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This causes thal many of the properties already meniioned may be’
deduced and expressed in a much more simple manner. I will refer
to this later when discussing the vapour pressures and boiling points
of aqueous solutions saturated with salts and double salts, which in~
some cases have been determined experimentally. ,
(70 be continued).

Chemistry. — “Zquilibria in ternary systems.” 11. By Prof.
SCAREINEMAKERS.

(Communicated in the meeting of Dec. 28, 19192).

[n the previous communications') we have assumed that in the
system liquid-vapour occurs neither a maximum or minimum,
nor a siationary peint; we have also limited ourselves to the appear-
ance of*two three-phase triargles.

We will now discuss first the case that in the ternary system
occurs a point with a minimum vapour pressure. .

Let us imagine that in fig. 1 (1) the liquidum line de¢ and the
vapour line d,e¢, of the heterogeneous region LG surround the sa-
.turation line of Z, so that we get a diagram as in fig. 1. The
saturation line of /7 is here surrounded by the liguiduni region L,
this by the heterogeneous region LG and this in turn by the vapour
region. All liquids saturated with # therefore occur at the stated
P and 7" in a stable condition.

On reduction of pressure, the liquidum region contracts so as to
disappear simultaneously with the heterogeneous region LG in a
point. This point represenis for the stated temperature, the liquid
and the vaponr which, at the minimum pressure of the system liquid
+ gas can be in equilibrium with each other.
This point may occur without as well as within
the saluration line of /. As at lower tempera-
tures the region I'L is generally large, butsmall
at temperatures in the vicinity of the melting
point of F. the said point will appear, at high
temperatures, usually without, and at lower iem-

Fig. 1. peratures as well within as withont the saturation
line of I .

We now first consider the case where the point with a minimum
vapour pressure falls ,outside the saturation line of I, or in other
words thal the liquidum and the helerogeneous region disappear in
a point outside the saturation line of I,

1) These Proc. p. 700 and 852,



868

If starting from fig, 1 we now reduce the pressure, the Jiquidum
line of the heterogeneous region approaches the saturation carve of F and
‘meets this at a definite temperature. The diagram now formed may
be deduced from fig. 2 (1) if we suppose the saturation curve of F
therein to be surrounded by the curves d ¢ and d,e,. The diagrams
appearing on further reduction of the pressure can be represented
by figs. 3 (1), 4 (1), 5 (1), 6 (1), or 3 (1), 8 (1), 9 (1) and 10 (1).
In each of these figures, however, the curves de¢ and d,¢, must be
imagined lo be bent in such a manner that they entirely surround
the liguidum region, they finally disappear in the point with the
minimum pressure.

From this it now follows that the liquid as well as the vapour
of the three-phase equilibrium /' 4 L 4 (¢ proceeds along a closed
curve like in fig. 7 (1) or 11 (1), the saturation line under its own
pressure is, therefore, again circumphased and the correlated vapour
line cireumphased or exphased.

If we consider lemperatures very close to the meltmg point of Z7,
we find as in the first communication, that the saturation line
under its own vapour pressure becomes exphased and that we
obtain diagrams such as in figs. 12 (1) and 13 (1).

We now consider the case where the point with minimum vapour
pressure falls within the saturation line of Z7, or in other words,
that the liquidum and the heterogeneous region disappear in a point
within the saturation surface of I

We again start from fig. 1 and reduce the pressure first of all
until the liquidom and safuration curve come into contact, then
until both curves intersect. We now obtain a diagram asin fig.3 (1)
in which, however, the saturation curve of F is supposed to be
surrounded Dby the heterogeneous region L (.

) On further reduction of pressure,
the liquiduin line of the heteroge-
neous region and the saturation line
of /' may once more come into con-
tact, so that on further reduction of
4y pressare two new three-phase triang-
¢ les are formed; we then obtain a
diagram such as fig. 2z with four
4 three-phase triangles. The liquidum
? vegion now consists of the two iso-
lated pieces apyq and hrhs, the hele-
rogeneous region likewise of itwo
isolated parls, namely of a,g,gpa
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.

and b'hthsh, whereas .the vapour region forms a coherent whole.

In fig. 2 we find the following equilibria :

Curve aly' represents vapours in equilibrium with liquids of the
carve apg ;

Curve 04 represents vapours in equilibrium with liquds of the
carve bsh;

Curve a'l* and ¢'h' represents vapours in equilibrium with the
solid substance I;

Curve apg represents liquids in equilibrium with the vapours of
the curve a'y’;

Curve bsh represents liquids in equilibvium with vapours of the
curve b ;

Curve apg (and brh) vepresents liquids saturated with the solid
substance f.

If, at the temperature and the pressure applymng lo fig. 2, we
join the components, then, according 1o the situation of the figura-
ting point, there is formed within :

the gasregion. . . . an unsaturated vapour:

the liquidum region an unsaturated solution ;

apyg.a, - - o oo . a vapour of a,¢, -+ a liquid of apg;
bshhb, . . . . . . .. a vapour of 0.4, + a liquid of sk,
abl .. ... ... a vapour of a.b, 4 solid F7;
g a vapour of ¢,h, - solid I;

agg .o a liquid of agy - solid I

brhd .o a liquid of b7k - solid I7;

aa, ... vapour @, + liquid « - solid F;
oo . w 0+, 0+, Iy
70/ w it s g+ o L
Y/ T A N

On further reduction of pressure, the liquidum line apg and hsh
which surrounds the liquidum region contracts still more so that
on the one side the points a and g coincide at a pressure P, this
will be likewise the case with their conjugated poinis ¢, and g, ;
the two triangles Fa,a and Fy,g then coincide along a siraight line
and the pressure [ for the system F - L+ G is a minjimnm
pressure. The same applies when the two (riangles Fbb' and Fhh,
coincide.

After the four three-phase ({riangles have disappeared from fig. 2
owing to reduction of pressure, the vapour saturation line of 7
composed in Fig. 2 of the two branches n,b, and ¢k, forms a
closed curve which surrounds the heterogenzous region LG as well
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as ihe salurafion line of /7. Hence, al these pressures only unsatu-
raled vapours and {hose saturated with solid F can occur in the
stable condition. . )

From a consideraion of the equilibrium -4 L 4 G it appears
that the sataration curve of J© under its own vapour pressure is a
curve surrounding the point Z, on which™ however, now occur two
points with a maximum vapour pressure. The same applies 1o the
correlaled vapour curve surrounding the former curve. Each maxi-
mum or minimum poini of the one curve lies with the correlaied-
maximum or minimum point of the other curve and the point F
on a siraight line.

We have assumed above that when the liguidum and the hetero-
geneous region disappear in a point within the saturation line of
I two three-phase triangles, as in fig. 2. appear. We may, however,
also imagine that the liquidum line of the heterogeneous region LG
in fig. 1 contracts in such a manner that it intersects the saturation
line of F in two points only; only two three-phase triangles are
then formed. ;

The saturation line of /7 under its own vapour pressure and the
correlated liguidum line are then both eircumphased and exhibit one
point with a maximum and one with a minimum vapour pressure.
When the liqunidum region disappears at one temperature within and
at another temperature without the saturation point of 7, it will,
at a definite temperature disappear in a point of the saturation line.
Among all solutions saturated at-this temperature with /7 and in
equilibrium with vapour there will be one which is in equilibrium
with a vapour of the same composition. The saturation line of £
under its own vapour pressure and the correlating vapour line then
meet in the point with the minimum vapour pressure.

We have noticed above that there exist saturation lines of /7 under
their own vapour pressure which exhibil two vapour pressure maxima
and two minima. Such cnrves must. of course, be capable of con-
version into curves with one maximum and one minimum; this
takes place by the coincidence of a maximum and a minimum of the
first curve causing the part of the curve situaled between these two
points to disappear. The two other parts then again merge in each other.

We have deduced above the saturation line under ils own vapowr
pressure with two maxima and two minima in the assumption that
the liquidum <region disappears somewhere within the saturation line
ol /7. We may also however. imagine similar cases if this disappear-
ance lakes place in a point oulside the saturation line of /7. We
have only to suppose that in fig. 1 the liquidum line of the hetero-
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geneous region LG coniracts so as lo disappear in a poinl outside
the saturalion line of F.

After the contact of the lignidnm and satnration lines two poinis
of intersection appear; if now no further contact {akes place, these
points finally coincide in a point of contact so that the saturation
line under its own vapour pressure exhibits but one maximuom or
minimum,

If, however, after the appearance of the first two points of inter-
section a second point of contact occurs we obtain four points of
intersection of which. at first two, and afterwards the other two
coincide in a point of contact, so that in all four of these points
are formed. The saturation line under its own vapour pressure then
exhibits two maxima and two minima.

By way of a 'transition case it might happen that the second
point of contaci, which appears after the formation of the two first
points of intersection, coincided with one of these points so that a
point of the second order was formed. On further change of pressure
two points of intersection then again occurred, which finally coincided
in a new point of contact. The saturation line under ils own vapour
pressure then represents fthe transition form beiween that with cone
maximum and one wminimum and that with two maxima and two
minima.

After .what has been stated it will surely be unnecessary to con-
sider the case where, in the system liquid-vapour, a vapour pressure
maximuam or a stalionary point occurs; we will refer to this and to
a few peculiar boiling point lines perhaps later.

We will now just consider what happens if we take the compound
I’ only and apply heat. If we imagine /' placed in a vacuum at a
low temperature a portion of this compound /7 will evaporate and
there is formed the equilibrium: solid # 4~ vapour I. On increase
of temperature the vapour pressure of F is raised; in a P.7-diagram
we thus obtain a curve such as aX of fig. 3, namely the sublima-
fion curve of the substance /. Al a definite temperature 7% and a
pressure Pk an infinitely small quédntity of liquid is now formed;
ihis, of course, has not the composition /7 but another composition
K. As only an infinitely small amount of liquid has formed as yet,
the vapour still has the composition /. The point K is, therefore
the terminal point of the sublimation line, called by vAN Dur Waars
in his binary systems the upper sublimation point of the compound.

If we increase the temperature, say, io 7", more of the compound
mells; there is (hen formed (he three-phase equilibriom /- L -+ G
in which neither L nor G have {he composition F. L and ¢ have

b7*
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such a composition thal we can form from both the solid subsiance
75 the three figurating points are, therefore, situated on a siraight

Fig. 3.

line. Besides. L and G are always present in quantities equivalent
to the reaction L —+ G'—J"; L and ( are. consequenily. presenti
in such amounts that from both we can forin F without any L or
(¢ remaining.

As a rule, the three-phase equilibrium 7+ L 4+ G can exist,
at the temperature 7" with a whole series of pressures. namely, with
the pressures occurring on the saturation line under its own vapour
pressure of the solid substance I at the temperature 7”. As in this
particnlar case a phase reaction is possible between the three phases
or in other words, as the points /7, L, and G lie on a straight line,
the three-phase equilibrium exisis here ouly at a definite pressure,
namely, the mayimum or minimum pressure which occur at the
temperature 7" on the saturation line of /7 under its own vapour
pressure. In this particular ecase it is _the minimum pressure, as will
appear later.

Al a further increase of temperature more of the substance I7
keeps on melling and L and G alter thelr composition; we will
regulate the yolume in such a manner that there is but an infinilely
small amount of vapour which, of course, does not affect the pres-
sure. If we represent the pressure and temperature graphically, &
curve is formed such as curve K [ of fig. 3.

Finally we now arrive at a temperature and correlated pressure
al which all solid /7 has fused ; as particnlarly af the last moments,
we have faken carc that bul infinitely little vapour is present, the
liquid now has the composition J7; the vapour has quite a different
composition . .
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As the solid substance /7 and the liquid now have the same com-
position we have atlained the melting poinl of I. If now we 1egulate
the temperature and pressure in such a manner that the solid malter
F remains in equilibrium with its melt the system proceeds along
the melting point line Fd of fig. 3. Here, it has been assumed that
the volume v of the solid substance is much smaller than the volume
V of its melt. If this is not the case, the melting point line Fd starts
from [ towards lower temperatures. In binary systems, Van bper
Waats has called the initial point /7 of the meliing point line, the
minimum melting point of the solid substance I

Hence, we have forced the subsiance # {o proceed along:

a. the sublimation line a/X

0. the three phase line AN

¢. the melting point line Zd
we can, however, consider slill other lines.

In the upper sublimation point K we have solid F 4 vapour # -
infinitely little liquid. We now increase the volume until the solid
subslance J7 has been converted tolally info vapour, or else we
remove the solid substance. We then have the system: vapour /'
infinitely litlle liquid or we may also say, a vapour F which can
be in equilibrium with a liquid. If the temperature is increased the
vapour /7 will continue o exist; it is then, however, no longer in
equilibrium  with liquid. In order, to again form an infinitely small
quantity of liquid, or in ollier words {o again bring the vapour in
equilibrium with a liquid, it will generally be necessary o increase
the pressure.

Hence, al an increase in lemperature, one can always regulate
the pressure in such a manner that a vapour of the composition £
is in equilibrium with an infinitely small quaniity of liquid which,
of course, changes its composilion wilh the temperature. If pressure
and temperature are represented in fig. 2, the curve Kf of this figure
is formed.

In the minimum melting point £ we can siarl {rom the sysiem
solid F -4 liquid - infinitely lillle vapour afler we have first
eliminated the solid substance A thereof. If now, we elevaie the
temperature, the pressure may be always regulaled in such a manner
that this liquid of the composition F' is in equilibrium with an
infinitely small quantily of vapour which, of course, changes its
composition wilth the {emperature. The corresponding [7-line is
represented in fig. 3 by the curve ffu.

As, on the line ¢F, a liquid of the composition & is in equilibrium
with vapour we ‘will call this line the evaporation line of F. On
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the line Kf a vapour of the composition [ is in equilibrium with
liquid ; we will, therefore, call Kf the condensation line of . The
melasiable prolongations of Fz and Kf are represenled in the figure
by Fe¢’ and Kf’. Hence, in poini /7 three curves coincide namely,
the meliing point line (Fd), the evaporation line (F¢) and the three-
phase line (#K); in poini K three curves also meei, namely, the
sublimation line (vX), the three-phase line {(K/7) and the conden-
sation line (XF). .

The metastable prolongations of the sublimation line aX and
the meliing point line d/7 intersect in a point .S; af this temperature
Ts and- pressure Ps now occurs, in a melaslable condition, the
equilibrium : solid I'~+ liqmd £ -+ vapour F. If now the substance
I behaved as a simple substance which can only yield a liquid and
a vapour of the same composition, .S would represent the triple
point of the substance F'; owing 1o the occurrence of the three-phase
equilibrivm F - L 4 G this ftriple point is, however, metastable
here. Through this metasiable triple point .S now also passes, besides
the sublimation and the melting point curve of F, the evaporation
line ¢’Sg of I This represenis the equilibrium liqmd F - vapour
F occurring in the metastable condition; on this curve ¢’Sg liquid
and vapour, therefore, have the composition # and not, as on /' Kf,
only the vapour, and as in ¢’Fe only the liquid. We will call the
curve ¢Sy the iheoretical evaporation line.

In ovder to find what conditions of the substance I are vepresented
by the points of the different regions we take this substance in a
condition answering to a point of the sublimation line aX. We then
have solid # 4 vapour /. From a consideration of what takes place
on supply or al withdraw of heat, or on increase or decrease in
volume we now deduce: to the right and below the line aX occurs
the vapour vegion, to the left and above the line aXK is found the
solid region of F.

Acting in a similar wmanner with the points of the other lines,
we find that four regions may be distinguished, namely, a gas region
indicated in the figure by an encircled @, a solid region indicated
by an encircled £, a liquidum vegion indicated by an encircled /.
and a liquidum-gas region indicated by an encircled L - ¢. Hence
if the substance [ is brought to a temperature and under a pressure
covresponding with a point of the solid region, the substance F is
solid; it brought lo a {emperature and under a pressure corresponding
with a point of the liquidum-gas region, /7 is resolved into liquid
and gas elc. )

We will also consider fig. 3 just once more in connection with the
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previously mentioned saturation lines of /' and the liquidum and
vapour lines of the heterogeneous region L - . For this, we first
choose a temperature 7' corresponding with point 4 of fig. 3 and
a very high pressure so that we find ourselves in the solid region.

On the pressure being reduced we arvive from the solid region
into the liquidum region, then into the liquidum-gas region and
finally into the gas vegion. If we choose a temperature 7'z corre-
sponding with point B of fig. 3, the substance £ on reduction of
pressure first traverses the solid region, then the hqmdum-gas region
and finally the gas region. Reduction of pressuve al the temperature
T¢ transfers the substance from the solid region to the gas region.

We now start from the temperature 74 and a very high pressure:
the corresponding diagram then consisis of fig 1 (1) wherein, howe-
ver, is »till wanted ithe gas region and the heterogeneous region
L 4 G of this figure. It is now evident that the componnd F can
only exist in the solid condilion; 1t can, of course, be in equilibrium
with a liguid, but this hquid cannot form unless to the compound
is added a little of at least one of its components The pure com-
pound /7 which we have still under consideration can only ocecur
in the solid coudition.

On reduetion of pressure, the saturation line of /' coniracts so ac
to coincide finally with point /7 of fig. 1 (1). At this pressure occurs,
therefore, the equilibrium solid '+ liquid #, so that in fig. 3 we
proceed from the solid region to a point of the melting pomt line
Iid. The heterogeneous region L -+ G of fig. L (1) niay, or may
not, have appeared at this pressure, in any case, however, 1l has
not yet extended to the point /7 of this figure.

As, on further reduction of pressure, the saturation line of £
disappears from fig. 1 (1) (in order to keep in with fig. 3 we lake
V>w) [ is now situated in the liquidum region of fig. L (1).
Hence, in fig. 3 we must also arrive in the liquidum region. As on
further reduction of pressure ~the gas region of fig. 1 (1) is further
extended, the liquidum line ¢ d of the heterogeneous region passes.
at a definite pressure, through the point /. This means that the
liquid /' can be in equilibrium with vapour. This is in agreement
with fig. 3; therein we proceed from the liquidum region to the
line Fe.

On further reduction of pressuve, the heterogeneous 1-egion L+ G
shifts over the point F7; the compound £ is now resolved info a
liquid of the liquidum line and into a vapour of the vapour line
which on further decrvease in pressure always change their compo-
sition. Hence the compound F traverses the liquidum gas region

-10 -
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which is in agreement with fig. 3. This will continue until on further
reduction of pressure the vapour line of the heterogeneous region
passes through point /. This means that a vapour /7 can be in
equilibrvium  with a liquid; this again is in harmony with fig. 3;
iherein we proceed from the liquiduin gas region to the curve Kf.
On still further reduction of pressure the gas region of fig. 1 (1)
moves over the point /7 so that, in harmony with fig. 3 the com-
pound F can occur only in the state of vapour. -

Between the lignidom line d¢ and the vapour line d,e, of the
heterogeneons region L - G of fig. 1 (1) 1s situated the projection
of the line of intersection of the liquidum and the vapour side of
the C-surface. This line indicales a series of solutions which each can
be in equilibrium with a vapour of the same composition; all these -
liquids and vapours, however, are metastable and break up into a
liquid of the liquidum line and a vapour of the vapour line of the
heterogeneous vegion L -+ G We will call this line of intersection
the theoretical liquidum-vapour lme.

As this theoretical line passes, at a definite pressure, through the
pomnt #, there exists at this pressure the equilibriam: liquid £ 4
vapour /7 in a metastable condition; hence, we have a point of the
theoretical evaporation line Sg of fig. 3 and it is, moreover, evident
that this must be situated in the liquidum-gas region of fig. 3.

We now choose a temperature 7'z lower than 774; this will
cause the saturation line of /7 to disappear at 7'z at a lower pres-
sare than at 74. We now choose 7z so low that, on lowering the
pressure the saturation line of /7 has not yet disappeared when the
liguidum line of the heterogeneous region passes through the point
I, T'p is, therefore lower than the minimum melting point of Z.
If we now choose a very high pressure, the corresponding diagram
will then consist of fig. 1 (I) wherein, however, the gas region and
the helerogeneous region L - G are still wanting. On reducing the
pressure fig. 1 (I) is formed first, then fig. 2 (I) and further fig. 3 (I);
at these pressures the compound I7 still oceurs in the solid condition
so that it finds itself in the solid region of fig. 3. At a definite
pressure the metastable part of the liquidum line dabe situated
between the points ¢ and ) in fig. 3 (I) will pass through the point
£7; this means that a Liqud of the composition /7 may be in equili-
brium with vapour. this is only possible in the metastable condition
for in the stable condition & only occurs as a solid. Hence, in fig. 3
we find ourselves in the solid region on a point of the metastable
curve ¢'Z.

On further reddclion of pressure there is now formed (rom fig.

-11 -
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3 ) the figure 4 (1) or 8(I), we first choose 7’z in such a manner
that on lowering the pressure, the vapour saturation line has not
yet disappeared when the vapour line of the heterogeneous region
passes ihrough the point /. So as to be in harmony with fig. 3,
T bas been chosen lower than the minimum melting point and
higher than the upper sublimation point of the compound F. In conse-
quence of {his, fig. 3 (I) is converted into fig. +(I) on reduction of
pressure, and afterwards at a definite pressure into fig. 5(I). At
this pressure the as yet solid compound # melts with formation of
the vapour m, and the liquid m; hence in fig. 3 we proceed from
the solid region to a point of the three-phase line K Z7.

On further decrease of pressure I is resolved into liquid and gas;
in fig. 3 we, therefore, proceed from the line K I to the liquidum
gas region. On further reduction of pressure the vapour curve e, d,
of fig. 5(I) passes, at a definite pressure through the point #'; this
means that a vapour of the composition /' can be in equilibrium
-with a lignid. The compound F then passes, in fig. 3, from the
liquidum-gas region to the line Kf. On further decrease of pressure
is now formed fig. 6 (I), the point /' lies now in the vapour region
so that the compound Z can only still occur in the state of
vapour.

In fig. 3 we, therefore, proceed from the line K/ to the gas region.

Between fig. 3 (I), in which we assume the metastable part a b
of the liquidum line dade to pass through the point F, and fig.
5(I), in which we assume the vapour line d, ¢, to pass through I,
there must, of course, lie another onc where the theoretical liquidum
vapour line passes through point /7. This means that, in fig. 3, we
must find, at the temperature 7’5, between the curves ¢'f7 and Kf
a point of the curve ¢'Sy. If this theoretical vapour curve already
passes through the point /7 before tig. 5 (I) is formed through reduc-
tion of pressure, the point of intersection of ¢'Sy with the vertical
line then lies in the point D of fig. 3 above the three-phase line;
if, however, this theoretical line passes through the point /' when,
through reduction of pressuve, fig. 5 has formed, the above point of
intersection 1n fig. 3 lies helow the three-phase line. These resulis,
as follows from fig. 3, are in harmony with this figure.

The situation of the metastable sublimation line XS and of the
metasiable melling point line 7S may be found in this manner.
Here, we will jusi determine ihe siluation of the tviple point S. In
this point there exists an equilibrium between solid £~ liguid
F'4 vapour /.

The equilibrium liguid £ - vapour /' requires that the theore-

-12 -
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tical liquidum vapour line passes through point £7; if this equilibrium
occurs in the stable condition, the liquidum and the vapour line of the
heterogeneous region musi then also pass through the point F; this
is the case when. incidentally, a ternary maximum, minimum or
stationary point occurs in F. If, howevery this equilibrium appears in
the metastable condition, the liquidum and vapour line of the hetero-
geneolis region do not pass through /7 which is then sitnated between
these  two. As, [rom the equilibria solid /74 liquid # - vapour F
and solid 4 -+ vapour I, it follows that the saturation and the
vapour saturation line of /7 coincide io one point in /), the meta-
stable “triple point S must be situated in the liquidum gas region
of fig. 3.

We now choose a temperature 7 (fig. 3) lower than the upper
sublimation poini 7} of fig. 3; the vapour saturation line of /has,
therefore, not yet disappeared when the vapour line of the hetero-
geneons L -} G passes through the point JF. Starting from high
pressures and then reducing the same there is first formed fig. 1 (I)
wherein, at first, the gas and heterogeneous regions are still wanting,
then figs. 1 (I), 2(I) and 3 (I) which is now converted into 8 (I);
then are formed tigs. 9 (I) and 10(I) and finally a figure which we
will call 10a and which is formed from fig. 10 when the vapour
sataration line of F coincides with the point [,

During this lowering of the pressure, as shown from the fignres,
the substance /7 only occurs solid in the stable condition; the sub-
stance /7, therefore, traverses the solid region of fig. 3. Not until
the pressure has been so reduced as to form fig. 10a can solid F
be in equilibrinm with vapour . We then proceed in fig. 3 from
the solid region to a point of the sublimation lJine @ K.

On continued reduction of pressure the vapour saturation line of
I disappears from fig. 10a, so that F lies within the gas region;
hence, I’ can oceur only in the form of vapour, so that in fig. 3 we
proceed to the vapour region.

In the conversion of fig. 3 (1) into fig. 8 (1) the substance " passes
through different metastable conditions. On reduction of pressure the
metastable piece a b of the liquidum line passes through the point &
first, then the theoretical liquidum-vapour line and then the meta-
stable piece a, &, of the vapour line of ihe heterogeneous region
L~ G. This also agrees with fig. 3; on lowering the pressure at
the temperature Z¢ we 1meet in the solid region, successively, the
metastable curves ¢ £, ¢’ S, and f* K.

When_ in a system liquid-gas a liquid and a vapour of the same
composition are in equilibrium, we will call this a singular point of

-13 -
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the system L - . The appearance of such a point bhas no influ-
ence on fig. 3 unless this accidentally coincides with the point [ of
onz of the previously examined figures. Such a singular point, that
at each 7" occurs only at a definite P, proceeds in the component
triangle along a curve which may happen to pass through I. If
this should {ake place, and if this point is a stalonary point, then, in
the case of the correlated P and 7, the vapour and liquidum line
of the heterogeneous region L -+ (! and the theoretical liquidum
vapour line pass through F'; if this point is a maximum or mini-
wmum one these three lines coincide in /. From this it follows that
in fig. 3 the singular poini must always lie simultaneously on the
lines g’ Sy, ¢ Fe and f/ £ f. The coincidence of a singular point
with the point F therefore causes the above three curves of- fig. 2
to have one point in common; from other considerations it follows
that they get into contact with each other.

This point of conlact may lie in the solid as well as in the liqui-
dum-gas region; in the first case, the system liquid 27 4 vapour F
is metastable, in the second case it is stable.

This point of contact may — but this is not very likely — also
coincide with point S of fig. 3. The system solid /' < liquid I +
vapour /7 would then occur in the stable condition and the subli-
mation and melting point curves would then continue up to the
point S. - (To be continued).

Mathematics. — “On complexes which can be built up of Zmear
congruences”. By Prof. JAN pr Vrius.

(Communicaled in the Mceting of December 28, 1912).

§ 1. We will suppose that the generatrices @ of a scroll of order
m are in (1,1)-correspondence with the generatrices b of a scroll of
order n, and consider the complex containing all the linear congru-
enees admitling any pair of corresponding generatrices a, 0 as direc-
tor lines. The two scrolls admit the same genus p; as the edges of
a complex cone are in (l,1)-correspondence with the generatrices
@, on which they rest, p is also the genus of all the complex
cones '). The rays of a pencil are arranged in a correspondence
(m, m) by ihe generalrices of the scrolls (@), (b); so in general the
complex is of order m -+ n.

1) For m = n = 1 (two pencils) we get the telrahedral complex. In a paper
“On a group of complexes with rational cones of the complex” (Proceedings

of Amsterdam, Vol. VII, p. 577) we already considered the case of a pencﬂ in
(1,1) correspondence with the tangents of a rational plane curve.
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