaking, one may regarcl the val'Îation of latitude, as 
Ç.onsisting of two pat'ts, a pedodie variation which takes pI are in one 
year, probably due to meteol'ologieal influences, and a perlOdic varia­
ti on which takes place in about 431 days, which depends amongst 
other things UpOll the C'ocfficient ot' elasticity of the earlh, ita l'esistance 
to change of shape. As a consequenee of these changes of posilion 
of the axis of the earth oscillations of the same periods must take 
place in the mean sea level and if we elIminate the ann ual osC'illalion, 
the periodie val'iation of 431 days l'emains. 
- For the determination of the laltee val'Ïation, I had m~de use of the 

mean sea level during the dIfferent months of the yeal's 1855-j 892, 
taken by tile Hde gauge at Helder. The results attained then for the 
amplitude and the phase of the pel'Ïodie \"ariation confil'med the opinion 
that sueh varjations actually exi.sted in the water, but as the changes 
in question are very smalI, it was desirabie to extend the investi· 
gation in order to incl'ease the accl1racy of the resllits. I resolved 
therefol'e to submit to the calenlations all the tidal obsel'vations made 

1üiÎmlII 
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at Helder h1 the years 1855 -1912, and as the l'esnlts of 1he ~yeaI's 
1893-1912 wel'e not at my clisposal, MI'. GocKrNGA, Obief engineer 
Dil'ectol' of the "W atel'staat", was sa good as to let me have tIle­
monthly averages of these yeal's, 

2. Befol'e I give BH account of how the monthly averages were 
used by me, it is desirabIe to explain the exact 5iglJificance of the 
obsel'vation matel'ial. The tide curve of Helde", with its double _ 
maximum, has au asymmetl'ical form, which diffel'S considel'ably fl'om 
a sinecurve, so that to deduce the exact mean sea level-during a 
das ti'om the obser'vations, one m\lst eithel' determine the al'ea of 
the sllrface enclosed by the tide curve with a planimeter, O1',-as 
will also be sufficiently accmate, delermine the average valne oftlle 
24 hourly heights. From tJle daily means one ean theu deduce tlle 
montbly means. 

It wilt be deal' that the wOl'k which is necessary to calculate 
all the observations in this way fol' the more than 21,000 days from 
1855 to 1912 iR ver)' grea!; fOl'!llnately fol' our pUl'pose we can nse 
an easier wa,}', a5 we do not need to know the actual mean beights, 
bnt only thei1' mntual differences. If the tidal curve ·were symme­
tri cal with respect to the mean sea level, the half of the sum of higl~ 
and low water would corresponcl 10 the mean sea level of that day; 

-but the farm is not symmetl'icat, and even changes pel'iodically, sa 
th at thel'e is not only a dIfference between the half of the sum 
of high alld low water, anel the mean sea level, but this diffel'ence 
changes fl'om elay to day. lf, howevel', we äetermine the average 
form of the tlde curve cluring the period of a month, then we get 
a faidy constant shape, anel for SL1ch a period one may assume, that 
the elifference between the half sum of all the high and 10w waters 
and the mean sen. level is almost constant. This assumption wiJl 
differ even less from the trulh, jf we take the average of a great 
nnmbel' of monthly means from different yeal's, which is tbe case 
with llly calculations. 

On these grounds I ha",".} taken as the mOl1thly means of the 
sea level the half of the slim of the high anel 10w waters during 
these months, deduced from the l'egistered tidal cnrves in the yeal's 
1855-1912, 

These monthly means show rathel' marked deviations from the 
annaal mean, dne partIr to tIJe yeady and ha1t~yearly sun Hde, 
anel parlly to the l'egularly changing meteorological eonditions. FJ'om 
58 years, I found for Helder the following mefm vallles for yeady 
meami-month.!y means in millimetres. 
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January, Febrl1ary, Mareh, April, May, June, July, August, 

-17.8 +28.5 +60.9 +102.4 +92.9 +48.0 -1.6 -38.4 

September, October, November, December. 

- 42.6 - 85.2 - 75.1 - 72.5. 

B.r the introduction of these c01'l'ections I have eliminated the 
influence of the yearly periodic variations. in the water level. 

In order to increase the accuracy of the values from which the 
results must be deduced and to remove entirely or partially the 
e1'ro1' tbat might ar1se, if the 11l1mbel' of Jow waters in a month 
should be one less or more than the number of high waters, I have 
always taken the averages of two consecutive months: Jan. and 
Febr., Febr. and Mareh, etc. 'fhe further caiculations ate based 
upon these two-monthly means. 

Oorrections fol' known tides al'e not intl'oeluced into these ~7aIues. 

The infll1ence of tides of short period is ver} sl:ght up0!1 the two­
monthly means, and if, as is the case in ffi.r calculations, the average 
is taken of Benrly 50 such means,' it may be altogethel' neglected. 

Of the tides of longer p3riod we must me!ltion, besides the yeal']y 
and half-.rearly Slln tide, the influellce of which has been taken 
into account, the tide Mm, with a period of over 27 days. Tt appears 
from the calcuh.tions that the influence of this tlde upon the two­
mOllthly means ran rise to about ± 6 mm, but as the amplitude 
and pbase consta.nt of th is tide are ver)' little lmown, we cannot 
calculate the exact value of thc cOl'l'ection. 'Ve may, howevel', aSSlllTIe 
!~p.t in an average of abollt 50 of these vallles, fol' dates that COl'­
responrl to ver)' va1'Ïolls phases of this tide, its influenee may be 
neglected. 

3. The length of the pel'iod of' the latitude val'Îation of about 
431 days (OHAND1I~R'S pel'ioel) was dedllcecl from long series of 
astrollo~ical obsel'vations, by E. F. v, D. SANDE BAKHUYZEN, Dl', 
ZWJERS al1e1 me; the resllits obtained by us diifel' vel'y Jittle, bUl I 
take as tbe most accurate that c1eclllced by Dl', ZwmR~ in a paper 
in These Pl'oceedings of June 24th , 1911, Vol. XIV, p, 111, th at 
is 4:31,24 days. 

In order to dete1'mine whether a variation in the sea level takes 
place in th at perioeI, I have, startillg from the- fil'st bl-lllonthly mean 
for 31 Jan. 1855, detel'mined tbe dates of the days, wbich faH 
*31,24 days later, Ol' a multiple of tha,t interval and then selected 
the bi-monthly means which are neal'est to these date~, sometimes 
a liWe eadier and ,sometimes a little later, with a diffel'ence at most 

" 
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of 15 days. From all these mean sea levels, 49 in number, COl'l'e­
sponding to the same phase of the latitude variation, an average is 
then fOl'med. In a similal' wa)" the avel'ages are taken from the 
series of sea levels which correspond to the phases < of the latitude -
variation 1, 2, 3, ... 13 months later than 31 JaIlUary 1855. These 
14 months contain over 426 days, almost the entu'e OHANmER period 
therefore. .AI 

I found for the deviations of these 14 values from their genera!_ 
mean: 

- 10.1 mm. 
9.6 

- 5.8 
+ 1.7 
+11.0 
- 4.2 
-13,4 
+ 2.9 
+ 1.6 
+ 1.2 
+ 9.0 
+ 7.4 
+ 4.1 
+ 3.3 

These l1umbers wÎLh the exèeptiolJ of the 4th al1d5th seem to show, 
a periodic variatiol1, and tbe assurnption i" permissible that the 
sea level at Helder undel'Q,oes a periodic <,bange in t11e course of 
431.24 days, and tbat the height, t days aftel' the end of Janllary 1855 
is represen ted by 

l~ =a sin ( __ t_x 3600-t-ao)=a sin (rp+ao) =acos ao sinrp+ asin ao cos cp 
431.24 

= P sin rp + q cos (f'. 

The heights given in the above column are got by taking the 
average of the bi-monthly means; if at the beginning of the pel'iod 
(P = (Po, and at the end (P = <{Ju then that average is 

cos /fo - cos f/'l sin CPl - sin lfo 
IJ = a cos ao + a szn a o 

fJ\ -9'0 f/\ - CPo 
Ol' 

cos Cfo - cos (f 1 sin (PI - sin Po 
H=p -f <J----

Cfl -Po (h -CPo 

\ \ 
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cos rpo - C08 lfl d sin rpl - sin rpo . 1 . h 
' Aftel' the &ubstitution of an III W HC 

rpJ -- lfo rpl - 9'0 

rpl -lf~ = _1_, we get the following equations 
1,1275 

+ 0.415p + 0.874q = -10.1 
+ 0.750p + 0.611q = - 9.6 
+ 0.940 P + 0.230 q = - 5.8 
+ 0.948p - 0.195 q = + 1.7 
+ 0.772 IJ - 0.529 q = + 11.0 
+ 0.447 P - 0.858 q = - 4.2 
+ 0.036 P - 0.967 q = -13.4 
- 0.382 P - 0.889 q = + 2.9 
- 0.727 P - 0.639 q = + 1.6 
- 0.930 P - 0.265 q = + 1.2 
-0.954p + 0.:160q = + 9.0 
- 0.793p + 0.554q = + 7.4 
- 0.479p + 0.8411. = + 4.1 
- 0.072 P + 0.9651. = + 3.3 

Solving these by the method of least squares, we get 

'P = -4.40, q= + 0.42, 

therefore 

lL = 4.42 sin (fp + 174°33'). 

The meao error of the unit of weight (mean of two consecutive 
months) is ± 51.5 mm., the meal1 e/'1'ors of IJ and q are ± 2.86 
and ± 2.89, and the probable errors ± 1.9:3 and ± 1.95 millimetres. 

4. So far, we ma)' dednee from this that the periodicity of the 
sea level in a period of 431.24 days is presumably real, although 
considel'ing the small amount of th is val'iation and the romparatively 
large vallle of the mean errors, a more detailed investigation as to 
thf\ probability of the results is desirabie. 

~~or this purpose I have in the fitst plaee calculated the mean 
error of the unit of weight in another wa)', namely by taking 
the yearly meaIlS, and in the assllmption of a smal! ('hange in the 
sea level, proportional to the time, detel'mining the maan error of a 
yeady mean and therefrom the mean error of the unit of weight; 
I fonnd fol' the latter ,'allle ± 93.3 I1Ull., mllch gl'eater than the 
fil st value given. This shows that (here are fairI)' lal ge &.' stemalic 

94 
Proceedings ROydl Acad. Amsterdam. Vol. XV. 



- 7 -

1446 

errors in the _ sea Ievelt:, prohably to a large extent eaused by the 
circllmstanee, th at the eauses of deviations in the normal sea level 
are of lengthy duratioIl, and thus ean rause abnormally high or 
low sea levels during a long time. 

In order to investigate this, I have taken the means of a series 
of 12 months in a different way, by combining the height in Jan. 
of the yeat' (1, with that in Fcb. of' the year a + 1, in Maren of 
the year a + 2 etc. From this follows for the mean error of the ~ 

unit of weight ± 60.2 mmo whieh agrees mlleh better with the 
value we found ± 51.5. The real mean errors of 17 and q therefore 
probably do not diffel' greatly from the values ealculated. 

5. A second way of judging of the reliability of the results 
obtained is the calcnlation of the same quantities fi'o~ another 
rombinatlOn of obser\'alions. For this purpose I chose the obsel'vations 
of 1855-1892, which JO had calculated in 189J, but had now redu~ 
eed to the yearly means with better ntllles for tbe deviatiolls of the 
mon thly means and furl hel' the observations of 1893 -1912. 1 fonnd 
from both series of obEei'vations : 

lt = 4.50 sin (rp + 168°.59) ... (1855-1892) 
and 

lt = 3,74 sin (rp + 176°13') ... (1893-1912). 

Bl' the change in the reduction nurnbers and a more accurate 
ralclllation, the fOl'mula for the sea level chmng the pel'iod 1855-
189~ dIffer's somewhat ft'om the formllla found in 1894. Thestl'lking 
correspolldence hptween the thl'ee formulas n3W found for thepel'iods 
1855-1892, 1893-1912 and 1855-1912 is cel'tainly largely due 
to accident, but it confirms the view that the variation in the sea 
level is real. 

B. In order to test the efficiency 1)( the method that I had fol­
lowed, 1 applied it 10 two cases in whieh one could not a priori 
expect a pel'iodic variatlOn, and to another case in which the existenee, 
of snch a variation was certain. 

Fil'st I arl'anged the bi-monthly means in a period of 13'months 
or 395.75 day5 whieh is not a multiple of any period of tl sun 
or moon tide, and in which therefor'e we eould not expect any 
periodlc variation of level. For tlns purpose I llsed the observations 
of 1855-1892, and got the following deviations of the sea level from 
their general averages. 
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4.0 m.m. 
-14.8 

4.1 
+ 8.4 
+ 5.1 
+ 2.0 
+ 9.3 

2.8 
+ 0.8 
+ 2.9 

9.8 
4.6 

+ 11.5 

A periodicity looks less Iikely here than in the first ra'3e. FUl'ther 
I arranged the bl-rnonthly averages accol'ding to the period of 438.096 
days, w hich, nccordlllg to a paper by SOHmv.NN from Vienna, should 
relwesent the length of the UHANDLER'S perlOd. This value differs 
very greatly from the reslIlts obtained in Leiden, and is a priori 
improbable ns it is only theoretirally deduced ti'om the elements of 
the moon's Ol'bit, without taking into account the elastielty of the 
earth, which certainly bas a great influenee upon this valIIe. Fl'om 
aU the observations from 1855 t!J 1912, arranged accordülg to the 
phases of a periodic variatlOn In 438.096 daYR, in distances of a 
month, 1 got tbe folIoWlllg figures for the sea level. 

-18.0 m.m. 
- 4.8 
+13.9 
+ 8.6 

4.4 
0.1 
5.3 
2.9 

+ 21.1 
+17.1 

5.6 
~ 0.9 
- 1.6 
-16.7 
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In this series there is again lUne trace of a periodicity in a period 
of 438 days. 

Finally 1 arranged (he mean sea levels acc0rding to (he phases of­
a pel'iod of 440.872 days, whicb is 1B-times the period of the monthly 
moon tlde :Mm. the length of which is 27.5545 days. It is plain that the 
influence of this tide will only be felt to a very small degl'ee in the 
bi-monthly means, as these are (he means of two complete periods 
or 55.11 days and 5.7 days. The periodic variation in tbe bi-monthly _ 
means wiJ] be about I/lR of (hat whicb is due to the actual tide Mm. 

Aftel' al'l'anging and combinillg the bi-monthly means I got fol' the 
sea level at 14 different epochs witb intel'vals of one month 

+ 
+ 
+ 
+ 

2,6 mmo 
7,2 
7,3 
3,4: 
7,2 
9,4 
7,1 

+ 3,7 
+ 12,2 
+ 8,0 
- 13,2 
- 20,l5 

4,3 
+. 4,3 

Tbe pel'iodic chamcter is het'e l1ndeniable, and if we determiue the 
amplitude of the Mm.-tide itself from these figures, we get for the 
amplitude 118.0 mm., whereas from the observations in 1892 I 
formerly got for the amplitude 83.4 mmo (Versl. Kon. Almd. V. Wet. 
Vol 111, p. 197). The cOl'l'espondeure is satisfactol''y, if we consiuel' 
that the error in the observations made in Ihe above series appears 
in the ampJitlld~ ml1JtipIied by about 16 

These diffel'ellt consideralions give me reason to take the value 
found above for the pedodie change of the mean water levels in the 
time of 431.24 days as correct within the limits of the pt'obable 
en'Ol'S. 

The probable el'1'or of the amplitude 4.42 is ± 1,93, the probability 
thai the amplitude lies between 0 and 8.84 mmo may therefore be 
put at 7, 

7 , We have next to dlSCl1&S the q uestiol1 what the connection is 
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between this variation in the sea level and the change in the position 
of the pole. If the sea level always corresponded to tlle position of 
the pole, the lowest sea level at a ghTen place would always 
cOl'l'espond to the maximum of tbe latitude at that place. 

In the formula for the periodic variation in the water level g;=0 
for :I Jap. 1855 = 2398585 Julian date, anel as the change of rp pel' 
day is po. 83478, we rnay represent the formula for the height of 
the sea level on a day for which the Julian date is t by 

7~ = 4,42 Sin ICt - 2398585 r 209, I) 0",83478j 

ft = 4,42 Sin I(t - 2398375,9) 0° 834781. 
The height of the sea level is a maximum when the expression 

under the sine is 90°; thus we find 
Maximum height of sea level fol' t = 2398483,7, 

Minimum " " " " "t = 2398699,3 
anel if we add to tbis 23 X 431,25 = 9918.7 we find 

Minimum height of sea level fOl' t = 2408618,0. 
Accol'ding to ZWIERS (These Proreeclings XIV p. 211) the Julian 

date fol' the maximum latIlude fel' Greenwich is 2408580, and 
if we redllce this for thc difference of longitude bet ween Green­
wich and Helder, tlle date for the, maximum latitude at Bolder is 
2408585,7 which gives a differeJ1ce with Ihe date of the minllllum 
height of the sea level of onl)' 32,3 days. 

If the latitude variahon is reall,\ Ihe cause of the val'iatioil in the 
sea le\el, some time wIlI elapse belween the maximum latitude and 
the moment of the lowest sea level; how much this \Vil I be, CaImot 
be theoretically determined: it depends llpon the configm ation of tile 
continents, but the smaJl dlfference whiclt has beeIl found is an argu­
ment in favour of the hypothesis that there is a connection between 
tbe two phenomena, 

We wiJl now investigate the relation between the amplitude of 
the 431-days tide and the magnitude of tbe latitude yariation. The 
distance from a point of the ollipsoid of the earth to the centre of 
the earth is approximately expl'essed by 

log!! = C + 1/2111 a Cos 2 cp 

if a js the ellipticity of the earth, and the radius of the equator 
is taken eqnal to 1. If the po Ie moves through an angle !:::.rp in the 
direction of the mericlian of this pomt, so that the latitude becomes 
(p+6p, and the liquid and solid parts of the earth could immecliately 
change 80 as to both acquire in relation tv the new axis the same 
&hape as they had to the ol'iginal axis, then the distance from that 
point to the cenu'e of the earth would vary by tbe amount !:::. f,!J 
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gi"en by 
t. Q = - Q a Sin 2 rp t. rp 

If vvo t~ke for Q a mean value of 6367000 meters anel for 
1 

a 297 then expressing t. rp in seconds: 

t. Q = 104 Sin 2 (p D. rp rom. 
The amplitude D. cp of the latitude variation seems to be val'i~ble, 

as shown by fhe investigations of Dr. ZWIERS; as mean value I take 
D. Cf = 0",16, then for Helder with a latitude of about 53°, 

t.Q=16mm. 

The dis placement of water that is necessary for tbis change in 
tbe sllrface of the sea wiIl be lessened by the ath'aetion of the ea1'th; 
NEWCOlUB in his paper (M. N. R. S. vol 52 p. 336) estimates that' the 
dis placement is only half as great· D.Q would be in this case about 
8 mmo 

The sea level is measured with l'eferenee to the solid earth, so 
",1hat, in order to determine the relative variation of the sea level, 
one must also lmow the variation in shape of the solid earth, 
whieh of course depends upon its rigidity. In my former pllblication 
of 1894 I had deduced from a very approximate theory and very rough 
estimates, that the amplttude of the water movement would be about 
4.5 mmo I do not venture (0 give slleh a theorëtical deduction any­
more, especially as so little is known about the l'igidity of the earth; 
whereás SCmVEYDAR found by observations with a hOJ'izontal pendulum 
at Potsc1am, 

17.6 X 1011 , 

for the coefficient of elasticity of the earthJ HAID of Karlsruhe 
"derlured a mnch smaller value in exartly the same way from 
obsel'vations vvith hOl'izontal penduhlllls in Freiberg and Dlirlarh, 
namely 

3.2 X 10H and 3.0 X 1011 . • 

So long as this gJ'eat l1ucel'tainty abou t the elasticity of the eal'th exists~ 
estimations are of little value, and we ean only state that th,:, theo­
l'etical \'aJue of the amplitude of' the val'iation of the sea level is of' 
the same order as that w hieh is ded nced from the observations. 

These variOl1s considerations eonfil'm 1he opinion, that the periodic 
variation of the sea level in 431,24 days, as it is dedllced from the 
obsel'vations, is real vvithin the limits of the probable errors and that 
it is a conseqnence of lhe latitude variation. 

I think it is of importance to apply similar ealculations to othel' 
long series of sea levels, as they rnight contdbute towards the 
determination of t~e çoefficient. of elasticity of the earth. 


